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Abstract

In this paper, we design scale-free collaborative protocols for state and regulated state synchroniza-
tion of homogeneous multi-agent systems (MAS) with arbitrary fast convergence. The protocol design
solely depends on the knowledge of the agents’ model and does not require any information about the
communication network and the number of agents. Moreover, our protocols can achieve synchronization
with any desired convergence rate by simply tuning a design parameter.
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1. Introduction

Synchronization or consensus problem of multi-agent systems has attracted much more
attention in recent years due to widely practical applications in cooperative control of MAS
such as autonomous vehicles, satellites/robots system, distributed sensor network, and others,
see Refs. [1-6] and references therein. The objective of synchronization of MAS is to secure
an asymptotic agreement on a common state or output trajectory by local interaction among
agents. It is worthwhile to note that state synchronization inherently requires homogeneous
MAS.

Most of the proposed protocols in the literature for synchronization of MAS requires some
knowledge of the communication network such as bounds on the spectrum of the associated
Laplacian matrix or the number of agents. As it is pointed out in [7-9], these protocols suffer
from scale fragility wherein stability properties are lost for large-scale networks or when the
communication graph changes. Therefore, there exist a current research effort focusing on
scalability of consensus laws. Recently, we have introduced a new generation of scale-free
protocols for synchronization and almost synchronization of MAS, see [10,11], where the
agents are subject to input saturation and external disturbances, respectively. The scale-free
framework, utilizing localized information exchange among the neighbors does not require
any knowledge of the communication topology and the size of the network.

In practical applications, one of the key elements in designing consensus protocols is
performance. The asymptotic convergence rate is defined in [12] as an indicator for the per-
formance which we will use in this paper. The convergence rate is an important element in
designing protocols. Typically, the communication topology through which the agents commu-
nicate is a deciding factor in establishing the convergence rate of the protocol. More explicitly,
the convergence rate of various existing protocols for continuous-time MAS with undirected
communication graphs depends on the second smallest eigenvalue of Laplacian matrix of the
associated communication graph, also known as the algebraic connectivity of the graph. In
discrete-time MAS, the largest modulus of the eigenvalues of Perron matrix of the associated
communication graph plays the same role in the asymptotic convergence rate, see for example
[12—-14]. In fact, for a certain class of undirected graphs the algebraic connectivity decreases
with an increase in network size, the recent thesis [15] describes this effect and covers some
non-exhaustive classes of graphs. In [5, chapter 16], a similar conclusion has been drawn
for a directed circulant graph. Therefore, the main goal of this paper is to propose scalable
protocols such that the performance of the system is not degraded by increasing the size of
the network.

Our main goal in this paper is to develop a new class of scale-free collaborative protocols
(parameterized in scalar positive parameter p) to achieve state and regulated state synchro-
nization of MAS with arbitrary fast convergence. Our proposed protocols have the following
properties.

* For any positive value of parameter w, state and regulated state synchronizations are
achieved for a MAS with any size of the network and with any communication topology.

» The proposed protocols achieve any given desired convergence rate by suitably choosing
parameter . In fact, by increasing w, we can achieve any a priori given asymptotic
convergence rate.

» The structure of the proposed protocols is independent of the parameter u; thus, one
may develop the structure at one stage and tune the parameter w later so as to obtain
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the desired convergence rate. Due to continuity in p, tuning may be even carried out
online. Hence, the method is a one-shot design and is not iterative.

1.1. Notations and definitions

For a square matrix M € R"™", we will denote the set of eigenvalues of M by A(M) while
p(M) denotes the spectral radius of M. A matrix M is Hurwitz stable if all its eigenvalues
are in the open left half complex plane. A ® B denotes the Kronecker product between A and
B.

