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Fig. 1. Wireless interference network consisting of K transmitters, each

equipped with a cache of size Mp files and KR receivers, each equipped
with a cache of size MR files. The system also contains a library of N files.

and is known to all transmitters and receivers. The system
operates in two phases: the prefetching phase and the delivery
phase as described in [7]. In the prefetching phase, each
transmitter and receiver can store up to Mz F and MpF
arbitrary packets from the file library, respectively. This phase
is done without the prior knowledge of the receivers’ future
requests. In the following delivery phase, each receiver Rx;
randomly requests a file Wy, ,d; € [N] from the library.
These requests are represented by a demand vector denoted
as d £ [do,dy, - ,dg,_1]. For a specific demand vector,
since the receivers have already cached some packets of
their requested files, the transmitters only need to deliver the
remaining packets to those receivers. The task in this phase
is to design an efficient transmission procedure based on the
cache placement in the prefetching phase so that the receivers’
demands can be satisfied. In order to guarantee that any
possible demands can be satisfied, we require that the entire
file library is cached among all transmitters, i.e., KM > N.

For each cached packet wy, , € F, the transmitter performs
a random Gaussian coding scheme v : FL — CI with
rate log P + o(log P) to obtain the coded packet 1, , =
(wy, p) consisting of L complex symbols, so that each coded
packet carries one DoF. Assume that the communication will
take place in H blocks, each of which consists of L time
slots. In addition, we allow only one-shot linear transmission
schemes in each block m € [l : H] to deliver a set of
requested (coded) packets P, to a subset of the receivers,
denoted by R,,. That is, each transmitter Tx;,i € [Ky] will
send a linearly coded message

m _ E:

(n,p):wn p€CT NP

aml,,pwn,p; (2)

where C denotes the cached contents of Tx; and o,  is the
linear comblnatlon coefficients used by Tx; at the m-th block.
Accordingly, the received signal of the intended receivers

Rx;,j € Ry, in the m-th block is

Kr—1

m _ Z hﬂS + n;n7 (3)

where n;” IS (CL is the random noise at Rx; in block m.
Each receiver will utilize its cached contents, consisting of
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packets stored in the prefetching phase, to subtract some of the
interference caused by undesired packets. In particular, each
receiver will perform a linear combination operation £7*(.) if
possible in block m to recover its requested packets from all
received signals as follows

L (", CFY) = tba, p + 0, @)

where g, , € Py, is the desired coded packet of Rx; and
C?‘ denotes the Gaussian coded version of the packets cached
by Rx;. The channel created by (4) is a point-to-point channel
with capacity log P+ o(log P). Since each coded packet g,
is encoded with rate log P + o(log P), it can be decoded with
vanishing error probability as L increases.

Since each coded packet carries exactly one DoF, a sum-
DoF of |P,,| can be achieved in block m. Therefore, the one-
shot linear sum-DoF of ‘Ug:1Pm| /H can be achieved
throughout the delivery phase. As a result, the one-shot linear
sum-DoF is defined as the maximum achievable one-shot
linear sum-DoF for the worst-case demands under a given
caching realization [7], i.e.,

(e} e ™)

L,sum

[

DoF
© H

= inf sup
4 B (P31

m=1

)

The one-shot linear sum-DoF of the network is correspond-
ingly defined as the maximum achievable one-shot linear
sum-DoF over all possible caching realizations, i.e.,

DOFE,Sum(Na MT; ]\/[Ra KT; KR)

DOF({ }KT 1{ }KR 1)

sup L,sum ’ (6)

{CT}KT 1{ }KR 1

in which the cached contents of all transmitter and receivers
satisfy the memory constraints, i.e., (K]
and |CJR| < MRrF,Vj € [KR]

B. Combinatorial Cache Placement Design

In this paper, the combinatorial cache placement design
based on hypercube, proposed in [28], [29] to reduce the
subpacketization level in wireless D2D networks is adopted
in the prefetching phase. The hypercube cache placement has
a nice geometric interpretation: each packet of the file can be
represented by a lattice point in a high-dimensional hypercube
and the cached content of each D2D node is represented
by a hyperplane in that hypercube (see Fig. 2). Based on
the hypercube cache placement and the corresponding com-
munication scheme, order-optimal rate can be achieved with
exponentially less number of packets compared to the Ji-Caire-
Molisch (JCM) scheme [5]. It turns out that by a non-trivial
extension, the hypercube scheme can also significantly reduce
the required subpacketization in cache-aided interference net-
works. The details of hypercube cache placement [28], [29] is
described as follows.

1) Hypercube Cache Placement Design for Wireless D2D
Caching Networks: Consider a wireless D2D network consist-
ing of a library of N files, each with F' packets, and K users,
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Fig. 2. A 3-dimensional example of the hypercube cache placement. Each
subfile is represented by a unique lattice point in the 3-dimensional hypercube
(cube). Each of the 9 users caches a set of packets represented by plane of
lattice points. As a result, each user caches 9 X 9 = 81 subfiles in total.
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each of which is equipped with a local cache memory of size
M files, or equivalently, M F packets. The caching parameter,
defined as t & KM /N € [l : K], represents the average
number of times that each file is cached among all users. In the
hypercube cache placement, each file W, is split into (N/M )t
subfiles* (assuming that N/M and ¢ are both positive integers),
e, W = W tota, 001yt £ € [IN/M], j € [t]}. Tt can
be seen that each subfile of a file W, is uniquely marked by
a t-tuple (o, 01, - ,0,—1) where ¢;,j € [t] represents the
index of the lattice point along the j-th dimension. In the
prefetching phase, each user u € [K] caches a set of subfiles
{Wn,(lo,lh--- L q) " Vn € [N]}, where fj =u mod (N/M),
for j = |u/ (N/M)], and ¢; € [N/M] for any i # j. As a
result, each user will cache (N/M)!~! subfiles from each
file W,,. It can be verified that the total number of subﬁles
cached by any user is equal to N(%)t_1 = N% =
N N/LM = MF, satistfying the memory constraint. The hyper-
cube cache placement has a nice geometric interpretation.
Under the hypercube file splitting method, each subfile will
represent a lattice point with coordinate (€g,¢1, - ,¢;—1) in
a t-dimensional hypercube, and N/M € Z™ is the number of
lattice points along each dimension. We will further illustrate
the details of the hypercube cache placement via the following
example.

