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Abstract

We look at stochastic optimization problems through the lens of statistical decision
theory. In particular, we address admissibility, in the statistical decision theory sense,
of the natural sample average estimator for a stochastic optimization problem (which is
also known as the empirical risk minimization (ERM) rule in learning literature). It is
well known that for some simple stochastic optimization problems, the sample average
estimator may not be admissible. This is known as Stein’s paradox in the statistics
literature. We show in this paper that for optimizing stochastic linear functions over
compact sets, the sample average estimator is admissible. Moreover, we study problems
with convex quadratic objectives subject to box constraints. Stein’s paradox holds when
there are no constraints and the dimension of the problem is at least three. We show that
in the presence of box constraints, admissibility is recovered for dimensions 3 and 4.

1 Introduction

A large class of stochastic optimization problems can be formulated in the following way:

min
x∈X
{f(x) := Eξ[F (x, ξ)]}, (1.1)

where X ⊆ Rd is a fixed feasible region, ξ is a random variable taking values in Rm, and
F : Rd × Rm → R. We wish to solve this problem with access to independent samples of ξ.
The following are two classical examples:

1. Consider a learning problem with access to labeled samples (z, y) ∈ Rn × R from
some distribution and the goal is to find a function f ∈ F in a finitely parametrized
hypothesis class F (e.g., all neural network functions with a fixed architecture) that
minimizes expected loss, where the loss function is given by ` : R× R→ R+. One can
model this using (1.1) by setting d to be the number of parameters for F , m = n+ 1,
X ⊆ Rd is the subset that describes F via the parameters, and F (f, (z, y)) = `(f(z), y).
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2. When d = m, F (x, ξ) = ‖x − ξ‖2, X = Rd and ξ is distributed with mean µ, (1.1)
becomes

min
x∈Rd

Eξ[‖x− ξ‖2] = min
x∈Rd

‖x− E[ξ]‖2 + V[ξ]

In particular, if one knows µ := E[ξ], the optimal solution is given by x = µ. Thus, this
stochastic optimization problem becomes equivalent to the classical statistics problem
of estimating the mean of the distribution of ξ, given access to independent samples.

We would like to emphasize our data-driven viewpoint on the problem (1.1). In particular,
we will not assume detailed knowledge of the distribution of the random variable ξ, but only
assume that it comes from a large family of distributions. More specifically, we will not assume
knowledge of means or higher order moments, and certainly not the exact distribution of ξ.
This is in contrast to some approaches within the stochastic optimization literature that
proceed on the assumption that such detailed knowledge of the distribution is at hand.
Such an approach would rewrite (1.1) by finding an analytic expression for the expectation
Eξ[F (x, ξ)] (in terms of the known parameters of the distribution of ξ), perhaps with some
guaranteed approximation if an exact analysis is difficult. The problem then becomes a
deterministic optimization problem1, often a very complicated and difficult one, which is
then attacked using novel and innovative ideas of mathematical optimization. See [5] for a
textbook exposition of this viewpoint.

In contrast, as mentioned above, we will assume that the true distribution of ξ comes from
a postulated large family of (structured) distributions, and we assume that we have access to
data points ξ1, ξ2, . . . drawn independently from the true distribution of ξ. This makes our
approach distinctly statistical and data-driven in nature. We “learn” or glean information
about the distribution of ξ from the data, which we then use to “solve” (1.1). Statistical
decision theory becomes a natural framework for such a viewpoint, to formalize what it even
means to “solve” the problem after “learning” about the distribution from data. We briefly
review relevant terminology from statistical decision theory below.

We do not mean to imply that a statistical perspective on stochastic optimization has
never been studied before this paper. This is far from true; see [5, Chapter 9] and [27, Chapter
5] for detailed discussions of statistical approaches and methods in stochastic optimization.
In [25] and [8], the authors introduce a statistical decision theory perspective that is essentially
the same as our framework. In recent parlance, “data-driven optimization” has been used
to describe the statistical viewpoint and has a vast literature; some recent papers closely
related to our work are [2, 11, 12, 17, 30], with [11, 17] particularly close in spirit to this
paper. Nevertheless, our perspective is quite different and follows in the footsteps of the
inspirational paper of Davarnia and Cornuejols [9].

1.1 Statistical decision theory and admissibility

Statistical decision theory is a mathematical framework for modeling decision making in the
face of uncertain or incomplete information. One models the uncertainty by a set of states

1Note that we are not referring to what stochastic optimization literature refers to as the deterministic
model where all appearances of any random variable in the problem are replaced by its expectation. We are
really talking about what the stochastic optimization community would refer to as the stochastic problem and
a stochastic solution.
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of nature denoted by Θ. The decision making process is to choose an action from a set A
that performs best in a given state of nature θ. To take our stochastic optimization setting,
the set of states of nature is given by the family D of distributions that we believe the true
distribution of ξ comes from, and the set of actions A is the feasible region X, i.e., select
x ∈ X that minimizes f(x) := Eξ∼D[F (x, ξ)]. In the general framework of decision theory,
one defines a loss function L : Θ×A → R+ to evaluate the performance of an action a ∈ A
against a state of nature θ ∈ Θ. The smaller L(θ, a) is, the better a ∈ A does with respect
to the state θ ∈ Θ2. In our setting of stochastic optimization, we take an action x̂ ∈ X. The
natural way to evaluate its performance is via the so-called optimality gap, i.e., how close
is f(x̂) to the optimal value of (1.1). Therefore, the following is a natural loss function for
stochastic optimization:

L(D,x) := f(x)− f(x(D))

= Eξ∼D[F (x, ξ)]− Eξ∼D[F (x(D), ξ)], (1.2)

where x(D) is an optimal solution to (1.1) when ξ ∼ D.
The statistical aspect of statistical decision theory comes from the fact that the state θ

is not revealed directly, but only through data/observations based on θ that can be noisy
or incomplete. This is formalized by postulating a parameterized family of probability dis-
tributions P := {Pθ : θ ∈ Θ} on a common sample space X . After observing a realization
y ∈ X of this random variable, one forms an opinion about what the possible state is and
one chooses an action a ∈ A. Formally, a decision rule is a function δ : X → A giving an
action δ(y) ∈ A when data y ∈ X is observed. To take our particular setting of stochastic
optimization, one observes data points ξ1, ξ2, . . . , ξn that are i.i.d. realizations of ξ ∼ D;
thus, X = Rm × Rm × . . .× Rm︸ ︷︷ ︸

n times

with distributions P := {D ×D × . . .×D︸ ︷︷ ︸
n times

: D ∈ D} on X

parameterized by the states D ∈ D.
Finally, one evaluates decision rules by averaging over the data, defining the risk function

R(θ, δ) := Ey∼Pθ [L(θ, δ(y))].

One can think of the risk function as mapping a decision rule to a nonnegative function
on the class of distributions P; this function is sometimes called the risk of the decision rule.
A decision rule is “good” if its risk has “low” values. A basic criterion for choosing decision
rules in then the following. We say that δ′ weakly dominates δ if R(θ, δ′) ≤ R(θ, δ) for all
θ ∈ Θ. We say that δ′ dominates δ if, in addition, R(θ̂, δ′) < R(θ̂, δ) for some θ̂ ∈ Θ. A
decision rule δ is said to be inadmissible if there exists another decision rule δ′ that dominates
δ. A decision rule δ is said to be admissible if it is not dominated by any other decision rule.
In-depth discussions of general statistical decision theory can be found in [1, 4, 24].

