arXiv:2012.15776v2 [astro-ph.GA] 9 Feb 2021

DRAFT VERSION FEBRUARY 10, 2021
Typeset using IATEX twocolumn style in AASTeX63

Technique for separating velocity and density contributions in spectroscopic data
and its application to studying turbulence and magnetic fields

KA HO YUEN,! KA WAI HO,' AND ALEX LAZARIAN"?

' Department of Astronomy, University of Wisconsin-Madison, USA
2Center for Computation Astrophysics, Flatiron Institute, 162 5th Ave, New York, NY 10010

(Received February 10, 2021)
Submitted to ApJ

ABSTRACT

Based on the theoretical description of Position-Position-Velocity(PPV) statistics in Lazarian & Pogosyan
(2000), we introduce a new technique called the Velocity Decomposition Algorithm(VDA) in separating the
PPV fluctuations arising from velocity and density fluctuations. Using MHD turbulence simulations, we demon-
strate its promise in retrieving the velocity fluctuations from PPV cube in various physical conditions and its
prospects in accurately tracing the magnetic field. We find that for localized clouds, the velocity fluctuations
are most prominent at the wing part of the spectral line, and they dominate the density fluctuations. The same
velocity dominance applies to extended HI regions undergoing galactic rotation. Our numerical experiment
demonstrates that velocity channels arising from the cold phase of atomic hydrogen (HI) are still affected by
velocity fluctuations at small scales. We apply the VDA to HI GALFA-DR2 data corresponding to the high-
velocity cloud HVC186+19-114 and high latitude galactic diffuse HI data. Our study confirms the crucial role
of velocity fluctuations in explaining why linear structures are observed within PPV cubes. We discuss the
implications of VDA for both magnetic field studies and predicting polarized galactic emission that acts as the
foreground for the Cosmic Microwave Background studies. Additionally, we address the controversy related
to the filamentary nature of the HI channel maps and explain the importance of velocity fluctuations in the
formation of structures in PPV data cubes. VDA will allow astronomers to obtain velocity fluctuations from
almost every piece of spectroscopic PPV data and allow direct investigations of the turbulent velocity field in
observations.

Keywords: Interstellar atomic gas(833), Interstellar filaments(842), Interstellar magnetic fields (845); Interstel-
lar medium (847); Interstellar dynamics (839);

1. INTRODUCTION

Spectroscopic Doppler-shifted lines carry information
about astrophysical turbulence in interstellar media, in par-
ticular, neutral hydrogen, ionized and molecular species. The
corresponding data for H I and molecular lines, e.g. , CO, are
stored in Position-Position-Velocity (PPV) data cubes that
contain a wealth of information for diagnosis of the proper-
ties of turbulence in interstellar media. It is thus essential
to understand what is contained in the velocity channel data,
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which is the v-slice of data from PPV cube, i.e. , a slice with
a certain velocity vg and channel width Awv.

The theory that relates the statistics of spectroscopic inten-
sity fluctuations in the PPV space and the underlying statis-
tical fluctuations of turbulent velocities and density was de-
veloped in Lazarian & Pogosyan (2000) (henceforth LP0O)
and extended in the subsequent theoretical studies (Lazarian
& Pogosyan 2004, 2006, 2008; Kandel et al. 2016, 2017a,b).
The aforementioned theory describes how the statistics of in-
tensity fluctuations in PPV arise from velocity crowding. The
latter we will call velocity caustics, although previously in
LPO0O, this term is applicable only in the absence of thermal
broadening. Such structures can be seen in PPV cubes ob-
tained with spectroscopic data in turbulent regions. The for-
mation of caustics does not require shocks but is a natural
result of turbulent motions.
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LPOO for the first time formulated the statistical descrip-
tion of the PPV statistics and stimulated many further devel-
opments both in terms of theory and observational studies
(see Lazarian 2009). In particular, it predicted the change
of the spectral index of the spectrum of the channel maps’
emissivity fluctuations with the change of the thickness of
the velocity slice and related this change with the change of
the relative contributions of density and velocity fluctuations.
The velocity fluctuations are actually the velocity caustics we
refer to above and are the center of interest in the series of
papers of Lazarian & Pogosyan. The quantitative relations
derived in LPOO provided the theoretical foundations of the
Velocity Channel Analysis (VCA) technique that proved to
be a useful tool for extracting the velocity statistics from tur-
bulent interstellar media. In particular, the VCA predictions
were successfully tested numerically (Chepurnov & Lazar-
ian 2009) and were applied to numerous sets of observational
H 1 and CO data (Stanimirovi¢ & Lazarian 2001; Padoan et
al. 2006; Chepurnov & Lazarian 2010, see also a summary in
Yuen et al. (2019), see §2 for a comprehensive review)'. The
LPOO approach was generalized to address the studies of tur-
bulence anisotropies in Kandel et al. (2016).The correspond-
ing study made use of the description of different modes of
anisotropic turbulence in Lazarian & Pogosyan (2012). The
aforementioned works open an opportunity in isolating the
contributions of fast, slow, and Alfven basic MHD modes in
observations (Zhang et al. 2020).

It is very important that the aforementioned understand-
ing of the mapping of the anisotropic velocity and den-
sity fluctuation into PPV cubes, together with the nature of
this anisotropy that follows from the theory of MHD tur-
bulence (Goldreich & Sridhar 1995) and turbulent recon-
nection (Lazarian & Vishniac 1999), resulted in a radically
new technique of tracing magnetic field using PPV cube data.
This technique, termed Velocity Gradient Technique, showed
promising results in mapping magnetic fields using both HI
(Yuen & Lazarian 2017a,b; Lazarian & Yuen 2018a) as well
as in CO and other molecules (Lazarian & Yuen 2018a; Hsieh
et al. 2019; Hu et al. 2019a,b). The VGT does use the infor-
mation about the velocity caustics in order to trace the mag-
netic field. The density fluctuations are sensitive to shocks
(Yuen & Lazarian 2017b; Hu et al. 2019¢). Therefore, it is
very advantageous to separate velocity and density contribu-
tions in the PPV cube.

