Fusion yield of plasma with velocity-space anisotropy at constant energy
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Velocity-space anisotropy can significantly modify fusion reactivity. The nature and magnitude of this modi-
fication depends on the plasma temperature, as well as the details of how the anisotropy is introduced. For
plasmas that are sufficiently cold compared to the peak of the fusion cross-section, anisotropic distributions
tend to have higher yields than isotropic distributions with the same thermal energy. At higher temperatures,
it is instead isotropic distributions that have the highest yields. However, the details of this behavior depend
on exactly how the distribution differs from an isotropic Maxwellian. This paper describes the effects of
anisotropy on fusion yield for the class of anisotropic distribution functions with the same energy distribution
as a 3D isotropic Maxwellian, and compares those results with the yields from bi-Maxwellian distributions.
In many cases, especially for plasmas somewhat below reactor-regime temperatures, the effects of anisotropy

can be substantial.

I. INTRODUCTION

Velocity-space anisotropy of the particle distribution
is naturally present in a broad variety of plasma devices.
For instance, in a system with spatially nonuniform or
time-varying magnetic fields, the conservation of the first
and second adiabatic invariants often results in plasmas
that are hotter or cooler in the directions perpendicular
and parallel to the magnetic field.

This anisotropy is a central part of the confinement
scheme for devices like magnetic mirrors. However, it
is also ubiquitous in devices that do not rely on it; for
instance, tokamaks and stellarators can have significant
velocity-space anisotropy, including whole populations of
particles whose parallel energies vanish at the high-field
regions of their orbits.!™* Anisotropy can also be pro-
duced as part of the compression process in implosion
devices like Z-pinches and 6-pinches.”

In addition, many heating techniques deposit heat
anisotropically. For instance, electron and ion cyclotron
resonance heating both heat in the direction perpendic-
ular to the magnetic field, whereas neutral beam heating
preferentially heats in the direction of the beam.%® For
this reason, strongly driven plasmas are often observed
to have anisotropic temperatures.

Thermonuclear fusion requires producing very high-
temperature plasmas. When designing fusion devices,
the focus has traditionally been on increasing the Law-
son “triple product” of density, temperature, and con-
finement time. However, there are regimes in which
velocity-space anisotropy can significantly modify fusion
yields, providing an additional pathway to better fusion
performance. In some limits, this fact is well-known;
for instance, it has long been recognized that the fu-
sion reactivity of a directed beam interacting with a bulk
plasma must be treated differently than the interaction
of Maxwellian ion populations.'0-12
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The role of anisotropy in determining fusion yields
has received less attention in contexts where the bulk
plasma population is anisotropic (for instance, due to
adiabatic invariance or auxiliary heating), though a few
authors have explored different aspects of this problem.
Kiwamoto et al. reported that neutron counts from the
GAMMA10 tandem mirror experiment appeared to be
consistent with a 2D (rather than 3D) Maxwellian parti-
cle distribution in velocity space.'® Kalra, Agrawal, and
Pandimani' explored bi-Maxwellian fusion reactivities
numerically; Nath, Majumdar, and Kalra!® did similarly
while also including tri-Maxwellians and net drifts. Both
papers noted the same trend in bi-Maxwellian fusion re-
activities that we will show in Figure 1.

As a model distribution with which to understand
anisotropy, the bi-Maxwellian has significant advantages:
it is simple and, as we will show, the fusion yields of in-
teracting bi-Maxwellians can be parameterized in a par-
ticularly straightforward way. By “bi-Mawellian,” we
mean that ions are distributed in velocity space with
one temperature 7} in say the parallel direction, and a
different temperature 7’| in the perpendicular direction,
where parallel and perpendicular are generally consid-
ered to be with respect to a magnetic field, but need not
be. The intuitions that can be gained from studying bi-
Maxwellian fusion yields can certainly be useful, and for
some kinds of anisotropy — for instance, anisotropy gen-
erated by auxiliary heating — the bi-Maxwellian distribu-
tion function may capture reasonably well the velocity
space anisotropy.