2We caution the reader that the use of the words “loss” and “risk” in statistical decision theory are
somewhat different from their use in machine learning literature. In machine learning, the function F (x, ξ) is
usually referred to as “loss” and the function f(x) is referred to as “risk” in (1.1). Thus Example 1. above
becomes a “risk minimization” problem with an associated “empirical risk minimization (ERM)” problem
when one replaces the expectation by a sample average.
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1.2 Admissibility of the sample average estimator and our results

We would like to study the admissibility of natural decision rules for solving (1.1). As
explained above, we put this in the decision theoretical framework by setting the sample
space X = Rm × . . .× Rm︸ ︷︷ ︸

n times

, where n is the number of i.i.d. observations one makes for

ξ ∼ D for D ∈ D, and D is a fixed family of distributions. A decision rule is now a map
δ : Rm × Rm × . . .× Rm︸ ︷︷ ︸

n times

→ X. The class of distributions on X is P = {D ×D × . . .×D︸ ︷︷ ︸
n times

:

D ∈ D}. The loss function is defined as in (1.2). In this paper, we wish to study the
admissibility of the sample average decision rule δSA defined as

δSA(ξ1, . . . , ξn) ∈ arg min

{
1

n

n∑
i=1

F (x, ξi) : x ∈ X
}

(1.3)

This is a standard procedure in stochastic optimization, and often goes by the name of
sample average approximation (SAA); in machine learning, it goes by the name of Empirical
Risk Minimization (ERM). To emphasize the dependence on the number of samples n, we
introduce a superscript, i.e., δnSA will denote the estimator based on the sample average of
the objective from n observations. Moreover, for any n ∈ N, let ∆n be the set of all decision
rules δ : Rm × Rm × . . .× Rm︸ ︷︷ ︸

n times

→ X such that Eξ1,...,ξn [δ(ξ1, . . . , ξn)] exists.

Stein’s paradox. In turns out that there are simple instances of problem (1.1) where
the sample average rule is inadmissible. Consider the setting of Example 2 in the Intro-
duction, where m = d, F (x, ξ) = ‖x − ξ‖2 and X = Rd. We assume ξ is distributed
normally ξ ∼ N(µ, I) with unknown mean µ; here I denotes the identity matrix. In
the language of statistical decision theory, the states of nature are now parametrized by
µ ∈ Rd. Since Eξ∼D[F (x, ξ)] = ‖x− E[ξ]‖2 + V[ξ], the minimizer is simply x(D) = E[ξ] = µ
with objective value V[ξ]. Evaluating (1.2), L(µ, x) = Eξ∼D[F (x, ξ)] − Eξ∼D[F (x(D), ξ)] =(
‖x− E[ξ]‖2 + V[ξ]

)
− V[ξ] = ‖x − µ‖2. Thus, x = µ minimizes the loss when the state

of nature is µ. Consequently, the problem becomes the classical problem of estimating the
mean of a Gaussian from samples under “squared distance loss”. Also, the sample average
decision rule solves (1.3) which is the problem min{ 1

n

∑n
i=1

∥∥x− ξi∥∥2
: x ∈ Rd} and therefore

returns the empirical average of the samples, i.e., δnSA(ξ1, . . . , ξn) = ξ where ξ := 1
n

∑n
i=1 ξ

i.
It is well-known that this sample average decision rule is inadmissible if d ≥ 3; this was first
observed by Stein [28] and is commonly referred to as Stein’s paradox in statistics literature.
The James-Stein estimator [20] strictly dominates the sample average estimator; see [1, 24]
for an exposition.

Our results. We focus on two particular cases of the stochastic optimization problem (1.1):

1. m = d, F (x, ξ) = ξTx, X ⊆ Rd is a given compact (not necessarily convex) set, and
ξ has a Gaussian distribution with unknown mean µ ∈ Rd and covariance Σ ∈ Rd×d
denoted by ξ ∼ N(µ,Σ). In other words, we optimize an uncertain linear objective
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over a fixed compact set. Note that, along with linear or convex optimization, we also
capture non-convex feasible regions like mixed-integer non-linear optimization or linear
complementarity constraints.

2. m = d, F (x, ξ) = 1
2‖x‖

2 − ξTx, X ⊆ Rd is a box constrained set, i.e., X := {x ∈
Rd : `i ≤ xi ≤ ui, i = 1, . . . , d} (`i ≤ ui are arbitrary real numbers), and ξ has a
Gaussian distribution with unknown mean µ ∈ Rd and covariance Σ ∈ Rd×d denoted by
ξ ∼ N(µ,Σ). Here, we wish to minimize a convex quadratic function with an uncertain
linear term over box constraints.

In the first case, we show that there is no “Stein’s paradox” type phenomenon, i.e., the
sample average solution is admissible for every d ∈ N. For the second case, we show that
the sample average solution is admissible for d ≤ 4. Note that in the second situation above,
F (x, ξ) = 1

2‖x − ξ‖
2 − 1

2‖ξ‖
2 and thus the problem of minimizing E[1

2‖x − ξ‖
2 + 1

2‖ξ‖
2] =

E[1
2‖x−ξ‖

2]+ 1
2E[‖ξ‖2] is equivalent to the setting of Stein’s paradox (since 1

2E[‖ξ‖2] is just a
constant), except that we now impose box constraints on x. Thus, admissibility is recovered
for d = 3, 4 with box constraints. While we are unable to establish it for d ≥ 5, we strongly
suspect that there is no Stein’s paradox in any dimension once box constraints are imposed;
in fact, we believe this is true when any compact constraint set is imposed (see discussion
below). The precise statements of our results follow.

Theorem 1.1. Consider problem (1.1) in the setting where X is a given compact set and
F (ξ, x) = ξTx, and ξ ∼ N(µ,Σ) with unknown µ and Σ. The sample average rule now
simply becomes

δnSA(ξ1, . . . , ξn) ∈ arg min{ξTx : x ∈ X} (1.4)

where ξ := 1
n

∑n
i=1 ξ

i denotes the sample average of the observed objective vectors. For any
n ∈ N, and any Σ ∈ Rd×d, we consider the states of nature to be parametrized by µ ∈ Rd.
Then for every n ∈ N and Σ ∈ Rd×d, δnSA is admissible within ∆n.

Theorem 1.2. Let d ≤ 4. Consider problem (1.1) in the setting where X := {x ∈ Rd : `i ≤
xi ≤ ui, i = 1, . . . , d} (`i ≤ ui are arbitrary real numbers) and F (ξ, x) = 1

2‖x‖
2 − ξTx, and

ξ ∼ N(µ,Σ) with unknown µ and Σ. The sample average rule now simply becomes

δnSA(ξ1, . . . , ξn) ∈ arg min

{
1

2
‖x‖2 − ξTx : x ∈ X

}
(1.5)

where ξ := 1
n

∑n
i=1 ξ

i denotes the sample average of the observed vectors. For any n ∈ N,
and any Σ ∈ Rd×d, we consider the states of nature to be parametrized by µ ∈ Rd. Then for
every n ∈ N and Σ ∈ Rd×d, δnSA is admissible within ∆n.

The following result provides some concrete basis for our belief that compact constraints
imply admissibility in any dimension even in the quadratic case; alas, we are unable to
establish it even for box constraints when d ≥ 5.

Theorem 1.3. When X = {x ∈ Rd : ‖x‖ ≤ R} for some R > 0, F (ξ, x) = 1
2‖x‖

2 − ξTx, and
ξ ∼ N(µ,Σ), then the sample average rule is admissible for all d ≥ 1.
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We present two different proofs of Theorem 1.1. The first one, presented in Sections 3
and 3.2 uses a novel proof technique for admissibility, to the best of our knowledge. The
second proof, presented in Section 4 uses the conventional idea of showing that the sample
average estimator is the (unique) Bayes estimator under an appropriate prior. We feel that
the first proof technique could be useful for future research into the question of admissibility
of solution estimators for stochastic optimization. The second method using Bayes estimators
is easier to generalize to the quadratic settings of Theorems 1.2 and 1.3, and thus forms a
natural segue into their proofs presented in Section 5.

1.3 Comparison with previous work

The statistical decision theory perspective on stochastic optimization presented here follows
the framework of [9] and [10]. In particular, the authors of [9] consider admissibility of
solution estimators in two different stochastic optimization problems: one where X = Rd and
F (x, ξ) = xTQx + ξTx for some fixed matrix positive definite matrix Q (i.e., unconstrained
convex quadratic minimization), and the second one where X is the unit ball and F (x, ξ) =
ξTx. ξ is again assumed to be distributed according to a normal distribution N(µ, I) with
unknown mean µ. They show that the sample average approximation is not admissible in
general for the first problem, and it is admissible for the second problem. Note that the
second problem is a special case of our setting. In both these cases, there is a closed-form
solution to the deterministic version of the optimization problem, which helps in the analysis.
This is not true for the general optimization problem we consider here (even if we restrict X
to be a polytope, we get a linear program which, in general, has no closed form solution).