While a way for the statistical separation of the veloc-
ity and density contribution in PPV cubes, LP0O did not di-
rectly address the actual practical separations of velocity and
density contributions to the individual observed fluctuations.
The separation of velocity and density fluctuation is funda-
mentally important for studying turbulence statistics in PPV
cubes for the following reasons: (1) It enables the study of
studying true velocity statistics from observational data. (2)
It allows one to cross-check with the theoretical framework

! The publicly available VCA software is available at https:/github.com/

Astroua/TurbuStat

of LP00. (3) The original development of LP0O dealt with
the statistics of the central channels of the spectral line. In
this paper, employing the statistical approach in Lazarian &
Pogosyan (2004) we deal with the statistics of the channels
that are far away from the spectral line peak, aka. Wing chan-
nels, and find the differences from those of the central chan-
nels. The separation of velocity fluctuations in PPV cubes
will help us in identifying the channels that carry the largest
portion of the velocity information. (4) Based on the the-
ory of PPV statistics, we would like to examine the influ-
ence of thermal broadening to turbulent statistics. The ther-
mal broadening is an essential factor that affects the velocity
caustics in the PPV cubes. LP0O showed that the thermal
broadening effect acts to increase the effective thickness of
velocity channels. The thermal broadening effect also blurs
velocity caustics, decreasing the contribution of the latter to
the intensity fluctuations observed within velocity channels.
Earlier, a number of approaches for dealing with the problem
were discussed: the effective kernel as discussed in LPOO,
thermal kernel modelling (Dib et al. 2006), the use of cen-
troids (Esquivel & Lazarian 2005; Kandel et al. 2017a), and
the thermal deconvolution method (Yuen & Lazarian 2020a).
However, it is hard to connect the LPOO theory to the product
of these approaches since fundamentally we do not have ac-
cess to true velocity caustics nor to their turbulence statistics
in observations.

In this paper, we examine a broad range of interstellar con-
ditions to which the LP0O theory is applicable, from molec-
ular species like CO that are considered isothermal to a more
complex multi-phase gas like HI, which contains cold, warm,
and unstable phases. While the isothermal media is straight-
forward to analyze, the multi-phase gas requires a more com-
plicated numerical setting and an additional analysis. For
instance, in LPOO it was noted that due to thermal instabil-
ity, cold clumps are expected to be formed within the ed-
dies of turbulent warm HI and to carry the momentum of the
warm gas. The non-thermal turbulent velocities of cold HI
atoms are larger than the intrinsic thermal velocities of cold
HI atoms and, as a result, one can assume that caustics of
cold clumps in sufficiently thin channel maps are marginally
affected by the thermal broadening according to LP0O. An-
other scenario is the formation of caustics due to the presence
of passive tracers in turbulent molecular hydrogen gas Ho,
e.g., CO, in which the thermal width of the passive tracers is
significantly narrower than that of H» because the former has
a larger molecular weight.

In this paper, we do not appeal to passive tracer argu-
ments but address the thermal broadening problem in its most
complicated form, i.e.assuming a single-phase or multiphase
fluid with the thermal linewidths larger than the turbulent
linewidth. We show that even in this case, our approach for
the velocity-density separation provides a way for us to study
both velocity turbulence and accurately trace the magnetic
field through the caustics structures. In particular, to under-
stand the nature of fluctuations in HI velocity channels, we
need to build an appropriate model for CNM/WNM caustics
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and cross-check with observations. In particular, we would
like to answer the following questions:

1. Is the concept of density/velocity fluctuations pixel-
based, or is it only valid in a statistical sense?

2. What is the role of velocity caustics in channel maps
when the CNM dominates the emission?

3. What is the relative importance of velocity and density
fluctuations in a spectral line’s central and wing chan-
nels?

We expect our present study to resolve several controversial
points regarding the caustics in the literature. For instance,
the importance of velocity caustics in creating fluctuations of
21 cm intensity fluctuations in thin channels was questioned
in Clark et al. (2019). With our new procedure, termed Ve-
locity Decomposition Algorithm (VDA), we can extract ve-
locity caustics in observations and discuss their importance
relative to density fluctuations in HI emissions. Furthermore,
discussed in later sections of the paper, the availability of ve-
locity caustics will have a far-reaching impact allowing new,
unexplored sets of data to be easily extracted from nearly
every spectroscopic and interferometric data cubes.

This paper is structured as follows. In §2 we first review
how theoretically velocity caustics are defined and what we
expect in the presence of multiphase media. In §3 we dis-
cuss a new algorithm for obtaining the velocity caustics from
any PPV cubes based on the statistical principle. In §4 we
discuss our numerical set-up. In §5 we test the method of
VDA to both isothermal and multiphase simulations. In
§6 we discuss a unique property of velocity caustics fluc-
tuations as a function of line-of-sight velocity named ”I-o
criterion” based on the LP0OO framework. In §7 we examine
an important observation example, the high-velocity cloud
(HVC), that the velocity caustics fluctuations are dominant
in the HVC HI velocity channels. In §8 we discuss the im-
plication of VDA to the Velocity Channel Analysis method
(VCA). In §9 we discuss the implications of VDA to a wide
range of studies related to the physics of spectroscopic data
and its underlying velocity statistics. In particular, we discuss
the potential impact of this paper and compare our results to
the recent series of papers (Clark et al. 2019; Peek & Clark
2019; Kalberla & Haud 2019, 2020; Kalberla et al. 2020) that
challenge the concept of velocity caustics. In §10 we discuss
the prospect of the VDA for future studies. In §11 we con-
clude our paper. The important discovery of the current paper
is listed in the flowchart in Fig.1.

We also include some essential supplementary materials in
the appendices. In Appendix A we discuss how the correla-
tion of density and velocity would impact our result. In Ap-
pendix B we discuss the differences between the thermally
broadened channels and intensity maps. In Appendix C we
discuss the theoretical meaning of “velocity channel gradi-
ents” based on the formulation of PPV statistics. In Appendix
D we discuss how to use VDA in obtaining the constant den-
sity velocity centroid. The velocity centroid in constant den-
sity form was extensively studied numerically in Lazarian &

Esquivel (2003); Esquivel & Lazarian (2005); Esquivel et al.
(2015) and also theoretically in Kandel et al. (2017a). In Ap-
pendix E we discuss the formal theoretical construction of
VDA and how to make modifications if the assumptions of
VDA do not hold. In particular, we discuss an improvement
of the VDA algorithm in supersonic turbulence. At last, in
Appendix F we discuss the application of VDA to passive
tracers.

2. THEORETICAL CONSIDERATIONS OF THE PPV
STATISTICAL THEORY

2.1. The correlation and structure function of turbulent
media

In what follows, we consider turbulent gas with tempera-
ture 7" and mean mass of the turbulent fluid m. The latter is
usually written as m = pum g where i is the mean molecular
weight, and my; is the weight of the hydrogen. The thermal
broadening of such gas is given by S = kpT'/m. The turbu-
lent velocities of gas v in our model can be larger or smaller
than Sp. The intensity fluctuations in the PPV are arising
from both density and velocity fluctuations, where the statis-
tics of the latter are characterized by the LOS-component
of the velocity structure function D(r) (hereafter, denoted as
the z-direction:

D.(r = (X,2)) = ((v:(r') —vz(r +1))%) (D)

where v, is the z-direction velocity and D, averages over
r’. Similarly the correlation function ¢ of turbulent density is
given by

Co(r) = (p(r)p(r +1)) )

where p is the density. From the theory of MHD turbulence
(see Beresnyak & Lazarian 2019), it follows that the fluctu-
ations of velocity are generally larger as the scale increases.
Notice that the correlation/structure functions are connected
to the power spectrum under a Fourier transform. For exam-
ple, One can show that a one dimensional velocity spectrum
E(k) ~ k~“ is equivalent to a velocity structure function as
a scalar distance of r D, (r) o r® (See Lazarian & Pogosyan
2006). The value of o would allow one to classify the turbu-
lence system into two regimes. The o > 1 case is termed
”steep spectrum” in LPOO while otherwise termed “shallow
spectrum”. For instance,, the Kolmogorov turbulence has
« = 5/3, which is a steep spectrum. The density spectrum
can have both steep and shallow spectrum (o < 1). Notice
that the shallow density spectrum emerges from either high
sonic Mach number turbulence (Kowal & Lazarian 2010) or
from self-gravity (See Li 2018). As a remark, the sonic Mach
number is defined as My = V/c,, where V is the turbulent
velocity at the injection scale and c; is the sound speed.