Example 1 (Hypercube Cache Placement): Consider a set
of K = 9 users labeled as 0,1,---,8 and a set of N = 9
files {W,,n € [9]}. Each user has a cache memory of size
M = 3 files. We first partition the users into t = KM /N =3
groups denoted by Uy = {0, 1,2}, Uh = {3,4,5} and Uy =
{6,7,8}. Each file W, is split into (N/M)" = 27 subfiles,
ie., Wi = {Wh,(4o,61,2) * L0, 41,2 € [3]}, each of which can
be represented by a unique lattice point in a 3-dimensional
cube (see Fig. 2). As a result, each lattice point will represent

“In the prefetching phase, each file is split into multiple smaller files and
each of these smaller subfiles is then spread across the user caches. We use
“subfile” to refer to these smaller subfiles. In the delivery phase, in order to
perform interference cancellation, each subfile needs to be further split into
multiple even smaller ones. We use “packet” to refer to such smaller files
resulting from splitting the subfiles. So a packet is the smallest unit that a
file is split into. To transmit these requested packets to the target receivers,
random Gaussian encoding must be applied to these packets and the output
is called coded packets. However, in the description of the general schemes,
we just refer the coded packet to as packet for simplicity when there is no
confusion.
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a set of NV = 9 subfiles, each from a distinct file. For the cache
placement, each user caches all subfiles represented by a plane
of lattice points of the cube. For example, user ug = 2,u; = 4
and uz = 8 will cache subfiles represented by the green, red
and blue planes respectively in Fig. 2. We can see that the
set of subfiles {W,, (2.12) : ¥n € [9]} represented by the
lattice point (2, 1,2), which is the intersection of the three
orthogonal planes of different colors, is cached exclusively by
users ug, u; and ug. Similarly, each subfile is cached by three
distinct users. A

2) Hypercube Cache Placement Design for cache-aided
interference networks: Different from the D2D setting in [28],
in cache-aided interference networks, we have a set of explicit
transmitters and receivers instead of D2D users. However, the
hypercube approach can still be applied to design the cache
placement in the case illustrated as follows.

File Splitting: let Dy = N/My € Z+ and Dr & N/Mpg €
7+ denote the number of transmitters and receivers on each
edge of the hypercube associated with the transmitters’ cache
and receivers’ cache respectively.5 For the set of K7+ = Dt
transmitters {Txy, : k € [K7|}, we denote the t7 = KMy /N
dimensions of the transmitters as U = {k : |k/Dr| =
i},Vi € [tr].° Similarly, for the set of Kr = Dgtr receivers
{Rxy : k € [KR]}, we denote the tg & KxMpg/N dimensions
of the receivers as UJR ={k:|k/Dr| =j},¥j € [tr]. It can
be seen that [U"| = Dr, Vi € [ty] and |U}}| = Drg, Vj € [tg],
i.e., for both the transmitter and the receiver hypercubes, all
distinct dimensions (edges) contain the same number of lattice
points. With this file splitting, the prefetching phase is then
described as follows.

Prefetching Phase: The hypercube cache placement is
employed at both the transmitters’ and receivers’ sides. That

t t
is, each file W, is split into Dp'T Dp'? = (MLT) ’ (MLR) "
disjoint equal-size subfiles, denoted by

Wi = Whr Rty @uf @-@ul,_, @)
RS @UE D @U._,

in which the definition of the operator ) is as fol-
lows. For m € Z% sets Ay, A1, -, Am_1, we define
A QRA Q- QA1 as the set of all un-ordered ele-
ments in A9 x A; X x A,,—1, where X denotes
the Cartesian product. We use {-} to convert a m-tuple
to a set. For example, for a tuple (1,2,3), we have
{(1,2,3)} = {1,2,3}. Hence, Ay@ AR QR Am_1 =
{{A}:Ae Ay x Ay x -+ x Ap—1}. The subfile W,, 7 % is
exclusively cached by a set of transmitters in 7 and a set
of receivers in R. Under this file splitting strategy, each
transmitter Tx; caches a set of subfiles {W, rr : V7T :
i€ T,YR,Vn € [N]} and each receiver Rx; caches a set of
subfiles {W,, 7. : VT,VR : j € R,Vn € [N]}. As a result,

3Since we apply the hypercube cache placement at both the transmitters’
and receivers’ sides, there are two hypercubes associated with the cache-aided
interference network, including the transmitter hypercube which is a tr-
dimnesional hypercube with each edge containing N/Mr lattice points (trans-
mitters), and the receiver hypercube which is a tpr-dimnesional hypercube
with each edge containing N/Mp, lattice points (receivers).

5The superscript “T” means “Transmitter”. Readers should not confuse this
with the transpose operator.
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the number of subfiles cached by Tx;,i € [Kr] is equal to
NDp'"" "' Dg'" and hence the number of packets cached by
Tx;,i € [K7] is equal to

F

tr—1 t
NDT T DR RDTtTDRtR

= MrF, (®)
where m is the number of packets of each subfile
(note that in the following delivery phase, each subfile needs to
be further split into multiple packets). Similarly, the number of
subfiles cached by Rx;, j € [Kg] is equal to NDp'" Dgt#~*
and hence the number of packets cached by Rx;,Vj € [KR]
is equal to
F

DTtT DRtR
which also satisfies the memory constraint. The application
of the hypercube cache placement method to cache-aided
interference networks is illustrated via the following example.

Example 2 (Hypercube Cache Placement for Interference
Networks): Consider a wireless network with K = 4 trans-
mitters and K g = 4 receivers. Each transmitter and receiver is
equipped with a cache memory of size M7 =2 and Mp = 2
files, respectively. The file library contains N = 4 files
denoted by A, B,C and D. Hence, we have the parameters
Dy = N/Mp =2,Dp = N/Mp =2, ty = Kp/Dp = 2
and tg = Kr/Dr = 2. In this case, both the transmitter
and receiver hypercubes are two-dimensional hypercubes (i.e.,
squares) with each edge containing two transmitters/receivers.

In the prefetching phase, each file W, 1is split into
Dp'T D' = 16 subfiles {Wp, 7=} of equal sizes for any
T,R € {{0,2},{0,3},{1,2},{1,3}} and. Each subfile is
then cached by the two transmitters in 7 and the two receivers
in R, respectively. For example, file A is split into 16 subfiles:’

NDyp'" Dgptrt = MRgF, )

Ap2,02, Ao2,03, Ao2,12, Ao2.13,
Ao3,02, Ao3,03, Aos,12, Aoz,13,
A12,02, A12,03, A12,12, A12.13,
A13,02, A13,03, A13,12, A13,13,

where for example, Ay o2 is cached by transmitters Txo and
Txo as well as receivers Rxg and Rxo. The same file splitting is
done for files B, C' and D. It can be seen that each transmitter
caches 8 subfiles of each file. Since each subfile contains F'/16
packets, the total number of packets cached by each transmitter
is 4 x 8 x F'/16 = 2F, which satisfies the memory constraint
of the transmitters. Similarly, the memory constraint of the
receivers is also satisfied. A

III. MAIN RESULT

The main result on the one-shot linear sum-DoF using
the hypercube cache placement approach is presented in this
section. Note that when W > Kpg, the sum-
DoF Kpg is always achievable by only utilizing a fraction of
the Tx/Rx cache memories such that for the updated system
with Tx/Rx cache memories M} < My and M < Mg,

TWith a slight abuse of notation, we write A{Og},{o’g} as Ag2,02 for
simplicity and the same for other symbols.
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we have % = Kpg. Therefore, by applying the

proposed scheme on the updated system, the sum-DoF of Kp
can be achieved. As a result, we focus on the case where
KrMrtKeMe < |

Theorem 1: For a K1 x K g wireless interference network
with a library of IV files, each consisting of F' packets, and
with transmitter and receiver cache sizes of MpF and MgF
packets, respectively, given the hypercube cache placement
approach employed in the prefetching phase, and for any
5L tT/tR S ZJr, D = N/MR > § + 1, in which t7 €
[1: Kr|,tg € [Kg],Dg € Z™, the one-shot linear sum-DoF

of % is achievable when Kpr > %
with
PG G (30) (7)o e
)\ 5—1 5 5 R
(10)

Proof: The achievability of Theorem 1 is proved by the
general achievable scheme described in Section IV-C, which
focuses on the case Kp > % The converse
results follows directly from [7] which will not be presented
in this paper. [ ]

The implications of Theorem 1 are two-fold, which includes
the optimality of the achievable one-shot linear DoF and the
reduced subpacketization level. Note that if either {7 or tp is
not an integer, or both of them are not integers, we can still
achieve the sum-DoF of t7 + tr for any values of ¢t and ¢y
using the memory-sharing method in [3] which will be briefly
introduced later. The following observations are ready.