Another difference between our work and [9] is the following. In [9], the question of
admissibility is addressed within a smaller subset of decision rules that are “decomposable”
in the sense that any decision rule is of the form τ ◦ κ, where κ : Rd × Rd × . . .× Rd︸ ︷︷ ︸

n times

→ Rd

maps the data ξ1, . . . , ξn to a vector µ̂ ∈ Rd and then τ : Rd → X is of the form τ(µ̂) ∈
arg min{µ̂Tx : x ∈ X}. In other words, one first estimates the mean of the uncertain objective
(using any appropriate decision rule) and then uses this estimate to solve a deterministic
optimization problem. In the follow-up work [10], the authors call such decision rules Separate
estimation-optimization (Separate EO) schemes and more general decision rules as Joint
estimation-optimization (Joint EO) schemes. In this paper, we establish admissibility of the
sample average estimator within general decision rules (joint EO schemes in the terminology
of [10]). The only condition we put on the decision rules is that of integrability, which
is a minimum requirement needed to even define the risk of a decision rule. Note that
proving inadmissibility within separate EO schemes implies inadmissibility within joint EO
schemes. On the other hand, establishing admissibility within joint EO schemes means
defending against a larger class of decision rules. The general concept of joint estimation-
optimization schemes also appears in [8, 11, 25], presented in slightly different vocabulary.

As mentioned before, the quadratic convex objective has been studied in statistics in the
large body of work surrounding Stein’s paradox, albeit not in the stochastic optimization
language that we focus on here. Moreover, all of this classical work is for the unconstrained
problem. To the best of our knowledge, the version with box constraints has not been studied
before (but see [3, 6, 7, 13, 15, 16, 18, 22, 23, 26] and the book [14] for a related, but different,
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statistical problem that has received a lot of attention). It is very intriguing (at least to us)
that in the presence of such constraints, admissibility is recovered for dimensions d = 3, 4;
recall that for the unconstrained problem, the sample average solution is admissible only for
d = 1, 2 and inadmissible for d ≥ 3.

1.4 Admissibility and other notions of optimality

We end our discussion of the results with a few comments about other optimality notions
for decision rules. In large sample statistics, one often considers the behavior of decision
rules when n → ∞ (recall n is the number of samples). A sequence of decision rules δn

(each δn is based on n i.i.d samples) is said to be asymptotically inadmissible if there exists

a decision rule sequence δ̄n such that limn→∞
R(θ,δ̄n)
R(θ,δn) ≤ 1 for every θ, and for some θ̂ the

limiting ratio is strictly less than 1. Admissibility for every n ∈ N does not necessarily imply
asymptotic admissibility [4, Problem 4, page 200], and asymptotic admissibility does not
imply admissibility for finite n ∈ N, i.e., there can be decision rules that are inadmissible for
every n ∈ N and yet be asymptotically admissible. Thus, the small-sample behaviour (fixed
n ∈ N) and large sample behavior (n→∞) can be quite different. One advantage of proving
asymptotic admissibility is that it also implies the rate of convergence of the risk (as a function
of n) is optimal; such rules are called rate optimal. Unfortunately, our admissibility results
about δnSA do not immediately imply asymptotic admissibility or rate optimality. Standard
techniques for proving rate optimality such as Hajek-Le Cam theory [29, Chapter 8] cannot
be applied because regularity assumptions about the decision rules are not satisfied in our
setting. For example, in the linear objective case discussed above, δnSA has a degenerate
distribution that is supported on the boundary of the feasible region X. Similarly, in the
quadratic case, δnSA’s distribution is supported on the compact domain X, with majority of
the mass on the boundary when µ is outside X. This rules out any possibiity of “asymptotic
normality” or “local asymptotic minimaxity” results [29, Chapters 7, 8].

While we are unable to prove rate optimality for δnSA, it is reasonably straightforward to
show that δnSA is consistent in the sense that R(θ, δnSA)→ 0 as n→∞. This can be derived
from consistency results in stochastic optimization literature [27, Chapter 5], but we present
the argument here for completeness. In the linear objective case, the loss for δnSA is given by
L(µ, δnSA) = µT δnSA−µTx(µ) = (µ−ξ̄)T δnSA+ξ̄T δnSA−µTx(µ) ≤ (µ−ξ̄)T δnSA+ξ̄Tx(µ)−µTx(µ)
since δnSA is the minimizer with respect to ξ̄. Thus, L(µ, δnSA) ≤ (µ − ξ̄)T (δnSA − x(µ)) ≤
‖µ − ξ̄)‖ · K by the Cauchy-Schwarz inequality, where K is the diameter of the compact
feasible region X. Therefore, R(µ, δnSA) ≤ KE[‖µ − ξ̄)‖]. Since the sample average ξ̄ has a
normal distribution with mean µ and variance that scales like O(1/n), R(µ, δnSA) → 0 with
rate O(1/

√
n). A similar argument can be made in the quadratic objective case. However,

we are unable to show that O(1/
√
n) is the optimal rate in either case.

There is a large body of literature on shrinkage estimators in the unconstrained, quadratic
objective setting. A relatively recent insight [31] shows that as d→∞ (recall d is the dimen-
sion), a certain class of shrinkage estimators (called SURE estimators) have risk functions
that dominate any other shrinkage estimator’s risk, and hence the sample average estimator’s
risk, with just a single sample. This potentially suggests that the phenomenon presented here,
where admissibility of δnSA is recovered for d = 3, 4, holds only for small dimensions and for
large enough dimensions, the sample average estimator remains inadmissible. However, this
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is not immediate because of two reasons: 1) the value of d for which the SURE estimator
in [31] starts to dominate any other estimator depends on the parameter µ, and 2) the setting
in [31] is still unconstrained optimization. In fact, as stated earlier, we strongly suspect that
with compact constraints, admissibility of δnSA holds for all dimensions (see Theorem 1.3).
We remark that SURE estimators need not be admissible themselves [21].

There are other notions of optimality of decision rules even in the small/finite sample
setting. For example, the minimax decision rule minimizes the sup norm of the risk function,
i.e., one solves infδ supθ R(θ, δ). In general, admissibility does not imply minimaxity, nor
does minimaxity imply admissibility. Of course, if a minimax rule is inadmissible, then
the dominating rule is also minimax and is certainly to be preferred, unless computational
concerns prohibit this. In many settings however (e.g., estimation in certain exponential
and group families [24, Chapter 5]), minimax rules are also provably admissible and thus
minimaxity is a more desirable criterion.

Generally speaking, admissibility is considered a weak notion of optimality because ad-
missible rules may have undesirable properties like very high risk values for certain states of
the world. Moreover, as noted above, inadmissible rules may have optimal large sample be-
havior. Nevertheless, it is useful to know if widely used decision rules such as sample average
approximations satisfy the basic admissibility criterion, because if not, then one could use
the dominating decision rule unless it is computationally much more expensive.

2 Technical Tools

We first recall a basic fact from calculus.

Lemma 2.1. Let F : Rm → R be a twice continuously differentiable map such that F (0) = 0.
Suppose ∇2F (0) is not negative semidefinite; in other words, there is a direction d ∈ Rd of
positive curvature, i.e., dT∇2F (0)d > 0. Then there exists z ∈ Rm such that F (z) > 0.

Proof. If ∇F (0) 6= 0, then there exist λ > 0 such that F (z) > 0 for z = λ∇F (0) since
F (0) = 0. Else, if ∇F (0) = 0 then there exists λ > 0 such that F (z) > 0 for z = λd, where d
is the direction of positive curvature at 0.

We will need the following central definition and result from statistics. See e.g., Section
6, Chapter 1 in [24].

