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Abstract. Here we develop a new strategy to analyze the chemical freeze-out of light (anti)nuclei produced
in high energy collisions of heavy atomic nuclei within an advanced version of the hadron resonance gas
model. It is based on two different, but complementary approaches to model the hard-core repulsion
between the light nuclei and hadrons. The first approach is based on an approximate treatment of the
equivalent hard-core radius of a roomy nuclear cluster and pions, while the second approach is rigorously
derived here using a self-consistent treatment of classical excluded volumes of light (anti)nuclei and hadrons.
By construction, in a hadronic medium dominated by pions, both approaches should give the same results.
Employing this strategy to the analysis of hadronic and light (anti)nuclei multiplicities measured by ALICE
at
√
sNN = 2.76 TeV and by STAR at

√
sNN = 200 GeV, we got rid of the existing ambiguity in the

description of light (anti)nuclei data and determined the chemical freeze-out parameters of nuclei with high
accuracy and confidence. At ALICE energy the nuclei are frozen prior to the hadrons at the temperature
T = 175.1+2.3

−3.9 MeV, while at STAR energy there is a single freeze-out of hadrons and nuclei at the
temperature T = 167.2± 3.9 MeV. We argue that the found chemical freeze-out volumes of nuclei can be
considered as the volumes of quark-gluon bags that produce the nuclei at the moment of hadronization.

PACS. 25.75.-q Relativistic heavy-ion collisions
05.70.Ce Thermodynamic functions and equations of state
64.30.-t Equations of state of specific substances

1 Introduction

The concept of hard-core repulsion plays an important role
in the statistical mechanics of classical systems since, de-
spite its simplicity, it allows one to correctly reproduce the
basic properties of real gases at short distances. Its impor-
tance in describing the multiplicities of hadrons produced
in the central high energy nuclear (A+A) collisions is be-
yond any doubts. In atomic physics it is clear that the
hard core in the intermolecular interaction has its funda-

a e-mail: bugaev@th.physik.uni-frankfurt.de

mental origin in the Pauli exclusion principle and the elec-
tron exchange correlations between atoms and molecules
(see, e.g., [1] and references therein) which allows one to
predict the composition and thermodynamics of inertial
fusion plasmas due to the account of the Pauli-blocking
effect between atomic clusters [2]. However, the applica-
tion of the fundamental Pauli principle on the quark level
to account for a repulsive hard core in the interaction
among hadrons is still in its infancy [3]. The account of the
Pauli blocking effect for light clusters in nuclear matter is
meanwhile well-elaborated for not too high temperatures
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[4] and for applications to the composition of supernova
matter [5,6], where usually excluded volume approaches
are applied to account for light cluster abundances [7,8,9].
Within the quantum statistical approach, the second virial
coefficient is addressed via a generalized Beth-Uhlenbeck
equation of state which accounts for medium effects on the
scattering phase shifts among clusters (cluster virial ex-
pansion [10]). The latter not only describes systematically
the in-medium modification of the hard-core interaction,
but ultimately leads to the Mott dissociation of the nu-
clear clusters due to Pauli blocking. The generalization of
this successful quantum statistical approach to the higher
temperatures by including all species of a hadron reso-
nance gas and the treatment of repulsive Pauli-blocking
effects on the basis of their fermionic quark substructure
is a formidable task that has just been started [11]. For
the time being, one can already get interesting insights for
the discussion of chemical freeze-out (CFO) of light clus-
ters in the QCD phase diagram, in the context of ongoing
discussions of the puzzle why these clusters freeze out in
ultrarelativistic heavy-ion collisions at CERN and BNL
according to predictions of the thermal statistical model
at the same high temperature TCFO ≈ 160 MeV like all
the other hadrons while their binding energies are at least
an order of magnitude smaller.

This puzzle of the light nuclei production at LHC and
RHIC has been discussed in many recent papers [12,13,
14,15,16,17,18,19,20,21,22], from both alternative points
of view: the coalescence of nucleons (and hyperons, if ap-
plicable) in the final state after thermal freezeout of the
hadrons on the one hand, and the CFO of the nuclei ac-
cording to the thermal statistical model together with
the other hadronic species directly in the vicinity of the
hadronization transition in the QCD phase diagram on
the other.

When drawing the lines for the Mott dissociation of
light clusters as derived from the quantum statistical model
into the QCD phase diagram one observes [23,24] that at
the conditions of LHC and STAR experiments the medium
modifications for nuclear clusters are not important, so
that they can be expected to follow the ordinary thermal
statistical model albeit including a hard core repulsion as
in free space. Therefore, we devote the present work to
extending the concept of hard core repulsion for hadronic
systems with nuclear clusters in a thermodynamically con-
sistent way and will apply it to the description of hadron
and light cluster yields obtained in these experiments.

The real breakthrough in achieving a very high accu-
racy in the description of hadronic yields measured from
the low AGS BNL collision energy (

√
sNN = 2.7 GeV) to

the LHC CERN one (
√
sNN = 2.76 TeV) is related to the

hadron resonance gas model (HRGM) with several hard-
core radii of hadronic species [25,26,27,28], i.e. with the
multicomponent hard-core repulsion. Indeed, using just
two extra parameters, the hard-core radii of pions Rπ and
kaons RK , in addition to the hard-core radii of baryons Rb
and the ones of other mesons Rm which are traditionally
employed in the HRGM, it was possible to achieve a very
accurate description of all independent hadron multiplic-

ity ratios measured prior to the LHC era with a χ2/dof
which is in the range between 1.15 [26,27,28] and 0.96 [29].
The high accuracy achieved by the HRGM with multicom-
ponent hard-core repulsion allowed us not only to eluci-
date the characteristics of the CFO of A+A collisions, but
also to reveal new irregularities of thermodynamic quanti-
ties at the CFO and to formulate new signals of two phase
transitions [30,31,32,33,34] which are expected to exist in
strongly interacting matter.

We have to remind that traditionally the CFO is de-
fined as the moment after which the inelastic reactions
stop to exist, while the evolution of hadronic matter is
dominated by elastic reactions towards thermal freeze-out
and decays of resonances [35].

However, the multicomponent versions of the HRGM
based on the Van der Waals (VdW) approximation to the
hard-core repulsion, i.e. which employ the classical second
virial coefficients, are rather complicated and they take
a lot of CPU time, since for N different hard-core radii
for each iteration of the fitting process of experimental
data one has to solve the system of N + 1 transcenden-
tal equations which involve hundreds of double integrals
[25,26,27,28,29]. Therefore, the application of the multi-
component HRGM based on VdW approximation to cases
of N � 1 is rather problematic. Fortunately, an entirely
new and efficient approach to treat the multicomponent
hard-core repulsion for large values of N was invented in
Ref. [36]. This novel approach based on the induced sur-
face tension concept has two important advantages over
the other multicomponent versions of the HRGM: first,
the number of equations to be solved is always two and
it does not depend on N and, second, it allows one to go
beyond the VdW approximation [37,38,39,40]. Note that
the classical virial coefficients are traditionally denoted as
the excluded volumes (per particle).

Despite the great achievements of the HRGM one im-
portant problem of the CFO was not resolved until re-
cently. It is the CFO puzzle of light (anti)nuclei yields
measured by the STAR RHIC collaboration in Au+Au
central collisions [42,43,44] at the center-of-mass collision
energy

√
sNN = 200 GeV and the ones obtained recently

by the ALICE CERN collaboration in Pb+Pb collisions
at the center-of-mass collision energy

√
sNN = 2.76 TeV

[45,46,47].

There are many important aspects of the CFO puz-
zle of light (anti)nuclei yields [19,21,22,49,50,57,58,59,
60,61,62] measured in A+A collisions, but in our opinion
the central one, is the value of their CFO temperature
TA. This is so, since without the reliable knowledge of
their CFO temperature TA one cannot formulate a physi-
cally adequate model for the production of deuterons (d),
helium-3 (3He), helium-4 (4He) and hyper-triton (3

ΛH) and
their antiparticles in A+A collisions and a model of their
thermalization as well. Other approaches in the litera-
ture which describe the production of nuclei in heavy ion
collisions obtain estimates for TA using extensions of the
HRGM that consider the nuclei as point-like particles [57]
or assume the hard-core radius of all light (anti)nuclei to
be equal to the hard-core radius of baryons Rb [58]. It is
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of interest to go a step further and aim to describe nuclei
in a more realistic way.

In our previous work [60] a more elaborate HRGM has
been presented that is based on the concept of induced
surface tension [36,37,38]. It uses an approximate expres-
sion for the hard-core radius of light (anti)nuclei denoted
as bag model approximation (see below). This restriction
was overcome recently in [62], where it was shown that
the bag model approximation can safely be used for pion-
dominated matter. However, the derivation of the equa-
tion of state (EoS) which extends the induced surface ten-
sion concept to the classical second virial coefficients of
light (anti)nuclei as suggested in [40] is a heuristic one.

In the present work we develop a mathematically rigor-
ous treatment of a mixture of hadrons and light (anti)nuclei
with hard-core repulsion based on the induced surface ten-
sion concept [36,37,38]. In addition, with the help of this
newly developed HRGM we analyze here not only the AL-
ICE

√
sNN = 2.76 TeV data on light (anti)nuclei [45,46,

47], but also the STAR
√
sNN = 200 GeV data [42,43,

44]. Our experience on achieving the accurate description
of the hadronic data documented in Refs. [25,26,27,28,29,
30,31,33,34,37,38] gives us a confidence that an essential
improvement of the light nuclei data description will help
the community to resolve the puzzles of the CFO of light
nuclei.

The work is organized as follows. In Sect. 2 the math-
ematically rigorous derivation of the induced surface ten-
sion EoS for the mixture of hadrons and nuclei with classi-
cal second virial coefficients is presented. Sect. 3 contains
the results on two models of the CFO of light (anti)nuclei
produced in the central A+A collisions on LHC and RHIC.
Sect. 4 is devoted to the discussion of the obtained results
and summarizes our conclusions.

2 Self-Consistent Treatment of Classical
Excluded Volumes

In this section, we briefly show how to extend the method
of self-consistent treatment of classical systems with multi-
component hard-core interaction to the case of interaction
of hadrons and light nuclei. It was introduced in [39] and
successfully applied in [40] to mixtures of classical hard
spheres and hard discs of different sizes.