It is worth noting that both the velocity structure function
and the density correlation functions are mostly anisotropic
, (Goldreich & Sridhar 1995, see also Beresnyak & Lazarian
2019 for the condition of anisotropy) with the local mag-
netic field playing the dominant role for determining the
anisotropy of velocities. The latter property is essential for
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Introduction to Velocity Caustics (Sec 2)

e Caustics defined as a theorized object, contributes more in thin velocity channels (Sec 2.2)
e Caustics fluctuations are always non-zero (Sec 2.3)

Linear Algebra Construction of
VDA (Sec 3)

*The three postulates for VDA and the
resulting VDA algorithm for caustics:

=)
py =p — (pI) — (PXI) —;
g

Numerical Setup (Sec 4)

e|sothermal simulations (Sec 4.1)
*Multiphase simulations (Sec 4.2)

1-0 criterion (Sec 6)

e|solated cloud: Peaks of the ¢ — v diagram
are 1o apart (Sec 6.1)

*HI emissions with galactic rotation:Skewed
double peak 0 — v diagram (Sec 6.2)

Obtaining caustics from VDA
(Sec 5)

eSimulation Test (Sec 5.1):
e Excellent decomposition result
e A double peak feature fromo — v
diagram
*The relative contribution of density and
velocity fluctuations under VDA (Sec 5.2):

*Velocity dominates over density in small
scales

*CNM is velocity dominant
*Noise test (Sec 5.3)

VCA under VDA (Sec 8)

eNecessarily Changes under VDA (Sec 8.1)

¢ A unified algorithm for both regions with
severe and weak thermal broadening (Sec
8.2)

Observational test on HVC
(Sec 7)

¢Visualizing the caustics in HVC (Sec 7.1)
eAnalysis under VDA framework (Sec 7.2)
*HVC is velocity dominant in small scales,
consistent with Sec 5
¢ A prominent skewed double peak feature
is seen, consistent with Sec 6

Implications for previous studies
(Sec9)

eCaustics is important in channels (Sec 9.1)

eDetections of RHT can be caustics
filaments (Sec 9.2)

eVelocity Caustics Gradient under VDA (Sec
9.3)

eNature of caustics filaments (Sec 9.4)

Broader Impact of VDA
(Sec 10)

eBroader impact of VDA to general
spectroscopic studies (Sec 10.1)
eCaustics can be extracted by VDA for
every piece of spectroscopic data

eBroader impact to polarimetric studies
(Sec 10.2)

Appendices

* Appendix A: How correct is (pgpy) = 0?

* Appendix B: Difference between thick
channel to intensity map

* Appendix C: What exactly are we
computing for velocity channel gradients?

* Appendix D: Construction of Constant
Density Velocity Centroid using VDA

* Appendix E:

* How accurate are the assumptions in
Sec3, and how to improve them?

* The supersonic VDA algorithm V' =
__2dlogp
S dv

* Appendix F: VDA with Heavy Tracers

Green: Numerical
Blue: Observation Black: Discussion

Figure 1. A flowchart summarizing the result of the current paper. For readers’ easier reference, we classify the sections by their nature by
changing the color of the box edge: theory (orange), numerics (green), observations (blue) and discussions (black).
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using PPV information for determining the magnetic field di-

rection with the VGT.

2.2. Thin and Thick velocity channels

For our study, we have to adopt several concepts from
LPO0O. In particular, we have to define thick and thin velocity
channels. Importantly, the criterion that the channel is thin or
thick is given by the following criterion?

thin:  Av? 4+ 26p < D.(X,z =0)

3
thick :  Av?+ 287 > D.(X,z = 0), ©)

where the right hand side of the equation is D, (X, z = 0),
the z-component velocity structure function, depending on
the plane-of-sky (POS) separation X .In other words, in thick
channels, the velocity effects are integrated out in veloc-
ity channels, while in thin channels, they are retained. It

was shown in LPOO that the relative contribution of veloc-

ity and density changes as the velocity channel gets from
thin to thick regime. Also, note that the definition of the
thin and thick channels is position-dependent, i.e., it depends
on the scale of the fluctuations that we measure. Therefore,

the channels can be thin for small-scale fluctuations and re-

main thick for large scale fluctuations or otherwise. Notice
thatLPOO demonstrated that effect of the thermal broadening
is similar to the increases the effective width of the velocity
channel Ave¢fective following Eq.3:

2kpT
m

Av? ~ Av? +

ef fective

“4)

We emphasize that whether a channel is thin or not depends
on the planer position X. Checking the thin criterion in mul-
tiphase turbulent environments with a varying temperature
needs extra caution since both D, and T are both functions
spatial distance r = (X, z)

2.3. Velocity caustics from thin channel maps

The concept of velocity caustics in PPV is a theoretical
object used in LP0OO to denote the effect of velocity crowd-
ing due to the turbulent velocities along the line of sight (See
Fig.2 for a cartoon explaining the reasoning of velocity caus-
tics). Due to this effect, the atoms that are at different phys-
ical positions along the same line of sight happen to overlap
when viewed in the PPV space. A more detailed discussion
of the mapping from real to PPV space is provided in Lazar-
ian (2009). In the following, we shall first discuss pictorially
what it meant by velocity caustics and how it is defined ana-
Iytically based on LP0O.