The communication network can be connected to a weighted graphG to describe the infor-
mation flow between the agents. A weighted graph G is defined by a triple (V, £, . A) where
YV ={1,...,N} is the node set, £ is a set of pairs of nodes indicating connections among
nodes, and A = [a;;] € R¥V*V is the weighted adjacency matrix with non negative elements
a;j. BEach pair in £ is called an edge, where a;; > 0 denotes an edge (j,i) € £ from node
J to node i with weight a;;. If there is no edge from node j to node i then we will have
a;j = 0. We assume there are no self-loops, i.e. we have a; = 0. A path from node 7; to i is
a sequence of nodes {i, ..., i} such that (i;,i;;1) € € for j=1,...,k— 1. A directed tree
is a subgraph (subset of nodes and edges) in which every node has exactly one parent node
except for one node, called the root, which has no parent node. A directed spanning tree is a
subgraph which is a directed tree containing all the nodes of the original graph. If a directed
spanning tree exists, the root has a directed path to every other node in the tree, see [16].

For a weighted graph G, the matrix L = [£;;] with

= Zk 1 Qik i=j,
l - . .
_al]7 175]7

is called the Laplacian matrix associated with the graph G.
The asymptotic convergence rate (convergence factor) is an important concept to measure
the performance of a MAS. The asymptotic convergence rate of a stable linear system

x(t) =Mx(t), (M is Hurwitz stable),
with x € R", is defined in [12] and [6] as

. XN\
Fasym = mMa X lim "
x(O);&oz»oo Ix(0)]]
and the associated convergence time is defined as
= (2)
Tasym = ————————.
* log(rasym)
We have
(kO ) .
max lim = e ' = e
x(0)¢oz—>oo (IIx(O)H , (|| ||) = p( M)

where we used Gelfands spectral radius formula [17] that connects the norm and the spectral
radius p(-) of a matrix. Hence

Fasym = p(e") = max (|| e"H D) = max (R HDY) = efetn G
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where A;(M) denotes the ith eigenvalue of M where the eigenvalues of M ordered sequentially
by their real part, i.e.

Reir,(M) <--- <Reipy(M) <Rel (M) <O.
2. Problem formulation

In this paper we consider a MAS consisting of N identical linear agents

)&,’ = A)C[ + Bbt,',

3
yi = Cx;, )
where x; € R", u; € R™ and y; € R” are the state, input, output of agent i for i =1,...,N.

The communication network is composed of N linear combinations and each combination
includes agent’s own output relative to that of other agents, which is shown as follows for
agent i

N
G=Y a;(vi—yj) €
j=1

where a;; > 0 and a; = 0. Here we use a weighted and directed graph G to describe the
communication topology of the network, where the nodes of network correspond to the agents
and the weight of edges given by the coefficient a;;. In the matter of the coefficients of the
associated Laplacian matrix L = [£;;]nxn, & can be rewritten as

N
L= Lyyj 5)
j=1

We refer to Eq. (5) as partial-state coupling since only part of the states are communicated
over the network. When C =1, we call it full-state coupling.
We also introduce a localized information exchange among agents. It means that each

agent i € {1,..., N} has access to localized information, denoted by f, of the form
N

gi Zzaij(m—ﬂj), (6)
j=1

where 1; is a variable produced internally by agent i which will be appropriately chosen in
the coming sections.

Our goal is to achieve state and regulated state synchronization among the agents where
state synchronization means the state of agents converge asymptotically to a common trajec-
tory, i.e.,

lim (x;(¢) —x;()) =0 )
— 00

for all i, j € {1,...,N}, and the regulated state synchronization means the state of agents
converge asymptotically to a priory given trajectory x,, i.e.,

lim (x; (1) — x,()) =0, 3)
r— 00

where x, is generated by a so-called exosystem

X =Ax,,  x(0) = xp0,

¥ =Cx,, ©
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where x, € R" and y, € R?.

Remark 1. It is worth noting that there also exist some other synchronization results, such as
event-triggered fault tolerant synchronization [18-20] and fixed-time synchronization [21,22].

To guarantee that each agent gets the information from the exosystem, a nonempty subset
% of the agents is assumed which allows agents have access to their output relative to the
output of the exosystem. It means that each agent i has access to the quantity

1, ie?,
Vi=uQi—y) L= {0’ i¢ % (10)
Thus, the information exchange among agents with link of exosystem is given by
N
G=Y_ai(i—y;) +ubi—y). (11)
j=1

We can rewrite g in terms of the coefficients of a so-called expanded Laplacian matrix
L=L+ diag{L,-} = [Zij]NXN as

N
G=Y L=y (12)
=1

where (12) can be written as

N
¢ Zzéij(xj_xr) (13)
=1

for the case of full-state coupling. Note that L is not a regular Laplacian matrix associated
with a graph since the sum of its rows need not be zero. According to [23, Lemma 7], one
can show that all the eigenvalues of L have positive real parts. In particular, the matrix L is
invertible.