In any event, as we will discuss in Section II, the modi-
fication of the fusion yield can be understood as a combi-
nation of two distinct mechanisms: First, the difference
between T'| and 7| changes the orientations with which
pairs of particles encounter one another. This mechanism
should affect all anisotropic distributions, bi-Maxwellian
and otherwise. Second, the balance between T and T,
affects the distribution of particle energies, regardless of
their orientation, even if the total energy in the system re-
mains fixed. This effect is particular to the bi-Maxwellian
distribution, and will not in general affect other distribu-
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tions in the same way.

This second mechanism makes bi-Maxwellian distribu-
tions a problematic model for any source of anisotropy
that does not change the overall distribution of particle
energies. In particular, the conservation of adiabatic in-
variants (at least in the simplest, collisionless case, and in
the absence of electrostatic potentials) changes the bal-
ance of the parallel and perpendicular energies while leav-
ing the total energy of any given particle fixed.

This leads to a question: to what extent is the behavior
of the bi-Maxwellian fusion yield general? Can intuitions
gained from the bi-Maxwellian case be safely applied to
other anisotropic distributions? The purpose of this pa-
per is to address these questions, and to clarify the role of
anisotropy in fusion yields. Section II describes and pa-
rameterizes the fusion yield for interacting bi-Maxwellian
distributions. Section IIT introduces a class of distribu-
tions for which the degree of anisotropy is decoupled from
the distribution of particle energies, and analyzes the as-
sociated fusion yield. Section IV shows an illustrative
example using the distribution of particles in a collision-
less mirror trap. Section V discusses the implications of
these results.

Il.  FUSION YIELDS FROM INTERACTING
BI-MAXWELLIAN DISTRIBUTIONS

The fusion reaction rate between ions of species a and b
can be written as Y = ngny{ow), which can be expressed
as

Y = /d3va d3vy o(w)wfa(vae) fo(Vp)- (1)

Here f, and f;, are the distribution functions of species
a and b, o(w) is the fusion cross-section, w = v;, — v,
and w = |w|. In the case where the reaction is between
two members of the same species, set a = b and divide
by two in order to avoid overcounting.

Let b denote the unit vector in the direction of the
magnetic field, and let Vs = b-vs and v = v — by
The bi-Maxwellian distribution without net flows, given

by
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is arguably the simplest anisotropic variant of the
Maxwellian. The family of bi-Maxwellians with the same
total thermal energy can be parameterized by &5, where

fs(vs) =

ro-(1-5)n @

In order to avoid negative temperatures, the d; parame-
ter is assumed to fall between —1 and 2. The distribution

is isotropic when §; = 0. The particle velocities are con-
fined to the perpendicular plane when 6, = —1, and to
the parallel axis when ¢, = 2. For a pair of species a and
b, it is helpful to introduce a reduced mass
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and inverse-mass-weighted temperatures
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T} and T'| can be parameterized in the same way as Ty
and Ty, using a weighted anisotropy parameter. If
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In other words, the relative importance of the anisotropy
of species s is weighted by Ts/m.

Plugging two bi-Maxwellian distributions into Eq. (1)
results in
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For fixed densities and particle masses, Eq. (13) specifies
the yield Y as a function of 7}; and T, — or, equivalently,
as a function of the temperature 7' and the anisotropy
parameter 6. The expression can be simplified to get an
integral over a single variable:
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FIG. 1. The yield for a D-T plasma as a function of the
anisotropy parameter §, evaluated for several choices of tem-
perature. Below around 15 keV, less isotropic distributions
have higher yields. Above about 15 keV, the reverse is true.

Formally, Eq. (14) is not defined for 6 = —1, 0, or 2,
although it is well-behaved in these limits. When § —
-1, ,TH/TL — 0 and

In the opposite limit, where § — 2 and T /T}| — 0,

}I_%Y = NgNpy | 37T,UT / de o(e) exp { 3T} (16)

Finally, in the isotropic limit, where § — 0, let Yiso =
lims_,0 Y. Then Yy, is given by

2n,np
Yiso = T3z g/ﬂu/ deo(e aexp[—T} (17)

Figure 1 shows the dependence of Y on § for several
choices of temperature T. The yields are normalized to
the isotropic yield Yis, at the same temperature. The
curves in the figure are for deuterium-tritium fusion; the
cross-section o(g) is modeled using the nine-parameter
fit calculated by Bosch and Hale.'® These numerical in-
tegrals were calculated using Gaussian quadrature; the
higher-dimensional numerical integrals shown in the fol-
lowing section use a mix of quadrature and the VEGAS
Monte Carlo algorithm.”