Definition 2.2. A statistic is a function T : χ→ Rm, i.e., it is any function that maps the
data to a vector (or a scalar if m = 1). Let P be a family of distributions on the sample space
χ. A sufficient statistic for P is a statistic on χ such that the conditional distribution on χ
given T = t does not depend on the distribution from P, for all t ∈ Rm.

Proposition 2.3. Let χ = Rd × Rd × . . .× Rd︸ ︷︷ ︸
n times

and let P = {N(µ, I)×N(µ, I)× . . .×N(µ, I)︸ ︷︷ ︸
n times

:

µ ∈ Rd}, i.e., (ξ1, . . . , ξn) ∈ χ are i.i.d samples from the normal distribution N(µ, I). Then
T (ξ1 . . . , ξn) = ξ := 1

n

∑n
i=1 ξ

i is a sufficient statistic for P.

We will also need the following useful property for the family of normal distributions
{N(µ, I) : µ ∈ Rm}. Indeed the following result is true for any exponential family of distri-
butions; see Theorem 5.8, Chapter 1 in [24] for details.
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Theorem 2.4. Let f : Rm → Rd be any integrable function. The function

h(µ) :=

∫
Rm

f(y)e
−n‖y−µ‖2

2 dy

is continuous and has derivatives of all orders with respect to µ, which can be obtained by
differentiating under the integral sign.

In the rest of the paper, for any vector v, vj will denote the j-th coordinate, and for any
matrix A ∈ Rp×q, Aij will denote entry in the i-th row and j-th column.

We need one further result on the geometry of the hypercube which is easy to verify. We
recall that for any closed, convex set C ⊆ Rd and point x ∈ C, the normal cone at x is defined
to be the set of all vectors c ∈ Rd such that x ∈ argmaxy∈C c

T y. We extend this concept to

any face F of C: The normal cone at the face F is defined to be the set of all vectors c ∈ Rd
such that F ⊆ argmaxy∈C c

T y.

Lemma 2.5. Let X = {x ∈ Rd : −ui ≤ xi ≤ ui i = 1, . . . , d} be a box centered at the
origin. For any face F ⊆ X of X (possibly with F = X), let I+

F ⊆ {1, . . . , d} be the subset
of coordinates which are set to the bound ui for all points in F , I−F ⊆ {1, . . . , d} be the subset
of coordinates which are set to the bound −ui for all points in F , and NF denote the normal
cone at F . Then the following are true:

1. For any face F ⊆ X,

F +NF =

x ∈ Rd :
xi ≥ ui i ∈ I+

F

xi ≤ −ui i ∈ I−F
−ui ≤ xi ≤ ui i 6∈ I+

F ∪ I
−
F

 .

2. The interior of F +NF is disjoint from the interior of F ′ +N ′F whenever F 6= F ′ and
we have the following decomposition of Rd:

Rd =
⋃

F face of X

F +NF

3 Proof of Theorem 1.1 (the scenario with linear objective)

3.1 When the covariance matrix is the identity

Proof of Theorem 1.1 when Σ = I. As introduced in the previous sections, ξ will denote the
sample average of ξ1, . . . , ξn. Consider an arbitrary decision rule δ ∈ ∆n. Consider the
conditional expectation

η(y) = Eξ1,...,ξn [δ(ξ1, . . . , ξn)|ξ = y].

Observe that η(y) ∈ conv(X) (i.e., the convex hull of X, which is compact since X is compact)
since δ maps into X. Moreover, since ξ is a sufficient statistic for the family of normal
distributions by Proposition 2.3, η(y) does not depend on µ. This is going to be important
below. To maintain intuitive notation, we will also say that δnSA is given by δnSA(ξ1, . . . , ξn) =
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η∗(ξ), where η∗(y) returns a point in arg min{ yTx : x ∈ X}. Note also that for any action
x ∈ X, (1.2) evaluates to

L(µ, x) = µTx− µTx(µ),

where x(µ) denotes the optimal solution to the problem min
{
µTx : x ∈ X

}
. Using the law

of total expectation,

R(µ, δ) = Eξ1,...,ξn [L(µ, δ(ξ1, . . . , ξn))]
= Eξ1,...,ξn [µT δ(ξ1, . . . , ξn)]− µTx(µ)

= Ey[Eξ1,...,ξn [µT δ(ξ1, . . . , ξn)|ξ = y]]− µTx(µ)
= Ey[µT η(y)]− µTx(µ)

If η = η∗ almost everywhere, then R(µ, δ) = R(µ, δnSA) for all µ ∈ Rd, and we would be
done. So in the following, we assume that η 6= η∗ on a set of strictly positive measure. This
implies the following

Claim 3.1. For all y ∈ Rd, yT η(y) ≥ yT η∗(y) and the set {y ∈ Rd : yT η(y) > yT η∗(y)} is
of strictly positive measure.

Proof. SinceX is compact, conv(X) is a compact, convex set and min{yTx : x ∈ conv(X)} =
min{yTx : x ∈ X} for every y ∈ Rd. Therefore, since η(y) ∈ conv(X) and η∗(y) ∈
arg min{ yTx : x ∈ X}, we have yT η(y) ≥ yT η∗(y) for all y ∈ Rd.

Since conv(X) is a compact, convex set, the set of y ∈ Rd such that | arg min{yTx :
x ∈ conv(X)}| > 1 is of zero Lebesgue measure. Let S ⊆ Rd be the set of y ∈ Rd such
that arg min{yTx : x ∈ conv(X)} is a singleton, i.e., there is a unique optimal solution;
so Rd \ S has zero Lebesgue measure. Let D := {y ∈ Rd : η(y) 6= η∗(y)}. Since we
assume that D has strictly positive measure, D ∩ S must have strictly positive measure.
Consider any y ∈ D ∩ S. Since min{yTx : x ∈ X} = min{yTx : x ∈ conv(X)},
we must have arg min{yTx : x ∈ X} ⊆ arg min{yTx : x ∈ conv(X)}. Since y ∈ S,
arg min{yTx : x ∈ conv(X)} is a singleton and thus η∗(y) is the unique optimum for
min{yTx : x ∈ conv(X)}. Since y ∈ D, η(y) 6= η(y∗), and therefore yT η(y) > yT η∗(y).
Thus, we have the second part of the claim.

Now consider the function F : Rd → R defined by

F (µ) := R(µ, δ)−R(µ, δnSA). (3.1)

To show that δnSA is admissible, it suffices to show that there exists µ̄ ∈ Rd such that F (µ̄) > 0.
For any µ ∈ Rd, we have from above

F (µ) = R(µ, δ)−R(µ, δnSA)
= Ey[µT η(y)]− Ey[µT η∗(y)]

= µT
∫
Rd(

n
2π )n/2η(y)e

−n‖y−µ‖2
2 dy − µT

∫
Rd(

n
2π )n/2η∗(y)e

−n‖y−µ‖2
2 dy

= µT
∫
Rd(

n
2π )n/2(η(y)− η∗(y))e

−n‖y−µ‖2
2 dy

where in the second to last equality, we have used the fact that ξ has distribution N(µ, 1
nI).

Note that the formula above immediately gives F (0) = 0. We will employ Lemma 2.1 on F (µ)
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to show the existence of µ̄ ∈ Rd such that F (µ̄) > 0. For this purpose, we need to compute
the gradient ∇F (µ) and Hessian ∇2F (µ). We alert the reader that in these calculations,
it is crucial that η(y) does not depend on µ (due to sufficiency of the sample average) and
hence it is to be considered as a constant when computing the derivatives below. For ease of
calculation, we introduce the following functions E,G1, . . . , Gd : Rd → Rd:

E(µ) := ( n2π )n/2
∫
Rd(η(y)− η∗(y))e

−n‖y−µ‖2
2 dy,

Gi(µ) := ( n2π )n/2
∫
Rd yi(η(y)− η∗(y))e

−n‖y−µ‖2
2 dy,

i = 1, . . . , d.