A. Sum-DoF Optimality

As shown in [7], when K > %, the optimal
one-shot linear sum-DoF of the interference network studied
in this paper, DoFisum, over any possible cache placement

realizations, is bounded by % < DoFf qum <
2(I(TJ\IT"’I{RI\dR) KrMr+KrMpg <
N

, which implies that when
KR, the achievable one-shot linear sum-DoF under the hyper-
cube cache placement is equal to the achievable one-shot linear
DoF in [7] and is within a factor of 2 to the optimal one-shot
linear sum-DoF of the network. This result indeed shows
that the DoF of W can be achieved by different
cache placement methods, which provides the potential to
reduce the total number of packets required. In addition, to see
how much DoF gain can be obtained going beyond one-shot
linear transmissions, we refer the readers to Section VI of [7]
where the scaling law of the optimal sum-DoF is analyzed.
In particular, for the cases of large number of transmitters and
receivers (K = Kr = K — oo and other parameters are
fixed) and constant number of transmitters (Kr = C, Kr =
K — o0), the one-shot linear scheme achieves the same
DoF scaling as the interference alignment alike schemes. This
implies that interference alignment alike multi-shot schemes
can only provide constant DoF gain over the one-shot linear
schemes which has much lower complexity.

B. Subpacketization Level Reduction
Under the hypercube cache placement strategy, the number
of packets per file, i.e., F, required for implementing the
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interference cancellation in the delivery phase is signifi-
cantly reduced compared to the NMA scheme. In particular,
the NMA scheme requires to split each file into (IfTT) (It(}f)
subfiles in the prefetching phase and further split each
subfile into % packets in the delivery phase.
However, if we employ the hypercube cache placement
strategy, each file is going to be split into (MiT)tT(MLR)tR
subfiles in the prefetctling phase, and is further split into
(D(SR_IQ) (D’%_l)mil%(tlg — 1)! packets® in the delivery
phase. In Section IV-D, we will show that for any system
parameters, the hypercube scheme requires less number of
packets than the NMA scheme and the gain of subpacke-
tization can be unbounded with the increase of the cache
sizes of transmitters and receivers. Together with the sum-DoF
optimality, the hypercube based scheme can achieve the same
one-shot linear DoF as in [7] while requiring a significantly

smaller F'.

C. Non-Integer Caching Parameters tr and tgr

When the caching parameters {7 = % and/or tp =
% are not integers, we can still achieve the one-shot
linear sum-DoF of ¢ + tr using the memory-sharing method
of [3]. More specifically, we can split the Tx/Rx memories and
files proportionally so that for each of the new partitions, our
proposed scheme can be applied for the updated parameters
tr' and tg’ which are integers. That is, for each new partition
of memories and files, it can be treated as a new interference
network with updated Tx/Rx cache memories M., M, file
size F' and the corresponding caching parameters ¢/, =
KTTMT el ty = KRTM’/? € Z™, where the proposed scheme
can be directly applied.

D. Non-Integer Values of §

Although in Theorem | we have assumed that § = t7/tr €
7+, the sum-DoF of ¢+t can also be achieved even when ¢
is not an integer. This can be done following a similar method
to memory sharing. Note that 6 > 1/tg due to tp > 1
since the file library has to be stored at least once by all
the transmitters otherwise the receivers’ demands can not be
satisfied. Now we consider the case when both ¢ and tp are
positive integers but 6 = ¢ /tg is not an integer. The scheme
to achieve the sum-DoF t¢1 + tgr is described as follows.

8Here we have implicitly assumed that D — 2 > § — 1, ie, Dp >
6 + 1. This assumption can be justified as follows. In real-world wireless
networks, the number of receivers (users) K r can be larger than the number
of transmitters (base stations, BS) K7, since each BS can be associated with
multiple users. However, each BS can have much larger cache memory than
the users, i.e., M7 > Mp. Due to the large per-BS cache memory Mt
but relatively small K7 at the transmitter’s side and the smaller per-user
cache memory Mp but larger K at the users’ sides, it is reasonable to
assume that the caching parameters ¢t7 and tr are close to each other. Also,
since each user’s cache memory is very small compared to the file library,
ie, Mr/N < 1, then D = N/Mpg > 1. For example, consider a
network with N = 500 files each having size 5 GB (e.g., Netflix movies),
K1 = 5 BSs each capable of caching M = 200 files (i.e., 1000 GB
memory per BS), and K'rp = 50 receivers each capable of caching Mr = 10
files (50 GB memory per receiver). In this case, we have t = KprMp /N =
5 x 200/500 = 2,tp = KrMpgr/N = 50 x 10/500 = 1 and therefore
& = 2. Moreover, we have Dg = N/Mpr = 500/10 = 50 which is
much larger than § + 1 = 3. As a result, it can be seen that the assumption
Dpr > 6 + 1 is valid in practice.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 20, NO. 8, AUGUST 2021

We can split the Tx/Rx cache memories and the files
proportionally such that the updated caching parameters ¢/,
and t/. of each partition correspond to ¢’ and §” both of
which are integers. More specifically, each Tx memory is
split into two parts M; = oMy and MY = (1 — o) My
for some 0 < a < 1, each Rx memory is split into two parts
Mp = Mg and M}, = (1 — §)Mp for some 0 < 0 < 1,
and each file W, is split into two parts W,, = (W, , W/)
where |W),| = v|W,| and [W/!| = (1 —~)|W,| for some 0 <
v < 1. We then apply the proposed scheme on the two Tx/Rx
memory and file partitions (M}, Mp, {W/ }e(n1, thr, U ) and
(M, ME AWV ey, By, ) where 8 = th./th, and 6 =
./t are both integers. WLOG, we let § = ~. Therefore,

KoM/, KrM,
we have t7, = L %tT,t’R = —fF& = tg and
" Ko M7 1— " KrMp
tT = NT ﬁtT,tR = N £ = tr and tr =
th—tr

pth + (1 — p)t),0 = pd’ + (1 — p)d” where p = =,
Next we consider two different cases: 1) § € [1/tgr,1), and 2)
5 € (q,q+ 1) for some g € Z*.

e Case I: 6 € [1/tg,1). Let t/, = 1,t/, = tg. For the
first memory and file partition, the coded caching scheme [3]
can be applied to achieve the sum-DoF of t}; + 1 = tr + 1;
For the second memory and file partition, we can apply the
proposed scheme with §” = 1 to achieve the sum-DoF ¢/. +

' = 2tp. As a result, the overall sum-DoF of p(tj + 1) +
(1 —p)(t7 4+ t)) = tr + tr can be achieved.

e Case 2: 6 € (q,q+ 1) for some q € Z*. Let tf, =
qtr = [0]tr and t,, = (¢ + 1)tg = [d]|tr. For the first
and second memory and file partitions with §' = % = 4]

and ¢" = % = [0], the proposed scheme can be directly
applied to achieve the sum-DoF of tr+ 1t = (0] + 1)itr
and .+, = ([d] 4+ 1)t respectively. Therefore, the overall
sum-DoF p(t, + t%) + (1 — p)(t} + t%) = tr + tr can be
achieved. In both cases, let I and F"’ be the required number
of packets per file over the two memory and file partitions
which can be calculated by Eq. (21). Then the number of
packets per file is determined as F = F' + F”'.