The dependence of the yield on anisotropy depends
dramatically on the temperature. For colder tempera-
tures, less isotropic distributions produce higher yields.
As the temperature increases, the effect of anisotropy be-
comes less dramatic, until at around 15 keV it reverses
sign. Then, as the temperature increases, isotropic tem-
peratures produce the highest yields by increasingly large
margins. This trend was previously pointed out by Kalra,

0.4 — (6= —1): (2/3)Ve/Te 2/3T
—— (6=0): 2n7 2 (g/T)e ¢/
—— (6=2): (3m)~2e¢/3T

Weighting function in yield integral

FIG. 2. The functions by which the cross-section is weighted
in the yield integrals described by Egs. (15), (16), and (17).
They can be interpreted as the product of 1/e/T and the dis-
tribution of the center-of-mass energies of pairs of particles.
The less isotropic distributions have comparatively large num-
bers of particles in the highest-energy parts of the tails.

Agrawal, and Pandimani'# and Nath, Majumdar, and
Kalra.'®

From one perspective, the explanation for this trend
is relatively straightforward. The yield integral can be
understood as the average of o(¢)\/2¢/p over the dis-
tribution of velocity differences between pairs of parti-
cles. The shape of that distribution depends on §, and
can be seen (weighted by /¢ and a constant factor) in
Figure 2 for § = —1, 0, and 2. The less isotropic distri-
butions have more particles at the highest-energy parts
of the tails, whereas the more isotropic distribution has
more particles in the moderately high-energy region. The
highest-energy parts of the tails are most important at
lower temperatures, since the cross-sections are steeper
functions of energy at lower energies.

However, this does not necessarily resolve the more
basic question: why does the distribution of velocity dif-
ferences depend on anisotropy in this way? There are
two effects at play.

To some extent, this behavior can be understood in
terms of the alignment of the velocities of different parti-
cles. In a less isotropic distribution (larger |d]), the veloc-
ities are increasingly confined either to the perpendicular
plane or to the parallel axis, depending on the sign of §.
When the velocities are confined to a smaller-dimensional
space, a given pair of velocities is increasingly likely to
be aligned (or anti-aligned) rather than orthogonal. In
other words, less isotropic distributions have a greater
number of “head-on” collisions, whereas more isotropic
distributions have more “side-swipe” collisions.

As an example, consider two particles with the same
mass and with speeds vy and wvy. If the two velocities
are oriented along the same direction, then their relative
velocity will be either v; + vo or vy — v1|, depending



on whether they are aligned or anti-aligned. If the two
velocities are completely orthogonal to one another, then
their relative velocity will be \/v? + v3.

For a relatively cold plasma, fusion reactions are very
rare events, and they are much more likely to happen for
those pairs of particles with the largest relative veloci-
ties. In terms of fusion yields, this incentivizes “high-risk,
high-reward” configurations in which velocities are con-
fined to lower-dimensional subspaces; some pairs of par-
ticles will be moving in the same direction and have low
relative velocities, but some will have very high-energy
head-on collisions.

On the other hand, for a hotter plasma, fusion events
are less rare. Pairs of particles with orthogonal velocities
may not reach the relative velocities that are possible in
a head-on collision, but they will reliably have relative
velocities higher than the velocity of either individual
particle. At higher temperatures, where the fusion cross-
section is a less steep function of energy, these orthogonal
orientations are more favorable.

However, this cannot be the whole story. Consider
a fusion reaction between species a and b for which
T, /mg > Ty /my. In this case, the orientation of the par-
ticles does not matter; species b is effectively immobile,
and all of the relative motion is provided by the thermal
motion of species a. But the yield integrals depend on
the species’ anisotropies only through the dimensionless
parameter §, which can take on a full range of values be-
tween —1 and 2 even if one species is immobilized. In
other words, all of the effects of anisotropy can appar-
ently be observed even in a regime in which the relative
orientation of the particles does not matter whatsoever.