2.3.1. Physical picture

Suppose we have five fluid elements A-E along the line
of sight associated with some specific density and velocity

2 Notice that in the case of no thermal broadening, the thin criterion of Eq.3
collapses to Av? < D, (X, z = 0), which is a compassion between the
channel width and the turbulence dispersion along the line of sight.

values associated with interstellar turbulence in panel (1) of
Fig.2. We further assume that this system’s thermal width is
1km/s, which is considered strong here since év ~ ¢;. In
the absence of thermal broadening, the spectral line is simply
the histogram of velocities weighted by the mean density {p).
In our example {p) = 8.6gcm =3, as we show in panel (2) of
Fig.2. In the presence of thermal broadening, the contribu-
tion of each fluid element to PPV will be Gaussians instead
of discrete numbers. For our example here, the caustics den-
sity is 2(p) = 17.2gem ™3 at v = 1km/s like what we show
in panel (3) of Fig.2. The density profile in the PPV will
then be a Gaussian with height 2(p) /v/27c, (See Eq.4) and
width o = 1km/s. These Gaussians (the blue, red, and green
curves in the lower part of the panel (3) Fig.2) at different ve-
locities will sum up, and the resultant profile (the purple dash
curve in (3) of Fig.2) corresponds to the velocity fluctuations,
aka. Velocity caustics, of this turbulence system. Notice that
the caustics profile is independent of the individual density
values of the fluid elements. Therefore, this velocity caus-
tics map is uncorrelated to the density field. The true PPV
cube has both density and velocity effects, but the construc-
tion of the PPV cube from individual fluid elements is simi-
lar to the case of velocity caustics as we show in panel (4) of
Fig.2. The only difference between panel (3) and (4) in Fig.2
is that, the height of the Gaussians are related to the true den-
sities of the fluid elements. For example, the total density of
the fluid elements at 1km/s (i.e. A and C) is just 3gem =3
while that for 2km /s and 3km /s are both 20gem =3, The re-
sultant profile generated from the Gaussians will then be the
black curve in panel (4) of Fig.2. One can see from panel (5)
of Fig.2 that the density weighted profiles and the caustics
profiles are very different. In particular, the differences be-
tween the two profiles correspond to the contributions of the
density fluctuations to PPV. In our example here, we see that
the velocity contribution is significantly larger at 1km/s rel-
ative to the total PPV cube but being smaller at v = 3km/s.
Notice that the density contribution can be negative but not
for the velocity contribution. This simple example illustrates
how velocity caustics and density fluctuations are defined in
the channel maps.

One of the most important consequences for the effect of
velocity caustics is the creation of PPV intensity structures
that is independent of the true density structures in 3D. As a
result, there are non-zero PPV intensity fluctuations in spec-
troscopic data even from incompressible turbulence or in ob-
servational maps that are unrelated to velocity fluctuations
(e.g. synchrotron intensity fluctuations that contain of den-
sity and magnetic field fluctuations). Even for the case of in-
compressible turbulence, the thin channel maps still contain
intensity fluctuations due to the non-linear mapping of ve-
locity turbulence structures along the line of sight.(See panel
(4),(5) of Fig.2). This explains why the velocity channel has
to be thin in observing the velocity fluctuations in PPV data.

2.3.2. Mathematical formulation

To formulate the statistical behavior of velocity chan-
nels in non-isothermal environment mathematically, we need
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. Thermal width ¢, =1km/s
Suppose we have some fluid Caution: This is “strong” in this example since dv ~ ¢,
elements along the line of sight I
Observer p=1gem™3 p =5gcm=3 = 2gcm~3 p =15gcm™3 = 20gcm™>
{(p) =8.6gcm™ v =1km/s v = 2km/s v =1km/s v =2km/s ” = 3km/s

Veloaty Caustics without thermal broadening

<qg 8 .

Observer =1lkm/s v=2km/s v=3km/s
p(v) =2(p) P =2{p) p()=1{p)
See Eg.9

v=1 v=2 v=3
Velocity Caustics with thermal broadening:

Each fluid element becomes a velocity packet
with width ¢ = 1km/s (corresponds to
thermal width) in the velocity space. This
procedure is density independent

Before Thermal Broadening
v=1km/s
p(v) = 2(p) = 17.2gcm™3

Therefore observationally:

Gaussian Height
1
~ 2(,0) X m (See Eq 4-)

Thermal Broadening o~cC 1km/s
~Cg =

1km/s
Resultant caustics
profile

-~ ~
- ~

Observer

v =1km/s v =2km/s v = 3km/s

A+C: Height ~ 2({p) X ﬁc

. 1 . 1
B+D: Height ~ 2(p) X Vame. E: Height ~ 1(p) X W
Figure 2. A cartoon illustrating how velocity caustics are formed in spectroscopic PPV cube, and the concept of velocity and density fluctuations
in PPV data. From the top: Panel (1) shows our example that facilitate the discussion of velocity caustics. Panel (2): We show how the velocity
caustics based on the example in (1) look like without thermal broadening. Panel (3): The velocity caustics with thermal broadening, in the
view of the p(v) — v diagram, where we plot the caustics profile (the purple dash line) as a function of v.
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v=1km/s
1

 Hei ) 1 .
A+C: Height ~ (1 + 2) X Jzme. B+D:Height ~ (5 +15) X 7 E Height ~ 20 X ——

Velocity and Density fluctuations in PPV

©

Velocity Fluctuations =
Resultant caustics o ey
profile from (3) _, -
~
-
~
# (Negative)
Density
Fluctuations

v=1km/s

v =2km/s

~ Density

v =2km/s

PPV in observation: The Gaussian profile in (3) is density weighted

Resultant PPV
profile

‘¥

v =3km/s

1

V2T cg

Resultant PPV
profile from (4)

(Positive)

—~ Fluctuations
Sy —

§§

Sy

-~

v =3km/s

Figure 3. (continuing Fig.2). Panel (4): The real PPV profile in observations (the black line) according to our example in panel (1). Panel (5):

The differences between the caustics profile and the true PPV profile corresponds to the density fluctuation while the caustics profile itself is

the velocity fluctuation.

to rewrite the velocity channel formula from Lazarian &
Pogosyan (2004) with explicit consideration of thermal
broadening. The density in PPV space of emitters with tem-
perature 7" moving along the line-of-sight with stochastic tur-
bulent velocity vs,,4(x) and regular coherent velocity vg(x)
is (See Lazarian & Pogosyan 2004):

orkpT

vo+Av/2 Moy (X,2))2 )
/ dvW (v)e ZHBT(Xz)
U

p(X, vo, Av) = / dzp(X,z)< m >1/2><

QfA’U/Z

where sky position is described by 2D vector X = (z,y)
and z is the line-of-sight coordinate and W (v) is a window
function given by the instrument. Eq. (5) is exact, including
the case when the temperature of emitters varies in space,
T = T(X). One can see that the three quantities, namely,
P, Viury and 1" enter differently into Eq. 5. This provides the
physical basis for separating these different contributions to
the velocity channel maps.