IV. ACHIEVABLE DELIVERY SCHEME

A. An Example

We first present the achievable delivery scheme under the
hypercube cache placement via the following example.

Example 3 (Achievable Delivery Scheme): We consider the
same network setting as Example 2. Let receiver Rx; request
the file W,,. Without loss of generality, we assume that
Wi, = AWg, = B,Wy, = C and Wy, = D. In the
prefetching phase, each receiver has already cached 8 subfiles
of its requested file. Therefore, the transmitters only need to
deliver the 16 — 8 = 8 remaining subfiles to each receiver.
In particular, the following 32 subfiles need to be delivered to
the corresponding receivers:

Ap2,12, Aoz 2, Aiz12, Aisez,
to Rxg,
Ao2,13, Aoz,13, A12,13, A1313

Boz,02, Bo3s,02, Bi12,02, B13,02,
to Rxy,
Bo2,03, Bo3,03, B12,03, B13,03
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Fig. 3.
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s éa;:‘as)TXoY Y Rxq Ay 13
B bzgz)TXlY%Y R, B34
(1‘]0:_13> Am:)TXZY Y Rx, Cos
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step 8

Delivery phase for Example 3 in which four receivers Rx;, j € [4] request four different files A, B, C' and D respectively. £(x,y) denotes some

linear combination of z and y, i.e., £L(z,y) = ax + By, where « and 3 are some constants. There are in total 8 communication steps and in each of which

4 different packets are delivered to the receivers interference-free.
Co2,03, Co3,03, C12,03, C13,03,

to Rxo,
Co2,13, Co3,13, C12,13, C13,13

Do2,02, Do3,02, D12,02, D13,02,
to Rx3.
Do2,12, Do3,12, Di2,12, Di312

Note that in  the  hypercube-based  delivery

scheme, each sull)ﬁle needs to be further split into
tp— t

(Pr 2y (Prh " %(t}% — 1)! packets. In this example,

since§ = =1, Dp=tp=Dp=1tr =2,0 = 1, we have

tr

(B3 (P U 1 = () ()2 - 1Y = 1,
implying that no further file splitting is needed and thus
32 packets will be delivered.

We now show how the above 32 packets can be grouped in
8 subsets, each of which contains 4 packets, such that the pack-
ets within the same subset can be delivered simultaneously
to the receivers without interference. Fig. 3 shows how the
32 packets to be delivered are grouped and transmitted. In each
communication step, t7 +tr = 4 packets are delivered to the
receivers simultaneously, and the interference among different
users can be effectively eliminated by choosing proper linear
combination coefficients at the ¢ + tg = 4 transmitters. For
example, in step 1 of Fig. 3, four packets Ay, 12, B13,03, C12,13
and Dys o2 are delivered to receivers Rxg, Rxq, Rxo and Rxs
respectively. We write the transmitted signals S;,7 € [4] of
each transmitter Tx; as a linear combination of a subset of
these four packets as follows:

So = hspAog.12 — h13Dos 02,

S) = hagBi3.03 — ho2Cia.13,

Sy = ho1Ch2.13 — h3oAo2 12,

S3 = hi9Do3.02 — ha1B13.03,
where for each packet W, 7 %, VAVn’T,R denotes its physical
layer coded version. As a result, due to the careful choice of

the linear coefficients, some interference terms are canceled
over the air by zero forcing (e.g., C'12,13 is canceled at Rxg).

The corresponding received signals by Rxg, Rxj, Rxe and Rx3
after zero forcing are given by

Yy = (haahoo — haohi2) Aoz.a2 + (hashor — haihos)Bis o3
+ (h1ohos — h1shoo)Dos 02 + No,

Vi = (hashi1 — haihiz)Bisos + (hazhio — haohi2) Aoz 12
+ (ho2h11 — horh12)Chz13 + N1,

Ya = (hothaa — hozha1)Ciz,13 + (hazhao — haohaz) Agz 12
+ (h1ohaz — hizhao)Do3 02 + Na,

Y3 = (hiohas — hishso) Dos.o2 + (hashar — haihas)Bis o3
+ (horhsa — h02h31)é12,13 + N3,

where N;,i € [4] represents the Gaussian noise.

We can see that receiver Rxg can cancel the interference
caused by Bisz 3 and Dgs 2 since these two packets have
already been cached by Rx( and the desired packet Ag2 12
can be successfully decoded by subtracting the undesired
but prefetched packets. Similarly, Rx;, Rxy and Rxs can
also cancel the interference caused by undesired packets by
utilizing their cached contents. Therefore, all the interfer-
ence including inter-user interference and interference that
can be nulled out by cached packets can be eliminated so
that all receivers can decode their desired packets. It can
be verified that there exist such linear combinations and all
receivers can decode their desired packets in all remaining 7
communication steps. Hence, the 32 packets, each consisting
of [W,|/16 bits, can be delivered to the receivers in 8
communication steps, each containing F'/16 = 1 resource
block. As a result, a sum-DoF of % = 4 can
be achieved. Hence, the proposed file subpacketization, cache
placement, precoding and scheduling strategy in the delivery
phase allow transmitters to collaboratively zero-force some of
the outgoing interference and allow receivers to cancel the
leftover interference using cached contents for any receivers’
demands. A
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B. Hypercube Permutation

Before we proceed to the description of the general achiev-
able scheme, we introduce two definitions of special permuta-
tions on a given set of points, i.e., the hypercube permutation
and circular hypercube permutation, which are essential to the
description of the general delivery phase.

