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ABSTRACT: We introduce a method called restrain−free energy perturbation−release 2.0
(R−FEP−R 2.0) to estimate conformational free energy changes of protein loops via an
alchemical path. R−FEP−R 2.0 is a generalization of the method called restrain−free energy
perturbation−release (R−FEP−R) that can only estimate conformational free energy
changes of protein side chains but not loops. The reorganization of protein loops is a central
feature of many biological processes. Unlike other advanced sampling algorithms such as
umbrella sampling and metadynamics, R−FEP−R and R−FEP−R 2.0 do not require
predetermined collective coordinates and transition pathways that connect the two endpoint
conformational states. The R−FEP−R 2.0 method was applied to estimate the
conformational free energy change of a β-turn flip in the protein ubiquitin. The result
obtained by R−FEP−R 2.0 agrees with the benchmarks very well. We also comment on
problems commonly encountered when applying umbrella sampling to calculate protein
conformational free energy changes.

Estimating protein conformational free energy changes is a
central goal of computational biophysics: important for

studying inhibitor specific binding, allosteric effects, and
protein functional switching, etc.1−5 The most straightforward
method of measuring the conformational free energy changes
is to run a long brute force molecular dynamics (MD)
simulation until multiple transitions between the initial
(reactant) and the final (product) conformational states are
observed. The free energy difference between these two
conformational states is estimated by the log ratio of their
populations. However, this straightforward method becomes
impractical when the time scale of the relevant biomolecular
motion is longer than the accessible simulation time.6,7

Advanced sampling algorithms have been developed to reduce
the computational time required to obtain converged
estimates of conformational free energy changes.8,9 For
example, umbrella sampling,10−15 arguably the most popular
advanced sampling algorithm, explores the free energy
landscape region by region with biasing restraint potentials.
Another type of sampling algorithm, such as meta-dynamics
and related methods,16−19 flattens the free energy landscape
between the reactant and product states by continuously
adding small barriers to the conformational neighborhoods
that have been sampled. To apply many advanced sampling
algorithms, one needs to choose a set of collective variables
(reaction coordinates) or find a real pathway connecting the
reactant and the product states beforehand, which is usually
the key to success. However, constructing good collective
coordinates or searching transition pathways for high-dimen-
sional systems can be as challenging as the original problem
itself.20−26

In 2018, we proposed a novel algorithm called restrain−free
energy perturbation−release (R−FEP−R) that can be used to
estimate the conformational free energy difference between
two states without choosing collective variables or knowing
transition pathways beforehand.27 Importantly, because R−
FEP−R estimates the conformational free energy difference
via an alchemical path, advanced sampling algorithms such as
umbrella sampling can be more difficult to converge than R−
FEP−R even with known physical pathways if the
intermediate states along the pathways differ much more in
structure from the initial state than the final state does. In ref
27, we validated the R−FEP−R algorithm by calculating the
free energy change between the conformational basins for
alanine dipeptide in solution and for a side chain in the
binding pocket of T4 lysozyme. The conformational free
energy changes estimated by R−FEP−R agree with the
benchmarks very well. Additionally, we found that the R−
FEP−R method is about 4−5 times more efficient than
umbrella sampling for our examples. However, the original R−
FEP−R algorithm is designed to estimate the free energy
differences between different structures involving conforma-
tional changes of side chains or C/N-termini of proteins, but
not loops. It is desirable to develop a similar algorithm for
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protein loops because they play an essential role in protein
stabilization, allosteric signaling, molecular recognition,
enzyme catalysis, and ligand binding, etc.28−34 Compared to
the conformational changes of protein side chains and termini
of proteins, it is usually more difficult to construct collective
coordinates or search for transition pathways for conforma-
tional changes of loops because of the large number of atoms
involved and the high flexibility of loops. In this Letter, we
propose a generalization of R−FEP−R, which will be referred
to as restrain−free energy perturbation−release 2.0 (R−FEP−
R 2.0), to estimate the free energy differences caused by loop
conformational changes. The basic idea is to combine two
“side chains” into a loop and break the loop into two “side
chains” before and after the free energy perturbation (FEP)
step in the original R−FEP−R algorithm, respectively.
First, we review the original R−FEP−R algorithm. For the

sake of clarity, the original R−FEP−R algorithm will be
referred to as R−FEP−R 1.0 in the remaining part of this
Letter. As explained in ref 27, the R−FEP−R 1.0 method is
based on the idea of the dual topology free energy
perturbation (FEP) algorithm that is widely applied to
calculate the binding free energy differences among similar
ligands.2 The atoms of the molecule of interest are divided
into the dual set that includes all the atoms involved in the
conformational change and the shared set that includes all the
other atoms of the molecule. The fundamental idea of R−
FEP−R 1.0 is to calculate the conformational free energy
difference by FEP along an alchemical path that removes the
dual part from the initial state and simultaneously grows it
back according to its structure in the final state.
The procedure for running R−FEP−R 1.0 is illustrated in