To facilitate the discussions of what is contained in veloc-
ity channels, we would use the PPV density:

F(X,v) = / dzp(X. 2) (X, 2)), ®)

where f(v) is the distribution function of the turbulent ve-
locities along the z-axis. Note, that p(X,v) is the measure
directly available from observations. Then Eq. 5 can also be
rewritten as

p(X, v, Av) = /

vo—Av/2

1/2 2
m _ m(v—vq)
W (v e 2kpT(X.,v)
(v) (27rk:BT(X,U)) ’
LPOO quantifies the statistics of intensities observed in ve-
locity channels through correlation functions ®. There the

Uo-‘rAU/Q
dvp(X, v)x

(7

3 Notice that the use of correlation or structure function has to be computed
in a large sampling region (Yuen et al. 2018). However, a hole-punching
test performed in Yuen et al. (2018) showed that the structure function is
insensitive to the percentage of the area with missing data up to 40%.
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two-point correlation function of velocity channel intensity
is given by:

S C//J
(X, vp; Av) /0 dZ(Dz(r) 351 X

/v0+Av/2 (0—v0)2 3

d'UW('U)e_ D (r)+281 ,
—Av/2

where ¢/, = (,/(p*) (See Eq.2) is the normalized three-
dimensional over-density function, D,(r) is the velocity
structure function projected along the line of sight (Eq.1), 57
is the thermal contribution* and S is the line of sight depth
of the turbulent cloud.

For any density spectral index, the over-density correlation
function can be modelled as (See Appendix of Lazarian &
Pogosyan 2006 or Kandel et al. 2017a, and a numerical test
in Kowal & Lazarian 2010):

) oc 1 — sign(y +3) ()14, ©)

where rg is a characteristic length-scale signifying the turbu-
lent correlation length® and + is a modelled parameter denot-
ing the density dependencies to r. By inserting Eq. 9 back to
Eq. 8, we get two terms, one arising from the first term (i.e.
the 1) in Eq. 9, which provides the pure velocity contribution
effect :

=], 7
(D) + 25017

v0+Au/2 (v—v)?2
/ dvW (v)e” P=C1+28r
vo—Av/2

; (10)

and the second part of Eq. 9 contains mainly density fluctua-
tions®:

[ —sign(y +3)(2)/"+9

D (r) + 2p37)"/?
o (DL +260) -
/vo+Av/2 (v—vg)?

deW('U)ei Dz (r)+2B81
—Av/2

We note, that D.(r) — 0 as r — 7. Therefore, at small
scales r ~ 7rq the integral is affected by the density struc-
tures weighted by the combined effect from turbulent and
thermal velocities. While dealing with multiphase HI case

4 As a remark (1) the thermal contribution can actually be a function of dis-
tance S = Br(r) (2) in the case of non-isothermal case the temperature
field can act as the passive scalar and reflect the turbulent velocity statistics
(see Beresnyak & Lazarian 2019). This effect was recently observed in the
fluid undergoing thermal instability in Kritsuk et al. (2017).

5 There is an implicit condition r > rg for this model to hold where ¢ is
treated as a cut-off of the correlation/structure functions. See Lazarian &
Pogosyan (2004).

61t is worth noting that, despite we call Z5 as the density fluctuations in
LP0O0, later literature and even this work,Zs actually depends both to den-
sity and velocity.

whose temperature is not constant, we shall assume the HI
environment is in the Local Thermal Equilibrium (LTE). This
simplifies our theoretical treatment.

It is important that while the Z; presents the pure veloc-
ity contribution, and the density fluctuations dominate in Z.
The relative importance of Z; and Z, depends on the length
scale r. It is useful to compare the Fourier transform of Z;
and Z,, namely P,(K) and Py(K) respectively as LP0O did,
in characterizing the relative importance of velocity and den-
sity fluctuations as a function of wavenumber K = 1/X” In
fact, as long as the density is not straightly constant every-
where, the relative importance of velocity and density fluctu-
ations is always finite (i.e. the quantities Py and P, do not
diverge).

Moreover, it is evident to see that the effective width of
the velocity channel is critical in determining the relative im-
portance of velocity and density fluctuations. For example,
in the case of extremely thin channels (Av — 0 in Eq. 3),
the velocity integral can be approximated as a constant inte-
grali.e.

vo+Av/2 (v—v0)2
/ dvW (v)e  P=0T281 = const (12)
—Av/2

in this scenario, both Eq. 10 and Eq. 11 will be left with:

1
T, ~ /dz SECTRIE (13a)

—SIgn(7+3)( o)+

(D-(v) + 26:)17° (13b)

Notice that I; contains no density-related terms. We can see
from here that the factor —sign(y + 3)(%)'“”3' is critical in
determining the relative importance of velocity and density
fluctuations.

The LPOO study results in the development of the Velocity
Channel Analysis (VCA) that employs the difference of how
T, and Z, depend on the thickness of channel map® for study-
ing velocity and density statistics of the ISM. VCA turned
out to be a reliable tool in probing the velocity spectral index
from observational spectroscopic maps. Table. 1 lists the pre-
dicted spectral dependencies of VCA according to Lazarian
& Pogosyan (2000, 2004) in which the 3D velocity spectral
index m is involved in the discussion of VCA. The veloci-
ties and densities’ contributions in VCA were separated by
changing the thickness of the velocity channels. The tech-
nique was successfully tested numerically in Chepurnov &
Lazarian (2009) and was applied to both HI and CO data

7 We use the capital K to refer to the 2D wavevector, and K = |K| to be
the wavenumber of the 2D vector. Similarly, k is the 3D wavevector, and
k = |k| is the 3D wavenumber.

8 The spectrum of fluctuations along with the velocity coordinate is also af-
fected in different ways by the velocity and density contributions. The latter
will bring changes to the Velocity Coordinate Spectrum (VCS) technique
(Lazarian & Pogosyan 2000, 2006, 2008; Chepurnov & Lazarian 2009;
Chepurnov et al. 2015) that we do not consider in this paper.
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(see Stanimirovi¢ & Lazarian 2001, Padoan et al. 2006; Yuen
et al. 2019).

2.4. The need for exact velocity caustics in real
observational data

The issue of thermal broadening is not that severe in the
case of molecular tracers like '2/CO, or in molecular hy-
drogen Hs according to LP0OO since the turbulent environ-
ment at such instance is usually isothermal and supersonic.’
As a result, the thin channel criterion (cf Eq.3) can be easily
fulfilled.

LPOO applied similar considerations to neutral hydrogen
media consisting of Warm (~ 10*K) and Cold (~ 10%K)
components (McKee 1990; Dib & Burkert 2005; Draine
2011). The turbulence in galactic HI is generally subsonic
(in high latitudes) to trans-sonic (near the inner regions of
galactic disks, see Dib et al. 2006) in terms of its warm com-
ponent and often supersonic for the colder one. However,
the two components are not independent but interconnected.
First of all, they are connected by the magnetic field. Sec-
ond, the two components are subjected to thermal instabil-
ity with a significant fraction of matter being in the interme-
diate formally unstable state (McKee 1990; Dib & Burkert
2005; Draine 2011). In this situation, it is natural to consider
that the condensation of HI into the Cold phase is happening
within the flow of the Warm turbulent phase, which means
the two phases share the same turbulent velocity. This was
the model adopted in LPOO to represent galactic HI. In terms
of coupling of motions of the Warm and Cold phase, other au-
thors adopted similar models concerned with aspects of mul-
tiphase HI dynamics not related to the applicability of the
VCA. For instance, Inoue & Inutsuka (2009) discussed the
condition of CNM formation in WNM collision flow. Fur-
thermore, in Inoue & Inutsuka (2016) they further character-
ize the conditions for the filamentary structures to be perpen-
dicular to the magnetic field in multiphase media (See also
Seifried et al. 2020 for the molecular cloud variant).