To see how this is possible, consider the dependence of
Y on f, and f, as shown in Eq. (1). The anisotropy of
the distribution functions affects Y in two ways. First,
for any given v, = |v,4| and v, = |vp|, it changes the like-
lihood of a given w by modifying the relative orientation
of v, and v;. This leads to the effect described above.
But § can also affect the distribution of single-particle en-
ergies (i.e., the distributions of v, and v;, themselves). Bi-
Maxwellian distributions with different values of § have
differently shaped tails in energy space. This is much like
the effect shown in Figure 2, but for single-particle en-
ergy distributions rather than the distribution of energies
of pairs of particles.

Again, though, this is not sufficient on its own to ex-
plain all of the effects of anisotropy. For instance, note
that & depends on both §, and &, and that the result-
ing combined § parameter is quite different depending
on whether or not §, and J, have the same sign. It is
even possible for two anisotropic single-particle distribu-
tions to have 6 = 0. This would not happen if it was only
the dependence of the single-particle energy distributions
on ¢ that mattered. It appears, then, that the observed
behavior of Y(6,T) must follow from a combination of
two things: that anisotropy changes the relative orienta-
tion of pairs of particle velocities, and that it changes the
shapes of the single-particle energy distributions.

Distinguishing between the two mechanisms is im-
portant because there are physical effects that create
anisotropy while leaving the energy distribution un-
changed. Consider a system in which the first adia-
batic invariant mv? /2B is conserved. If a particle moves
through a region with varying field strength B, in the
absence of collisions or potentials, the total energy of the
particle remains fixed, and it trades vﬁ with v? in or-
der to conserve the adiabatic invariant as B varies. It is
not obvious to what extent the fusion yield in this system
will behave like the bi-Maxwellian yield, because it is not
obvious how to distinguish between the two mechanisms
affecting the bi-Maxwellian.

Il. A DIFFERENT MAXWELLIAN ANALOG

In order to disentangle these two effects, it is helpful to
construct a class of distribution functions which exhibit
one mechanism but not the other. To that end, consider
distributions of the form

fs(vs) :gs(gsvd)s)hé\/[(vs,‘)v (18)
where (vs, 05, ¢s) are a spherical coordinate system:
Vs = & sinfs cos s + ¢ sinbfgsin s + £ cosf,  (19)

hM (vg) is a Maxwellian velocity distribution:
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and gs(0s, ¢s) is normalized such that

27 T
/ d(bs/ dfs sinb; g4 (05, ¢s) = 4. (21)
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When g, = 1, Eq. (18) gives a 3D isotropic Maxwellian.
For any other choice of g,, the distribution will have
that same single-particle energy distribution, but differ-
ent choices of g5 can still introduce anisotropy and can
therefore change the statistics of how pairs of particles’
velocities align. In addition to being a useful example,
this kind of distribution can act as a simple model for
anisotropy due to the conservation of an adiabatic in-
variant, since varying g modifies the distribution of pitch
angles without changing the kinetic energy of any parti-
cle.

In many cases of interest, a distribution function may
be anisotropic due to dependence on 6, but not ¢, since
in a magnetized plasma any dependence on ¢, is averaged
out over a Larmor gyration. Let us = cosf,, so that
d3v, = v2 dv, dgs dus. Define K (i, 13) by

K (lg, 1p) = 4 / d3v,d3v,

o (w)wh (v )hM (vy) 6 (ug — Ta)S (up — ). (22)
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FIG. 3. This figure shows K and Kgsym as they compare to the isotropic Maxwellian yield Yis, for a variety of temperatures.
The cases shown here use the deuterium-tritium cross-section and assume that the deuterium and tritium are at the same

temperature.

The factor of 4 appears because the integral of gs(us) over
us is normalized to 2. Then for any g,(u,) and gp(up),

1 L L N N
Y = 1 /dua dip K (g, p) ga (ta)gs (Tp)- (23)
Understanding K (1, 4p) makes it possible to understand
the range of behaviors that can be attained for more gen-

eral distributions of the form g, (u,)hM (v,).

K(0,0) can be understood as the yield in which each
species has a 3D Maxwellian distribution with all velocity
vectors rotated to lie on the £ —g plane. This distribution
is analogous to the bi-Maxwellian with § = —1. In both
cases the velocity vectors lie entirely on the Z-y plane,
but the former has the v distribution of a 3D Maxwellian
whereas the latter (the § = —1 bi-Maxwellian) has the
structure of a 2D Maxwellian.