There are three major reasons to consider the HRGM
with multicomponent hard-core repulsion as the most re-
alistic EoS of hadron matter at high temperatures and
moderate particle number densities. First, a long time
ago it was found that for temperatures below 170 MeV
and moderate baryonic charge densities (below the nuclear
saturation density) the mixture of stable hadrons whose
interaction is described by the quantum second virial co-
efficients behaves almost like a mixture of ideal gases of
particles in which both the stable hadrons and their reso-
nances are included, but the latter should have the aver-
aged vacuum values of masses [48]. As it was demonstrated
in Ref. [48] and recently discussed in Ref. [49], the main
physical reason for this kind of behavior is rooted in an

almost complete cancellation between the attractive and
repulsive terms in the quantum second virial coefficients.
Hence, the remaining deviation from the ideal gas (a weak
repulsion) can be modeled by the classical hard-core re-
pulsion.

Second, considering the HRGM as the EoS of hadronic
matter one can be sure that its pressure will never exceed
the one of the quark-gluon plasma. The latter may oc-
cur, if the hadronic phase is modelled as the mixture of
ideal gases [38,51]. It is well-known that the number of
spin-isospin degeneracies of all known hadrons and their
resonances with the masses up to 2.6 GeV is so large that,
if one ignores the hard-core repulsion between them, at
temperatures above 180 MeV their pressure will be larger
than the pressure of the quark-gluon plasma. An example
of comparing the HRGM EoS with the lattice QCD results
can be seen in Fig. 8 of Ref. [38].

Third, an additional and important reason to consider
the HRGM as the hadronic matter EoS in the vicinity of
CFO is a purely practical one: the hard-core repulsion is
a contact interaction and, hence, the energy per particle
of such an EoS coincides with the one of the ideal gas,
even for the case of quantum statistics [52]. Consequently,
during the evolution of the system after CFO to the kinetic
freeze-out one will not face a hard mathematical problem
[53,54] to somehow “transform“ the potential energy of
interacting particles into their kinetic energy and into the
masses of particles which appear due to resonance decays.

These are the main reasons which allow one to re-
gard the HRGM as an extension of the statistical boot-
strap model [55] supplemented by the hard-core repulsion,
but for a truncated hadronic mass-volume spectrum, and
which allow one to successfully apply it to the description
of hadronic multiplicities measured in the central heavy
ion collision experiments.

Although during last few years several valuable results
were obtained with the help of HRGM [25,26,27,28,30,31,
32,33,34,56], at the moment the hard-core radii are well
established for the most abundant hadrons, i.e. for pions,
for the lightest K±-mesons, for nucleons and for the light-
est (anti)Λ-hyperons. Nevertheless, the HRGM based on
classical virial coefficients is very successful in describing
the properties of a hadron gas at CFO temperatures above
50 MeV, hence it is natural to apply it to the description
of multiplicities of atomic nuclei measured in A+A col-
lision experiments instead of calculating their quantum
virial coefficients.

However, even finding the classical excluded volumes
of light (anti)nuclei consisting of A baryons is, in general,
a highly nontrivial task, since there is no well-developed
formalism to calculate the cluster integrals of the particles
which are clusters themselves. Due to this reason the usual
Mayer procedure to calculate such cluster integrals cannot
be used in the general case. Furthermore, even the clas-
sical excluded volumes of light (anti)nuclei with hadrons
are known the next nontrivial task is to rigorously derive
the corresponding system of equations which can be used
for the actual fitting of the data.
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Nucleus Rrms classical distance L

(fm) L(Rrms) (fm)

deuteron 2.1421± 0.0088 2Rrms 4.280

triton 1.7591± 0.0363
√

3Rrms 3.047
3He 1.9661± 0.0030

√
3Rrms 3.405

4He 1.6755± 0.0028 4Rrms/
√

6 2.739
3
ΛH 4.9 (Ref. [65]) ∼

√
3Rrms 8.487

Table 1. The rms radii of light nuclei Rrms (2-nd column)
taken from [64], except for the 3

ΛH nuclei which is an estimate
of Ref. [65]. The 3-rd column shows the relation between the
typical distance among the constituents L and the rms radius
Rrms of light nuclei, whereas the 4-th column provides the ac-
tual estimates for L(Rrms). See text for details.

Fortunately, the light nuclei of A baryons with A ∈
[2; 4] are roomy clusters, i.e. their root mean square (rms)

radii Rrms =
√
〈r2〉 are rather large [63,64] as one can see

from the second column of Table 1. This fact allows us to
easily find out their classical second virial coefficient with
the hadrons if the hard-core radii of all constituents of the
considered nuclei are known. Assuming that the light nu-
clei of A baryons can be considered as the quasi-classical
particles which slowly move around the common center-
of-mass on the distance Rrms, one can estimate the typical
distance between the constituents L(Rrms) in such nuclei.
For the (anti)deuteron the typical distance between the
(anti)nucleons is L(Rrms) ' 2(Rrms), while to estimate
such a distance for triton, 3He, 3

ΛH and their antiparti-
cles we suppose that they are the equilateral triangles.
In this case, Rrms is the radius of the circle described
around the equilateral triangle and, hence, the classical
distance between the constituents inside such nuclei is
L(Rrms) '

√
3Rrms ' 1.732Rrms. Similarly, for the 4He

nucleus and its antiparticle, we assume that the nucle-
ons form an equilateral tetrahedron with the radius of the
sphere described around it being Rrms. Then the classical
distance between the constituents of the 4He nucleus is
L(Rrms) ' 4Rrms/

√
6 ' 1.633Rrms. These simple formu-

lae and the actual estimates of L(Rrms) for different light
nuclei are, respectively, given in the 3-rd and 4-th columns
of Table 1.

Comparing the typical distances L(RArms) between the
constituents of A baryons nuclei with the sum of largest
hard-core diameter of hadrons 0.84 fm [36,37] and the
hard-core diameter of baryons 2Rb = 0.73 fm [36,37], one
concludes that it is possible to freely translate the hadron
with the hard-core radius Rh around each of the nucleus
constituent, i.e. a baryon of hard-core radius Rb = 0.365
fm, without touching any other constituent of this nucleus
[62]. Therefore, the classical second virial coefficient (ex-
cluded volume per particle) of a hadron and a nucleus of
A baryons can be written as

bAh = bhA = A
2

3
π(Rb +Rh)3 , (1)

where Rb is the hard-core radius of baryons.

Similarly, we introduce the classical second virial coef-
ficient (excluded volumes per particle) bh1h2

of hadrons of
radii Rh1 and Rh2 as

bh1h2
= bh2h1

≡ 2

3
π(Rh1

+Rh2
)3. (2)

Now we consider a mixture of hadrons and light nuclei as
Boltzmann particles with hard-core interaction. Neglect-
ing for a moment the nucleus-nucleus interaction, i.e. as-
suming that bA1A2 = 0, one can write the total excluded
volume of such a mixture as

V totexcl =
∑

k∈h1,A1

∑
l∈h2,A2

NkbklNl, (3)

where Nk (Nl) is either the number of hadrons of sort h
or the number of nuclei of A baryons. Note that in the
sums in Eq. (3) the antiparticles are considered as the
independent sorts of particles.

It is convenient to introduce the additional degeneracy
of nuclei of A baryons gkA and explicitly write the second
virial coefficient (1) as

bkhl = gkA
2

3
π(Rk +Rhl)

3 = gkA
2

3
π ×

×(R3
k + 3R2

kRhl + 3RkR
2
hl

+R3
hl

), (4)

where gkA ≡ AδkA + δkh, and gAAR
n
A = ARnb , (5)

where δkA and δkh are the Kronecker δ symbols.
Using the fact that the mean number of light nuclei

〈NA〉 is very small compared to the mean number of all
other hadrons

∑
h〈Nh〉, i.e. 〈NA〉 �

∑
h〈Nh〉, for light

nuclei we can also write

A〈NA〉 �
∑
h

〈Nh〉, (6)

which allows us to approximate Eq. (3) as

V totexcl '
2

3
π

∑
k∈h1,A1

∑
l∈h2,A2

NkgkA1
×

× (R3
k + 3R2

kRl + 3RkR
2
l +R3

l )NlglA2
, (7)

where we substituted the binomial expression (4) for nucle-
us-hadron interaction and a similar binomial formula for
the hadron-hadron interaction into Eq. (3). In addition in
Eq. (7) the double summation is extended by adding the
second degeneracy factor glA2

to account for the nucleus-
nucleus interaction in a symmetric way which is conve-
nient for further evaluation. Due to the inequality (6)
which is valid for light nuclei the approximated Eq. (7)
is rather accurate for A+A collisions.

Combining the first term in the brackets of Eq. (7)
with the last term, and the second term with the third
one, it is possible to identically rewrite the total excluded
volume (7) in a shorter form

V totexcl '
4

3
π
∑

k∈h1,A1

∑
l∈h2,A2

NkgkA1
(R3

k + 3R2
kRl)NlglA2

, (8)
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which can be used to determine the mean excluded volume
of the system per particle

V excl = V totexcl

/∑
l∈h,A

Nl ' V totexcl

/∑
l∈h,A

NlglA ' (9)

'
∑

k∈h1,A1

NkgkA1Vk +
∑

k∈h1,A1

NkgkA1Sk R, (10)

where we introduced the eigen volume Vk = 4
3πR

3
k and

eigen surface Sk = 4πR2
k of the particle of hard-core radius

Rk and the mean hard-core radius R defined as

R =
∑
k∈h,A

NkgkARk

/∑
l∈h,A

Nl. (11)

To obtain Eqs. (9)-(11) we, apparently, employed the in-
equality (6). In the thermodynamic limit Eqs. (10) and
(11) enable us to self-consistently determine the EoS of
the considered mixture within the VdW approximation.

To proceed further, we assume that for an infinite sys-
tem one can replace all Nk values in (11) by their statis-
tical mean values 〈Nk〉 and write

R→
∑
k∈h,A

〈Nk〉 gkARk
/∑
l∈h,A

〈Nl〉. (12)

where 〈Nl〉 will be calculated self-consistently using the
grand canonical ensemble (GCE) partition function. This
means that using V excl (10) with R defined by Eq. (12)
one can calculate the GCE partition function regarding R
as a function of temperature T and chemical potentials
{µk} and afterwards one can find R from the calculated
partition.