We need the following definition to explicitly state our problem formulations.

Definition 1. We define the following sets.

1. GV denotes the set of directed graphs of N agents which contains a directed spanning
tree.

2. Given a node set 4, we denote by GY the set of all graphs with N nodes containing
the node set ¢, such that every node of the network graph G € G¥ is a member of a
directed tree which has its root contained in the node set . We will refer to the node
set ¢ as root set. Note that a graph G € Gi} does not necessarily contain a directed
spanning tree.

Remark 2. We order the set of eigenvalues of Laplacian matrix L associated to the graph
G e GV sequentially in an ascending order by the real parts as (see [3,16])

0=2; <Reiy <--- <Rek,. (14)
Now we formulate the problems of scalable state synchronization.
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Problem 1. Consider a MAS (3) with associated network communication (5) and a given
desired convergence rate ry ..

The problem of scalable state synchronization with arbitrarily fast convergence utilizing
collaborative protocols is to find, if possible, a parameterized linear dynamic protocol in scalar
w > 0, using only knowledge of the agent models, i.e. (A, B,C) and r;‘Sym, of the form:
xi,c :A‘C‘x,;c +B2L§1+CLI‘L§:Z (15)

u; = FFx .,
where f, is defined in Eq. (6) with n; = M.x; ., and x; . € R", such that

* the protocol achieves state synchronization (7) for any p > 0, any N and any graph
¢ € G where G" is defined in Definition 1.

« for a given desired rj, and any given graph ¢ e GV, by choosing parameter p suf-
ficiently large, the protocol achieves a convergence rate (for the synchronization error)
less than ry ..

Next we formulate the problem of scalable regulated state synchronization.

Problem 2. Consider a MAS (3) with associated network communication (12) and associated
exosystem (9) and a given desired convergence rate ry .
The problem of scalable regulated state synchronization with arbitrarily fast convergence
utilizing collaborative protocols is to find, if possible, a parameterized linear dynamic protocol
in scalar u > 0, for each agent, using only knowledge of the agent models, i.e. (A, B, C) and

Fasym» Of the form:

Fie = Alxic + BIG + CIG
s c 7L > 16
u = Fl'x., (16)

where f, is defined in Eq. (6) with n; = M, x; ., and x; . € R" such that

» the protocol achieves regulated state synchronization (8) for any p > 0, any N and any
graph ¢ € GY where GY is defined as Definition 1.

« for a given desired ry,,, any given graph ¢ € G¥ and any x,, by choosing parameter
w sufficiently large, the protocol achieves a convergence rate (for the synchronization
error) less than 7.

Remark 3. We refer to Problems 1 and 2 as scalable state and regulated state synchronization

with arbitrarily fast convergence problem utilizing collaborative protocols for MAS via full-

state coupling, respectively, when y; = x; (i.e. when matrix C = I).

Remark 4. It is worth noting that the formulations in Problems 1 and 2 do not specify how
the matrices of the protocols should evolve with parameter . However, our designs, as will
be given in this paper, provide an explicit solution from which the protocol matrices can be
derived. The structure of the proposed protocols is independent of the parameter w; thus, one
may develop the structure of the protocol first and tune the parameter u later so as to obtain
the desired convergence rate. Due to continuity in u, tuning may be even carried out online.
Hence, the method is a one-shot design and is not iterative.
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3. Protocol design for state synchronization

In this section, we design scale-free protocols to achieve state synchronization with desired
convergence rate. We make the following assumption on agent models.

Assumption 1. We assume that (A, B) is stabilizable and (A, C) is detectable. Moreover,
agents are at most weakly unstable, i.e. all eigenvalues of A are in the closed left half
complex plane.

Remark 5. Assumption 1 requires the dynamic of system is weakly unstable. Note that
weakly unstable systems can have repeated poles on jw axis as such they include agents that
are polynomially unstable such as double-integrators or chain of integrators. We would like
to point out that in most of practical applications, such as multi-robot systems and micro-grid
systems with distributed generators and etc, agents are weakly unstable.