The analog to the 0 = 2 bi-Maxwellian is Kgym(1,1),
where the symmetrized K is defined by

Ksym('&aa ﬁb) = [K(ﬁav 7:Lb) + K(ﬁav 7ﬁb)] . (24)
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K (g, 4p) is already symmetric with respect to the ex-
change of 4, and 4y, so this symmetrized function is suf-
ficient to describe the yields for distributions that satisfy
gs(us) = gs(—us). Keym(1,1) is the yield due to 3D
Maxwellian distributions with all of their vectors rotated
to lie on the 2 axis (with equal numbers in either direc-
tion). In some ways, it makes the most sense to com-
pare Kgym, with the bi-Maxwellian yields (rather than
K), since the imposed symmetry ensures that the distri-
bution functions do not have net axial particle flows. Of
course, K and Ky, are identical when 4, = @, = 0.

Figure 3 shows K and Ky, as functions of 4p and 4r
for deuterium-tritium fusion at several different temper-
atures. At low temperatures, Kgym is largest when 4p
and 47 are near +1 or 0. At higher temperatures, the
trend reverses and Ky is smallest at these choices of
up and @p. This follows from the same orientation argu-
ment made in Section II; these distributions are confined
to smaller-dimensional subspaces in which pairs of par-
ticle velocities are comparatively likely to be aligned or
anti-aligned rather than orthogonal, and these configu-
rations are more favorable for increasing the fusion yield
at lower temperatures.

If it is not symmetrized, K does not show this same
behavior, because it distinguishes between configurations
in which pairs of particles will be aligned and those in
which they will be anti-aligned. This is determined by
the relative signs of 4p and up. If it is possible to guar-
antee that pairs of particles will have oppositely oriented
velocities, then the highest yields will be attained by the
counter-propagating 1D velocity distributions.

Figure 4 shows Kgym(0,0), Keym(1,1), the 6 = —1 bi-
Maxwellian yield, and the § = 2 bi-Maxwellian yield for
a range of temperatures. The yields in the figure are nor-
malized to the yield Yig, of an isotropic 3D Maxwellian at
the same temperature. In all cases, the anisotropic dis-
tribution outperforms the isotropic distribution at lower
temperatures and underperforms at higher temperatures.
This effect is most pronounced for the 1D distributions.
For the highest and lowest temperatures, it is more pro-
nounced for the bi-Maxwellian yields than for Kgym, (0, 0)
or Kgym(1,1). However, there is a range of intermedi-
ate temperatures for which Ksym(0,0) and Kgym(1,1) are
further away from Yjs, than are their bi-Maxwellian coun-
terparts.

There are limits in which Ky, differs more dramati-
cally from its bi-Maxwellian counterparts — for instance,
when the thermal velocities of the reacting species are
more disparate. Recall that the relative thermal veloc-
ities of species a and b do not affect the bi-Maxwellian
yields, so long as the combined T parameter given by
Eq. (8) remains fixed. This is not the case for K
or K. Note, for example, that in the limit where

To/mq > Tp/mp, K will no longer depend on the choices
of g, or gp. This can be seen in Eq. (22), since w — v,
in this limit.

Perhaps the most practical example in which this dis-
tinction would become important is when the reacting
species have disparate masses — for instance, in p-''B
fusion. This is shown in the lower two panels of Fig-
ure 4; as expected, there is a larger disparity between
the two kinds of anisotropy for this case. The numerical
calculations shown in the figure use the piecewise cross-
section fit described by Nevins and Swain.'® p-''B pro-
vides a convenient formal example because of the large
mass disparity between the reactants, but the possibil-
ity of enhancing the fusion reactivity also happens to
be particularly topical. Ignition in p-''B fuel is difficult
for a plasma in which all species have equal-temperature
isotropic Maxwellian distributions, and different ways in
which the fusion yield might exceed that of the isotropic
Maxwellian case have received significant interest in the
recent literature.19 23