Figure 1. The goal is to estimate the free energy difference
between the initial (reactant) state and the final (product)
state, ΔG = −kBT ln(Z1/Z0), where Z0 and Z1 are the partition
functions of the initial state and the final state, respectively.
Instead of calculating ΔG directly, we estimate this free energy
by summing the three other legs in the top thermodynamic
cycle, namely

G G G G0 1Δ = Δ − Δ + Δ ′ (1)

ΔG0 denotes the total free energy change of adding a
parabolic restraint to a dihedral angle of the internal

coordinates specifying each atom that belongs to the dual
set of the molecule when the conformation of the molecule is
in the initial state. In Figure 1, the dual set from the initial
state is referred to as “RV” because this set of atoms is
converted from real to virtual during the dual topology FEP
simulation introduced later. The free energy difference ΔG0 is
obtained by running FEP with the restraint potential function
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where λi is the FEP control parameter that changes from 0 to
1; kj and ϕj(S0) are the force constant and the reference
dihedral angle value of the harmonic restraint for the jth atom
in the dual set, respectively; and S0 denotes the initial state.
Theoretically, the final result of R−FEP−R 1.0 does not
depend on the choices of ϕj(S0). In practice, we choose the
most populated value of the dihedral angle ϕj observed in the
initial state as the reference value of the restraint to expedite
the convergence of ΔG0. The restraints applied in this step
prevent the molecule from leaving the initial state and also
accelerate the convergence of the dual topology FEP
simulation step discussed later. In Figure 1, Z0′ denotes the
partition function of the system when the restraints described
by eq 2 are fully turned on (λi = 1). Similarly, the free energy
difference ΔG1 denotes the free energy changes of adding a
parabolic restraint to the dihedral angle of the internal
coordinates of each atom that belongs to the dual set of the
molecule when the conformation of the molecule is in the
final state. In Figure 1, the dual set from the final state is
referred to as “VR” because this dual set is converted from
virtual to real during the dual topology FEP simulation. The
free energy difference ΔG1 is obtained by running FEP with
the potential function
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where the reference values of the harmonic restraint ϕj(S1) are
chosen from the most populated value of the dihedral angle ϕj
observed in the final state, and S1 denotes the final state. Note
that ϕj(S0) and ϕj(S1) are usually different because the

Figure 1. Illustration of the restrain−free energy perturbation−release 1.0 (R−FEP−R 1.0) algorithm. R−FEP−R 1.0 is explained by two
thermodynamic cycles. The goal is to calculate the free energy difference between the initial and the final states ΔG. In the initial state, the
molecule consists of the shared set and the dual-RV set; in the final state, the molecule consists of the shared set and the dual-VR set. The dual-
RV set and the dual-VR set are identical atom sets but differ in their conformations. The paperclips and the angle brackets represent restraints
applied to the dual set. The solid lines and the solid letters denote real dual sets, while the dashed lines, the half transparent letters, and the
subscripts “v” denote virtual dual sets. The two vertical legs in the bottom thermodynamic cycle, kBT ln Zvr(0) and kBT ln Zrv(1), are equal when
the dihedral angle restraints applied to the dual sets are strong. Reprinted (adapted) with permission from ref 27. Copyright 2018 American
Chemical Society.
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structures of the dual set in the initial and the final states are
different. In Figure 1, Z1′ denotes the partition function of the
system when the restraints described by eq 3 are fully turned
on (λi = 1).
The free energy change represented by the middle

horizontal leg, ΔG′ = −kBT ln(Z1′/Z0′), is estimated by the
dual topology FEP method. As shown in Figure 1, we
calculate ΔG′ by summing the three other legs in the bottom
thermodynamic cycle. The left vertical leg in the bottom
thermodynamic cycle represents the free energy change of
attaching a virtual dual set with restraints Ur(S1, 1) to the
molecule already with restraints Ur(S0, 1). Hence, the left
bottom vertex of the rectangle in Figure 1 represents a state in
which the molecule includes a shared set, a real dual set (a
real RV set) with restraints Ur(S0, 1), and a virtual dual set (a
virtual VR set) with restraints Ur(S1, 1). The virtual dual part
in R−FEP−R 1.0 is a copy of the dual part without proper
dihedral potential energies, intergroup and intragroup van der
Waals, and Coulomb potential energies. In ref 27, we showed
that the partition function of the state represented by the left
bottom vertex of the rectangle, ZD(0), can be written as a
product of the partition function Z0′ and the partition
function of the restrained virtual dual set that has been
attached, Zvr(0). In other words, the left vertical leg in the
bottom thermodynamic cycle simply equals kBT ln Zvr(0),
which is the partition function of the virtual dual set restrained
to its final conformation. Similarly, the right vertical leg in the
bottom thermodynamic cycle, kBT ln Zrv(1), represents the
free energy change of attaching a virtual dual set with
restraints Ur(S0, 1) to the molecule with restraints Ur(S1, 1).
The right bottom vertex of the rectangle in Figure 1
represents a state in which the molecule includes a shared
set, a real dual set (a real VR set) with restraints Ur(S1, 1),
and a virtual dual set (a virtual RV set) with restraints Ur(S0,
1). The partition function of this state is ZD(1). Then, the
middle horizontal ΔG′ can be estimated by