Denoting the chemical potential for the k-th sort of
particles as µk, one can write the GCE partition function
as

Z(T, {µk} , V ) ≡

≡
∞∑
{Nk}

 ∏
k∈h,A

[
φke

µk
T (V − V excl)

]Nk
Nk!

 θ(V − V excl). (13)

In Eq. (13) the thermal density φk of the k-th sort of
particles contains the Breit-Wigner mass attenuation. In
the Boltzmann approximation φk can be written as

φk = gkγ
|sk|
S

∞∫
MTh
k

dm

Nk(MTh
k )

Γk
(m−mk)2 + Γ 2

k /4
×

×
∫

d3p

(2π~)3
exp

[
−
√
p2+m2

T

]
, (14)

where gk denotes the degeneracy factor of the k-th sort of
particle, γS is its strangeness suppression factor [66], |sk|
is the number of valence strange quarks and antiquarks in
this sort of particle, while the factor

Nk(MTh
k ) ≡

∞∫
MTh
k

dmΓk
(m−mk)2 + Γ 2

k /4
(15)

denotes a normalization constant, in which MTh
k denotes

the decay threshold mass of the k-th hadronic resonance,
while Γk denotes its width. Clearly, for the stable hadrons
and light nuclei the width Γk should be set to zero, which
leads to the familiar expression for the thermal density

φk = gkγ
|sk|
S

∫
dp3

(2π~)3
exp

[
−
√
p2+m2

k

T

]
. (16)

We would like to stress that the Breit-Wigner ansatz
for the mass attenuation is an approximation which is usu-
ally valid for relatively narrow resonances only. However,
the expression for thermal density of unstable particles
(14) in the spirit of a Beth-Uhlenbeck EoS [67] is valid for
more general mass distributions which may replace this
ansatz. For some dynamical models of hadron structure
such as the NJL model, one could separate the resonant
part of the interaction which would correspond to an un-
stable hadronic state and can be approximated by a Breit-
Wigner ansatz and the residual, repulsive interaction [68,
69,70]. This is fortunate if the approach shall be combined
with an excluded volume model for the short-range repul-
sion, in order to avoid a possible double counting. The
generalized Beth-Uhlenbeck EoS can be rigorously derived
for a mixture of hadron resonances [72,73] from a cluster
decomposition of the Phi-functional approach [74], if the
generalized Phi-functional belongs to the class of cluster
two-loop diagrams [75,11].

Note that the Heaviside step function θ in Eq. (13)
is very important, since it ensures the absence of negative
values of the available volume (V −V excl) and provides the
finite number of all particles for finite volume of the system
V . However, due to its presence, the evaluation of the GCE
partition function (13) is hard. To overcome this difficulty
one should make the Laplace transformation with respect
to V to the isobaric partition (for an appropriate review
see [76]) which is defined as

Z(T, {µk} , λ) ≡
∞∫

0

dV e−λV Z(T, {µk} , V ). (17)

Below we show that the isobaric partition Z(T, {µk} , λ)
can be found exactly by changing the integration variable
dV → d(V −V excl). However, first of all it is necessary to
define the quantities 〈Nk〉 in the GCE variables. In terms
of the partial µk-derivative of the partition (13), one can
define 〈Nk〉 as follows

〈Nk〉 ≡ T
∂

∂µk
ln [Z(T, {µl} , V )] . (18)

In terms of definition (18) Eq. (12) for R can be cast as

R =

∑
k∈h,A

gkARk
∂
∂µk

ln[Z(T, {µl} , V )]∑
k∈h,A

∂
∂µk

ln[Z(T, {µl} , V )]
. (19)
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Changing the variable dV → d(V −V excl) in Eq. (17), one
finds

Z(T, {µk} , λ) =

∞∫
0

dV ′e−λV
′
×

×
∑
{Nk}

∏
k∈h,A

1

Nk!

[
φke

µk
T V ′

]Nk
e−λV exclθ(V ′) . (20)

Substituting into Eq. (20) the expression (10) for V excl,
one gets

Z(T, {µk} , λ) =

=

∞∫
0

dV ′e−λV
′∑
{Nk}

∏
k∈h,A

[
φke

µk
T −λgkA(Vk+RSk)V ′

]Nk
Nk!

=

=

∞∫
0

dV ′exp

V ′
 ∑
k∈h,A

φke
µk
T −λgkA(Vk+RSk) − λ

 . (21)

Integration with respect to variable dV ′ in Eq. (21) can
be done easily resulting in

Z(T, {µk} , λ) =
1

λ−F(λ, T, {µk})
, (22)

where the function F(λ, T, {µk}) which defines the system
pressure in the thermodynamic limit is given by

F(λ, T, {µk}) =
∑
k∈h,A

φkexp
[µk
T
− λgkA[Vk + SkR]

]
. (23)

The GCE partition function (13) can be found now by the
inverse Laplace transform

Z(T, {µk} , V ) =
1

2πi

χ+i∞∫
χ−i∞

dλ eλV Z(T, {µk} , λ) =

=
eλ
∗V

1− ∂F
∂λ (λ, T, {µk})

∣∣∣∣
λ=λ∗

. (24)

As usual, in Eq. (24) the integration contour in the com-
plex λ-plane is chosen to the right-hand side of the right-
most singularity λ∗, i.e. χ > λ∗ (more details can be found
in Ref. [76]). Since the number of hadronic states and light
nuclei used in the HRGM is finite [36,37], then the sum in
Eq. (24) contains the finite number of terms and, hence,
as shown in Ref. [76], the isobaric partition (24) has only
the simple pole at λ = λ∗. The latter is a solution of the
equation

λ∗ = F(λ∗, T, {µk}). (25)

In the thermodynamic limit V → ∞ from Eq. (24) one
finds the system pressure as p ≡ Tλ∗ , since in this limit
the GCE partition behaves as Z(T, {µk}, V → ∞) ∼
exp(pV/T ) [77].

Using Eq. (25) one can write for the pressure

p = T
∑
k∈h,A

φk exp

[
µk − pgkA[Vk +RSk]

T

]
, (26)

which should be supplemented by the equation for the
mean hard-core radius R. Using Eq. (24) one can rewrite
Eq. (19) as follows

R =

∑
k∈h,A

gkARk
∂
∂µk

[
λ∗V − ln(1− ∂F

∂λ∗ )
]

∑
k∈h,A

∂
∂µk

[
λ∗V − ln(1− ∂F

∂λ∗ )
] . (27)

In the thermodynamic limit V →∞ the terms ln(1− ∂F
∂λ∗ )

in Eq. (27) are small compared to the term λ∗V . Hence,

finding the partial derivatives ∂λ∗

∂µk
from Eq. (25), in the

limit V →∞ one can rewrite Eq. (27) as

R =

∑
k∈h,A

gkARkφk exp
[
µk−pgkA[Vk+SkR]

T

]
∑

k∈h,A
φk exp

[
µk−pgkA[Vk+SkR]

T

] . (28)

With the help of equation (26) for pressure it is convenient
to cast the last result in terms of the induced surface ten-
sion (IST) coefficient [36]

Σ ≡ pR =

= T
∑
k∈h,A

gkARkφk exp

[
µk − pgkAVk −ΣgkASk

T

]
.(29)

Rewriting equation for pressure similarly, one gets

p =
∑
k∈h,A

pk =

= T
∑
k∈h,A

φk exp

[
µk − pgkAVk −ΣgkASk

T

]
, (30)

where the partial pressures {pk} of each sort of particles
are introduced for convenience.

The system of Eqs. (29) and (30) for the IST coefficient
Σ and pressure p, respectively, defines the EoS of the mix-
ture of hadrons and light nuclei within the VdW approx-
imation. Note that in contrast to the heuristic derivation
of such a system suggested in [62] the present derivation of
the system (29) and (30) is rigorous and well-controlled.
The applicability range of the VdW approximation is, un-
fortunately, rather narrow and, therefore, its usage at the
packing fractions η =

∑
k∈h,A

gkAVkρk (here ρk = ∂p
∂µk

is

the particle number density) above 0.12-0.15 may lead to
problems with causality [37,38,78] (a typical example of
acausal HRGM can be found in Ref. [79], see also its cri-
tique in Refs. [37,38]).

Fortunately, the applicability range of the system (29)
and (30) can be extended to higher values of packing frac-
tions in a simple way. The main idea of the IST approach
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[36,37,38,39,40] is that at high pressures the mean radius
R in Eqs. (26), (8) and (29) should be suppressed stronger
than it is provided by the VdW approximation. Then for
increasing pressure the mean radius R should gradually
vanish leading to a reduction of the effective excluded vol-
ume of particle of k-th sort which is defined as

V effk = gkA
(Vkp+ SkΣ)

p
→

→


gkA(Vk + SkR), for max[Vh]p

T � 1,

gkAVk, for max[Vh]p
T � 1.

(31)

In other words, a gradual vanishing of the mean hard-core
radius R should provide a slow transformation of the VdW
(excluded volume) approximation, which is valid at low
packing fractions η ≤ 0.1, into the eigen volume approx-
imation, which is valid at high packing fractions η > 0.5
[77,80]. As suggested in Ref. [36] and verified in Refs. [37,
38,39,40] such an additional suppression of R can be ob-
tained by replacing the term ΣSk on the right hand side
of Eq. (29) as

ΣSk → ΣSkαk, where αk > 1 , (32)

where the auxiliary parameters αk should be chosen in
such a way that they describe the higher virial coefficients.
Under this generalization Eq. (29) becomes

Σ =
∑
k∈h,A

Σk =

= T
∑
k∈h,A

gkARkφk exp

[
µk − gkA(pVk + αkΣSk)

T

]
,(33)

where Σk denotes the surface tension coefficient of k-th
sort of particles. In this way one can account not only for
the second virial coefficients, but also for the higher order
virial coefficients as demonstrated for systems with single-
component hard-core repulsion in Refs. [37,38,39] and for
two-component mixtures studied recently in [40].

The reason to chose all the parameters αk as αk > 1
becomes apparent after analyzing the effective excluded
volume (31). Indeed, substituting Eq. (33) into Eq. (31)
one finds for hadrons

V effk ≡ Vk + Sk

∑
l∈h,A

plRle
−(αl−1)SlΣ/T∑

n∈h,A
pn

. (34)

This equation shows that in the limit of low packing frac-
tions, i.e. for Σmax[Sh]/T � 1, each exponential in Eq.

