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NbTa and NbW are the weakest pair interactions. 
By comparing the EPI parameters of the three HEAs, a few pre

dictions can be made about their properties, based on our previous ar
guments. First, the order-disorder transition temperature of MoNbTaVW 
should be much higher than MoNbTaW and MoNbTaTiW, because the 
addition of V introduces strong pair interactions to the material, 
including VW, TaV, and NbV, which hinder the formation of random 
phase. Second, the ductility of MoNbTaVW should be worse than the 
other two materials due to its heterogeneous element-element pair in
teractions. This is actually in agreement with the experimental obser
vation that adding V decreases the ductility [8]. To draw a quantitative 
conclusion, a detailed study of the Peierls potentials of each material 
would be required. 

3.3. Order-disorder transition 

The thermodynamics of MoNbTaW has been well studied in other 
works [71,72,41]. For test purposes, the chemical configurations of 
MoNbTaW at three different temperatures are shown in Fig. 6. It is not 

difficult to see that at 100 K, MoNbTaW segregates into two phases, with 
Mo and Ta forms B2 structures. When the temperature increases to 304 
K, some Nb and W atoms move into the Mo-Ta phase, and the B2 
structure is partially broken. At T = 2000K, the ordered structure van
ishes completely and the system forms a random solid solution. These 
results are in agreement with the calculation results in literature 
[71,72,41]. To investigate the thermodynamics of the refractory HEAs 
in detail, the specific heats Cv and the nearest neighbor (NN) SRO pa
rameters at different temperatures are calculated from canonical Monte 
Carlo and shown in Fig. 7 and 8. The specific heats from the EPI model 
using only the random data are also shown in Fig. 7 as a comparison. 
Note that although the improvement of the model is only about 0.1 mRy, 
it still has a significant impact on the curve, especially at low temper
ature and phase transition point. The result further highlights the 
importance of using the MC data to improve the energy model. 

The most noticeable feature in Fig. 7 is that there are mainly two 
phase-transition peaks in the Cv curve. The first transition occurs near 
room temperature at T1, and the second one occurs at an elevated 
temperature of T2. The origin of the phase transitions can be better 
understood from the SRO parameters of the same elements, as shown in 
the right side of Fig. 8. It can be seen that for all the three materials, T1 is 
due to an order-disorder transition of Nb and W, while T2 is due to the 
order-disorder transition of the other elements. In other words, it is 
easier for W and Nb to form random phase, compared to the other ele
ments. From the left side of Fig. 8, it is easy to see that the Nb-W SRO 
parameter indeed quickly drops to zero as temperature increases. 
Moreover, this is also consistent with the results in Fig. 5, where the pair 
interactions involving Nb and W tend to be weak. As a result, W and Nb 
tend to occupy lattice sites randomly in the material rather than form 
ordered compounds. These observations provide a possible explanation 
to the excellent combined mechanical properties of HEAs: the random 
phases provide good ductility, while the ordered precipitates enhance 
the strength by impeding the movement of dislocations. Similar mech
anisms are also reported in other works [12,21,73]. 

This theory is supported by the results shown in Fig. 7. It can be seen 
that the addition of V drastically enhances the value of T2 in MoN
bTaVW, which is about 2300 K, as compared to 870 K for MoNbTaW and 
1300 K for MoNbTaTiW. As discussed in Section 3.2, this is expected 
because V demonstrates much stronger bonding with other elements. 
This strong bonding favors the formation of ordered compounds. As a 
result, even the order-disorder transition temperature of Ta and Mo has 
been increased, as shown in Fig. 8. Therefore, compared to MoNbTaW 
and MoNbTaTiW, we expect MoNbTaVW to demonstrate better 
strength, but poorer ductility,due to the large amount of ordered pre
cipitates or second phases. The distinction of the materials is particularly 
prominent in the temperature range between 1300 K and 2000 K, where 
MoNbTaW and MoNbTaTiW are predominantly random solid solutions, 
while MoNbTaVW is still largely ordered. This is in excellent agreement 
with the experimental stress-strain curve in Ref. [6]. For convenience, 
the peak strength and peak strain data in Ref. [6] are shown in Fig. 9. We 
also expect to see an increase of ductility among all the materials around 
T1 (about 300–400 K), due to the order-disorder transition of W and Nb. 
This is also in agreement with the result in Ref. [6], where the fracture 
strain of MoNbTaVW is found to be only 1.7 % at 296 K, but quickly 
increase to 13 % when measured at 873 K, as shown in Fig. 9. Of course, 
the strength and ductility of a material depends on the various factors at 
different length scales, therefore more detailed study is required to draw 
a more quantitative conclusion. 