So F (µ) = µTE(µ). We also define the map G : Rd → Rd×d as

G(µ)ij = (Gi(µ))j .

Claim 3.2. For any µ ∈ Rd, ∇F (µ) = E(µ) + nG(µ)µ − n(µTE(µ))µ. (Note that G(µ)µ is
a matrix-vector product.)

Proof of Claim. This is a straightforward calculation. Consider the i-th coordinate of ∇F (µ),
i.e., the i-th partial derivative

∂F
∂µi

=
∂(

∑
j µjE(µ)j)

∂µi

= E(µ)i +
∑d

j=1 µj
∂E(µ)j
∂µi

= E(µ)i +
∑d

j=1 µj
(∫

Rd(
n
2π )n/2(η(y)− η∗(y))j

∂(e
−n‖y−µ‖2

2 )
∂µi

dy
)

= E(µ)i + µT
∫
Rd(

n
2π )n/2(η(y)− η∗(y))∂(e

−n‖y−µ‖2
2 )

∂µi
dy

= E(µ)i + µT
∫
Rd(

n
2π )n/2(η(y)− η∗(y))e

−n‖y−µ‖2
2 (n(yi − µi))dy

= E(µ)i + nµTGi(µ)− n(µTE(µ))µi

where in the third equality, we have used Theorem 2.4 and the fact that η(y), η∗(y) do not
depend on µ by sufficiency of the sample average (Proposition 2.3). The last expression above
corresponds to the i-th coordinate of E(µ) + nG(µ)µ− n(µTE(µ))µ. Thus, we are done. �

Claim 3.3. ∇2F (0) = n(G(0)T +G(0)).

Proof of Claim. Let us compute ∂2F
∂µiµj

using the expression for ∂F
∂µi

from Claim 3.2.

∂2F
∂µiµj

= ∂(E(µ)i)
∂µj

+ n∂(µTGi(µ))
∂µj

− n∂((µTE(µ))µi)
∂µj

= ∂(E(µ)i)
∂µj

+ n(Gi(µ))j + nµT ∂(Gi)
∂µj
− n∂(µTE(µ))

∂µj
µi − n(µTE(µ))γij

where γij denotes the Kronecker delta function, i.e., γij = 1 if i = j and 0 otherwise. At
µ = 0, the above simplifies to

∂2F

∂µiµj

∣∣∣∣
µ=0

=
∂(E(µ)i)

∂µj

∣∣∣∣
µ=0

+ n(Gi(0))j . (3.2)
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Let us now investigate ∂(E(µ)i)
∂µj

. By applying Theorem 2.4 and the sufficiency of ξ again, we

obtain

∂(E(µ)i)
∂µj

=
∫
Rd(

n
2π )n/2(η(y)− η∗(y))i

∂(e
−n‖y−µ‖2

2 )
∂µi

dy

=
∫
Rd(

n
2π )n/2(η(y)− η∗(y))ie

−n‖y−µ‖2
2 (n(yj − µj))dy

= n( n2π )n/2
∫
Rd yj(η(y)− η∗(y))ie

−n‖y−µ‖2
2 dy

−n( n2π )n/2µj
∫
Rd(η(y)− η∗(y))ie

−n‖y−µ‖2
2 dy

= n(Gj(µ))i − nµjE(µ)i

Therefore, at µ = 0, we obtain that ∂(E(µ)i)
∂µj

∣∣∣∣
µ=0

= nGj(0)i. Putting this back into (3.2),

and using the definition of the matrix G(µ), we obtain

∂2F

∂µiµj

∣∣∣∣
µ=0

= nGj(0)i + n(Gi(0))j = n(G(0)ji +G(0)ij).

Thus, we obtain that ∇2F (0) = n(G(0)T +G(0)). �

Claim 3.4. There exists a direction of positive curvature for ∇2F (0), i.e., there exists d ∈ Rd
such that dT∇2F (0)d > 0.

Proof of Claim. Consider the trace Tr(∇2F (0)) of the Hessian at µ = 0. By Claim 3.3,

Tr(∇2F (0)) = 2nTr(G(0))

= 2n
∑d

i=1( n2π )n/2
∫
Rd yi(η(y)− η∗(y))ie

−n‖y−µ‖2
2 dy

= 2n( n2π )n/2
∫
Rd y

T (η(y)− η∗(y))e
−n‖y−µ‖2

2 dy

By Claim 3.1, yT (η(y)− η∗(y)) ≥ 0 for any y ∈ Rd and yT (η(y)− η∗(y)) > 0 on a set of

strictly positive measure. Therefore,
∫
Rd y

T (η(y)− η∗(y))e
−n‖y‖2

2 dy > 0.
Therefore, the trace of ∇2F (0) is strictly positive. Since the trace equals the sum of the

eigenvalues of ∇2F (0) (see Section 1.2.5 in [19]), we must have at least one strictly positive
eigenvalue. The corresponding eigenvector is a direction of positive curvature. �

As noted earlier, F (0) = 0. Combining Claim 3.4 and Lemma 2.1, there exists µ̄ ∈ Rd
such that F (µ̄) > 0.

3.2 General covariance

The proof in the previous section focused on the family of normal distributions with the
identity as the covariance matrix. We now consider any positive definite covariance matrix
Σ for the normal distribution of ξ. In this case, we again consider the function F (µ) defined
in (3.1) and prove that there exists µ̄ such that F (µ̄) > 0. The only difference is that in
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the formulas one must substitute the distribution ξ ∼ N(µ, 1
nΣ), i.e., the density function

everywhere must be

gµ,Σ(y) :=
1√
σ

(
n

2π

)n/2
exp

(
− n

2
(y − µ)TΣ−1(y − µ)

)
,

where σ is the determinant of Σ. Redefining

E(µ) := 1√
σ

(
n
2π

)n/2∫
Rd

(η(y)− η∗(y)) exp

(
− n

2 (y − µ)TΣ−1(y − µ)

)
dy,

Gi(µ) := 1√
σ

(
n
2π

)n/2∫
Rd
yi(η(y)− η∗(y)) exp

(
− n

2 (y − µ)TΣ−1(y − µ)

)
dy, i = 1, . . . , d,

letting G(µ) be the matrix with Gi(µ) as rows, and adapting the calculations from the
previous section reveals that

∇2F (0) = n(Σ−1G(0) +G(0)TΣ−1) (3.3)

Claim 3.1 again shows that the trace Tr(G(0)) =
∫
Rd y

T (η(y) − η∗(y))g0,Σ(y)dy > 0. This
shows that G(0) has an eigenvalue λ with positive real part (since G(0) is not guaranteed
to be symmetric, its eigenvalues and eigenvectors may be complex). Let the corresponding
(possibly complex) eigenvector be v, i.e., G(0)v = λv and Re(λ) > 0 (denoting the real part
of λ). Following standard linear algebra notation, for any matrix/vector M , M∗ will denote
its Hermitian conjugate [19] (which equals the transpose if the matrix has real entries). We
now consider

v∗∇2F (0)v = n(v∗(Σ−1G(0) +G(0)TΣ−1)v)
= n(v∗Σ−1G(0)v + v∗G(0)TΣ−1v)
= n(v∗Σ−1G(0)v + v∗G(0)∗Σ−1v)
= n(λ(v∗Σ−1v) + λ∗(v∗Σ−1v))
= 2n(v∗Σ−1v)Re(λ)

Since Σ is positive definite, so is Σ−1. Therefore v∗Σ−1v > 0 and we obtain that v∗∇2F (0)v >
0. Since ∇2F (0) is a symmetric matrix, all its eigenvalues are real and in particular its largest
eigenvalue γd is positive because

γd = max
x∈Cd\{0}

x∗∇2F (0)x

x∗x
≥ v∗∇2F (0)v

v∗v
> 0.

Thus, ∇2F (0) has a direction of positive curvature and Lemma 2.1 implies that there exists
µ̄ ∈ Rd such that F (µ̄) > 0.