3.1. Full-state coupling

We consider the following protocol.
Then, we have the following theorem.

Theorem 1. Consider a MAS consisting of N agents (3) with C = I satisfying Assumption 1.
Let the associated network communication be given by (5).

Then, the problem of scalable state synchronization with arbitrarily fast convergence as
defined in Problem 1 is solvable. In particular, the parameterized linear dynamic Protocol 1

Protocol 1: State synchronization for MAS with full-state coupling

The collaborative protocols parameterized in positive scalar parameter p are designed
for agentsi=1,...,N as

Xi =Ax;+Bu + ug — ug;, a17)
u; = —Kx;,

where ¢; is defined by Eq. (5) and f, isgiven by
N

=) ai(Xi— xj) (18)
j=1

which means the agents communicate n; = x;. Matrix K ischosen such that
Re(L;(A —BK)) <In(r¥ ) fori=1,...,n

asym

1. achieves state synchronization for any i, and any graph G € GV with any N.

2. for a given desired ry,,, and any given graph 4 e G by choosing parameter 1 suffi-
ciently large, the protocol achieves a convergence rate (for the synchronization error)
less than ry,,.

To obtain this result, we need the following lemma for the Laplacian matrix L which its

proof is provided in [11, Lemma 1].
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Lemma 1. Let a Laplacian matrix L € R¥*N be given associated with a graph that contains
a directed spanning tree. We define L e RV-DxN=1) g5 g matrix L = [Z,‘,] with

Eij = Eij — ENj'
Then the eigenvalues of L are equal to the nonzero eigenvalues of L, that is )»(i) =
{A2(L), A3(L), ..., AN (D)}

Proof of Theorem 1. The proof includes two steps.
Step 1: The proof of state synchronization
Let x; = x; — xy and x; = x; — xn. Then, we have

X = A%, — BK %,
B _ 12 - 1 -
Xi=A—BK)Ji+upnY 1 % — n Y0

where fl-j ={;j — Ly;. Then, by defining

T T
x:()f;F x;\l;l), X=<X1T X}I/F—1>

we have the closed-loop system as

i=(I®AI—(I®BK)j

B A _ A _ 19
X=U®A—-BK)—uLDyx+ nuLQIx 9
where [ = [Zij](N,l)X(N,l). By defining § = x — x, we obtain

x=(UI® (A —-BK))x+ (I ® BK)$, 20)

§=U®A—puleI)s.

From Lemma 1, we know that all eigenvalues of L have positive real part. Then, we have

SODURA—puL@NES ' N =1QA— A1 1)

for a non-singular transformation matrix S, where I ® A — uA ® I is upper triangular block
matrix with A — uA;(A)I for i =2, ..., N on the diagonal blocks and A is the upper triangu-
lar matrix with X;(A) = {A3, A3, ..., Ay} on the diagonals. Since all eigenvalues of A are in
the closed left half complex plane, A — A,/ is a stable matrix. It means that all eigenvalues
of I® A—pul ®1 have negative real part. Thus, it implies that we just need to prove the
stability of

¥=(® (A—BK))x.

Because A — BK is Hurwitz stable, it means that x is asymptotically stable, i.e. lim,_, o X; =
x; —xy — 0. Thus, it implies

xi—x; — 0,

which proves the state synchronization.
Step 2: The proof of arbitrary fast convergence

T
Let ¢ = ()ZT ST) . From Eq. (20), we have

b =Ard (22)
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with

4 _ (T®A=BK) 1 ® BK
F= 0 IQA—ul®l)

According to the definition of convergence rate (1), the convergence rate of synchronization
error dynamics ¢(¢) Eq. (22) is

L

t 11—,

Fagm = sup lim ( @)l ) " = p(eM) = max (Rt (23)
b0t~ \ 1@ (0) |l i

where A;(Ar) denotes the ith eigenvalue of Ap.
Hence, we obtain

Fasym = Max (R ARy — max (Re(HA=BK)) | Re(ti(1@A-uL@I)))
l 1

Re (), (1®Afui®l)))

*
< max(rasym, e
1

< MaX (7%, max (eREHATII)))
i j

* Re (i (A—puiod
fmax(rasym’ eRe(GiA—piz )))'
1

In the above inequality, we have used the facts that Re(X;(A — BK)) < ln(r;‘sym), x (=

2,...N) are the eigenvalues of L which are equal to nonzero eigenvalues of L (see Lemma 1)
and as such A, is the nonzero eigenvalue of L with the smallest real part.