The concept of comoving phases has far-reaching impli-
cations to the determinations of thin and thick channels in
multiphase neutral hydrogen observations since the comov-
ing phase argument is an assumption well taken by theo-
rist (Lazarian & Pogosyan 2000; Inoue & Inutsuka 2009)
but never been able to characterize in observation as of our
knowledge. If the two phases have similar velocities, their
velocity structure functions D, are the same. As a result, for
a given velocity channel width Awv it is entirely possible that
the channel itself is thin for CNM but thick for WNM due to
the dramatic differences of their temperature by Eq.3. The re-
sultant velocity channel can be composed of velocity caustics
from the colder component with the density fluctuations from

9 Notice that the turbulence in molecular gas can be subsonic, but the ther-
mal broadening ~ 2kpT/mco may be not important. Naturally, thin
slice regime is available for CO and heavier molecules despite the turbu-
lent velocities in Ha are still subsonic (See Appendix F). As a result, it is
rather easy to see a velocity dominant channel, aka velocity caustics, in
observation.

the warmer component in multiphase neutral hydrogen me-
dia. This coupling of density and velocity structures between
different phases was never considered adequately in LPOO.
Nevertheless, it was previously impossible to disentangle the
density and velocity fluctuations from different phases to our
knowledge, making the determination of velocity turbulence
statistics very difficult, as reported by some authors in the
community.

In this study, we, however, go beyond the particular model
adopted in LPOO and formulate a recipe for decoupling the
density and velocity fluctuations from observational multi-
phase data. Our current paper addresses a general and more
complex problem of the effect of thermal broadening on the
channel map statistics. In other words, we consider the case
where the intensity fluctuation in PPV contains significant
thermal broadening and without heavy tracers, which is the
worst case from the point of VCA study if turbulence is sub-
sonic. This paper will show how our new procedure of sep-
arating velocity and density contributions works in this case.

3. THE CONSTRUCTION OF THE VELOCITY
DECOMPOSITION ALGORITHM

To proceed with the analysis, we describe a mathematical
procedure that allows us to separate the velocity and den-
sity contributions in velocity channels. In what follows, we
will term this procedure the Velocity Decomposition Algo-
rithm (VDA). This algorithm uses the statistical properties of
fluctuations induced by MHD turbulence within thin velocity
channel maps. Here we mostly focus on the subsonic regime,
which was the most challenging case within the VCA as it is
formulated in LPOO (See §2.4). We also test numerically the
same approach for the case of supersonic turbulence. Be-
low we lay out the formal deviations and discuss the possi-
ble improvements in Appendix A for readers to understand
the theoretical foundations of the algorithm. Moreover, we
would also discuss another method of velocity decomposi-
tion in Appendix E.

In LPOO it was analytically described how the density and
velocity fluctuations contribute to the fluctuation of velocity
channels (See §6 for the formal expressions in terms of their
respective correlation functions). Formally we can always
write the fluctuation of velocity channel intensity as:

p(Xa Vo, AU) - <p>XEA = pd(X; Vo, AU) + Do (Xa Vo, A’U)
14
where (p)x e 4 represents the velocity channel averaged over
a certain spatial area A. The subtraction of the mean value
in Eq.14 is required as we deal with the fluctuations arising
from turbulence. Notice that p; and p, are functions of the
Plane of Sky (POS) two dimensional vector X, as well as the
velocity channel position vy and channel width Av. In what
follows, we shall refer to p,, i.e. the velocity contribution to
velocity channels, as the velocity caustics contribution.
There are a few properties of the density (pgy) and velocity
(py) contributions that we will use below, namely:
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. . Shallow 3D density spectrum Steep 3D density spectrum
Slice thickness E <0 T

Thin slice K—3dm/2 K—3tm/2

Thick slice K3 K—8m/2
Very Thick slice K3t K3ty

Table 1. The spectrum asymptotics of velocity channels in the limiting cases, where -y is the reduced density power spectrum slope, while m is
the velocity structure function index D, ~ ((v,(r") — v.(r +1'))?) o 7™ (See Eq.1). Note that the definition of the thin and thick channels

is r-dependent according to Eq. (3). Extracted from Lazarian (2009).

Model Ms Ma f=2M3/MZ2 Resolution
huge0  6.36 022 0.00049 1200°
esr3 0.61 0.52 1.45 1200°
multiphase  1.42  0.80 0.625 4803

Table 2. Descriptions of MHD simulation cubes which some of
them have been used in the series of papers about VGT, (Yuen &
Lazarian 2017a,b; Lazarian & Yuen 2018a,b,Ho et.al in prep). M,
and M 4 are the R.M.S values at each snapshots are taken.

WNM UNM CNM

0.081 0.284 0.635
0.608 0.316 0.077

Density filling factor

Volume filling factor

Table 3. The density filling factor and Volume filling factor for each
phase in the multi-phase simulation. The numerical details will be
in Ho et.al in prep.

1. Orthogonality of p; and p, when M, <« 1: LP00
postulated that the density and the velocity part are sta-
tistically uncorrelated for the case of MHD turbulence.
That means that that the average (p,p,)a should be
zero in the case of subsonic turbulence'’.

2. p, = 0 when Av — oo: The caustics should not be
observed when the channel width is large. This is a
property that naturally follows from LPOO theory for
velocity caustics. The increase of the number of emit-
ters in one channel means the removal of emitters from
other channels. Thus the caustics fluctuations must
decrease when the channel width increases.

3. pg < I when My < 1: In the case when the sonic
Mach number is low, LPOO predicts that the ther-
mal broadening will significantly increase the effective
channel width of the velocity channel. When we deal
with subsonic turbulence, the emission from the en-
tire volume arrives to every channel map (if we do not
consider the galactic rotation curve). This emission

10 From our numerical experiment, (pgp,) is not always zero for super-
sonic turbulence (Appendix A). LP0O discussed this situation in their Ap-
pendix D and we provide a corresponding deviation in the case of non-
orthogonality in Appendix E.

is proportional to the total column density. In the case
of thick channels, the integration kernel will cover the
whole velocity axis. As a result, the thick velocity
channel would then look like the intensity map (See
Appendix B for the technical reason and the differ-
ences of the integration between a thick channel and
the intensity map, and Appendix E for a method that
is independent of Mj.). Moreover, this construction
guarantees that (pg) = (p,) = 0.