(34) is exp
[
− (αl−1)SlΣ

T

]
' 1 and, hence, one recovers the

upper Eq. (31). However, it is easy to show that for high
packing fractions an opposite inequality ΣSk

T � 1 is valid
for any Sk > 0. In this case the condition αk > 1 provides
the vanishing of the mean radius R ≡ Σ

p and, hence, in

this limit the effective excluded volume of each particle

approaches its eigen volume, V effk → Vk. Thus, at high
packing fractions Eq. (34) leads to the lower Eq. (31).

The system (30), (33) is a generalization of the IST
EoS derived in Ref. [40] for the classical hard spheres onto
the multicomponent mixture of hard spheres (hadrons)
and roomy classical clusters which are the light nuclei of
A baryons. As one can see from the derivation above such
a generalization is not straightforward and contains some
nontrivial steps. In particular, the inequality (6) played a
crucial role in simplifying our derivation of the mean ex-
cluded volume per particle. Furthermore, the fact that the
thermal density (14) of considered particles may, in prin-
ciple, include the finite width opens an entirely new pos-
sibility to apply the present approach to the treatment of
other roomy exotic clusters which have even larger width,
than the hypertriton 3

ΛH like, e.g., 4Li and 4H [6,41].
In fact, the system (30), (33) can be generalized further

in the spirit of Refs. [39,40] in order to extend it to very
high packing fractions η ' 0.45− 0.5 by introducing into
treatment the induced curvature tension.

In Refs. [37,38] it is shown that even with a single pa-
rameter αk = const = α = 1.245 Eqs. (30), (33) for the
classical hard spheres allows one to go beyond the VdW
approximation, whereas in Ref. [40] one can find several
examples on how two auxiliary parameters enables us to
go far beyond the VdW approximation for two compo-
nent classical systems. However, an extension of the sys-
tem (30), (33) onto the quantum mechanical treatment of
light (anti)nuclei in the spirit of Ref. [39] still remains a
challenge for theoreticians.

3 Analysis of light nuclei multiplicities
measured in A+A collisions

The system (30), (33) is the IST EoS with classical ex-
cluded volumes of (light) nuclei and, hence, hereafter it
is called IST EoS in order to distinguish it from another
treatment of hard-core repulsion developed in [60,62]. Al-
though an approach of Refs. [60,62] is approximative, nev-
ertheless, we consider it as a complementary one to the
IST model. It is based on the idea to introduce the equiv-
alent hard-core radius ReqAh of a pair Ah by equating the
excluded volume 2

3π(ReqAh)3 with the equivalent hard-core
radius ReqAh to the actual excluded volume of such a pair
bAh given by Eq. (1). Then we get the equivalent hard-core
radius as [62]

ReqAh = A
1
3 (Rb +Rh) . (35)

From the expression for ReqAh one can determine the effec-
tive hard-core radius of a nucleus in a hadronic medium
dominated by pions

RA ' ReqAπ −Rπ ' A
1
3Rb + (A

1
3 − 1)Rπ ' A

1
3Rb . (36)

It is necessary to stress that this approximation is well jus-
tified for the A+A of high energies by the fact that pions
are the most abundant particles. In particular, this is the
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c a s e f or t h e L H C a n d t h e hi g h e st R HI C c olli si o n e n er gi e s.
T h e t er m ( A

1
3 − 1) R π i n E q. ( 3 6) i s a s m all c orr e cti o n t o

t h e e ff e cti v e h ar d- c or e r a di u s of n u cl ei R A A
1
3 R b , si n c e

t h e h ar d- c or e r a di u s of pi o n s R π 0 .1 5 f m [ 3 6, 3 7] i s e s-
s e nti all y s m all er t h a n t h e o n e of b ar y o n s R b = 0 .3 6 5 f m
a n d t h e h ar d- c or e r a dii of k a o n s R K = 0 .3 9 5 f m a n d ot h er
m e s o n s R m = 0 .4 2 f m. T h er ef or e, f or l o w v al u e s of b ar y-
o ni c c h e mi c al p ot e nti al (r o u g hl y f or µ B < T ) t h e pi o n s
a r e t h e l e a st s u p pr e s s e d b y t h e h ar d- c or e r e p ul si o n a n d,
c o n s e q u e ntl y, f or a n y A ≤ 4 t h e c orr e cti o n ( A

1
3 − 1) R π ≤

0 .0 8 8 f m i n E q. ( 3 6) c a n b e s af el y n e gl e ct e d f or t h e pi o n-
d o mi n at e d h a dr o ni c m e di u m.

T h e h ar d- c or e r a di u s of li g ht ( a nti) n u cl ei ( 3 6) i s si mil ar
t o t h e e x pr e s si o n of t h e B a g M o d el r a di u s ( B M R) [ 8 1] of
l ar g e b a g s of q u ar k- gl u o n pl a s m a a n d, h e n c e, h er e aft er
t hi s m o d el i s c all e d t h e B M R E o S. D e s pit e t h e f a ct t h at
it i s a n a p pr o xi m ati v e a p pr o a c h, it i s, h o w e v er, si m pl er
b e c a u s e wit h t h e h el p of t h e h ar d- c or e r a di u s ( 3 6) t h e
I S T E o S all o w s o n e t o tr e at t h e n u cl ei a n d h a dr o n s e x a ctl y
o n t h e s a m e f o oti n g. M or e o v er, a si m ult a n e o u s u s e of I S T
a n d B M R a p p r o a c h e s all o w s u s t o i nt r o d u c e a n e w st r at e g y
t o l o c at e t h e C F O of li g ht ( a nti ) n u cl ei. Si n c e i n t h e pi o n-
d o mi n at e d h a dr o ni c m e di u m t h e B M R a p pr o a c h s h o ul d
gi v e t h e s a m e r e s ult s a s t h e I S T, w e h a v e t o s e ar c h f or t h e
r e gi o n of p ar a m et er s at w hi c h b ot h a p pr o a c h e s pr o vi d e a
si mil ar q u alit y of t h e d at a d e s cri pti o n.

F or t h e B M R a p pr o a c h t h e s y st e m ( 3 0), ( 3 3) s h o ul d
b e sli g htl y m o di fi e d. T h e n f or m all y c o n si d eri n g t h e li g ht
( a nti) n u cl ei a s t h e pri m e d s ort s of h a dr o n s h A ( wit h A =
2 , 3 , 4), w e c a n writ e

p =
k ∈ h, h A

p k = T
k ∈ h, h A

φ k e x p
µ k − p V k − Σ S k

T
,( 3 7)

Σ =
k ∈ h, h A

Σ k =

= T
k ∈ h, h A

R k φ k e x p
µ k − p V k − α k Σ S k

T
, ( 3 8)

w h er e t h e h ar d- c or e r a dii of pri m e d h a dr o n s ar e gi v e n b y
E q. ( 3 6).

T h e p arti al v al u e s p k a n d Σ k e nt eri n g t h e s y st e m ( 3 0),
( 3 3) ( or ( 3 7), ( 3 8)) all o w o n e t o writ e t h e p arti cl e n u m b er
d e n sit y of k -t h s ort of p arti cl e i n a si m pl e w a y

ρ k ≡
∂ p

∂ µ k
=

1

T
·

p k a 2 2 − Σ k a 1 2

a 1 1 a 2 2 − a 1 2 a 2 1
. ( 3 9)

F or t h e s y st e m ( 3 7), ( 3 8) t h e c o e ffi ci e nt s a kl ar e gi v e n b y
[ 3 7]

a 1 1 = 1 +
4

3
π

k ∈ h, h A

R 3
k

p k

T
, a1 2 = 4 π

k ∈ h, h A

R 2
k

p k

T
, ( 4 0)

a 2 1 =
4

3
π

k ∈ h, h A

R 3
k

Σ k

T
, a2 2 = 1 + 4 π

k ∈ h, h A

R 2
k α k

Σ k

T
, ( 4 1)

w hil e i n or d er t o c al c ul at e t h e p arti cl e n u m b er d e n siti e s
f or t h e s y st e m ( 3 0), ( 3 3) i n E q s. ( 4 0) a n d ( 4 1) o n e h a s t o

3−1 0

2−1 0

1−1 0

1R
ati

o

D at a
M o d el fit

A LI C E D at a

 = 2. 7 6 T e Vs

2−
1−
0
1
2

]
σ

D
ev

i
ati

o
n 
[

p
+K

−K
−π

p
−π

Ω + Ω
Ξ

ϕ
−K

+K
+π

Ξ
+π

Ξ
Λ

Ω
Ξ

Ω
Λ

p
+π

1 4 0 1 5 0 1 6 0 1 7 0 1 8 0 1 9 0 2 0 0 2 1 0

T [ M e V]

1

1 0

21 02
χ

I S T E o S       

Si n gl e F O

N u cl ei o nl y

H a dr o n s o nl y

 = 0
A

N u cl ei o nl y R

1 4 0 1 4 5 1 5 0 1 5 5 1 6 0 1 6 5 1 7 0 1 7 5 1 8 0

T [ M e V]

1

1 0

21 02
χ

B a g M o d el     

Si n gl e F O

N u cl ei o nl y

H a dr o n s o nl y

 = 0
A

N u cl ei o nl y R

Fi g. 1. U p p e r p a n el: R a ti o s of h a d r o ni c yi el d s m e a s u r e d a t
√

s N N = 2 .7 6 Te V ( s y m b ol s ) v s. t h e r e s ul t s of I S T E o S ( 3 0 ),
( 3 3 ) ( b a r s, f o r m o r e d e t ail s s e e t h e t e x t ). T h e C F O t e m p e r a-
t u r e s T A = T h = 1 5 0 .1 ± 1 .9 M e V a r e f o r t h e si n g e C F O I S T
E o S. I n s e r ti o n s h o w s t h e d e vi a ti o n of t h e o r y f r o m d a t a i n t h e
u ni t s of e x p e ri m e nt al e r r o r. Mi d dl e p a n el: Te m p e r a t u r e d e-
p e n d e n c e of χ 2

t o t , χ 2
h a n d χ 2

A f o r t h e I S T E o S. L o w e r p a n el:
S a m e a s i n t h e mi d dl e p a n el, b u t f o r t h e B M R E o S.

m a k e t h e f oll o wi n g r e pl a c e m e nt s

R 2
h A

→ A R 2
b ,  R3h A

→ A R 3
b , ( 4 2)

f or t h e p o w er s of h ar d- c or e r a di u s of A b ar y o n s n u cl e u s.
Aft er fi n di n g all p arti al v al u e s { p k } a n d { Σ k } , fr o m t h e
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e x pr e s si o n s ( 3 9)-( 4 1) o n e c a n d et er mi n e t h e t h er m al yi el d
N t h

k = V ρ k of t h e k -t h s ort of p arti cl e s. F or h a dr o n s,
h o w e v er, o n e h a s al s o t o a d d t h e c o ntri b uti o n c o mi n g fr o m
t h e d e c a y s of r e s o n a n c e s. F or t h e k n o w n br a n c hi n g r ati o s
B r l→ k of h a dr o ni c d e c a y s l → k o n e c a n writ e t h e t ot al
yi el d of k -t h s ort of h a dr o n s a s f oll o w s

N t o t
k = V ρ k +

l= k

ρ l B r l→ k , ( 4 3)

w h er e V i s t h e C F O v ol u m e. Si n c e all d et ail s of t h e fitti n g
p r o c e s s ar e w ell pr e s e nt e d i n t h e ori gi n al w or k s [ 3 7, 3 8],
h er e w e di s c u s s t h e m o st i m p ort a nt i s s u e s o nl y.