However, comparing the effects of anisotropy on two
entirely different reactions is somewhat messy, since the
cross-sections for different reactions can vary widely. An
alternative way to demonstrate the same physics is to
calculate the yields for D-T reactions in which the two
species have very different thermal velocities. This can be
accomplished either by having Tp # Tr or by artificially
modifying their masses (in fact, for the purposes of yield
calculations, the two are formally equivalent). Consider
a scenario in which

mp + mr
Tp = —|T 25
p <amD+mT) ( )
TT:aTD (26)

and the masses are left at their natural values. The
inverse-mass-weighted T given by Eq. (8) is unchanged,
so the bi-Maxwellian yields are the same for any choice
of a. The dashed lines in the upper panels of Fig-
ure 4 show Kgyn when o = 1 and the dotted lines show
Kyym when o = 1/20. When « is far from 1, the ef-
fects of anisotropy on Kgym are strongly suppressed, and
Koym (Uq,Up) = Yigo for all choices of @, and 4.

IV. EXAMPLE: YIELD FOR A COLLISIONLESS
MIRROR

As can be seen in Figure 3, the extremal values of
Koym(Uq, Up) tend to be fairly localized in (g, @) space.
The yield for a particular choice of g,(u,) and gp(uyp) is
determined by a weighted average of Kgym (U, Uy) Over g
and 1yp; it is natural to wonder how much the yield would
still be modified after this averaging in a real system.
This could be done for any g, (uq) and gs(up), but it may
be helpful to see an example.

With that in mind, consider the following equilibrium
angular distribution for a long, thin mirror, obtained by
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Newcomb in the collisionless limit.2* Denote the maxi-

mum magnetic field strength by Byax. Define

3Bmax + 2
Glz) = % A
3 2
+ — 22X arctan r;ax -1 (27)

for 0 < # < Bpax, and set G(z) = 0 otherwise, as per
Newcomb’s Eq. (C16). Then, for the notation and nor-
malization used in Section III, the angular distribution

g(u) is given by
[ wo( )] e

The local field strength B can be understood as a pa-
rameterization of axial position. Newcomb’s solution is
separable — that is, the full kinetic distribution can be

B
1 —u?

B
1—wu?

g(u) = 2G(

written as the product of g(u) and a function of v — and
was derived for a case without any electrostatic poten-
tial. For present purposes, it provides a good example
of an equilibrium with the intuitively expected behavior
for a collisionless mirror trap. The angular distribution
is plotted in the left panel of Figure 5. Near the ends of
the trap, B approaches By, and an increasing propor-
tion of particles’ velocities are oriented in the direction
perpendicular to the field.

For this example distribution, the effect of anisotropy
on D-T fusion yields is shown in the right panel of Fig-
ure 5. The angular distribution in the figure is given
by Eq. (28), and the distribution of speeds is given by a
Maxwellian at 5 keV. Note that the yields in the figure
are normalized to the yield of an isotropic Maxwellian
at the same local density and temperature, so the plot
of the variation of the yield with B shows the effects of
anisotropy but not the effects of axial variation in density.

The yield results in Figure 5 show a substantial yield
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FIG. 5. The left panel shows Newcomb’s angular distribution G as a function of B/Bmax and u. The right panel shows the yield
for a D-T plasma at 5 keV with Newcomb’s collisionless mirror distribution, normalized to the yield of an isotropic distribution

at the same local temperature and density.

improvement (about 30%) over an isotropic plasma near
the end-coils of the mirror, but a much reduced enhance-
ment in the middle of the mirror. These results can be
compared with the plot of Ky, at 5 keV in Figure 3.
When B is close to Bnax, the yield is comparable to
Keym(0,0) (a purely perpendicular distribution), as one
would expect. For regions with smaller B, the distribu-
tion is more isotropic and the modification of the yield
decreases accordingly. The dropoff in the yield enhance-
ment is approximately linear in B. Depending on the ax-
ial profile of B for a particular mirror trap, this suggests
that it might still be possible to observe enhancement
in the fusion yields some distance away from the end-
coils. Note that this particular example distribution’s
anisotropy tends to result in excess energy in the per-
pendicular rather than parallel direction. As can be seen
in Figure 3, a larger enhancement could be possible at
the same temperature if the distribution instead favored
excess parallel energy.