In what follows, we shall restrict our discussion to sub-
sonic turbulence and leave the supersonic counterpart in Ap-
pendix E as the latter case is less influenced by the thermal
broadening. Using property 3, we can then write the form py
for each single channel:

pa(Av =00) x I — (I)xea (15)

where I is the intensity map. From Property 1 we have
(pppv)a = 0. That means for any velocity channel p that
can be expressed by Eq.14, we can multiply it by p4 and take
the areal average:

((p = (p))Pa) = (Papa) + (Pvpa) (16)

which the second term is zero according to Property 1'!.
With properties 1 and 3, we can then formally write p, as

po=p—(p)—CI —(I)) a7)

for some constant C that is a function of line of sight velocity
v. We first multiply two sides of Eq. (17) by I — (I), then
take the areal average operator and using the Property 2 we

get:
c:1<<p—<p>><f‘<”>> ()

1 In fact the areal average operator is an inner product in linear algebra, and
here p4 and p, “spans” the velocity channel space (as we see in Eq.14).
That means if we can write out the “unit vector” of p4 and p,,, namely pg
and p,,, we can simply write

p = Apq + Bpo

for some A,B. It is straightforward to derive that pq , = pg,/0p, , - The
space span by (Pq,pv) is a complete vector space with the inner product
operator be the areal average operator (...) 4
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where 02 = ((I — (I))?) is the dispersion of I within the
area A. Then we can write p,, as :

P10, 80) = 0= () ~{ 0= ) )

a1 a1

19)
Eq.19 gives an expression of velocity caustics in the case of
subsonic media. Notice that Eq.19 fulfills the following prop-
erties

1. The sum of p, across all channels are zero, which
we can see from the definition that ) p(v) = I,
> .(p(v)) = (I) (since the averaging operator and
the summation direction are commutative ) and ((I —
(I))?) = o?%. This is exactly property 2 we listed be-
fore.

2. If the area of averaging A is not statistically large
enough (meaning: it does not recover the MHD statis-
tics in this area), then p, — 0. This property is very
important since velocity caustics can only be measured
statistically (See §6). We shall explore numerically be-
low (See Sec.5 ) on the size of A required in the simu-
lation.

With these properties in mind, we simplify Eq.19 to:

b == (D) = )(D) g
Pd =P — Do (20)
= (D) - ) T

This constitutes the foundation of velocity decomposi-
tion algorithm, i.e., the VDA. The suggested procedure is
entirely new, and it is not developed based on LP0O theory,
but the underlying idea was based on the properties of veloc-
ity caustics described in LP00. We expect the VDA to work
in the case of significant thermal broadening, i.e., when the
performance of the traditional procedures described in LPOO
drops. In particular, for such a significant thermal broad-
ening, both the VCA and the Velocity Channel Gradients
(VChGs) introduced in Lazarian & Yuen (2018a) are not ex-
pected to work. We shall augment both the VCA (§8) and
VChGs (§9.3) with the VDA and test numerically the new
techniques below.

4. NUMERICAL SIMULATIONS
4.1. Isothermal simulations

The isothermal simulations are set up similarly to the simu-
lations in Lazarian & Yuen (2018a). The 3D simulation cubes
are obtained from a single fluid, operator-split, staggered grid
MHD Eulerian code ZEUS-MP/3D (Hayes et al. 2006) to set
up a three dimensional, isothermal (7" = 10K), saturated tur-
bulent medium under triply periodic conditions. The turbu-
lence is injected solenoidally by Fourier-space forced driv-
ing at k = 2 (See e.g, Stone et al. (1998)) and used by several

authors (Cho & Lazarian 2003; Dib et al. 2007, 2008) . The
choice of force stirring over the other popular choice of de-
caying turbulence is because only the former will exhibit the
full characteristics of turbulence statistics (e.g, power law,
turbulence anisotropy) extended from k = 2 to a dissipation
scale of 12 pixels in a simulation, and matches with what we
see in observations (e.g., Armstrong et al. 1995; Chepurnov
& Lazarian 2010).

For the particular application of the VDA, we consider two
extreme cases that correspond to the highly subsonic and su-
personic turbulence, with both being sub-Alfvenic M4 < 1.
The conditions of these simulations are listed in Tab.2. Due
to the spatial resolution requirements on both thermal broad-
ening and the VCA method (See Chepurnov & Lazarian
2009), the two simulations are both 12002, such that the iner-
tial range extends to close to two orders of magnitude (k = 2
to k = 100). The two limiting cases will correspond to the
strong thermal limit and the supersonic density crowding lim-
its.

4.2. Multiphase simulation

The multiphase simulations are set up with the modern
MHD code ATHENA++ ' (White et al. 2016; Stone et al.
2020). To solve the radiative heating and cooling, we adopt
the simplified generalized heat loss function proposed by
Koyama & Inutsuka 2002'3. We neglect explicit thermal
conduction as it cannot be resolved in the resolution used in
this simulation. For our purpose here, we only provide one
simulation that has a condition similar to the realistic mul-
tiphase neutral hydrogen gases with mass/volume fractions
being consistent with observations. For the initial state, we
set up a 3D periodic cube with the length of 200 pc and we
are assuming the fluid represents the bulk neutral hydrogen in
the interstellar media The mean number density for the neu-
tral hydrogen set as n;, = 3cm ™2 and magnetic field strength
is 1uG. The turbulence is driven at every iteration step to
generate a saturated turbulent medium. We take a snapshot
at about 110Myr. We obtain a classical three-phase turbu-
lence system under this set-up, namely cold, unstable, and
warm phase (McKee & Ostriker 1977; Hopkins et al. 2012).
For the convenience of the discussion, we define two tem-
perature thresholds to differentiate the three-phase: We shall
define the gas as the cold phase when the temperature of the
gas is below 200K while those above 5250K as to warm
phase, while the gas in between is the unstable phase. Fig.4
shows volume-weighted phase diagram. Besides, we com-
puted the volume filling fraction and mass filling fraction of
each phase at Table 3. Those fractions consist of the previ-
ous study of the multiphase simulation (Kritsuk et al. 2017;
Heiles & Troland 2003). In Fig.5, we show the channel map
at the peak of the spectral line for each phase, which are cold

12 https://github.com/PrincetonUniversity/athena-public-version/wiki

13 The volume and mass filling fractions depends also on the other sources
of heating, such as the local star formation rate, which is not accounted in

Koyama & Inutsuka (2002).
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(T < 200K, left), unstable (200K < T < 5250K, mid-
dle) and warm neutral media (7" > 5250K, right). We can
see from Fig.5 that structurally the cold and unstable phases
are more filamentary than that of the warm phases. More de-
tails of the numerical method and the simulations’ physical
picture are provided in Ho et al. (in prep).
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Figure 4. A 2D histogram showing the volume-weighted phase di-
agram of our simulation with the count rendered in log scale. The
black dash line indicates the steady equilibrium state of ISM with
the cooling function. The simulation details will be in Ho et. al (in

prep).