4 An alternate proof for the linear objective based on Bayes’
decision rules

To the best of our knowledge, our proof technique for admissibility from the previous sections
is new. The conventional way of addressing admissibility uses Bayesian analysis. We recall
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the basic ideas behind these techniques and provide an alternate proof for Theorem 1.1 using
these ideas, which arguably gives a simpler proof. On the other hand, this alternate proof
builds upon some well-established facts in statistics, and so is less of a “first principles” proof
compared to the one presented in the previous sections. Moreover, as we noted earlier, the
new technique of the previous proof might be useful for future admissibility investigations in
stochastic optimization.

We now briefly review the relevant ideas from Bayesian analysis. Consider a general
statistical decision problem with Θ denoting the states of nature, A denoting the set of
actions, and {Pθ : θ ∈ Θ} the family of distributions on the sample space χ. Let P ? be any
so-called prior distribution on Θ. For any decision rule δ, one can compute the expected risk,
a.k.a., the Bayes’ risk

r(P ?, δ) := Eθ∼P ? [R(θ, δ)].

A decision rule that minimizes r(P ?, δ) is said to be a Bayes’ decision rule.

Theorem 4.1. [24, Chapter 5, Theorem 2.4] If a decision rule is the unique3 Bayes’ decision
rule for some prior, then it is admissible.

The following is the well-known statement that Gaussian distributions are self-conjugate [24,
Example 2.2].

Theorem 4.2. Let d ∈ N and let Σ ∈ Rd×d be fixed. For the joint distribution on (ξ, µ) ∈
(Rd × Rd × . . .× Rd︸ ︷︷ ︸

ntimes

) × Rd defined by ξ|µ ∼ N (µ,Σ)×N (µ,Σ)× . . .×N (µ,Σ)︸ ︷︷ ︸
ntimes

and µ ∼

N (µ0,Σ0), we have that µ|ξ ∼ N ((Σ−1
0 + nΣ−1)−1(Σ−1

0 µ0 + nΣ−1ξ), (Σ−1
0 + nΣ−1)−1).

Alternate proof of Theorem 1.1. Consider the prior P ? to be µ ∼ N (0,Σ), then by Theo-
rem 4.2, µ|ξ ∼ N

(
n
n+1ξ,

1
n+1Σ

)
. In particular, the mean of µ, conditioned on the observation

ξ is simply a scaling of the sample average ξ. Now we do a standard Bayesian analysis:

r(P ?, δ) = Eµ∼N (0,Σ)[Eξ∼N (µ,Σ)n [L(µ, δ)]]

=

∫
µ

∫
ξ
(µT δ(ξ)− µTx(µ))p(ξ|µ)p(µ)dξdµ

=

∫
µ

∫
ξ
µT δ(ξ)p(ξ|µ)p(µ)dξdµ− C

where x(µ) again denotes the optimal solution to min
{
µTx : x ∈ X

}
, p(ξ|µ) denotes the

conditional density function of ξ|µ, p(µ) is the density function of the prior on µ, and the

constant C equals

∫
µ

∫
ξ
µTx(µ)p(ξ|µ)p(µ)dξdµ =

∫
µTx(µ)p(µ)dµ. To find the decision

rule δ that minimizes r(P ?, δ), we thus need to minimize

∫
µ

∫
ξ
µT δ(ξ)p(ξ|µ)p(µ)dξdµ. We

change the order of integration by Fubini’s theorem, and rewrite

r(P ?, δ) =

∫
ξ

∫
µ

µT δ(ξ)p(µ|ξ)p(ξ)dµdξ.

3Here uniqueness is to be interpreted up to differences on a set of measure zero.
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Consequently, given the observation ξ, we choose δ(ξ) ∈ X that minimizes the inner integral∫
µ

µT δ(ξ)p(µ|ξ)dµ =
n

n+ 1
ξ
T
δ(ξ).

Thus, we may set δ(ξ) to be the minimizer in X for the linear objective vector n
n+1ξ

T
, which

is just a scaling of the sample average. Except for a set of measure zero, any linear objective
has a unique solution as was noted in the proof of Claim 3.1. Thus, the Bayes’ decision rule
is unique and coincides with the sample average estimator δnSA. We are done by appealing to
Theorem 4.1.

5 Proof of Theorem 1.2 (the scenario with quadratic objec-
tive)

A more general version of Theorem 4.1 goes by the name of Blyth’s method. Here, we state
it as in [24] (see Exercise 7.12 in Chapter 5).

Theorem 5.1. Let Θ ⊆ Rd be any open set of states of nature. Suppose δ is a decision rule
with a continuous risk function and {πn}n∈N is a sequence of prior distributions such that:

1. r(πn, δ) =
∫
R(θ, δ)dπn <∞ for all n ∈ N, where r is the Bayes risk.

2. For any nonempty open subset Θ0 ⊆ Θ, we have

lim
n→∞

r(πn, δ)− r(πn, δπn)∫
Θ0
πn(θ)dθ

= 0

where δπn is a Bayes decision rule having finite Bayes risk with respect to the prior
density πn. Then, δ is an admissible decision rule.

Proof of Theorem 1.2. For simplicity of exposition, we consider X to be centered at 0, i.e.,
`i = −ui. The entire proof can be reproduced for the general case by translating the means
of the priors to the center of axis-aligned box X. The calculations are much easier to read
and follow when we assume the origin to be the center. We will show that δnSA satisfies the
conditions of Theorem 5.1 under the priors

µ ∼ N (0, τ2Σ), τ ∈ N, and Σ is the covariance matrix of ξ|µ.

First we obtain a simple expression for the loss function L(µ, x) for any action x ∈ X under
the state of nature µ ∈ Rd. As noted in Section 1.2, Eξ[F (x, ξ)] = Eξ[1

2x
Tx − ξTx] =

1
2x

Tx− µTx = 1
2‖µ− x‖

2 − 1
2‖µ‖

2. Let the minimum value of this for x ∈ X be denoted by
B(µ). Thus,

L(µ, x) = Eξ∼N (µ,Σ)[F (x, ξ)]− Eξ∼D[F (x(D), ξ)]

= 1
2‖µ− x‖

2 − 1
2‖µ‖

2 −B(µ)

Putting this into the numerator of the second condition in Theorem 5.1 and simplifying
(which means that the terms −1

2‖µ‖
2−B(µ) cancel out), we need to show that for any open

set Ω0 ⊆ Rd,
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lim
τ→∞

∫
Rd
∫
Rd ‖µ− δ

n
SA(ξ)‖2 p(ξ|µ)πτ (µ)dξdµ−

∫
Rd
∫
Rd ‖µ− δBayes(ξ)‖

2 p(ξ|µ)πτ (µ)dξdµ∫
Ω0
πτ (µ)dµ

= 0

(5.1)
where p(ξ|µ) = N (µ,Σ) denotes the conditional density of ξ given µ, and πτ (µ) is the marginal
density of µ (of course, the marginal density πτ (µ) is nothing but the prior N (0, τ2Σ)).

Next, let us see how the rule δnSA given by (1.5) behaves. Minimizing 1
2‖x‖

2 − ξTx is
equivalent to minimizing 1

2‖x− ξ‖
2 since ξ can be regarded as constant for the optimization

problem minx∈X
1
2‖x‖

2 − ξTx. Thus, δnSA returns the closest point to ξ in X, i.e.,

δnSA(ξ) = ProjX(ξ) (5.2)

where the notation ProjX(y) denotes the projection of the closes point in X to y.

Let us also see what the Bayes’ rule δBayes is, i.e., what value of δBayes(ξ) minimizes∫
Rd
∫
Rd ‖µ− δ

n
SA(ξ)‖2 p(ξ|µ)πτ (µ)dξdµ =

∫
Rd
∫
Rd ‖µ− δBayes(ξ)‖

2 p(µ|ξ)m(ξ)dµdξ

=
∫
Rd Eµ|ξ ‖µ− δBayes(ξ)‖

2m(ξ)dξ.

where we have again evaluated the Bayes’ risks by switching the order of the integrals and
using the conditional density

p(µ|ξ) = N
(

nτ2

nτ2 + 1
ξ,

τ2

nτ2 + 1
Σ

)
(by Theorem 4.2), (5.3)

and the marginal density of ξ is denoted by m(ξ). Since

E[‖Y − a‖2] = ‖E[Y ]− a‖2 + V[Y ] (5.4)

for any random variable Y and constant a ∈ R, one sees that

δBayes(ξ) = ProjX

(
nτ2

nτ2 + 1
ξ

)
. (5.5)

Let us now consider the numerator and denominator of the left hand side in (5.1) separately.