Then, one can choose u sufficiently large such that Re(A;(A — url)) < 1n(r§‘sym). Since
we have that all eigenvalue of A are in the closed right half plane, we only choose

—uRe(X,) < In(r*, ) so as to

asym

<

sk
Fasym = rasym'

3.2. Partial-state coupling

In this section, we propose the Protocol 2 stated in the next page for MAS with partial-state
coupling.
Then, we have the following theorem.

Theorem 2. Consider a MAS of N agents (3) satisfying Assumption 1. Let the associated
network communication be given by (5).

Then, the problem of scalable state synchronization with arbitrarily fast convergence as
defined in Problem 1 is solvable. In particular, the parameterized linear dynamic Protocol 2

* achieves state synchronization for any |, and any graph G € GV with any N.

* for a given desired 1y, and any given graph 4 e G by choosing parameter 1 suffi-
ciently large, the protocol achieves convergence rate (for the synchronization error) less
than ry..
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Protocol 2: State synchronization for MAS with partial-state coupling

The collaborative protocols parameterized in positive scalar parameter u are designed
for agentsi =1,...,N as

& = A% — uBK G + H (g — CF),
Xi = Axi + Bu; + X; — ug;, (24)
u = —Kx,

where ¢; is defined by (5) and f, is given by
N

&= Zaij(Xi_Xj)s (25)
j=1

which means the agents communicate n; = y;. Matrices K andH are designed such that
Re(A;(A — BK)) < In(r*  _)and Re(A;(A — HC)) <In(r’ ) fori=1,...,n.

asym asym

Proof of Theorem 2. Similar to the proof of Theorem 1, we prove the state synchronization
first. By defining x; = X; — Xy, we have

X = A% — BK x;
Y= (A—HO; — BKu Y\ g, + nHC YV 4%,
%i=(A—BK)fi+% — Y

Following the definition of x and x and by defining

T

=T AL
we obtain the closed loop system as
i=(I®A)x—(I®BK)}
X=(I®A—-HC)X—u(L®BK))x + n(LQ HC)x (26)
X=U®A—-BK)—uL®Dy +x

By defining § =¥ — ¥ and § = (uL ® I)x — X, we have
i=U®(A—-BK)i+ (I®BK)S§
§=(UQA—puL®ISs+46 27
§=U®(A—-HC))S

Similar to the proof of Theorem I, we know that all eigenvalues of / ® A — uL ® I have
negative rea.l part. Moreover, since A — HC is Hurwitz stable, we just need to prove the
stability of x = (I ® (A — BK))x. Furthermore, since A — BK is Hurwitz stable, we have x is
asymptotically stable, i.e. lim;_, o x; — 0. Thus, it implies
xi—xj — 0,
which proves the result.

Next, in the following, we prove the result with arbitrary fast convergence. Let

ciz(;zT sT ST)T
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then, we obtain

¢ =Apd
with

1® (A — BK) I®BK 0
Ap = 0 IQA—pl®l 1

0 0 I®(A—-HC)

Then, the asymptotic convergence rate of error dynamics ¢(¢) would be

Fasym =p(¢*) = max (" 47)

ZmaX(ERe(Ai(A—BK))’ ReGiU@A—pLBD) eRe()\,-(AfHC)))
1

<max (r:Sym , eRC(M(A—ML)))
i

< max (r:Sym , eRe(A; (IQA—uL®I)) )
i

Re(xi(A—Mle))))

< max (ry,, max(e
i j

eRe(GiA—pnraD)) )

*
=max (rasym ’
i

Here, we used Re(};(A — BK)) < ln(r;ym), Re(Ai(A — HC)) < ln(r;ksym), and ij (=
2,---N) are the eigenvalue of i, where 5\2 is the nonzero eigenvalue of L with the smallest
real part.