T o a n al y z e t h e A LI C E d at a [ 4 5, 4 6, 4 7] w e u s e t h e s et u p
of R ef. [ 3 7], w hil e f or t h e a n al y si s of t h e S T A R d at a t h at
of R ef. [ 3 8]. T h e m ai n di ff er e n c e i n fitti n g t h e h a dr o n s a n d
t h e A - b ar y o n n u cl ei i s t h at f or h a dr o n s w e u s e t h e r ati o s

R t h e o
kl =

ρ k + n = k ρ n B r n → k

ρ l + n = k ρ n B r n → l
, ( 4 4)

of yi el d s of h a dr o n s of s ort s k a n d l. O n c o ntr ar y f or t h e
A b ar y o n n u cl ei w e e m pl o y t h e yi el d s. H e n c e t h e t ot al
χ 2

t o t (V ) u s e d i n t h e pr e s e nt w or k i s

χ 2
t o t (V ) = χ 2

h + χ 2
A (V ) =

=
k = l∈ h

R t h e o
kl − R e x p

kl

δ R e x p
kl

2

+
A

ρ A (T )V − N e x p
A

δ N e x p
A

2

. ( 4 5)

H er e χ 2
h a n d χ 2

A d e n ot e, r e s p e cti v el y, t h e m e a n d e vi ati o n
s q u ar e d f or h a dr o n s a n d ( a nti) n u cl ei. N ot e t h at χ 2

t o t (V )
i s a f u n cti o n of t h e C F O v ol u m e V . T hi s i s a n i m p ort a nt
di ff er e n c e fr o m o ur pr e vi o u s a n al y s e s of [ 2 5, 2 6, 2 7, 2 9, 3 7,
3 8], w hi c h, a s w e will s h o w b el o w, all o w s u s t o el u ci d at e
t h e n e w d et ail s o n t h e C F O of li g ht ( a nti) n u cl ei. Si n c e
n o w o n w e al s o c o n si d er a si n gl e v al u e α k = 1 .2 5[ 3 7, 3 8].

Fir st, w e a p pl y t h e si n gl e C F O m o d el t o t h e A LI C E
d at a d e s cri pti o n. T h e h a dr o ni c d at a w er e t a k e n fr o m R ef s.
[ 8 2, 8 3, 8 4, 8 5]. I n t h e H R G M it i s tr a diti o n all y a s s u m e d
t h at t h e C F O o c c ur s f or all p arti cl e s si m ult a n e o u sl y. T h e
p ri n ci p al r e s ult s ar e gi v e n i n T a bl e 2 a n d Fi g s. 1 a n d 2.
T o g et t h e s e r e s ult s w e c al c ul at e d t h e χ 2

t o t u si n g 2 fitti n g
p ar a m et er s, i. e. t h e C F O t e m p er at ur e a n d t h e C F O v ol-
u m e of n u cl ei V = V A , f or 1 1 h a dr o ni c r ati o s a n d 8 yi el d s
of li g ht ( a nti) n u cl ei. All t h e c h e mi c al p ot e nti al s ar e s et t o
z er o, w hil e γ s = 1 i s fi x e d a c c or di n g t o R ef s.[ 3 7, 3 8]. T h e
h ar d- c or e r a dii of h a dr o n s ar e t a k e n fr o m o ur pr e vi o u s
w or k s [ 3 7, 3 8] ( ar e li st e d a b o v e). T h e s e v al u e s pr o vi d e a n
e x c ell e nt d e s cri pti o n of h a dr o n yi el d r ati o s fr o m A G S t o
L H C e n er gi e s.

A s o n e c a n s e e fr o m Fi g. 1 a n d fr o m T a bl e 2 t h e
q u alit y of A LI C E d at a d e s cri pti o n o bt ai n e d f o r t h e si n gl e
C F O s c e n ari o i s si mil ar f or t h e I S T a n d B M R E o S. M or e-
o v er, t h e c orr e s p o n di n g C F O t e m p er at ur e s ar e v e r y si m-
il ar, si n c e t h e χ 2

t o t i s c o m pl et el y d e fi n e d b y t h e h a dr o ni c
c o ntri b uti o n t o χ 2

t o t . Alt h o u g h t h e o bt ai n e d o v er all d e-
s cri pti o n i s s ati sf a ct or y wit h χ 2

t o t / d o f |I S T 1 .6 2 7 a n d
χ 2

t o t / d o f |B M R 1 .3 3 6, t h er e ar e t w o s ur pri si n g f e at ur e s
i n t hi s s c e n ari o. Fir st, χ 2

t o t / d o f |I S T f o u n d b y t h e a d v a n c e d
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Fi g. 2. T h e yi el d s of n u cl e a r cl u s t e r s m e a s u r e d a t
√

s N N =
2 .7 6 Te V v s. t h e o r e ti c al d e s c ri p ti o n i n t h e s c e n a ri o of s e p a-
r a t e C F O of li g ht ( a nti ) n u cl ei. U p p e r p a n el: T h e mi n χ 2

A ( V )
c o r r e s p o n d s t o t h e B M R E o S ( t hi r d r o w i n T a bl e 2 ). L o w e r
p a n el: S a m e a s i n t h e u p p e r p a n el, b u t f o r t h e I S T E o S (f o r t h
r o w i n T a bl e 2 ).

m o d el i s s o m e w h at l ar g er t h a n χ 2
t o t / d o f |B M R . S e c o n d, t h e

C F O v ol u m e s of li g ht ( a nti) n u cl ei ar e e s s e nti all y l ar g er

t h a n t h e C F O v ol u m e V h =
N e x p

π +

ρ π + + l = k ρ l B r l → π +
8 1 6 5 ±

6 0 0 f m 3 of h a dr o n s f o u n d fr o m t h e e x p eri m e nt al m ulti-
pli cit y of p o siti v e pi o n s N e x p

π + . T hi s i s b e st s e e n, w h e n
a p pl yi n g t h e n e w str at e g y t o d et e r mi n e t h e c o m m o n C F O
v ol u m e f or n u cl ei w hi c h i s f o u n d t o b e V A ∈ [ 1 1 1 0 0; 1 3 2 6 0]
f m3 . C o m p ari n g V A wit h V h o n e fi n d s t h at mi n V A

1 1 1 0 0 f m 3 i s si z a bl y l ar g e r t h a n m a x V h 8 7 6 5 f m 3 . T hi s
m e a n s t h at at t h e s a m e C F O t e m p er at ur e t h e e mi s si o n
v ol u m e of h a dr o n s a n d n u cl ei ar e r at h er di ff er e nt, i. e. t h e
n u cl ei ar e fr e e zi n g o ut i n a m u c h l ar g er v ol u m e w hi c h
m e a n s t h at t h er e i s n o c o m m o n h y p er- s urf a c e of C F O.
I n o ur o pi ni o n, b ot h of t h e s e f e at ur e s e vi d e n c e f or t h e i n-
t er n al i n c o n si st e n c y of t h e si n gl e C F O s c e n ari o at A LI C E
e n er g y of c olli si o n s. T h er ef or e, f oll o wi n g t h e ori gi n al i d e a
of R ef. [ 6 0], w e v erif y t h e h y p ot h e si s of s e p ar at e C F O of
li g ht ( a nti) n u cl ei.

Fr o m Fi g. 1 o n e c a n s e e t h at at hi g h C F O t e m p er at ur e s
t h e q u a ntit y χ 2

A (V A (T A )) h a s a d e e p mi ni m u m n ot o nl y
f or t h e I S T a n d B M R E o S, b ut e v e n f or t h e v a ni s hi n g
si z e of n u cl ei. I n ot h er w or d s, t h e e xi st e n c e of a mi ni m u m
of χ 2

A at hi g h t e m p er at ur e s i s a g e n eri c f e at ur e of t h e
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D e s c ri p ti o n T h , M e V T A , M e V V A , f m3 χ 2 / d o f

Si n gl e C F O, B M R 1 5 0 .3 5 ± 1 .9 1 1 5 0 .3 5 ± 1 .9 1 1 1 2 4 1 ± 2 0 1 6 1 .3 3 6

Si n gl e C F O, I S T 1 5 0 .0 6 ± 1 .9 4 1 5 0 .0 6 ± 1 .9 4 1 3 3 5 7 ± 2 2 7 7 1 .6 2 7

S e p a r a t e C F O, B M R 1 4 8 .1 2 ± 2 .0 3 1 6 8 .4 1 ± 5 .6 0 2 9 9 7 ± 1 1 6 4 0 .6 7 5

S e p a r a t e C F O, I S T 1 4 8 .1 2 ± 2 .0 3 1 9 8 .5 9 ± 3 0 .4 7 1 5 4 4 ± 1 0 2 7 0 .6 5 6