Numerator: The numerator is:∫
Rd

∫
Rd ‖µ− δ

n
SA(ξ)‖2 p(ξ|µ)πτ (µ)dξdµ−

∫
Rd

∫
Rd ‖µ− δBayes(ξ)‖

2 p(ξ|µ)πτ (µ)dξdµ

=
∫
Rd

∫
Rd
∥∥µ− ProjX(ξ)

∥∥2
p(ξ|µ)πτ (µ)dξdµ−

∫
Rd

∫
Rd

∥∥∥µ− ProjX( nτ2

nτ2+1
ξ)
∥∥∥2
p(ξ|µ)πτ (µ)dξdµ

=
∫
Rd

∫
Rd

∫
Rd
∥∥µ− ProjX(ξ)

∥∥2
p(ξ|ξ)p(ξ|µ)πτ (µ)dξdξdµ

−
∫
Rd

∫
Rd

∫
Rd

∥∥∥µ− ProjX( nτ2

nτ2+1
ξ)
∥∥∥2
p(ξ|ξ)p(ξ|µ)πτ (µ)dξdξdµ

=
∫
Rd

∫
Rd
∥∥µ− ProjX(ξ)

∥∥2
p(ξ|µ)πτ (µ)dξdµ−

∫
Rd

∫
Rd

∥∥∥µ− ProjX( nτ2

nτ2+1
ξ)
∥∥∥2
p(ξ|µ)πτ (µ)dξdµ

=
∫
Rd

∫
Rd
∥∥µ− ProjX(ξ)

∥∥2
p(µ|ξ)m(ξ)dµdξ −

∫
Rd

∫
Rd

∥∥∥µ− ProjX( nτ2

nτ2+1
ξ)
∥∥∥2
p(µ|ξ)m(ξ)dµdξ,
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where the first equality follows from substituting (5.2) and (5.5), and the last equality follows
from the standard trick in Bayesian analysis of switching the order of the integrals.

Since ξ|µ ∼ N (µ, 1
nΣ), and π(µ) ∼ N (0, τ2Σ), it is a simple exercise to check that

µ|ξ ∼ N ( nτ2

nτ2+1
ξ, τ2

nτ2+1
Σ), and m(ξ) ∼ N (0, nτ

2+1
n Σ). The formula for the numerator above

can then be rewritten as∫
Rd Eµ|ξ

∥∥µ− ProjX(ξ)
∥∥2
m(ξ)dξ −

∫
Rd Eµ|ξ

∥∥∥µ− ProjX( nτ2

nτ2+1
ξ)
∥∥∥2
m(ξ)dξ

=
∫
Rd V(µ|ξ) +

∥∥∥Eµ|ξµ− ProjX(ξ)
∥∥∥2
m(ξ)dξ −

∫
Rd

V(µ|ξ) +
∥∥∥Eµ|ξµ− ProjX( nτ2

nτ2+1
ξ)
∥∥∥2
m(ξ)dξ

=
∫
Rd

∥∥∥ nτ2

nτ2+1
ξ − ProjX(ξ)

∥∥∥2
−
∥∥∥ nτ2

nτ2+1
ξ − ProjX( nτ2

nτ2+1
ξ)
∥∥∥2
m(ξ)dξ.

=
∫
Rd

(∥∥∥ProjX( nτ2

nτ2+1
ξ)− ProjX(ξ)

∥∥∥2
− 2

〈
nτ2

nτ2+1
ξ − ProjX( nτ2

nτ2+1
ξ),ProjX(ξ)− ProjX( nτ2

nτ2+1
ξ)
〉)

m(ξ)dξ,

(5.6)
where the first equality follows from (5.4), the second equality follows from the formula for
the conditional density p(µ|ξ), and the last equality follows from the fact that

‖a− b‖2 − ‖a− c‖2 = ‖c− b‖2 − 2〈a− c, b− c〉, for any three vectors a, b, c ∈ Rd.

Claim 5.2. Consider the box X = {x ∈ Rd : −ui ≤ xi ≤ ui i = 1, . . . , d}. Let F be any

face of X and so F ′ := nτ2+1
nτ2 F is a face of X ′ := nτ2+1

nτ2 X. Suppose ξ ∈ F ′ +NF ′ where NF ′

denotes the normal cone at F ′ with respect to X ′ (see Lemma 2.5 and the discussion above

it), then ProjX
(

nτ2

nτ2+1
ξ
)

and ProjX(ξ) both lie in F . Consequently,〈
nτ2

nτ2 + 1
ξ − ProjX

( nτ2

nτ2 + 1
ξ
)
,ProjX(ξ)− ProjX

( nτ2

nτ2 + 1
ξ
)〉

= 0. (5.7)

Proof. The general formula for the projection onto X is given by

ProjX(y) = p, where pi = sign(yi)min{|yi|, ui}. (5.8)

Consider any face F of X and any ξ ∈ F ′ + NF ′ ; see Figure 1. By Lemma 2.5 part 1.,
|ξi| ≥ nτ2+1

nτ2 |ui| for all i ∈ I+
F ∪ I

−
F . Therefore, |ξi| ≥ nτ2

nτ2+1
|ξi| ≥ |ui| for all i ∈ I+

F ∪ I
−
F . By

the projection formula (5.8), for all i ∈ I+
F ∪ I

−
F the i-th coordinate of both ProjX

(
nτ2

nτ2+1
ξ
)

and ProjX(ξ) are equal to sign(ξi)ui. This shows that they both lie on F . By the geometry

of projections, the vector nτ2

nτ2+1
ξ − ProjX

(
nτ2

nτ2+1
ξ
)

is orthogonal to the face F that contains

the projection ProjX
(

nτ2

nτ2+1
ξ
)
. This proves (5.7).

By appealing to (5.7), one can reduce (5.6) to∫
Rd

∥∥∥∥ProjX
( nτ2

nτ2 + 1
ξ
)
− ProjX(ξ)

∥∥∥∥2

m(ξ)dξ (5.9)

Using Lemma 2.5 part 2., we decompose the above integral as follows:
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Figure 1: The scaling X ′ of X and the different regions F ′ +NF ′ for different faces F of X,
with an illustration of Claim 5.2.

(5.9) =
∑

F face of X

∫
F ′+NF ′

∥∥∥∥ProjX
( nτ2

nτ2 + 1
ξ
)
− ProjX(ξ)

∥∥∥∥2

m(ξ)dξ.

where we have used the notation of Claim 5.2 for F ′. Using the formula in Lemma 2.5 part
1., we may simplify the integral further by introducing some additional notation. For any
face F of X, recall the notation I+

F and I−F from Lemma 2.5. Let I0
F := {1, . . . , d}\ (I+

F ∪I
−
F ).