Definition 1 (Hypercube Permutation): Given a set of D x
t points, denoted by O, ie., |Q] = Dt, we label each
of these points by a unique number w;; € [Dt], where
i € [t],j € [D]. Assume that these points are partitioned
into ¢ disjoint groups, which we refer to as dimensions.
Each dimension consists of D points, denoted by U; =
{uij: %] =4,j=0,1,---,D—1}, i € [t]. Define a
hypercube permutation of the set Q, denoted by 7HC¢B =
[7(0) =(1) w(Dt — 1)], as such a permutation of
the Dt points that satisfies the following condition: For any
set of points U;,7 € [t], the positions in the permutation
(denoted by pos(), meaning that pos(u) = i if 7(i) = w)
of any two of them, w; ;, and w; j, (j1 # jz2). should satisfy
lpos(ui j, ) — pos(u; ;,)| = kt,1 <k <D —1,k € Z* and
j17j2 € [D] ¢

Definition 2 (Circular  Hypercube  Permutation): A
circular permutation of a set Q is a way of arranging the
elements of Q such that these arrangements are invariant
of circular shifts. Denote the set of circular permutations
of Q as HCQ“C. For example, if Q@ = {1,2,3}, then
g = {[123],[132]}. A circular hypercube permutation
of a set Q is a way of arranging the elements of Q which are
invariant of circular shifts, and meanwhile, the corresponding
arrangement should be a hypercube permutation. %

We illustrate the concept of hypercube permutation and
circular hypercube permutation via the following example.

Example 4: For Q = {0,1,2,3} with ¢ = 2 dimensions
and D = 2 points in each dimension, i.e., Uy = {0,1},
U, ={2,3}, we have

me®® = {[0213],[0312],[1203],[1302],

[2130],[2031],[3120],[3021]}. (11)

It is clear that, for any two points within one dimension,
0,1 € Uy or 2,3 € U, we have [pos(0) — pos(1)] =
|pos(2) — pos(3)] = 2, which satisfies the condition
|pos(ui j,) — pos(u; j,)| =t (note that k& = 1). Furthermore,
we have T " = {[0213],[0312]}. A
Lemma 1: For a set of points (users) Q of dimension t
and D points (users) in each dimension, denote the set of all
hypercube permutations as TI5°B, then ‘HgCB| = (D))
The set of circular hypercube permutafi?ni)?f Q, denoted by
_ (DY E=1)!
i) .

HCB,circ HCB,circ
HQ HQ -

, has size
Proof: See Appendix A. [ |

C. General Achievable Scheme

In this section, we present the general achievable scheme
which is formally described in Algorithm 1. Recall that
tr = % and tp = %, and we assume tp,tg €
A % < Kg. In this paper, we focus on the case

= % € Z*, implying that ¢t > 1.
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Algorithm 1 General Hypercube-Based Achievable Scheme
Prefetching Phase:

I:fori=0,1,--- , K7 — 1 do

2. Group Tx; into the transmitter dimension I/, where

J=lpg)

4:fori=0,1,--- ,Kr—1do
5. Group Rx; into the receiver label set U]R,
L5zl
6: end for
7: forn=0,1,--- ,N —1 do
tr tr
8:  Split W, into (%) (MLR) disjoint equal-size
subfiles:

where j =

Wa = Whtr} reus @ui @ @u,

tp—1

REUF QU Q- QU

tp—1°

9: end for

10: for i =0,1,--- , K7 — 1 do

11:  Tx; caches {W,, 7 g :i € T} for all n € [N].
12: end for

13: for j =0,1,--- ,Krp— 1 do

14:  Rx; caches {W, 7= :j € R} forall n € [N].
15: end for

Delivery Phase:
16: for j =0,1,--- ,Kr— 1 do
17: for T e Uy QU Q-+ QU,-_, do

18: for R € uﬁ@uﬁ@---@uﬁj_.J \
DR
(i1 ® - U}, do
19: Split the subfile W, TR into
(D(SR_EQ) (D’}fl)mil%(tlg — 1)! disjoint packets

of eqaul-sizes:

W, 170 frmrliitn)
7‘i':7l'[tR+11tT+tR71]
7r€l—IH%B,71'(0):]',71'(153):7’dr-L

Q L)

{r(),7(2), o m (=1} =R\{r_; |}
Dr

Where QEFM§’5+1® . ®FM? ; J’6+1®. . ®FMR 541+
Dr

f,R—l’
R
20: end for
21: end for
22: end for

3. for 7 ey QUI Q- QU _, do

240 for R elyr 544 ®FL{1R,6+1 K Fuf;_l,éﬂ do
25 for 7 € H%EB’C”C do

26: Each transmitter sends a linear combination

(Lemma 3) of the coded packets:

Si = »Ci,T,w ({deu),’T(é),ﬂ'[é-i—l:[-l-tR],Tr[€+tR+1:€+tR+tT—1] :
Leftr+trl,ieT(0)})

27: end for
28: end for
29: end for

The corresponding prefetching and delivery phases are
described as follows.

1) Prefetching Phase: The hypercube cache placement is
employed at both the transmitters’ and receivers’ sides in
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the prefetching phase. Refer to Section II-B.2 for detailed
descriptions.

2) Delivery Phase: In the delivery phase, the receivers’
demand vector d = [dy,d1, - - ,dk,—1] is revealed, i.e., each
receiver Rx;,j € [Kg] requests a file W;,. Since some
subfiles of the requested file have already been cached by the
receiver in the prefetching phase, the transmitters only need
to send those subfiles which have not been cached by Rx;,
ie, {(Wa, 7,VT,VR : j ¢ R}.

Following a similar methodology of [7], we need to further
split the set of subfiles to be delivered to the receivers into
packets so that they can be scheduled in subsets of size
tr +tr and delivered to the receivers simultaneously without
interference. In particular, for any packet in the subset of
tr + tr packets, it is requested by one particular receiver
and can be cancelled by another tp receivers by utilizing
their cached packets. Also, the transmitters can collaborate
to zero-force the the interference to another ¢t — 1 unin-
tended receivers. We describe how to do such a further
splitting based on the hypercube cache placement in the
following.

For any j € [Kg], T =
(TQ,Tl,"',TtT_l) S U(r)r ><U1T ~><UtTT,1, and R =
{(ro, 71, yrep—1)} with (7,71, 7o —1) €UF x UR x

. 'XuFDJiRJ \{j}x--xU _| (note that |T| = tp and |R| =
tR), we split W, g into (2n2) (Pr1)* 100 (g
disjoint packets of equal-sizes, denoted by

{(Toa Ti,: )TtT_l)} with

{WdJ ST 7, }#:w[l:tR] ’
f=n[tr+1:tr+tr—1]
relRGR, m(0)=4, 7(tr)=r
Q 5=

{77(1)777(2)7"'77T(tR—1)}=R\{7"LE+J}

Fyros41 @ ®FuR. 5+1® 0

I'yr 541 and the notations are deﬁned as follows For a
set % I's s is defined as a set whose elements are all subsets
of S with size s, ie, I'ss = {A: ACS,|A| =s},Vs €
[1 : |S|]. For example, for & = {0,1,2}, we have
I'sa = {{0,1},{1,2},{0,2}}. For a set Q whose
elements are sets, QU denotes the union of the elements
in Q. For example, if @ = {{0,1},{2,3}}, we have

{0,1} U {2,3} {0,1,2,3}. Moreover, for a
set S, and a hypercube permutation m € II4CB and
two integers 4,7, where ¢ < j, w[i : j] is defined as
iz j] = [7(i ©5) 0), 7(i &5 1), (i @5 (1 — )]s
in which for two integers m, n, m @5 n is defined as

where QO S

m@syn=1+(m+n—-1 mod [S]). (13)

After such a further splitting, for a specific set of tp +
tr receivers and a corresponding hypercube permutation
the packet Wy, 7 4, which is desired by Rx;, can be can-
celled at receivers in 7 by utilizing their individual cached
contents and can be zero-forced at receivers in 7 through the
collaboration of some transmitters. Lemma 2 shows how this
further splitting is done. For a set 7 = {70,71, " , Tty —1}
whose elements are from the ¢7 different transmitter dimen-
sions, i.e., 7; € U i € [tr], we define the corresponding

4805

sets T (0) = { O 0 775?_1}7( € [tr + tr], where
T(0) =T, ie, 7" =7,Vi€ [tr] and
e when 1 < /¢ <tr,

_{%m+1 mod Dy 0<i</

T

-1
i == ’ 14
70 0<i<tp—1. 14

ewhentyr +1 <l <tr—+itrp—1,

0<i<l—tpr—1,

O () 15
; (0) (15)
+1 mod Dy £ —tr <i<ty—1.