T a bl e 2. T h e r e s ul t s o b t ai n e d b y t h e a d v a n c e d H R G M f o r t h e fi t of A LI C E d a t a m e a s u r e d a t
√

s = 2 .7 6 Te V. T h e C F O
t e m p e r a t u r e of h a d r o n s i s T h , t h e C F O t e m p e r a t u r e of li g ht ( a nti ) n u cl ei i s T A , w hil e t h ei r C F O v ol u m e i s V A . T h e l a s t c ol u m n
gi v e s t h e fi t q u ali t y.

a d v a n c e d v e r si o n s of H R G M. I n t h e s c e n ari o of s e p ar at e
C F O of n u cl ei, t h er e ar e t hr e e fitti n g p ar a m et er s, n a m el y
t h e C F O t e m p er at ur e s of h a dr o n s T h a n d n u cl ei T A , a n d
t h e C F O v ol u m e of n u cl ei V A . A s o n e c a n s e e fr o m T a bl e
2 a n d fr o m Fi g s. 1 a n d 2 o n e c a n s e e t h at t h e h y p ot h e si s
of s e p ar at e C F O of n u cl ei pr o vi d e s a n e x c ell e nt fit wit h
χ 2

t o t / d o f |I S T 0 .6 5 6 a n d χ 2
t o t / d o f |B M R 0 .6 7 5. T h u s,

c o m p ar e d t o t h e si n gl e C F O s c e n ari o t h e v al u e of χ 2
t o t / d o f

i n t hi s c a s e d e cr e a s e d b y 5 0 %.
H o w e v er, t h e mi ni m u m of χ 2

A |I S T i s l o c at e d at e s s e n-
ti all y l ar g er C F O t e m p er at ur e t h a n t h e o n e f o u n d f or t h e
mi ni m u m of χ 2

A |B M R . M or e o v er, t h e f o u n d T A f or I S T E o S
i s s o l ar g e, t h at o n e c a n d o u bt t h e e xi st e n c e of h a dr o n s
a n d n u cl ei at t hi s C F O t e m p er at ur e. F ort u n at el y, wit h
t h e h el p of t h e n e w str at e g y i ntr o d u c e d i n t h e pr e c e di n g
s e cti o n o n e c a n r e s ol v e t hi s pr o bl e m e a sil y. I n d e e d, si mi-
l ar r e s ult s f or t h e d e s cri pti o n of li g ht ( a nti) n u cl ei b y t h e
I S T a n d B M R E o S c a n b e a c hi e v e d i n t h e vi ci nit y of t h e
c o m m o n C F O t e m p er at ur e T c o m

A d e fi n e d b y t h e e q u alit y

χ 2
A (V (T c o m

A ))|I S T = χ 2
A (V (T c o m

A ))|B M R ⇒ ( 4 6)

⇒ T c o m
A = 1 7 5 .1 + 2 .3

− 3 .9 M e V , ( 4 7)

w h er e t h e c o m m o n C F O t e m p er at ur e still c orr e s p o n d s
t o a v e r y a c c ur at e d e s cri pti o n of t h e A LI C E d at a f or
li g ht ( a nti) n u cl ei χ 2

A (V (T c o m
A ))|I S T 3 .2 a n d V c o m

A =

V A (T c o m
A ) 2 6 6 0 + 1 0 1 0

− 1 1 6 0 f m3 . T h e u p p er a n d l o w er d e vi a-
ti o n s fr o m T c o m

A = 1 7 5 .1 M e V i n E q. ( 4 7) w er e f o u n d n u-
m eri c all y b y i n cr e a si n g t h e v al u e of χ 2

A (V (T c o m
A ))|I S T

3 .2 o n 1 σ . N ot e t h at f or T c o m
A = 1 7 5 .1 M e V t h e t ot al

v al u e of χ 2
t o t / d o f = 1 2 .1 2 3 / 1 6 0 .7 5 8 i s r at h er s m all, i. e.

it still c orr e s p o n d s t o a hi g hl y a c c ur at e d e s cri pti o n of t h e
A LI C E d at a. F urt h er m or e, t h e f o u n d r a n g e of T c o m

A i s c o n-
si st e nt wit h t h e v al u e s of C F O t e m p er at ur e f o u n d f or t h e
R HI C c olli si o n e n er g y [ 3 7, 5 7, 5 6, 8 6] a n d it i s a f e w M e V
a b o v e t h e u p p er e sti m at e f or t h e cr o s s- o v er t e m p er at ur e
T c o 1 4 7 − 1 7 0 M e V pr e di ct e d b y t h e l atti c e f or m ul ati o n
of Q C D at v a ni s hi n g v al u e of t h e b ar y o ni c c h e mi c al p ot e n-
ti al [ 8 7, 8 8]. T h er ef or e, w e ar e c o n fi d e nt t h at t h e H R G M
i s a p pli c a bl e at t h e s e v al u e s of t h e c o m m o n C F O t e m p er-
at ur e.

It i s n e c e s s ar y t o m e nti o n t h at t h e a b o v e n u m b er s dif-
f er sli g htl y fr o m o ur pr eli mi n ar y r e s ult s of a si mil ar a n al-
y si s r e p ort e d i n R ef. [ 6 2]. T h e m ai n di ff er e n c e i s t h at i n
t h e pr e s e nt w or k w e u s e t h e n o n- v a ni s hi n g wi dt h f or all
h a dr o ni c r e s o n a n c e s, w hil e i n R ef. [ 6 2] t h e s ol uti o n s of s y s-
t e m s ( 2 9), ( 3 0) a n d ( 3 7), ( 3 8) w er e f o u n d f or z er o wi dt h
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Fi g. 3. U p p e r p a n el: R a ti o s of h a d r o ni c yi el d s m e a s u r e d a t
√

s N N = 2 0 0 G e V ( s y m b ol s ) v s. t h e r e s ul t s of I S T E o S ( b a r s )
( 3 0 ), ( 3 3 ) (f o r m o r e d e t ail s s e e t h e t e x t ). T h e C F O t e m p e r a-
t u r e s T A = T h = 1 6 7 .2 8 ± 3 .9 3 M e V a r e gi v e n f o r t h e si n g e C F O
I S T E o S. I n s e r ti o n s h o w s t h e d e vi a ti o n of t h e o r y f r o m d a t a i n
t h e u ni t s of e x p e ri m e nt al e r r o r. L o w e r p a n el: Te m p e r a t u r e
d e p e n d e n c e of χ 2

t o t , χ 2
h a n d χ 2

A f o r t h e I S T E o S.

of all h a dr o ni c r e s o n a n c e s i n or d er t o f a st e n t h e fit pr o-
c e s s. H o w e v er, t h e v al u e of T c o m

A = 1 7 5 .1 M e V f o u n d h er e
a n d t h e r e s ult T c o m

A = 1 7 4 .6 M e V f o u n d i n [ 6 2] ar e pr a c-
ti c all y t h e s a m e, w h er e a s it s u n c ert ai nt y d et er mi n e d h er e
i s a c o u pl e of M e V l ar g er t h a n i n R ef. [ 6 2].

T h e r e s ult s of a si mil ar a n al y si s of t h e S T A R d at a
m e a s ur e d at

√
s = 2 0 0 G e V ar e pr e s e nt e d i n T a bl e 3 a n d
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Fi g s. 3 a n d 4. T h e S T A R d at a c o n si st of 1 0 h a dr o ni c r ati o s
t h at ar e t a k e n fr o m R ef s. [ 9 0, 9 1, 9 2] a n d ar e s h o w n i n t h e
u p p er p a n el of Fi g. 3, yi el d s of ( a nti) d e ut er o n s [ 4 4], a n d 5
li g ht ( a nti) n u cl ei yi el d r ati o s [ 4 2, 4 3]. F or t h e si n gl e C F O
s c e n ari o, w e h a v e 3 fitti n g p ar a m et er s, i. e. C F O t e m p er a-
t ur e T h = T A , C F O b ar y o ni c c h e mi c al p ot e nti al µ A

B = µ h
B

a n d t h e C F O v ol u m e of n u cl ei V A . T h e str a n g e c h e mi c al
p ot e nti al a n d t h e o n e of t hir d pr oj e cti o n of i s o s pi n ar e s et
t o z er o f or si m pli cit y, w hil e γ s = 1 a c c or di n g t o R ef. [ 3 8].

T h e r e s ult s o bt ai n e d f or t h e h a dr o ni c r ati o s ar e d e-
pi ct e d i n t h e u p p er p a n el of Fi g. 3, w hil e t h e C F O t e m-
p er at ur e s c a n of χ 2

t o t (V (T A = T h ))|I S T i s s h o w n i n t h e
l o w er p a n el of t hi s fi g ur e. A s o n e c a n s e e fr o m Fi g. 3 all

h a dr o ni c r ati o s, e x c e pt t h e r ati o Ω + ¯Ω
Ξ , ar e w ell r e pr o d u c e d

b y t h e I S T E o S. Fr o m T a bl e 3 o n e c a n s e e t h at t h e C F O
t e m p er at ur e T h , t h e C F O b ar y o ni c c h e mi c al p ot e nti al µ h

B
a n d χ 2

t o t / d o f o bt ai n e d f or t h e I S T a n d B M R E o S ar e pr a c-
ti c all y t h e s a m e. B ut t h e m o st stri ki n g r e s ult i s t h at f or
t h e si n gl e C F O s c e n ari o, t h e v al u e of c o m m o n C F O v ol-
u m e V c o m

A = 1 8 9 8 .5 ± 1 5 7 .5 f m 3 ( s e e T a bl e 3) i s o nl y
3 0 p er c e nt s m all er c o m p ar e d t o t h e c orr e s p o n di n g v al u e
V c o m

A 2 6 6 0 + 1 0 1 0
− 1 1 6 0 f m3 f o u n d a b o v e f or t h e A LI C E e n er g y.

W e b eli e v e t hi s i s a r e m a r k a bl e fi n di n g, si n c e t h e c olli si o n
e n e r g y of t h e A LI C E d at a i s a b o ut 1 4 ti m e s l a r g e r t h a n
t h e o n e of t h e S T A R d at a. At t h e s a m e ti m e f or t hi s s c e-
n ari o, t h e C F O v ol u m e of h a dr o n s V h = 2 8 0 8 ± 2 5 3 f m 3

f o u n d vi a t h e d e n sit y of p o siti v e pi o n s i s sli g htl y l ar g er.