G k T Z k T Z Gln (0) ln (1)B vr B rv DΔ ′ = − + Δ (4)

where ΔGD = −kBT ln(ZD(1)/ZD(0)) represented by the
bottom leg in Figure 1 is the free energy difference obtained
from the dual topology FEP transformation, during which the
real dual set (the RV set) is converted to virtual, and the
virtual dual set (the VR set) is converted to real
simultaneously.
The potential energy in the dual topology FEP simulation

can be written as a sum of three components27

U U U U( ) ( ) ( )i
S W

i iD
( ) (rv) (vr)λ λ λ= + ++

(5)

U(rv)(λi) in eq 5 includes all the potential energies related to
the RV dual set, which is converted from real to virtual during
the dual topology FEP simulation. As mentioned previously,
the virtual dual part is a copy of the dual part without proper
dihedral potential energies, intergroup and intragroup van der
Waals, and Coulomb potential energies. Then, on the basis of
the type of interactions that the potential energy functions
describe, U(rv)(λi) can be written as27

U U U U U S
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where Ubond
(rv) is the bond length potential; Uangle

(rv) is the bond

angle potential; Uproper
(rv) is the proper torsional potential;

Uimproper
(rv) is the improper torsional potential; UvdW

(rv) is the van

der Waals potential; and Uelec
(rv) is the Coulomb potential. As

can be seen, the proper dihedral potentials, intergroup and
intragroup van der Waals, and Coulomb potentials in U(rv)

change from full effect to 0 when the FEP control parameter
λi changes from 0 to 1. Similarly, U(vr)(λi) in eq 5 includes all
the potential energies related to the VR dual set, which is
converted from virtual to real during the dual topology FEP
simulation. U(vr)(λi) can be written as27

U U U U U S

U U U
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i c
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λ

λ

= + + +

+ + + (7)

where the proper dihedral potentials, intergroup and intra-
group van der Waals, and Coulomb potentials change from 0
to full effect when λi changes from 0 to 1. However, the
interactions between the RV and VR dual sets are always
turned off during the whole dual topology FEP simulation.
U(S+W) in eq 5 represents all the other potential energy terms
(solute and water) of the system.27

In practice, we remove the proper dihedral angle (torsional)
potentials of the real dual sets when the dihedral angle
restraints are applied to the real dual sets instead of turning
them on and off during the dual topology FEP transformation.
Therefore, for the free energy differences reported in this
Letter, ΔG0 and ΔG1 include the free energy changes of
removing the proper dihedral angle potentials of the real dual
sets, while ΔGD does not include the free energy changes of
turning on and off the proper dihedral angle potentials of the
dual sets.
By combining eqs 1 and 4, the conformational free energy

change between the two physical endpoint states equals the
sum of 5 free energy terms:

G G G k T Z k T Z

G

ln (0) ln (1)0 1 B vr B rv

D

Δ = Δ − Δ + −

+ Δ (8)

Furthermore, it can be shown that the free energies
represented by these two vertical legs in the bottom
thermodynamic cycle, kBT ln Zvr(0) and kBT ln Zrv(1), become
equal when the force constants kj in eqs 2 and 3 are large (see
eqs 14, 18, and 19 in ref 27). Therefore, eq 8 can be simplified
as

G G G G0 D 1Δ = Δ + Δ − Δ (9)

from which the name “restrain−free energy perturbation−
release” (R−FEP−R) is derived.
The R−FEP−R 1.0 algorithm cannot be used to determine

the conformational free energy changes of loops that are
connected with the shared set at both ends, however. In
Figure 1, the left vertical leg in the bottom thermodynamic
cycle represents the free energy change of attaching a virtual
dual set with restraints Ur(S1,1) to the molecule that includes
a real set with restraint Ur(S0, 1). As mentioned previously, we
showed that the free energy change represented by this leg
can be written as kBT ln Zvr(0), where Zvr(0) is the partition
function of the restrained virtual dual set, because the
partition function of the attached dual set and the partition
function of the original molecule are not correlated. This
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uncorrelated relation is proven by rewriting the partition
functions using internal coordinates and depends on the
assumption that the dual set can be expressed as a continuous
chain connected with the shared set at only one end.27