Lemma 2: Based on the hypercube cache placement, for
any receivers’ demand vector d, the set of packets needed to
be sent to the receivers can be grouped into disjoint subsets
of size tr +tr as

U

TEMU ®M1 R RU, 1T 1
REFM§,5+1 ® Fu{(,5+1 - ®FM§R
El—IHCB,circ

1541

><{de),T(é),n[z+1:e+tR},Tr[z+tR+1:e+tR+tT—1] :
Ceftr + tR]}.

Proof: See Appendix B. |
Given the grouping rPethod of the packets in Lemma 2,

we will have DtT(DJFRl) RW (using Lemma 1)
steps of communications. More specifically, the term D"
t

corresponds to the number of possible choices of 7, ( 5 +1) "

corresponds to the number of choices of R. We also have
|HHCB c1rc| [(64+1)! 1R(tR 1)!
RU - +1

(16)

which is a direct result of
Lemma 1, i.e., the number of different hypercube permutations
of the set RU partitioned into ¢t = ¢ dimensions and D =
0+1 points in each dimension. In each of these communication
steps, specific sets 7 and R and a hypercube permutation are
fixed, and each transmitter Tx;,7 € 7 (¢) transmits a linear
combination of the coded packets, i.e.,

S; = L:i,T,ﬂ'({Wdﬂ(m,’T(Z),7r[2+1:€+tR],7r[€+tR+1:€+tR+tT—1] :
Ceftr+tnlie TO}), a7

in which for any packet Wy, 7 s . defﬁﬁ denotes its
Gaussian coded version, and £; 7 -(.) represents the linear
combination that Tx; chooses to transmit set of packets
in (17).

The following lemma shows the existence of the linear
combination coefficients.

Lemma 3: For any subset of trp transmitters T €
Uy QU R --- QUL _,, any set of tr + tr receivers RY
Jor which R € Tyr 501 @Tyr 541 Q- Q@Tyr 511, and

,circ

any circular hypercube permutation ® € H%U , there

Kr

exists a choice of the linear combinations {L; 1 (.)};"

in (17) such that the set of tr + tr packets in

{Wd,r(g),T(@),w[éJrl:ZthR],7r[£+tR+1:€+tR+tT71] RS [tT‘HR]}

(18)
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can be delivered simultaneously without interference by the
transmitters in Jye(y, 14, 7 (£) to the receivers in RY.
Proof: The proof of Lemma 3 follows exactly the same
steps given in [7]. To show the existence of such linear
combinations, we require the linear coefficients to be designed
such that for any receiver in RY, its desired packets must be
received with non-zero coefficients, and the undesired subfiles
which can not be cancelled by utilizing its cached content,
must be zero-forced. Then we can show the existence of
such linear combinations simply by observing the fact that
the number of variables (coefficients) equals the number of
equations (received signal requirements). The details of the
proof are omitted here. [ ]

D. Subpacketization Complexity Analysis
In this section, we provide a comprehensive performance
comparison between the proposed hypercube-based based
scheme and the NMA scheme.
In the hypercube-based scheme, each file in the library
t t
is split into () () subfiles while in the NMA
scheme each file is split into (%7)(%?) subfiles. In the

tr tr
delivery phase, to implement interference cancellation, each

requested subfile is further split into
Auncs (K1, M1, Kr, MR, N)

() e

packets in the proposed hypercube-based scheme and
Axma (K1, M7, Kr, Mg, N)

19)

é(KR_tR_l

A )(tT —Ditg!  (20)

packets in the NMA scheme. To measure the subpacketization
complexity, we count the total number of packets that a
specific file needs to be split into which equals the number of
subfiles per file times the number of packets per subfile. When
counting the number of subfiles per file, both the pre-stored
and requested subfiles by any receiver should be included since
the total number of packets per file should reflect the size of the
smallest units (i.e., packets) that a file is split into. Therefore,
the total number of packets per file required for these two
schemes are

Fuce(Kr, M7y, Kr, Mg, N)
= D7'" D" Aucs (K7, M7, Kr, Mg, N),
Fxma (K7, Mp, K, Mg, N)

= (KT> <KR) Anma (K7, M7, Kg, Mg, N). (22)
tr lr

Since the comparison of subpacketization levels is always
done under the same set of system parameters, we ignore the
these parameters in the expressions of Agcp, Anma, Fucs
and Fnya for brevity. To compare the subpacketization level
between our scheme and the NMA scheme, we define the
multiplicative gap of the subpacketization levels between these
two schemes as follows.

21
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Definition 3 (Multiplicative Gap of Subpacketization Lev-
els): For the system parameters Kr, Mr, Kr, M and N,
the multiplicative gap G of the subpacketization levels
between the hypercube-based scheme and the NMA scheme,
is defined as

o Fucs(Kr, Mr, Kr, Mg, N)
Fyva(Kr, My, Kr, Mg, N)
(23)

G(KT; MT; KR; MR; N)

For ease of notation, we ignore the parameters and simply
denote G = Fucs/Fnuma. O

We next show that for any system parameters, the hypercube
scheme has a strictly lower subpacketization level than that of
the NMA scheme. Moreover, we show that there is an order
gain compared to the NMA scheme when ¢ — oo if d and ¢
are fixed.