F or t h e s c e n ari o of s e p ar at e C F O of li g ht ( a nti) n u cl ei,
t h e C F O t e m p er at ur e of n u cl ei i s s u b st a nti all y hi g h er t h a n
t h e o n e of h a dr o n s a s o n e c a n s e e fr o m T a bl e 3. Alt h o u g h
t h e hi g h er v al u e of T A pr o vi d e s a b ett er d e s cri pti o n of t h e
li g ht ( a nti) n u cl ei yi el d s a s it i s s e e n fr o m Fi g. 4, t h e v al u e
of χ 2

t o t (V (T c o m
A ))/ d o f |I S T = χ 2

t o t (V (T c o m
A ))/ d o f |B M R

1 .6 1 wit h T c o m
A 1 8 0 ± 1 1 .2 5 M e V i s a b o ut 1 0 p er c e nt

l ar g er t h a n f or t h e s c e n ari o of a si n gl e C F O. T h e r e a s o n
i s t h at f or t h e s c e n ari o of s e p ar at e C F O t h er e ar e t w o
a d diti o n al p ar a m et er s, n a m el y t h e t e m p er at ur e of n u cl ei
T A a n d t h eir b a r y o ni c c h e mi c al p ot e nti al µ A

B w er e fitt e d
i n t hi s c a s e. A s a r e s ult, t h e n u m b er of d e gr e e s of fr e e-
d o m i n t hi s c a s e i s 1 7 − 5 = 1 2. T h er ef or e, i n c o ntr a st
t o t h e A LI C E d at a, t h e S T A R d at a d o n ot d e m o n str at e
a n y pr ef e r e n c e f or t h e s e p ar at e C F O of li g ht ( a nti) n u cl ei.
F urt h er m or e, i n o ur o pi ni o n, t h e r e i s n o r e a s o n t o e x p e ct
t h at C F O of li g ht ( a nti) n u cl ei c a n o c c ur at t h e C F O t e m-
p er at ur e s a b o v e 1 7 5- 1 8 0 M e V, si n c e t h e h a dr o ni c d e s cri p-
ti o n at t h o s e C F O t e m p er at ur e s i s r at h er pr o bl e m ati c a c-
c or di n g t o t h e c o nt e m p or ar y l atti c e v e r si o n of Q C D [ 8 7,
8 8]. T h e r e c e nt l atti c e Q C D r e s ult f or t h e c o nti n u u m-
e xtr a p ol at e d c hir al s u s c e pti bilit y at v a ni s hi n g v al u e s of
b ar y o ni c c h e mi c al p ot e nti al d e fi n e wit h hi g h a c c ur a c y t h e
p s e u d o- criti c al tr a n siti o n t e m p er at ur e T p c = 1 5 6 .5 ± 1 .5
M e V [ 8 9] fr o m it s p e a k p o siti o n. H o w e v er, it al s o d e m o n-
str at e d t h at t hi s p e a k h a s a f ull- wi dt h at h alf m a xi m u m of
a b o ut 4 0 M e V. T h er ef or e w e c o n cl u d e t h at t h e S T A R d at a
w hi c h f a v or t h e si n gl e C F O s c e n ari o wit h T c o m

A |S T A R

1 6 7 .2 2 M e V a n d V (T c o m
A )|S T A R 1 8 9 8 .5 f m 3 ( s e e T a bl e

3) i s n ot i n c o ntr a di cti o n wit h t h e l atti c e Q C D r e s ult of
R ef. [ 8 9].
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Fi g. 4.  U p p e r p a n el: Yi el d of ( a nti ) d e u t e r o n a n d r a ti o s
of yi el d s of li g ht ( a nti ) n u cl ei m e a s u r e d a t

√
s N N = 2 0 0 G e V

( s y m b ol s ) v s. t h e r e s ul t s of I S T E o S ( b a r s ) ( 3 0 ), ( 3 3 ) (f o r m o r e
d e t ail s s e e t h e t e x t ). T h e t e m p e r a t u r e s T A = T h = 1 6 7 .2 8 ±
3 .9 3 M e V a r e f o r t h e si n g e C F O wi t h I S T E o S. I n s e r ti o n s h o w s
t h e d e vi a ti o n of t h e o r y f r o m d a t a i n t h e u ni t s of e x p e ri m e nt al
e r r o r. L o w e r p a n el: S a m e a s i n t h e u p p e r p a n el, b u t f o r t h e
s e p a r a t e C F O wi t h I S T E o S f o r T A = 2 4 0 .2 9 ± 2 1 .3 8 M e V.

It i s n e c e s s ar y t o p oi nt o ut t h at t h e l o w er q u alit y of
t h e d e s c ri pti o n of S T A R d at a i s g e n er at e d b y t h e r ati o s
3
Λ H / 3 H e a n d 3

Λ H / 3 H e ( s e e Fi g. 4). T hi s i s a n ol d p u z-
zl e [ 9 3, 9 4] w hi c h still a w ait s f or it s s ol uti o n. It i s cl e ar,
h o w e v er, t h at a n i n c r e a s e of t h e C F O t e m p er at ur e a b o v e
1 7 5- 1 8 0 M e V i s n ot a vi a bl e s ol uti o n a n d h e n c e o n e h a s
t o l o o k f or a n ot h er e x pl a n ati o n.

T h e m o st i ntri g ui n g q u e sti o n of t hi s w or k i s: h o w c a n
o n e i nt er pr et t h e c o m m o n C F O v ol u m e of li g ht ( a nti) n u cl ei
V c o m

A ? Of c o ur s e, at t h e pr e s e nt st a g e of r e s e ar c h, t hi s
q u e sti o n c a n n ot a n s w er e d wit h c o n fi d e n c e, si n c e n eit h er
t h e m e c h a ni s m of li g ht n u cl ei pr o d u cti o n n or t h e m e c h a-
ni s m of t h eir t h er m ali z ati o n ar e w ell e st a bli s h e d. H o w e v er,
o ur e d u c at e d g u e s s i s t h at t h e t h er m al pr o d u cti o n of li g ht
( a nti) n u cl ei i s m o st n at ur all y c a u s e d b y t h e h a dr o ni z a-
ti o n of q u ar k- gl u o n b a g s [ 6 0, 9 5] f or m e d i n A + A c olli si o n s
w hi c h h a v e t h e H a g e d or n m a s s s p e ctr u m [ 5 5]. Si n c e t h e
H a g e d or n m a s s s p e ctr u m i s a p erf e ct t h er m o st at a n d a
p erf e ct p arti cl e r e s er v oir [ 9 6] a n y p arti cl e or cl u st er e mit-
t e d b y t h e b a g s wit h s u c h a m a s s s p e ctr u m will b e pr o-
d u c e d i n f ull c h e mi c al a n d t h er m al e q uili bri u m wit h t h e
e mitti n g b a g. S u c h a h y p ot h e si s i s n ot o nl y a bl e, i n pri n-
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Description Th, MeV TA, MeV µhB , MeV µAB , MeV VA, fm3 χ2/dof

Single CFO, BMR 167.16± 3.87 167.16± 3.87 29.99± 3.25 29.99± 3.25 1692± 364 1.429

Single CFO, IST 167.28± 3.93 167.28± 3.93 30.05± 3.26 30.05± 3.26 2155± 411 1.482

Separate CFO, BMR 166.51± 4.07 178.62± 14.63 28.84± 5.37 32.63± 4.94 979± 605 1.607

Separate CFO, IST 166.51± 4.07 240.29± 21.38 28.84± 5.37 44.08± 6.81 545± 537 1.330

Table 3. The results obtained by the advanced HRGM for the fit of STAR data measured at
√
s = 200 GeV. The CFO

temperature of hadrons (nuclei) is Th (TA), the CFO baryonic chemical potential of hadrons (nuclei) is µhB (µAB), while the CFO
volume of nuclei is VA. The last column gives the fit quality.

ciple, to explain the fact that the light nuclear clusters
appear in full chemical and thermal equilibrium, but also
the fact that the CFO temperatures extracted here from
the ALICE and STAR data coincide. Moreover, in a re-
cent preprint [97] based on a simplified transport model
which, nevertheless, accurately takes into account the mi-
croscopic reactions between hadrons and heavy resonances
with the Hagedorn mass spectrum it is shown that such an
approach is able to reasonably well reproduce the ALICE
data on hadronic and light nuclei multiplicities [45,46,47]
with the common CFO temperature of hadrons and nuclei
Tcom = 149 MeV for the Hagedorn temperature TH = 167
MeV. Note that this value of Tcom almost coincides with
the result Th = TA = 150.35± 1.91 MeV obtained within
a single CFO scenario for the ALICE data (see Table 2).
Unfortunately, the authors of Ref. [97] have not analyzed
the case of different CFO temperatures for hadrons and
light nuclei, but the results obtained in the present work
clearly demonstrate that this scenario is more favorable.

Therefore, in accordance with our hypothesis, the found
values of V comA can be considered as the total volume of
all quark-gluon bags from which the light (anti)nuclei are
produced. If this is the case, we can predict that the en-
tropy of quark-gluon bags produced at the collision ener-
gies
√
sNN = 2.76 TeV and

√
sNN = 200 GeV are related

to each other as

SALICE
SSTAR

' V comA · (T comA )3|ALICE
V comA · (T comA )3|STAR

' 1.609. (48)

Since during the hydrodynamic expansion of a perfect
fluid the entropy is approximately conserved, the ratio of
entropies at CFO of nuclei should be equal to the ratio
of initial entropies formed at the moment of thermaliza-
tion of quark-gluon bags. Therefore, the relation between
initial entropies (48) can be either verified by the hydro-
dynamic simulations or, alternatively, it can help to fix
the value of initial energy density which is used in the
integrated Hydro Kinetic Model [98].

In fact, the common CFO volumes obtained for two
different energies of collision allow us to determine the
number of emitting sources of nuclei. From the ratio of two

common CFO volumes
V (T comA )|ALICE
V (T comA )|STAR = 1.4015 ' 7

5 = 14
10

one can find the radius of emitting source RsourceA ' 4.49
fm for the number of 7 sources for the ALICE data and
5 sources for STAR data, or RsourceA ' 3.566 fm for the
number of 14 sources for the ALICE data and 10 sources

for the STAR data. Of course, it may be just a coinci-
dence, but the radius of emitting source RsourceA ' 3.566
fm is just 0.25 percent smaller than the coalescence model
parameter δr = 3.575 fm used in Ref. [99] to model the for-
mation process of light (anti)nuclei. Therefore, according
to our hypothesis that the light (anti)nuclei are produced
from the quark-gluon bags with Hagedorn mass spectrum
at the moment of their hadronization the radius of the
emitting source RsourceA ' 3.566 fm is, most likely, the ra-
dius of such bags. However, an additional verification of
the found emitting source radius is necessary.