Therefore, R−FEP−R 1.0 can be applied to estimate the
conformational free energy changes of side chains (see the T4
lysozyme example in ref 27) or the conformational free energy
changes of C-termini or the N-termini of proteins (see the
alanine dipeptide example in ref 27). However, R−FEP−R 1.0
cannot be directly applied to estimate the conformational free
energy changes of loops, which are connected with the shared
set at both ends.
Here, we develop a generalization of R−FEP−R 1.0 that is

able to handle the situation when the dual atoms form a loop
that is connected to the shared atoms at both ends of the
loop. The basic idea is to break the restrained virtual dual set,
which is a loop, into two restrained “side chains” each
attached at one end to the shared set. The partition function
of each attached “side chain” and the partition function of the
original molecule are all uncorrelated. This can be proven by
following the same steps of the proof given in ref 27 for the
first “side chain” and repeated for the second “side chain”.
Then, FEP simulations are performed to close the restrained
virtual two half loops ( VR v

BL⟨ ⟩ or RV v
BL⟨ ⟩ where “BL” stands

for a broken loop) before the dual topology FEP trans-
formation is performed. The procedure of running this
generalization of the R−FEP−R method is illustrated in
Figure 2. Compared with Figure 1, the bottom thermody-
namic cycle now contains 5 legs instead of 3 legs. Each of the
two vertical legs in the bottom thermodynamic cycle of the
original R−FEP−R method has been replaced by two steps
(legs) described as follows:

• Break the restrained virtual loop into two restrained
“side chains” before attaching them to the molecule.
The free energy changes of attaching the restrained
virtual broken VR loop ( VR v

BL⟨ ⟩ ) and the restrained

virtual broken RV loop ( RV v
BL⟨ ⟩ ) to the molecule are

k T Zln (0)B vr
BL and k T Zln (1)B rv

BL , respectively. Follow-
ing the same proof provided in ref 27, these two free
energy terms are equal and hence cancel each other in
the bottom thermodynamic cycle as well if the dihedral
angle restraints on the virtual loops are parabolic
potentials, and the force constants kj in eqs 2 and 3 are
large.

• Close the virtual loop by adding bond length, bond
angle, improper dihedral angle interactions, and
dihedral angle restraints to the free ends of the two
virtual “side chains” (broken from the loop). Gvr

CLΔ and

Grv
CLΔ denote the free energy changes of closing the

restrained virtual broken VR loop and the restrained
virtual broken RV loop, respectively.

The free energy terms Gvr
CLΔ and Grv

CLΔ are estimated by
FEP simulations. Similar to the dual topology FEP simulation
in R−FEP−R 1.0 introduced previously, we write the
potential energy in the FEP simulation estimating Gvr

CLΔ as
a sum of three components

U U U U( ) (0) ( )i
S W

iCL
( ) (rv)

CL
(vr)λ λ= + ++

(10)

where U(rv)(0) is defined by eq 6. This energy term includes
all the potential energies related to the RV dual set. The

energy term U ( )iCL
(vr) λ in eq 10 includes all the potential

Figure 2. Illustration of the restrain−free energy perturbation−release 2.0 (R−FEP−R 2.0) algorithm. R−FEP−R 2.0 is explained by two
thermodynamic cycles. The goal is to calculate the free energy difference between the initial and the final states ΔG. In the initial state, the
molecule consists of the shared set and the dual-RV set; in the final state, the molecule consists of the shared set and the dual-VR set. The dual-
RV set and the dual-VR set are identical atom sets but differ in their conformations. The 3/4 circles indicate that the dual set is a loop connected
to the shared set at both ends. The paperclips and the angle brackets represent restraints applied to the dual set. The dark blue and the solid lines
denote real dual sets, while the light blue, the dashed lines, and the subscripts “v” denote virtual dual sets. The 1/4 circles and the subscripts “BL”
denote broken loops.
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energies related to the VR dual set, and U(S+W) represents all
the other potential energy terms of the system. Since this
restrained virtual dual set is broken into two “side chains” at

the beginning of FEP, U ( )iCL
(vr) λ can be written as a sum of

three energy groups

U U U U
U S

U U U
U S

U U U
U S

( ) (LH) (LH) (LH)
( , 1, LH)

(RH) (RH) (RH)
( , 1, RH)

(LR) (LR) (LR)
( , 1, LR)

i

r

r

i

r

CL
(vr)

bond
(vr)

angle
(vr)

improper
(vr)