_Then, similar to Theorem 1, by choosing p sufficiently large, one can obtain Re(A;(A —
urol)) < In(r’, ) and hence

asym

§r,*

Fasym asym*

4. Protocol design for regulated state synchronization

In this section, we design protocols to achieve regulated state synchronization with desired
convergence rate.

4.1. Full-state coupling

We propose the Protocol 3 stated in the next page for MAS with full-state coupling.
Then, we have the following theorem.

Theorem 3. Consider a MAS consisting of N agents (3) with C = I satisfying Assumption 1
and the associated exosystem (9). Let the associated network communication be given by
Eq. (13).

Then, the problem of scalable regulated state synchronization with arbitrarily fast conver-
gence as defined in Problem 2 is solvable. In particular, the parameterized linear dynamic
Protocol 3 :
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Protocol 3: Regulated state synchronization for MAS with full-state coupling

The collaborative protocols parameterized in positive scalar parameter u are designed
for agentsi =1,...,N as

Xi = Axi + Bui + i — uéi — i, (28)
u; = —KXh

where ¢; is defined by Eq. (29) and f, is given by
N

&= Zaij(Xi_Xj)s (29)
j=1

which means the agents communicate n; = y;. Matrix K isdesigned such that
Re(A;(A — BK)) < In(r*

asym ) :

* achieves regulated state synchronization for any w, and any graph G € G’% with any
N.

* for a given desired ry,,, any given graph Y e G{Vg and any x,, by choosing parameter
w sufficiently large, the protocol achieves convergence rate (for the synchronization
error) less than r:Sym.

Proof of Theorem 3. Similar to the proof of Theorem 1, the proof consists of two steps.

Step 1: The proof of regulated state synchronization

Let X; = x; — x, and define

T T
)Ez(jc“}r f,\’l;), X=(X1T X}:}I‘)

then, we obtain the closed loop system as following

f=U®A)i—(I®BK)y,

) ? - _ 30
X=U®MA—-BK)—uL)yx + ull QI)X. (30)
By defining § = x — x, we have
= ®(A—BK)i+ (I®BK)S an
S=UQA—uL®I)s
Based on [23, Lemma 7], since the eigenvalues 5»1, ...,XN of L have positive real part,
we have
SRNUIRA—puLRDES '@ =I10A—puA®I (32)

for a non-singular transformation matrix S, where (32) is an upper triangular block matrix
with A — uh;l for i =1, ..., N on the diagonal blocks and A is upper triangular matrix with
5»,- for i=1,...,N on the diagonals. Since all eigenvalues of A are in the closed left half
complex plane, A — whil is a stable matrix. It means that all eigenvalues of I ® A — uL @ I
have negative real part. Thus, it implies we just need to prove the stability of the following
system

i=(UI® (A—BK))X.
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Because A — BK is Hurwitz, It means that X is asymptotically stable, i.e. lim, o X; — O.
Thus, it implies x; — x, — 0 which proves the regulated state synchronization.

Step 2: The proof of arbitrary fast convergence

Firstly, we obtain
0 =Ar0

T
by defining 6 = ()ET 8T> , where

Ao I ® (A — BK) I ® BK
F= 0 I®A—pul®I)
Similar to Theorem 1, and given that Re(};(A — BK)) < In(r}, ), one obtain

asym

Fasym =0 (€)= max (eReHAR)) = max (ReHA—BK)) | Re(t(I@A-iLBI)))
1 1

eReGiU®A—ULRI)) )

*
= max (rasym’
i

< MAX (1 max (R A1) )
t J

Re (A (A—piil
< m?X(r:Sym’ eReGi(A—phy )))
where A j (j =1,...N) are the eigenvalue of L and 7, is the eigenvalue of L with the smallest
real part. -

Then, by choosing sufficiently large w, we have Re(A;(A — uril)) < ln(r;‘Sym). Since we
have that all eigenvalue of A are in closed right half plane, we only choose —uRe(X)) <
In(rjsym) SO @S O Fagym < Fygyp- It means one can achieve regulated state synchronization with

arbitrary fast convergence. [

4.2. Partial-state coupling

We design the Protocol 4 stated in the next page for MAS with partial-state coupling.
Then, we have the following theorem.