Theorem 2: For any system parameters Kr, Kr, M, Mg
and N satisfying tr = Z£r ¢ 7+ ¢p = EKule ¢
7Zt,Dr = Kr/ty € ZY,Dr = Kgr/tr € Z* and § =
tr/tr € ZT,DRr > & + 1, the multiplicative gap G is strictly
less than 1. Moreover,

r (24)

where the constants (independent of ¢) are

d=2)eb [ [d=1 (d—1) [ 20 \¥?\
d—3—1) 5 d—o—1) (d—l)
and

(d—1)! [ e S/ g \OTDE=Y) g 4 \~(d=6-1)
Cl_(d—é—l)!<d—1> <d— > <d—6—1) '

Proof: See Appendix C. [ ]
Theorem 2 shows that the proposed hypercube-based
scheme strictly outperforms the NMA scheme in terms of
subpacketizaiton while achieving the same one-shot liner sum-
DoF. In fact, the proposed scheme requires not only a smaller
number of subfiles per file but also a smaller number of
packets per subfile than the NMA scheme, demonstrating the
advantage of the hypercube-based design. From (24) we see
that if t > C1, G(d,t,6) < Co/t0~D*=1 Therefore, for fixed
d and §, we have the scaling G(d,t,0) = O(1/t©®=1t=1) as
t — oo, implying that there is an order gain in subpacketi-
zation of the hypercube-based scheme compared to the NMA
scheme. Fig. 4 shows the multiplicative gain G(d,t,d) under
logarithmic scale for the case when § = t7/tp = 1,2 under
the setting tp = dtgp = 0t,Dp = Dgr = d. It can be
seen that the gap decreases exponentially as ¢ increases and
goes to zero as t goes to infinity (see Fig. 4(a), (b)), which
demonstrates an order gain in subpacketization reduction of
the proposed scheme compared to the NMA scheme. More-
over, from Fig. 4 (c), (d), it can be seen that the proposed
scheme also requires exponentially smaller number of subfiles
per file and packets per subfile.

a1
G(dvta5)§C0< ) Wa

Co =

V. DISCUSSION
In this section, we will first provide two possible exten-
sions of the proposed scheme, which are cache-aided
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Fig. 4.

The multiplicative gap G between the hypercube scheme and the NMA scheme. The comparison is down under the setting ¢t = dtp = 0t,

N/Mp = N/Mpg = d, which implies K7 = § Kr = ddt. It can be seen that: (a) 6 = 1. For a fixed d, G decreases (exponentially) quickly as ¢ increases
and approaches zero as ¢ goes to infinity, and (b) § = 2. In this case, the number of transmitters increases and G decreases faster. (c) § = 1. Comparison of
the No. of subfiles per file of the hypercube design to the NMA scheme (logarithmic scale). (d) § = 1. Comparison of the No. of packets per subfile of the

two schemes (logarithmic scale).

Device-to-Device (D2D) interference networks and wireless
coded distributed computing networks. Second, we will dis-
cuss the connection to and differences from some related
existing works.

A. Extension to Cache-Aided D2D Interference Networks and
Wireless Distributed Computing Systems

In the setting of a typical cache-aided D2D interfer-
ence networks, all the nodes (or devices) are expected
to have homogeneous cache memory sizes. The proposed
hypercube-based scheme can be directly extended to such
D2D interference networks to achieve an order-optimal one-
shot linear sum-DoF while maintaining the promised sub-
packetization levels compared to the direct translation of the
NMA scheme. There are multiple approaches to apply the
hypercube-based approach to cache-aided D2D interference
networks. In the following, we will illustrate one example of
such applications. We consider a D2D interference network
with a library of N files and K nodes, each equipped with a
cache memory of size M files. We assume K is even and
t = KM/N < K/2. We partition the network into two
groups with equal number of devices, i.e., each group has
K /2 devices. Let t' = % € ZT. In the prefetching phase,
in each group, we perform the hypercube cache placement
such that the two groups have identical cache placement. The
delivery phase has two steps, in the first step, one group of
nodes will perform as transmitters and the other group will
perform as receivers. Note that since Ky = K = K/2,
the proposed delivery scheme based on the hypercube cache

placement can be directly used. The achievable sum-DoF is
t =tp+tr = KM/N. In the first phase, the requests from
one group of receivers can be served. In the second step,
we exchange the groups of transmitters and receivers such
that the other group can be served with the same achievable
sum-DoF. Therefore, the total achievable sum-DoF is given by
t=KM/N.

Moreover, due to the similarity between the cache-aided
D2D interference network and Coded Distributed Comput-
ing (CDC, [30]), the hypercube cache placement can be
directly applied to the wireless CDC interference networks.
From the wireless D2D caching network example, it can
be seen that the proposed hypercube-based scheme can be
applied in a more practical half-duplex transmission settings.
For example, the hypercube cache placement scheme can
be employed in the file assignment phase in the CDC net-
works. Then we use the same delivery scheme as in the
wireless D2D caching networks to achieve an order optimal
communication-computation trade-off.

B. Comparison With Existing Works

In this section we discuss the connection to and the dif-
ferences from the most related works [13] and [27] and thus
highlight the uniqueness of the hypercube-based design.

The work of [13] shows that by adding multiple (L)
transmit antennas the supacketization level of coded caching
can be reduced approximately to its L-th root compared to the
shared-link coded caching scheme. It turns out that this scheme
can be extended to the cache-aided K7 x Kg interference

Authorized licensed use limited to: The University of Utah. Downloaded on October 01,2021 at 17:28:11 UTC from IEEE Xplore. Restrictions apply.



4808

networks to achieve the same sum-DoF as the hypercube-based
scheme proposed. However, due to the use of user/receiver
grouping, the scheme of [13] suffers sum-DoF loss (i.e., can
not achieve ¢ty + tr) when either Kg/tp or tr/tp is not
an integer, which means that it can not achieve sum-DoF
tr +tr when § = ¢7/tg > 1, putting a major limitation to
its applicability. Moreover, [27] considered a similar setting
as [13] but a totally different cyclic cache placement based on
PDA was proposed to achieve the sum-DoF K~ + L with a
quadratic (w.r.t. K') subpacketization. However, the proposed
scheme works only when K~ < L. The differences of our
work from these two works are summarized as follows.

1) Different design methodologies and parameter regimes.
The hypercube-based scheme applies the hypercube cache
placement with a nice geometric interpretation and does not
rely on receiver grouping which requires that tg > tr and
puts a strong limitation in applying to interference networks.
In contrast, our work primarily focused on the case § >
1, although by using a memory sharing alike method, the
hypercube-based design can be extended to the cases when
0 is not an integer or § < 1 without sum-DoF loss (Note that
the scheme of [27] does not work when § < 1). At the point
0 = 1, the scheme of [13] achieves a lower subpacketization
level than the hypercube-based scheme which can be shown
as follows. Assume M7 € Z%1 (otherwise the transmitter
side cache placement in [13] does not work), then [13]
requires subpacketization (It(RT// ttTT) = Krp/ty = Dy while the
hypercube-based scheme has Fycp = D D Aycp which
is larger than Drp.

2) Symmetry in Cache Placement. Different from the
hypercube-based design, [13] employs asymmetric cache
placement methods at the transmitter and receiver sides.
One potential drawback is that the scheme of [13] can not
be directly applied to cache-aided Device-to-Device (D2D)
interference networks and the wireless CDC systems where
each user needs to be both transmitter and receivers in order
to fulfill the file requests of all users. However, due to
the symmetric cache placements at both the transmitter and
receiver sides, the hypercube-based scheme extends naturally
to such networks and incurs no extra cost when the users
switch their roles from transmitters to receivers or vice versa.

VI. CONCLUSION

In this paper, we considered the cache-aided interference
management problem where the transmitters and receivers are
equipped with cache memories of certain sizes to pre-store
parts of the contents. We adopt a new cache placement method
called hypercube at both the transmitters’ and receivers’ sides.
Based on the hypercube cache placement, we proposed a
corresponding delivery scheme where the one-shot linear DoF
of min {%, K R} is achievable with exponentially
lower subpacketization compared to the well-known NMA
scheme. More specifically, via the design of the cache place-
ment and the communication scheme, a set of %
packets can be delivered to the receivers simultaneously and
interference-free, which is a joint effect of the zero-forcing
(collaboration of transmitters via cache placement design at
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the transmitters’ side) and cache cancellation (neutralization
of known interference via the cache placement design at the
receivers’ side). The result shows that our proposed scheme
can achieve exactly the same sum-DoF performance as the
NMA scheme while requiring significantly lower supacketiza-
tion levels.