1

bond
(vr)

angle
(vr)

improper
(vr)

1

bond
(vr)

angle
(vr)

improper
(vr)

1

λ

λ

= { + +
+ }

+ { + +
+ }

+ { + +
+ }

(11)

The three energy groups in eq 11 are the bond length
potential, the bond angle potential, the improper dihedral
angle potential, and the dihedral angle restraints of the first
(left-hand side) “side chain”, the second (right-hand side)
“side chain”, and the connection between them, respectively.
The energy group that forces the LH “side chain” and the RH
“side chain” into a loop changes from 0 to full effect when the
FEP control parameter λi changes from 0 to 1. Note that

U (1)CL
(vr) equals the energy term U(vr)(0) defined by eq 7. In

other words, UCL(1), which is the potential energy of the final
state in the FEP simulation estimating GCL

vrΔ , equals the
potential energy of the first state in the dual topology FEP
simulation UD(0). Both states are represented by the left
bottom vertex of the rectangle in Figure 2.
Finally, the free energy change between the endpoint states

is estimated by the sum of five legs of the thermodynamic
cycles shown in Figure 2

Figure 3. (a) Type-I β turn and type-II β turn. The D52/G53 peptide plane rotates 180° during the β turn exchange. The carbonyl group of D52
and the “N−H” group in the backbone of E24 form a hydrogen bond in the β-I state; the carboxylate anion group in the side chain of E24 and
the “N−H” group in the backbone of G53 form a hydrogen bond in the β-II state. (b) Atom types and atom numbers of the dual set in the R−
FEP−R 2.0 calculation. Atoms 830−844 (15 atoms) are grouped together as the dual set.

Figure 4. Dihedral angles of the residue D52 and G53 observed in a 8 μs simulation of ubiquitin.
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G G G G G G0 vr
CL

D rv
CL

1Δ = Δ + Δ + Δ − Δ − Δ (12)

We name this generalization of R−FEP−R as the restrain−
free energy perturbation−release 2.0 (R−FEP−R 2.0)
algorithm.
As a first application, we applied the R−FEP−R 2.0 method

to estimate the conformational free energy change of a β-turn
flip35,36 in the protein ubiquitin. Ubiquitin is a small
regulatory protein that consists of 76 amino acid residues.
Previous studies show that the loop connecting the 310 helix
and the β4 strand of ubiquitin switches between two
conformational states distinguished by the types of the β-
turn that consists of amino acid residues E51, D52, G53, and
R54.37−40 As shown in Figure 3a, the peptide plane between
the residues D52 and G53 rotates ∼180° during this
conformational exchange between the type-I β turn and the
type-II β turn conformations. For the sake of simplicity, we
will refer to these two states as the β-I and β-II states,
respectively. Previous studies also found that the conformation
of this β-turn is allosterically coupled with motion of the
binding interface of ubiquitin. The β-II state is universally
associated with the binding to the ubiquitin-specific protease
(USP) family of deubiquitinases.39

We ran a 8 μs long brute force simulation of ubiquitin in
solvent starting from the β-II state. The trajectories of dihedral
angles of the residue D52 and G53 are plotted in Figure 4.
The trajectories of ϕ(G53) and ψ(D52) clearly reveal that two
conformational states exist, and the system underwent
multiple transitions (∼7 round trips) during the 8 μs MD
simulation. Both dihedral angles, ϕ(G53) and ψ(D52), rotate by
about 180° during the transitions between these two states.
On the contrary, no large changes (more than thermal
fluctuations) of the other two dihedral angles, ϕ(D52) and
ψ(G53), are observed during the whole trajectory. According to
the definition, the (ϕ(D52) ∼ −60°, ψ(D52) ∼ −30°, ϕ(G53) ∼
−90°, ψ(G53) ∼ 0°) state corresponds to the type-I β-turn
conformation; and the (ϕ(D52) ∼ −60°, ψ(D52) ∼ 150°, ϕ(G53)

∼ 90°, ψ(G53) ∼ 0°) state corresponds to the type-II β-turn
conformation. Apparently, The β-I state is much more stable
than the β-II state. The free energy difference between these
two states ΔGI,II is about 1.86 ± 0.30 kcal/mol estimated by
their populations (the population ratio is ∼22.5:1). The
uncertainty is roughly estimated by dividing the 8 μs
trajectory into four equally long blocks and calculating the
standard error of the mean.
A more accurate benchmark for the conformational free

energy difference between the β-I and the β-II states of
ubiquitin can be estimated by umbrella sampling with replica
exchange. The two backbone dihedral angles ϕ(G53) and ψ(D52)