4 Conclusions

In this work, we suggested and exploited an entirely new
strategy to elucidate the CFO parameters of light (anti)nuc-
lei produced in A+A collisions of high energy, in which the
medium of secondary hadrons is dominated by pions. This
strategy is based on two different approaches to model
the hard-core repulsion between light nuclei and hadrons.
The first approach is based on an approximate treatment
of equivalent hard-core radius of roomy nuclear clusters
and pions. The second approach is rigorously derived here
using a self-consistent treatment of classical excluded vol-
umes of light nuclei and hadrons. In other words, here
we generalized the induced surface tension concept to the
mixtures of hadrons of different hard-core radii and light
(anti)nuclei of different sizes and masses, and derived the
corresponding equation of state.

Since in the pion-dominated hadronic medium both
approaches should give the same results by construction,
we employed such a strategy to determine the simultane-
ous (common) description of the same experimental data
by two different approaches. In all scenarios of CFO stud-
ied here we, indeed, always found the region where these
two approaches provide a simultaneous and good descrip-
tion of the data. Such a strategy allows us to get rid of
the existing ambiguity in the light (anti)nuclei data de-
scription and to determine the CFO parameters of nuclei
in A+A collisions of high energy with high confidence. In
particular, for the ALICE data measured at

√
sNN = 2.76

TeV we found that the separate CFO of nuclei provides a
very high accuracy in the description of hadronic multi-
plicity ratios and the light (anti)nuclei yields using only 3
fitting parameters with χ2

tot/dof ' 0.758. The found CFO
temperature of nuclei is T comA = 175.1+2.3

−3.9 MeV and their



K. A. Bugaev et al.: Second virial coefficients of light nuclear clusters ... 13

CFO volume is V comA = 2660+1010
−1160 fm3, while the CFO of

hadrons occurs at essentially lower temperature.

On the contrary, from the analysis of the STAR data
measured at

√
sNN = 200 GeV, we found that the sin-

gle CFO of hadrons and nuclei with 3 fitting parame-
ters provides a better description which, in addition, is
internally self-consistent. In this case the best descrip-
tion of the STAR data is achieved for the following CFO
parameters of nuclei: T comA = Th = 167.2 ± 3.9 MeV,
V comA = 1898.5± 157.5 fm3 and χ2

tot/dof ' 1.45.

Based on the idea that the light (anti)nuclei are pro-
duced from the quark-gluon bags with an exponential mass
spectrum, we interpret the found CFO volumes of nuclei
as the sum of volumes of quark-gluon bags. From this in-
terpretation, we estimated the ratio of initial entropy of
thermalized bags for A+A collision energies

√
sNN = 200

GeV and
√
sNN = 2.76 TeV and the number of the emit-

ting sources of nuclei, which, in principle, can be verified
by the hydrodynamic or hydro-kinetic approaches. Sur-
prisingly, if the number of such sources is 14 for the ALICE
energy and, consequently, 10 for the STAR energy, as it is
required by their common CFO volumes, then the radius
of emitting sources of nuclei is 3.566 fm, which practically
coincides with the value of the coalescence distance used
in a successful transport code simulating the production
of nuclei [99].

In the present work we demonstrate that the experi-
mental data for the yields of hadrons and light nuclei pro-
duced in heavy-ion collisions at RHIC and LHC energies
can be described with a very high accuracy, if one uses
a formulation of the HRGM that employs the classical
second virial coefficients corresponding to a hard-sphere
model of nuclei and hadrons. At the same time it is shown
that the determination of the CFO temperature of light
nuclei is a rather delicate issue since the result depends
on the underlying scenario of their CFO.

The simple model of hard spheres for the repulsive
interactions between hadrons and nuclei as employed in
the present work can of course only be considered as an
intermediate step in our understanding of the formation
of hadrons and light nuclei from a hadronizing quark-
gluon plasma. Microphysical approaches should be fur-
ther developed which treat hadrons and nuclei as multi-
quark clusters and would allow for a deeper understanding
of the hadrochemistry on the quark level. One aspect of
a description on this level would be the explanation of
the short-range repulsion by quark Pauli blocking among
hadrons (see, e.g., Ref. [3]), eventually augmented by re-
pulsive multi-pomeron exchange forces that have proven
essential to describe large-angle nucleus-nucleus scattering
at the Fermi energy and in resolving the hyperon puzzle
of neutron star structure [100]. From the further system-
atic analysis of light nuclei production measured in the
heavy ion collision experiments a picture may emerge in
which the puzzling result of a high CFO temperature finds
its explanation by a hadronization of multi-quark states
from the QGP, as it was already anticipated in Ref. [95]
and emphasized again in Ref. [59] in the light of the recent

experiments.
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24. D. Blaschke, G. Röpke, Y. Ivanov, M. Kozhevnikova and
S. Liebing, Springer Proc. Phys. 250, 183 (2020).

25. D. R. Oliinychenko, K. A. Bugaev and A. S. Sorin, Ukr. J.
Phys. 58, 211 (2013).

26. K. A. Bugaev, D. R. Oliinychenko, A. S. Sorin and G. M.
Zinovjev, Eur. Phys. J. A 49, 30 (2013).

27. K. A. Bugaev et al., Europhys. Lett. 104, (2013) 22002.
28. K. A. Bugaev, A. I. Ivanytskyi, D. R. Oliinychenko, E. G.

Nikonov, V. V. Sagun and G. M. Zinovjev, Ukr. J. Phys.
60, 181 (2015).

29. V. V. Sagun, Ukr. J. Phys. 59, 755 (2014).
30. K. A. Bugaev et al., Phys. Part. Nucl. Lett. 12, 238 (2015).
31. K. A. Bugaev et al., Eur. Phys. J. A 52, 175 (2016).
32. K. A. Bugaev et al., Eur. Phys. J. A 52, 227 (2016).
33. K. A. Bugaev et al., Phys. Part. Nucl. Lett. 15, 210 (2018).
34. K. A. Bugaev et al., EPJ Web of Conferences 204, 03001

(2019).
35. A. Andronic, P.Braun-Munzinger and J. Stachel, Nucl.

Phys. A 772, 167 (2006) and references therein.
36. V. V. Sagun, A. I. Ivanytskyi, K. A. Bugaev and I. N.

Mishustin, Nucl. Phys. A 924, 24 (2014).

37. V. V. Sagun et al., Eur. Phys. J. A 54, 100 (2018).
38. K. A. Bugaev et al., Nucl. Phys. A 970, 133 (2018).
39. K. A. Bugaev, Eur. Phys. J. A 55, 215 (2019).
40. N. S. Yakovenko, K. A. Bugaev, L.V. Bravina and E. E.

Zabrodin, arXiv:1910.04889 [nucl-th] p. 1-13.
41. S. Bazak and S. Mrowczynski, Eur. Phys. J. A 56, no.7,

193 (2020).
42. STAR Collaboration (B. I. Abelev et al.), Science 328, No

5974, p. 58-62 (2010).
43. STAR Collaboration (H. Agakishiev et al.), Nature 473,

No 7347, p. 353-356 (2011).
44. STAR Collaboration (J. Adam et al.), Phys. Rev. C 99,

064905 (2019).
45. ALICE Collaboration (J. Adam et al.), Phys. Rev. C 93,

024917 (2016).
46. ALICE Collaboration (L. Ramonaet al.), AIP Conf. Proc.

1701, (1) 080009 (2016).
47. ALICE Collaboration (J. Adam et al.), Phys. Lett. B 754,

360 (2016).
48. R. Venugopalan and M. Prakash, Nucl. Phys. A 546, 718

(1992).
49. E. Shuryak and J. M. Torres-Rincon, Phys. Rev. C 100,

024903 (2019) and references therein.
50. E. Shuryak and J. M. Torres-Rincon, Phys. Rev. C 101,

no.3, 034914 (2020).
51. L. M. Satarov, M. N. Dmitriev and I. N. Mishustin, Phys.

Atom. Nucl. 72, 1390 (2009).
52. K. A. Bugaev, A. I. Ivanytskyi, V. V. Sagun, E. G. Nikonov

and G. M. Zinovjev, Ukr. J. Phys. 63, 863 (2018) and
references therein

53. K. A. Bugaev, Nucl. Phys. A 606, 559 (1996).
54. K. A. Bugaev, Phys. Rev. Lett. 90, 252301 (2003) and

references therein
55. R. Hagedorn, Nuovo Cim. Suppl. 3, 147 (1965).
56. S. Chatterjee et al., Adv. High Energy Phys. 2015, 349013

(2015) and references therein.
57. J. Cleymans, S. Kabana, I. Kraus, H. Oeschler, K. Redlich

and N. Sharma, Phys. Rev. C 84 054916 (2011).
58. J. Stachel, A. Andronic, P. Braun-Munzinger and K.

Redlich, J. Phys. Conf. Ser. 509, 012019 (2014).
59. A. Andronic, P. Braun-Munzinger, K. Redlich and

J. Stachel, Nature 561, no.7723, 321-330 (2018).
60. K. A. Bugaev et al., J. of Phys. Conf. Series 1390, 012038

(2019).
61. P. Braun-Munzinger and B. Dönigus, Nucl. Phys. A 987,

144 (2019) and references therein.
62. B. E. Grinyuk et al., arXiv:2004.05481v1 [hep-ph] (2020).
63. A. Bohr and B. Mottelson, Nuclear Structure, vol. 1 (Ben-

jamin, New York, 1969).
64. I. Angeli and K. Marinova, At. Data Nucl. Data Tables

99, 69 (2013).
65. H. Nemura, Y. Suzuki, Y. Fujiwara, C. Nakamoto, Prog.

Theor. Phys. 103, 929 (2000); arXiv:nucl-th/9912065.
66. J. Rafelski, Phys. Lett. B 62, 333 (1991).
67. E. Beth and G. Uhlenbeck, Physica 4, 915 (1937).
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