Theorem 4. Consider a MAS consisting of N agents (3) satisfying Assumption 1 and the
associated exosystem (9). Let the associated network communication be given by Eq. (12).

Then, the problem of scalable regulated state synchronization with arbitrarily fast conver-
gence as defined in Problem 2 is solvable. In particular, the parameterized linear dynamic
Protocol 4

* achieves regulated state synchronization for any wu, and any graph G € (Gﬂ} with any
N.

* for a given desired ry,,, any given graph 9 e (G]% and any x,, by choosing parameter
w sufficiently large, the protocol achieves convergence rate (for the synchronization
error) less than ry,..

Proof of Theorem 4. Similar to the proof of Theorem 3, first we prove the state synchro-

nization. Let X; = x; — x, and define

T
g=(F A
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Protocol 4: Regulated state synchronization for MAS with partial-state coupling

The collaborative protocols parameterized in positive scalar parameter u are designed
for agentsi =1,...,N as

X = AX; — LLBKE,‘ + H(/{E, — Cx;) + nt;Bu;,

X,' = A)(,' + BM,‘ +)2,' - /L{i — MLiXi, (33)
ui = —Kxi,

where ¢; is defined by Eq. (12) andf,- is given by
N

&= Zaij(Xi_Xj)s (34)
j=1

which means the agents communicate n; = y;. Matrices K andH are designed such that
Re(A;(A — BK)) < In(r*  )and Re(A;(A — HC)) < In(r*

asym asym ) .

then, we obtain the closed loop system as
i=U®A)F—(I®BK)y
f=U®A—-HC)%— (vl ® BK)x + (L ® HO)% (35)
X=U®@A—-BK)—uL®Dy +i

By defining § =% — x and § = (uL ® I)Z — £, we obtain
= (I® (A—BK)i+ (I®BK)Ss
§=U®@A—ul®ns+s (36)
5=U®@A—HC)S

Similar to Theorem 3, we have that all eigenvalues of / ® A — uL ® I have negative real
part and A — HC is Hurwitz stable, it means that we just need to prove the stability of x =
(I ® (A — BK))x. Furthermore, since A — BK is Hurwitz stable, we have x is asymptotically
stable, i.e. lim; o X; — 0. Thus, it implies x; —x, — 0 which proves the regulated state

synchronization result.
Then, we prove the arbitrary fast convergence as the next step of the proof. We have

0 =Apd
by defining
_ T
=(:T T 5T),
where
I1® (A — BK) I ® BK 0
Ap= 0 I®A—pLl®I I

0 0 I®(A—-HC)
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0 @
O
@

(a) Case I (b) Case II

exo-
system

(c) Case 111

Fig. 1. The communication topologies.

MAS of Case | with 3 nodes

=1 =T
50 L 8 :
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& &
= 20 2
% - %
e
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0 5 10 15
2 6
1 4
v 0 w 2
g g
- -
T 4 < g
-2 -2
-3 -4
0 5 10 15 0 1 2 3 4 5
time(s) time(s)

Fig. 2. Regulated state synchronization for MAS with 3 nodes and asymptotic convergence rate rygym > ¢~> with

n="7.

4878



Z. Liu, A. Saberi, A.A. Stoorvogel et al. Journal of the Franklin Institute 358 (2021) 48644882

MAS of Case Il with 6 nodes

=1 L =9
8000 K 200 !
150
6000 |
" L, 100}
¢ ¢
= 4000 3
E 7 5o
2000 | ] [ I M E—
o T
0 : -50 :
0 50 100 150 200 0 5 10 15 20 25 30

15

10

errors
errors
o

o
(53]

0 50 100 150 200 10 15 20 25 30
time(s) time(s)
Fig. 3. Regulated state synchronization for MAS with 6 nodes and asymptotic convergence rate rgsym > e with

n=>,.