V. DISCUSSION

The different types of anisotropic distribution consid-
ered in this paper differ in significant ways. One of the
major conclusions of this paper is that one must be care-
ful when comparing anisotropy from different sources,
and that subtle differences between different distributions
can have surprisingly large impacts on the behavior of the
fusion yield. For instance, in the limit in which one fuel
ion has a much larger thermal velocity than the other,
anisotropy can substantially modify the fusion yield from
a pair of bi-Maxwellian distributions, but it no longer has
any effect on the gshi.” distributions discussed in Sec-
tion III. However, it is equally important to recognize
that there are some ways in which the dependence of the

fusion yield on anisotropy appears to be quite general, if
not universal. This can be understood in terms of the
relative likelihoods that pairs of particles’ velocities will
be aligned, anti-aligned, or orthogonal.

The yields of gshM distributions are of particular in-
terest for systems that are anisotropic due to the conser-
vation of adiabatic invariants (this includes mirror ma-
chines, but trapped particle effects can also be important
in toroidal devices). These devices will not necessarily
have distributions with exactly this form; electrostatic
and centrifugal potentials can prevent the kinetic energy
of a particle from being constant over the course of an or-
bit, as can collisions and particle losses.?> 30 Nonetheless,
these distributions capture an essential characteristic of
this kind of anisotropy: that the mechanism of anisotropy
generation itself does not change the distribution of par-
ticle energies.

These results have applications for optimizing and pre-
dicting fusion yields in plasma devices. Anisotropy can
affect the fusion yield most dramatically in cases in which
the plasma is hot enough to be producing fusion events
but cooler than the threshold for ignition. One practical
takeaway of this paper is that anisotropy (of either of
the two types discussed) can strongly enhance fusion re-
activities for relatively low-temperature devices. To the
extent that anisotropy can be engineered — for instance,
by modifying the magnetic field coil configuration — this
could allow for greater fusion yields without the need to
increase the plasma temperature or density.

These effects become smaller and eventually reverse
sign at higher temperatures. For 6 = —1 and 6 = 2 bi-
Maxwellians, the D-T fusion yield becomes equal to Yig,
at T ~ 14 keV and 15 keV, respectively. This reversal is
pushed to higher temperatures for the analogous values
of Keym(1,1) and Ksym(0,0): T ~ 23 keV and 22 keV,
respectively. Of course, for other fusion reactions these



crossing points are different; for the p-!'B cases shown
in Figure 4, the reversal is not until the plasma gets to
temperatures well over 100 keV.

Especially for the kind of anisotropy generated by the
conservation of adiabatic invariants (i.e., modeled by an
integral over Kgym), these effects could still be nontriv-
ial at reactor-relevant temperatures. For a deuterium-
tritium plasma at 15 keV, Kyym(1,1)/Yiso ~ 1.29 and
Keym(0,0)/Yiso = 1.07. The yield enhancement for a
real device would presumably be an average over some
finite region of (&p, d7)-space, but these results suggest
that significant enhancements are still possible at these
temperatures. In a device as large and costly as a mag-
netic fusion reactor, even a relatively small enhancement
to the reactivity is worth noting.

This paper has considered two possible classes of par-
ticle distributions: separable distributions of the form
9s(0s, ds)hM (vy) (for cases in which the mechanism gen-
erating anisotropy does not change the energy distribu-
tion) and bi-Maxwellians (for cases in which it does).
These are not the only two possibilities. For instance,
there are reasons to be careful of the bi-Maxwellian model
for a scenario involving anisotropic heating. If energy
is put into a distribution at some &g, the process of
populating the higher-energy parts of the distribution
with € > ¢ tends to rely on collisions between parti-
cles with orthogonal velocities (if one imagines equilibra-
tion through pairwise collisions, it is necessary for some
collisions to leave one of the particles with more energy
than either started with). These orthogonal collisions
also tend to equalize the energies oriented in different
directions, so there may be scenarios in which the bi-
Maxwellian is a good model for the bulk population of
particles but not for the high-energy tails. Interestingly,
this also suggests that a distribution occupying a higher-
dimensional velocity subspace might be able to populate
its high-energy tails more efficiently, since pairs of parti-
cles are more likely to have orthogonal velocities. In any
case, it is important to consider carefully before picking a
distribution with which to model the plasma in a partic-
ular system, especially given the sensitivity of the fusion
yield on the structure of the high-energy tails.
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