are chosen as the natural collective coordinates. In Figure 5,
we show the β-I and the β-II states of ubiquitin in the
Ramachandran map by using the data obtained from the brute
force simulation. To construct the initial state (window) for
umbrella sampling, we applied two parabolic restraints of

which the vertices are located at 900
(G53)ϕ = ◦ and

1500
(D52)ψ = ◦ to restrain the ubiquitin molecule in the β-II

state. The free energy change of applying these restraints on
the free ubiquitin molecule in the β-II state is 1.130 ± 0.013
kcal/mol estimated by FEP with replica exchange. However,
there are multiple choices of paths along which to add
umbrella sampling windows that lead to the β-I state of
ubiquitin because the Ramachandran map is periodic. Note

that four different pathways exist to connect the nearest
neighboring β-I state and its images with every β-II state in
such a periodic map (see the illustration in the Supporting
Information). The range of values of dihedral angles is
(−180°, 180°] in GROMACS.41 In Figure 5, the region
−180° < ϕ(G53) < 180° and −180° < ψ(D52) < 180°, which will
be referred to as the central cell in the periodic map, is
marked with light cyan. Here, we chose the β-II state in the
central cell as the initial state and show the β-I state in the
central cell and its first image on the right side of the central
cell. The pathways connecting the β-II state and these two
possible final states correspond to rotating the dihedral angle
ϕ(G53) clockwise and counterclockwise, and they are referred
to as bridge A and bridge B, respectively.
We connected the two endpoint states by adding 31

umbrella sampling windows along bridge B because this
bridge is the actual transition pathway observed in our long
brute force simulation and presumably has a lower free energy
barrier. To construct the final state (window) for umbrella
sampling, we applied two parabolic restraints that are located

at 2700
(G53)ϕ = ◦ and 300

(D52) 0ψ = − to restrain the ubiquitin
molecule in the β-I state. The free energy change of applying
these restraints on the free ubiquitin molecule in the β-I state
is 1.022 ± 0.009 kcal/mol estimated by FEP with replica
exchange. The free energy difference between the initial state
(the first window) and the final state (the last window) is
−2.07 ± 0.09 kcal/mol estimated by umbrella sampling. The
results of the FEP simulations and the umbrella sampling
simulation connecting the initial and final states through
bridge B are shown in Figure 6. Finally, the estimate of the
free energy difference between the β-I and β-II states of
ubiquitin ΔGI,II is 1.96 ± 0.09 kcal/mol, which was estimated
by summing the other three legs in the thermodynamic cycle
in Figure 6. This result agrees with the estimate obtained from
the long brute force simulation. See the Supporting
Information for more details about the setup and analyses
for the umbrella sampling simulations.
We chose the first and the last windows of the umbrella

sampling as the initial and the final states of R−FEP−R 2.0,
respectively. Atoms 830−844 (15 atoms) are grouped

Figure 5. Pathway of umbrella sampling. The β-I and β-II states are
plotted in the Ramachandran map of the two backbone dihedral
angles ϕ(G53) and ψ(D52) by using the data obtained from the brute
force simulation. The β-II state was chosen as the initial state for
umbrella sampling. There are four nearest neighboring β-I states
around the initial state because the Ramachandran map is periodic.
The β-I state in the central cell that is filled with light cyan and the
first image on its right side is shown in this picture. The pathways
connecting the initial state and these two final states in umbrella
sampling are referred to as bridge A and bridge B, respectively.
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together as the dual set (see Figure 3b), and all the other
(1216) atoms are in the shared set. The bond length, bond
angle, improper dihedral angle interactions, and proper
dihedral angle restraints between atoms N840 and C842
(and the second copy of N840 and C842) were broken and
bonded during the R−FEP−R 2.0 calculations. The free
energy terms on the right-hand side of eq 12 were estimated
by FEP with replica exchange, and the results are shown in
Table1. The free energy difference between the two endpoint
states ΔG estimated by R−FEP−R 2.0 is −1.92 ± 0.17 kcal/
mol. Finally, the free energy difference between the β-I and β-
II states of ubiquitin ΔGI,II is 1.81 ± 0.17 kcal/mol, which
agrees with both the brute force simulation and the umbrella
sampling. See the Supporting Information for more details
about the setup and analyses for R−FEP−R 2.0.
The FEP simulation that estimates Gvr

CLΔ is the most
difficult step to converge. It took 200 ns of equilibration until
the estimates of Gvr