APPENDIX A
PROOF OF LEMMA 1

First, we show that given a set of |Q| = Dt points (users)
with ¢ dimensions and D points in each dimension, the number
of different hypercube permutations is equal to |H50B‘ =
(D!)*t!. According to Definition 1, for a hypercube permuta-
tion 7HCB | the users belonging to the same dimension ¢/; can
only appear in positions p; 1,D;,2, - ,P;,p—1 such that p; ;
mod t = C;, Vj € [D—1], where C; is a constant irrespective
of j and C; € [t — 1]. For two different dimensions I/;, and
U,,, the corresponding modulo residues C;, # C;, if i1 # io.
As a result, {Co,Cq,---,Cy—1} = {0,1,---,t — 1}. Thus,
given a group of users U; and a prescribed modulo residue C;,
there are D! ways to arrange these users to the corresponding
set of positions {p; ; : p;; mod t=C;, j € [D— 1]}. Since
we have ¢ such user groups (dimensions), according to the
multiplication principle, there are (D!)* ways to arrange all
the users Q to the positions {p; ; : p;; modt = C;, j €
[D—1],¢ = 0,1,---,t — 1} under a prescribed modulo
residue assignment. Since there are ¢! different ways to assign
the modulo residues Cy,C1,---,Cy—1 to the t user groups,
we conclude that |HSCBJ = (D).

Now, for any 7 € II5“B, it is easy to see that there are
Dt — 1 other permutations in IT3°® which are resulted from
circularly shifting the elements of 7. Since circular shifting is
not allowed in the circular permutation, we have

U™ _ (o)t —1)
Dt D ’
which completes the proof of Lemma 1.

= (25)

HCB,circ| __
g

APPENDIX B
PROOF OF LEMMA 2

The proof of Lemma 2 can be completed by verifying
the following two conditions: 1) For a specific receiver Rx;,
the number of packets it receives in the delivery phase equals
the number of packets which are desired but have not been
cached by Rx;; 2) The number of packets received by all Kpr
receivers equals the number of packets desired by them.

Each set in the union of (16) is composed of ¢+t packets.
The number of such sets is equal to

Dir DRtW@+nmmaR—ng
T\6+1 641

Therefore, the total number of packets in (16) is equal to

per DR\ (G D) (g — 1)

T\6+1 d+1
. D;TKR(DR — 1)!(DR!)tR71(tR — 1)'
(Dr =6 —1)h'™
where we used the fact that § =ty /tg and tg = Kr/Dgp.

(26)

(tr +tgr)

» @7)
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On the other hand, Rx;, Vj ¢ [Kr — 1] has cached
D D=1 subfiles in the prefetching phase, so the number
of subfiles Rx; needs is equal to DiF D' (Dg — 1). Since
in the delivery phase, each desired subfile is further split into

(D,;R,IQ) (le;_l)tRil (6!3;R (tg — 1)! packets, the total number

of packets needed by Rx; is equal to
- Dr—2\ (Dr—1\""""(8)ir
DIrDiE"Y (DR — 1
D;T (DR — 1)!(DR!)tR71(tR — 1)'
(D — 6 — D" |
Therefore, the total number of packets needed by all Kg
receivers is equal to
(Dr = DI(DRYH'=" (tr — 1)
(Dr -6 1))
which equals the total number of packets in (27), implying
that the set of packets needed by the receivers can be grouped
into subsets of size t1 + tp, verifying the second condition.

Moreover, the number of packets received by Rx; in the
delivery phase is equal to

DW(DR—1>(DR)m‘%w+wﬂﬁRaR—1n
T § d+1 d+1
_ DF(Dr—1)Y(Dp)*= " (tg —1)!
- (Dr—d—1))""
which equals the number of packets calculated in (28), veri-

fying the first condition. As a result, the proof of Lemma 2 is
complete.

(tr — 1)1 = (28)

KrDY , (29)

, (30)

APPENDIX C
PROOF OF THEOREM 2

We will first show that for any system parameters
Kr,Kgr, Mp, Mr and N, which satisfy K7 = Drtr, Kp =
Dptr and § = tp/tg € ZF, we have 1) DIF < (IfTT), 2)
D%R < (It(:), and 3) Agc < Axwma. As a result, we obtain
G < 1.

We first prove that D4 < (It(TT) For ease of notation,
we denote D as d and tp as t for the time being. We have

DF  d d't!
(Y T dt(dt — 1)(dt —2) - (dt — (t — 1))

- <§> <::;><%) 31)

Since we have assumed that d > §+1 > 2 where § > 1, it can
be seen that ¢t —i <t —i/d,Vi € [t — 1], implying that each
individual term on the RHS of (31) is less than 1. As a result,
the product is less than 1, implying DtTT < (IfTT) Similarly,

() ()

Wwe can prove D%R < (It(:)
Next we prove Agcp < Anma. Denote tg as t and Dy
as d, we have t7 = 0tgr = ot. Thus, Agcs and Axma can

be written as

() e

_ (@=1)'-1) 32)
(d=0—=1)h)" (d=1)’

AucB =

4809
ANmMA = (dtézf; 1) (6t — Dt = 7(((‘?:; — 3?)" (33)
Therefore,

Anma _ (=6 - D' ((d = 1)1)!

Auce  ((d—d6—1)t)! ((d—1))*
IS (d -1yt —i)
(-1 0)
= XMoAr A1, (34)

in which the parameter Ay is defined as
A 2 L5 (=1 - i), Vkelt—1]. (35)

5—1 ;
Hi:o (d—1-1)
Note that \g > A\; > --- > A\;_1. Next we show that \;_; >
1. From (35), we have

15 s ((d— 1)t — i)
1) (d—1—1)

5—1 .

B (6=t -1)

- L (t_ d—1—1 )

Ato1 =

SoE
(]

T (- )

o .
[}

=[Le-u-m=1

=0

(36)

where in (a) we used the assumption that d > § + 1. Hence,
we obtain that \;_; > 1. Since A\g > A1 > -+ > A1 > 1,
we have SMMA — NoA\;-- N\ > 1, implying Aucp <
Anma- Combining the above results, we conclude that the
multiplicative gap G is strictly less than 1 for any system

: _ Dr'"TDR'R Apcp :
parameters, i.e., G = KTY(RR) * Axwia < 1. This proof

t t
also shows that the hype?cubg based scheme requires less

number of subfiles per file in the prefetching phase and and
less number of packets per subfile in the delivery phase than
the NMA scheme.

Due to space limit, we refer the reader to Appendix C
of [31] for the proof of the the upper bound on G(d,t,0) <
Co (%)f t(;_ﬁ in Theorem 2. As a result, the proof of
Theorem 2 is complete.
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