We introduce the decomposition of any vector y ∈ Rd into y+, y−, y0 where y+ ∈ RI
+
F denotes

the restriction of the vector y onto the coordinates in I+
F ; similarly, y− ∈ RI

−
F is y restricted

to I−F , and y0 is y restricted to I0
F . Denote the corresponding domains D+

F := {z ∈ RI
+
F :

zi ≥ nτ2+1
nτ2 ui}, D−F := {z ∈ RIiF : zi ≤ −nτ2+1

nτ2 ui} and D0
F := {z ∈ RI0

F : −nτ2+1
nτ2 ui ≤ zi ≤

nτ2+1
nτ2 ui}. By Lemma 2.5 part 1.,

(5.9) =
∑

F face of X

∫
D0
F

∫
D−F

∫
D+
F

∥∥∥ProjX( nτ2

nτ2+1
ξ)− ProjX(ξ)

∥∥∥2
m(ξ)dξ

+
dξ
−
dξ

0

≤
∑

F face of X

∫
D0
F

∫
D−F

∫
D+
F

(
1

(nτ2+1)2

∑
i∈I0

F
ξ

2
i

)
m(ξ)dξ

+
dξ
−
dξ

0
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where the inequality follows from Claim 5.2 which tells us that both ProjX
(

nτ2

nτ2+1
ξ
)

and

ProjX(ξ) lie on F and therefore coincide on the coordinates in I+
F ∪I

−
F ; thus, the coordinates in

I+
F ∪I

−
F vanish in the integrand. Moreover, on any remaining coordinate i that is not set to the

bound ui or −ui, the absolute difference in the coordinate is at most | nτ2

nτ2+1
ξi−ξi| = 1

nτ2+1
|ξi|,

by the projection formula (5.8). Plugging in the formula for m(ξ), we get

(5.9) ≤
(

n
2π(nτ2+1) det(Σ)1/d

)d/2 ∑
F face of X

∫
D0
F

∫
D−F

∫
D+
F

(
1

(nτ2+1)2

∑
i∈I0

F
ξ

2
i

)
e
−nξTΣ−1ξ

2(nτ2+1) dξ
+
dξ
−
dξ

0

=
(

n
2π(nτ2+1) det(Σ)1/d

)d/2 ∑
F face of X

∫
D0
F

(
1

(nτ2+1)2

∑
i∈I0

F
ξ

2
i

) ∫
D+
F

∫
D−F

e
−nξTΣ−1ξ

2(nτ2+1) dξ
+
dξ
−
dξ

0

=
(

n
2π(nτ2+1) det(Σ)1/d

)d/2 ∑
F face of X

∫
D0
F

(
1

(nτ2+1)2

∑
i∈I0

F
ξ

2
i

)
· CF (nτ2 + 1)(d−dim(F ))/2h(ξ

0
, τ)dξ

0

where the integral is evaluated using standard Gaussian integral formulas and CF is a constant
independent of τ , dim(F ) denotes the dimension of the face F and h(ξ0, τ) is a continuous
function which is upper bounded on the compact domain D0

F for every F by a universal
constant independent of τ .

We now observe that if I0
F = ∅, i.e, F is a vertex of X, then the integrand is simply 0

(in other words, when ξ lies in the normal cone of a vertex v of X translated by nτ2+1
nτ2 v,

the projections ProjX
(

nτ2

nτ2+1
ξ
)

and ProjX(ξ) are both equal to v, and the integral vanishes).

Therefore, we are left with the terms where the face has dimensional least 1. Thus, (nτ2 +
1)(d−dim(F ))/2 can be upper bounded by (nτ2 + 1)(d−1)/2. Since D0

F is a compact domain and
h is continuous function upper bounded by a universal constant independent of τ , we infer
the following upper bound on the numerator(

n

2π(nτ2 + 1) det(Σ)1/d

)d/2
· C · (nτ2 + 1)(d−5)/2

where C is a constant independent of τ .

Denominator: Using the density formula for πτ (µ), the denominator of (5.1) is

1

[2πτ2]d/2 det(Σ)
1
2

∫
Ω0

e
−µTΣ−1µ

2τ2 dµ.

Combining the formulas for the numerator and denominator in (5.1), we have:

limτ→∞

∫
Rd

∫
Rd‖µ−δnSA(ξ)‖2

p(ξ|µ)πτ (µ)dξdµ−
∫
Rd

∫
Rd‖µ−δBayes(ξ)‖

2
p(ξ|µ)πτ (µ)dξdµ∫

Ω0
πτ (ξ)dξ

≤ limτ→∞

(
nτ2

nτ2+1

)d/2
· C(nτ2 + 1)(d−5)/2 ·

(
1/
∫

Ω0
e
−µTΣ−1µ

2τ2 dµ

)
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As τ → ∞,
∫

Ω0
e
−µTΣ−1µ

2τ2 dµ approaches the volume of Ω0 which is strictly positive and

the first term ( nτ2

nτ2+1
)d/2 goes to 1. Moreover, since d ≤ 4, the middle term (nτ2 + 1)(d−5)/2

goes to zero. Consequently, we have:

lim
τ→∞

∫
Rd
∫
Rd ‖µ− δ

n
SA(ξ)‖2 p(µ|ξ)m(ξ)dµdξ −

∫
Rd
∫
Rd ‖µ− δBayes‖

2 p(µ|ξ)m(ξ)dµdξ∫
Ω0
πτ (µ)dµ

= 0

By Theorem 5.1, δnSA is admissible.

Proof of Theorem 1.3. The proof when X is a ball follows the same logic as the hypercube
case of Theorem 1.2. Observe that now the Bayes’ rule δBayes differs from δSA only on the

compact domain nτ2+1
nτ2 X; outside this, both give the same point on the boundary of X. Thus,

the numerator retains a factor of (nτ2 + 1)−2, as opposed to the factor of (nτ2 + 1)(d−5)/2 in
the analysis of the hypercube case. Hence, for all d ≥ 1, the ratio goes to 0 as τ →∞.

6 Future Work

To the best of our knowledge, a thorough investigation of the admissibility of solution es-
timators for stochastic optimization problems has not been undertaken in the statistics or
optimization literature. There are several avenues for continuing this line of investigation:

1. The most immediate question is whether the sample average solution for the quadratic
objective subject to box constraints, as considered in this paper, continues to be admis-
sible for dimension d ≥ 5. We strongly suspect this to be true, but our current proof
techniques are not able to resolve this either way. If one considers the James-Stein es-
timators for µ and then uses these to solve the constrained optimization problems, the
standard arguments for inadmissibility break down because of the presence of the box
constraints. The problem seems to be quite different, and significantly more compli-
cated, compared to the unconstrained case that has been studied in classical statistics
literature.

2. The next step, after resolving the higher dimension question, would be to consider
general convex quadratic objectives F (x, ξ) = xTQx + ξTx for some fixed positive
(semi)definite matrix Q and the constraint X to be a general compact, convex set, as
opposed to just box constraints. We believe new ideas beyond the techniques introduced
in this paper are needed to analyze the admissibility of the sample average estimator for
this convex quadratic program4. This problem is interesting from a financial engineering
perspective, where the stochastic optimization problem seeks to minimize a coherent
risk measure over a convex set. The simplest such measure is a weighted sum of the
expectation and the variance of the returns, which can be modeled using the above
F (x, ξ).

4When Q is the identity and X is a scaled and translated `2 unit norm ball, as opposed to a box, the
problem becomes equivalent to minimizing a linear function over the ball. Theorem 1.1 then applies to show
admissibility in every dimension. This special case is also analyzed in [9].
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3. One may also choose to avoid nonlinearities and stick to piecewise linear F (x, ξ) and
polyhedral X. Such objectives show up in the stochastic optimization literature under
the name of news-vendor type problems. The current techniques of this paper do not
easily apply directly to this setting either. In fact, in the simplest setting for the
news-vendor problem, one has a function F : R × R → R given by F (x, ξ) = cx −
pmin{x, ξ} + rmax{0, x − ξ} and X = [0, U ] for known constants 0 < r < c < p and
some given bound U > 0. In this setting, the natural distributions for ξ are not normal,
but distributions whose support is contained in the nonnegative real axis. As a starting
point, one can consider the uniform distribution setting where the mean of the uniform
distribution, or the width of the uniform distribution or both are unknown.

4. For learning problems, such as neural network training with squared or logistic loss,
what can be said about the admissibility of the sample average rule, which usually goes
under the name of “empirical risk minimization”? Is the empirical risk minimization
rule an admissible rule in the sense of statistical decision theory? It would be very
interesting if the answer actually depends on the hypothesis class that is being learnt. It
is also possible that decision rules that take the empirical risk objective and report a local
optimum can be shown to dominate decision rules that report the global optimum, under
certain conditions. This would be an interesting perspective on the debate whether local
solutions are “better” in a theoretical sense than global optima.
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