CLΔ reached a plateau (see the Supporting
Information). During this FEP simulation, the virtual dual-VR
set changed from two “side chains” to a full loop when λi in eq
11 changed from 0 to 1. The major free energy change
introduced by closing the loop can be broken down into two
parts. The first part is the free energy change of adding the
bond length, bond angle, improper dihedral angle interactions,
and proper dihedral angle restraints between atoms N840 and
C842. The other part comes from the disturbance to the
global structure because of the length difference between the
dual loops. The equilibration time for the second part of the
free energy change is expected to be much longer than the
first part because many atoms are likely involved. In the case
of ubiquitin, the two ends of dual parts are attached to atoms
N828 and C845 in the shared part. We found that the
distance between these two atoms decreased slightly from
0.555 ± 0.001 to 0.526 ± 0.001 nm when averaged over 1 ns
intervals during the first 50 ns simulation at the state that the
loop is fully closed (see the Supporting Information). It is
understandable that the FEP simulation that estimates Grv

CLΔ
is much easier to converge because the dual-RV loop is looser
compared to the dual-VR loop. Furthermore, the longer

equilibrating time of Gvr
CLΔ suggests that the decrease of the

distance between N828 and C845 causes changes more than
local structure and might play a role in the allosteric signaling
in ubiquitin.
As mentioned previously, the success of applying umbrella

sampling to measure the conformational free energy changes
can strongly depend on the choice of the collective
coordinates and the pathway connecting the initial and the
final states. To demonstrate this disadvantage, we ran
umbrella sampling a second time but using bridge A shown
in Figure 5 to connect the β-II state and the β-I state of
ubiquitin. Like the first umbrella sampling, 31 additional
windows were added between the initial and the final states
(windows) evenly. The estimated free energy difference
between the endpoint states of the second umbrella sampling
is +5.05 ± 0.18 kcal/mol. To explore the cause of this
obviously wrong estimate, we compare the final states of both
umbrella sampling simulations and the β-I state of ubiquitin
observed in the brute force simulation. The comparisons of
the distributions of dihedral angles of the residue D52 and
G53 are shown in Figure 7. As can be seen, the distributions
of ϕ(G53) and ψ(D52) of the final states of both umbrella
sampling agree with those distributions of the β-I state
observed in the brute force simulation. This is understandable
because of the parabolic restraints applied during both
umbrella sampling simulations. The distributions of ϕ(D52)

and ψ(G53) of the final states of the first umbrella sampling
along bridge B also agree with those distributions of β-I state
observed in the brute force simulation. However, there is one
additional peak in the distribution of ϕ(D52) and ψ(G53) of the
final states of the second umbrella sampling compared with
the other two cases, which explains the wrong estimate of the
conformational free energy change when using bridge A to set
up umbrella sampling.
Bridge B is a better pathway along which to set up umbrella

sampling. It is well-known that the transition between the
type-I and type-II β-turn only causes little structural changes
to the surrounding side chains and peptides at the endpoint
states.36 During the umbrella sampling, we forcibly rotated the
ϕ(G53) and ψ(D52) from the initial state to reach the final state
in the Ramachandran map. We found that rotating the peptide
along bridge A causes much larger disturbances to the
surrounding peptides than bridge B, which explains that
unwanted conformational states other than the β-I state
survived at the final state of the umbrella sampling simulation
that was set up along bridge A. Because free energy is a state
function, it is possible to obtain the correct estimate of the
free energy difference between the β-I and β-II states based on
the data generated from the umbrella sampling that was set up
along bridge A by removing unwanted conformational states
and adding artificial restraints at certain states (windows) of
umbrella sampling,42,43 but that is beyond the scope of this
Letter.
This practice exposes the pitfalls of setting up pathways for

umbrella sampling simulations. Mistakenly choosing bridge A,
which might be a more intuitive choice without knowing the

Figure 6. Thermodynamic cycle to calculate the free energy
difference between the β-I and β-II states of ubiquitin ΔGI,II. The
unit of free energy changes is kcal/mol.

Table 1. R−FEP−R 2.0 to Estimate the Free Energy Difference (kcal/mol) between the Restrained β-I and β-II States of
Ubiquitin

ΔG0 ΔGvr
CL ΔGD −ΔGrv

CL −ΔG1 ΔG
10.43 ± 0.07 32.45 ± 0.03 −9.17 ± 0.10 −25.24 ± 0.02 −10.39 ± 0.12 −1.92 ± 0.17
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actual physical pathway because bridge A is in the central cell,
to connecting the initial and the final states in umbrella
sampling causes at least two issues. First, it is a pathway
crossing higher free energy barriers compared with bridge B
because such transitions are rarely observed in the brute force
simulation. Umbrella sampling simulations along a pathway
crossing higher free energy barriers usually require more
simulation time or more windows to converge. Furthermore,
choosing bridge A as the pathway for umbrella sampling
guides the simulation to a different destination instead of the
final state of interest. These issues are hidden when the system
is projected onto a low dimensional space by using collective
variables. For instance, we only discovered that the umbrella
sampling using bridge A partially ended at an undesired
conformational state after examining the distributions of
dihedral angles ϕ(D52) and ψ(G53), which are not the chosen
collective coordinates. The same pitfall exists for other
advanced sampling algorithms that strongly rely on a good
choice of collective variables and pathways.
In this Letter, we introduce a method called restrain−free