Similar to Theorem 3, the asymptotic convergence rate of error dynamics would be

A Re(hi(A
Tasym :p(eAP) = mlax(e et P)))

— max( ReGi(A=BK)) eRe(Ai(1®A—uZ®1))’ ReGi(A=HO)) )
1

< max (r:sym’ eRe(i (1®A—ML®1)))
l

< max (r:sym’ eRe(i (1®A—ML®1)))
L

Re(/\[(A—uijl))))

< max (ry,,, max(e
i i

< max (r* eRe(,\,-(A—;AII)))
- asym’
by using the facts Re(A;(A — BK)) < ln(r:sym) and Re(A;(A — HC)) < ln(r:sym), where ij
(j=1,...N) are the eigenvalue of L and 1, is the eigenvalue of L with the smallest real part.
Then similar to the argument of Theorem 3, we obtain ragym < r;*sym by choosing sufficient
large n. O
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MAS of Case lll with 10 nodes
p=1 p=>5

8000 200
6000 150
o« «» 100
< <
= 4000 3 ,
. % 50 ~
2000 Fﬁ
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0 50 100 150 200 0 5 10 15 20 25 30
20 40
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4 e 0
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< @« _20
-20
30 -40
-40 -60 . - : :
0 50 100 150 200 0 5 10 15 20 25 30
time(s) time(s)

Fig. 4. Regulated state synchronization for MAS with 10 nodes and asymptotic convergence rate rugym > e with
n=>,.

5. Simulation results

In this section, we will illustrate the performance of our parameterized protocols with
numerical examples for regulated state synchronization of MASs with partial-state coupling.

Consider agents models (3) and the exosystem (9) with matrices A, B, C and exosystem
model (9) with matrices A, C, where

0 1 0 0
A=lo o 1|, B=[0], c=(1 0 0).
0 0 0 1

To achieve asymptotic convergence rate ru,, > e >, we choose matrices K and H such
that the eigenvalues of A — BK and A — HC are located at —6, —7 and —8. Then we have the
following parameterized protocol. Note that the following protocol achieves regulated state
synchronization for any p > 1 for any graph.

. 21 1 0 0 0 0 21 0
fs=|-146 0 15—l 0 0 O|G+u|146|C+ pui|0|u,
—336 0 0 336 146 21 336 1
0 1 0 )
xi=10 0 1 |xi+ |0 ]u+%— p& — peixi,

0 0 0 1
w=—(336 146 21)y,
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To show the scalability of our protocols we choose three different MAS with different
communication networks and different number of agents. In all the following cases, we il-
lustrate the results for u = 1. Then, to achieve asymptotic convergence rate gy, > e, we
increase the value of w to get ryeym > e 3.

Case I: Consider a MAS consisting of 3 agents with agent models (A, B, C) and directed
communication topology shown in Fig. la. Fig. 2 shows the simulation results for © = 1 and
u="17.

Case II: Next, consider a MAS consisting of 6 agents with agent models (A, B,C) and
directed communication topology shown in Fig. Ib. Fig. 3 shows the simulation results for
n = 1. In this case also to achieve gy, > e~ we increase the value of u to 5.

Case III: Finally, consider a MAS consisting of 10 agents with agent models (A, B, C) and
directed communication topology shown in Fig. lc. Like the previous cases, first we show
the simulation results for u = 1. Then, we obtain the simulation results with convergence rate
Tasym = e by choosing the value of 1 equal to 5. The results are shown in Fig. 4.

From the simulation results, we observe that our one-shot-design Eq. (37) achieves reg-
ulated state synchronization for any graph with any number of agents. Moreover, we can
achieve any arbitrarily fast convergence by tuning design parameter p.

6. Conclusion

In this paper, we studied state and regulated state synchronization with arbitrary fast conver-
gence for homogeneous networks of MAS. A scalable linear collaborative dynamic protocol,
parameterized in scalar p was proposed such that one could achieve any desired given con-
vergence rate by suitably choosing parameter w. It should be emphasized that the proposed
protocols were designed solely based on agent models that is despite all the existing results,
our design methodology was scale-free so that we did not need any information about the
communication network such as bounds on the spectrum of the associated Laplacian matrix
and the number of agents. As the future work, we aim to extend the scale-free protocol designs
proposed in this paper to heterogeneous MAS to achieve output synchronization with desired
performance. Besides, We would like to extend the results of this paper for homogeneous
MAS in presence of communication delays.
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