4. Conclusion 

We develop a novel data-driven framework to construct effective 
Hamiltonian for the study of thermodynamics in HEAs using a data- 
driven approach. Compared to traditional DFT methods, the use of the 
linear-scaling LSMS greatly improves the calculation speed, allowing the 
use of a relatively larger DFT dataset and the direct evaluation of the 

Fig. 7. The specific heats of MoNbTaW, MoNbTaVW, and MoNbTaTiW. New 
model in the legend means the EPI model is fitted with both random and MC 
configurations, while the old model represents using only the random 
configurations. 
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configurations from Monte Carlo simulation. By using the effective pair 
interactions as the features and adopting the regularized Bayesian 
regression, the learned effective Hamiltonians demonstrate excellent 
robustness. By systematically adding data from the Monte Carlo sam
ples, the representativeness of the datasets is greatly improved and the 
obtained effective Hamiltonian demonstrates very high predicted ac
curacy, with the test RMSEs as small as 0.019, 0.044, and 0.099 mRy 
respectively for MoNbTaW, MoNbTaVW, and MoNbTaTiW. These small 
errors are particularly critical for the study of low temperature phases 
and order-disorder transition in thermodynamics. 

Using the learned effective Hamiltonian, we investigate the evolu
tion of the specific heats and short-range order parameters through ca
nonical Monte Carlo simulation. For all the studied materials, we 
demonstrate that there are two major order-disorder transitions, one 
occurring near room temperature and another one at a higher temper
ature. We identify that the first transition is caused by W and Nb, while 
the second one is due to the other elements. We conclude that these 
results provide an explanation for the stress-strain relations found in the 
experiment. For example, the addition of V introduces strong pair in
teractions, which significantly increases the temperature of the second 
order-disorder transition.As a result, the abundance of second-phase 

precipitates in a wide temperature range reduces the ductility of the 
MoNbTaVW, as compared to MoNbTaW and MoNbTaTiW. Moreover, 
the first order-disorder transition in the materials also helps explain the 
experimental phenomenon of ductility increase after room temperature. 
These findings will provide useful guidance and insight to the future 
design of HEAs. 

We would also like to make some comments about our results. First, 
the high accuracy of the EPI Hamiltonian demonstrates that for fixed 
chemical concentrations, the pair interactions are the dominant ones in 
the investigated materials. We think this is quite reasonable considering 
that the elements in HEAs generally have similar chemical properties. Of 
course, whether this generally holds true still requires further in
vestigations on other HEA systems. Second, while the EPI model is 
highly accurate for canonical Monte Carlo simulation, it is interesting to 
ask how the pair interactions would be affected if the chemical con
centrations change. From Fig. 5, it is easy to see that for different ma
terials, the magnitude of the EPIs of the same chemical pairs are very 
close, which indicates that the EPIs are not sensitive to the chemical 
concentrations. On the other hand, the change of the chemical concen
trations will generally affect the number of valence electrons, the Fermi 
surface, and the electronic structure, which may require more 

Fig. 8. The nearest-neighbor short-range order parameters of MoNbTaW, MoNbTaVW, and MoNbTaTiW. The left side plots are for pairs of different elements, while 
the right side ones are for pairs of the same element. 

X. Liu et al.                                                                                                                                                                                                                                      



–

– –

–

–

–

– 

–

–

–

¨

–

´

–

–

–

http://refhub.elsevier.com/S0927-0256(20)30626-1/h0005
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0005
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0005
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0010
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0010
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0015
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0015
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0020
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0020
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0020
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0025
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0025
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0025
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0030
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0030
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0030
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0035
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0035
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0035
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0040
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0040
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0040
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0045
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0045
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0045
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0050
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0050
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0050
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0055
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0055
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0055
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0060
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0060
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0060
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0065
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0065
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0065
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0070
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0070
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0070
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0075
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0075
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0075
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0080
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0080
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0085
http://refhub.elsevier.com/S0927-0256(20)30626-1/h0085


Computational Materials Science 187 (2021) 110135

10

[18] T. Smith, M. Hooshmand, B. Esser, F. Otto, D. McComb, E. George, M. Ghazisaeidi, 
M. Mills, Atomic-scale characterization and modeling of 60◦ dislocations in a high- 
entropy alloy, Acta Mater. 110 (2016) 352–363. 
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