energy perturbation−release 2.0 (R−FEP−R 2.0) to estimate
the conformational free energy differences of protein loops via
an alchemical path. R−FEP−R 2.0 is a generalization of the
original restrain−free energy perturbation−release (R−FEP−
R) method that we introduced in 2018. Both methods are
based on the idea of the dual topology free energy
perturbation (FEP) algorithm that widely applied to calculate
the relative binding free energy among similar ligands. The
fundamental idea is to calculate the conformational free
energy difference by FEP that removes those atoms that are
involved in the conformational change from the initial state
and simultaneously grows them back according to its
conformation in the final state. First, we reviewed the R−
FEP−R 1.0 method. One important aspect in R−FEP−R 1.0
is that the unphysical contributions from the dual topology
dummy atoms attached to the initial and the final partition
functions cancel each other. We explained that the proof of

this depends on the assumption that the dual set is a
continuous chain connected with the shared set at only one
end. Therefore, the original R−FEP−R method can be
applied to estimate the conformational free energy changes
of side chains or C/N-termini of proteins, but not the
conformational free energy changes of protein loops. Then, we
proposed the R−FEP−R 2.0 algorithm during which the dual
topology dummy (virtual) loop is broken into two “side
chains” before being attached to the molecule and then
bonded back to form a whole loop at both endpoint states of
the dual topology FEP transformation. In R−FEP−R 2.0, the
unphysical contributions from the dual topology dummy
atoms attached to the initial and the final partition functions,
which are two “side chains” instead of one, also cancel each
other. Compared with the original R−FEP−R method, this
generalization of R−FEP−R 1.0 requires two additional FEP
simulations that estimate the free energy changes of closing
the loop from two ” side chains” in the initial and final
conformational free energy basins.
The R−FEP−R 2.0 method was tested to estimate the

conformational free energy change associated with a type-II to
type-I β-turn transition in ubiquitin. We ran an 8 μs brute
force simulation of ubiquitin that is long enough to observe
multiple round trips between the β-I and β-II states. Based on
the knowledge obtained from the brute force simulation,
umbrella sampling with replica exchange was set up and run to
estimate the free energy difference between these two states.
Finally, the R−FEP−R 2.0 method was applied, and the
estimate of the free energy difference between the β-I and β-II
states agrees with both the umbrella sampling and the brute
force simulations very well. To demonstrate the advantage of
applying R−FEP−R 2.0 to estimate the conformational free
energy difference, we ran another umbrella sampling
simulation choosing a different pathway in the two-dimen-
sional space (a Ramachandran map) defined by the collective
coordinates. The second umbrella sampling simulation reveals
that a poor choice of pathway results in simulations that are

Figure 7. Comparisons of the distributions of the four dihedral angles of the residue D52 and G53 from the final states of both umbrella sampling
simulations and the β-I state observed from the brute force simulation.
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more difficult to converge or even the wrong results. The
challenge of choosing optimal collective coordinates or
pathways to connect the initial and final conformational
states exists for not only umbrella sampling but also many
other popular advanced sampling algorithms. However, both
R−FEP−R 1.0 and R−FEP−R 2.0 algorithms estimate the
conformational free energy difference via an alchemical path
and therefore do not require predetermined collective
coordinates and transition pathways.
Our study provides a promising framework to study the

conformations and functions of protein loops. We previously
showed that the R−FEP−R 1.0 method is about 4−5 times
more efficient than umbrella sampling for two toy models.27

The example in this study does not show the same efficiency
advantage of the R−FEP−R 2.0 method when compared to
the umbrella sampling simulation based on their total
simulation times and the uncertainties of the final result.
However, considering the time and effort cost by searching
physical transition pathways or collective coordinates during
the prerequisite procedure of umbrella sampling, we believe
that R−FEP−R 2.0 is more efficient and easier to succeed as
an algorithm to estimate conformational free energy changes
of protein loops. There is considerable room left to improve
the efficiency of R−FEP−R 2.0 by optimizing the number of
λ-states, the space between adjacent λ-states, and distributed
simulation time for each of the 5 FEP simulations. We plan to
combine the calculations of Gvr

CLΔ , ΔGD, and Grv
CLΔ into a

single FEP simulation and implement free energy perturba-
tion/replica exchange with solute tempering (FEP/REST)2

into R−FEP−R 2.0 in the future.
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