5. NUMERICAL TESTING OF THE VDA

In this section, we numerically test the VDA method using
the simulations from §4. In particular, we test the accuracy of
VDA in §5.1, using VDA to discuss the important question
of whether velocity or density fluctuations are dominating the
channel fluctuations in §5.2 and discuss the effects of noises
to VDA in §5.3.

5.1. Accuracy of the VDA in numerical simulations

The parameter that influences the thermal broadening
strength is the ratio between the line of sight velocity to
that of the sonic speed dvros/cs, which we will refer to be
the line-of-sight sonic Mach number M ros. If the gas is
isothermal and isotropic, we expect M os = dvpos/cs ~
M,/ V/3. In the case of anisotropic turbulence, a higher or
lower ratio between M, ;05 and M could be possible de-
pending on the cloud’s inclination and also the beam size.
The ratio between M .05 and M is expected to be smaller
in the case when the turbulence is magnetized with the mean-
field being perpendicular to the line of sight. The relation
between M, r0s and M as it is possible that the inter-
stellar media is weakly supersonic (Mg > 1), but its emis-
sion/absorption lines are strongly broadened, as the latter is
characterized by the condition M, 105 < 1 only.

We would first like to visualize the power of VDA us-
ing numerical simulations. We compute the realistic thermal

broadening synthesis (PPV) based on Yuen et al. (2019) (See
§6) which requires three input: the density p, the line of sight
velocity vros, and also the sonic speed cs. We compute
both the density-weighted PPV cube (i.e the velocity chan-
nels) p(X,v) = ppv(p, v, cs) and the constant density PPV
cube (i.e. the velocity caustics) n(X,v) = ppv({(p),v, cs).
For the density-weighted PPV cube, we compute the p,, term
based on Eq.20. Notice that in isothermal simulations that we
employ in this experiment, the sonic speed can be re-scaled
with other simulation variables since periodic saturated mag-
netized turbulence simulations are scale-free (See Yuen et
al. 2018). That means we can freely adjust the broadening
strength by varying c; in the simulation. We shall utilize this
fact in later sections, but here we prepare two simulations
with different sonic Mach numbers and perform synthetic ob-
servations by using their intrinsic dvyos/cs.

Fig. 6 illustrates how the algorithm (Eq.20) works pic-
torially (See Appendix A for the discussion on density and
velocity correlation) For visualization purpose we only dis-
play the relative enhancement/discrepancy of local structures
in the channel map according to Eq.20, Therefore, the color
bar of Fig.6 has been adjusted to be [(p), (p) + 30,] where
(p) and o, here are the mean and standard deviation of each
image’s intensity. We can see visually from Fig.6 that in both
subsonic and supersonic cases, their respective decomposed
P, are highly similar to those of the constant density veloc-
ity channel (i.e., velocity caustics) proposed in LP00. The
result from Fig. 6 is auspicious in terms of estimating the
statistics of velocity caustics using observationally available
parameters p,,.

From here we define the Normalized Covariance Coeffi-
cient (NCC, Yuen et al. 2019) which is defined as :

eca gy - (A= (AB—(B)
OA0B

2

where A and B are generic terms that refer to two distinct im-
ages. Notice NCC(A, B) € [—1,1]. The use of NCC would
allow us to determine whether the two 2D maps are corre-
lated. If NC'C' = 1, then the two maps A, B are statistically
perfectly correlated. If NCC = —1, then the two maps are
statistically anti-correlated. If NCC' = 0, then the two maps
are statistically uncorrelated. For our purpose, we would like
to see whether NC'C(n, p,,) would be close to 1. Since we
are unable to obtain the true velocity caustics map n(X, v)
from observations, if we can obtain NCC(n,p,) ~ 1 for
most of the velocity values, then we have a reliable way in
reconstructing n(X, v) from observations.

We are going to apply VDA with simulations (See Ta-
ble2) to see if the channels after VDA do indeed return the
correct caustics map. We use a simulation ’e5r3” that has
M ~ 0.61. On the top left of Fig. 7 we show the results
of the NCC correlation when applied to the numerical data
from “e5r3” using the simulations’ intrinsic thermal broad-
ening strength. To quantify the effectiveness of VDA, we
compute the NCC between the true caustics map n and the
VDA-decomposed caustics map p,. Our results demonstrate
that the decomposition works well for channels in different
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(p) + 10,

(p) + 30,

Figure 5. A set of figures showing the center channel intensity structure of cold (1" < 200K, left), unstable (200K < T' < 5250K, middle)
and warm neutral media (7" > 5250 K ,right ), from our multiphase simulation (See Tab.2 for the simulation condition). The simulation details

will be in Ho et. al (in prep).

velocity position v. We see that these nine randomly drawn
velocity channels have their NCC values close to 1. This in-
dicates that the decomposition algorithm (Eq.20) works very
well numerically for channels in different velocity position.
Moreover, we compute the power spectral slopes for both p,
(red text in Fig. 7) and n for each v (blue text in Fig. 7). We
can see that the computed spectral slopes are very similar,
with a deviation of less than 10% is observed. We can con-
clude that the decomposed p,, captures most of the statistical
features of the velocity caustics for every velocity channel in
the case of subsonic turbulence.

The excellent performance of VDA suggests that the ve-
locity caustics '* can be obtained from observations, which
is important for both the statistical and structural studies in
PPV cube. In particular, the agreement of spectral slopes be-
tween n and p, is also very important as the VCA (LP0O,
Chepurnov & Lazarian 2009) and VCS technique (Lazarian
& Pogosyan 2000, 2006, 2008; Chepurnov & Lazarian 2009;
Chepurnov et al. 2015) can be applied much more easily in
the case when we can extract the caustics. Also, with the
caustics, we can perform the real velocity gradients accord-
ing to the recipe of Yuen & Lazarian (2017a) (See also Lazar-
ian & Yuen 2018a) as the formulation of VGT is based on

14 Notice that while the density term py do still contain a small contribution
of velocity, the py term in subsonic turbulence is structurally similar to the
intensity map. Yet we are aware that in supersonic turbulence the claim that
pq contains purely density contribution does not hold, and thus we address

the dominance of statistics of velocity fluctuations in veloc-
ity channels'?

We can also apply the same method to supersonic simula-
tions. On the right of Fig. 7 we show the structure of velocity
channels for the case when we have supersonic simulations
“huge-0" which has an intrinsic My ~ 6.36. We can see that
comparatively, the VDA performs not as good in the super-
sonic cases as in the subsonic cases, particularly at the center
channel v = —1.14km/s where the spectral peak lies. While
wing channels generally have a better NCC than the center
channels, the spectral slopes of p, in the wings are gener-
ally steeper. The reason why VDA works for supersonic
turbulence is rather simple: the p; term now does not col-
lect as much information as it is in the subsonic counterpart
(See, e.g. Appendix B) due to thermal broadening. Interest-
ingly enough, when the VDA algorithm applies to supersonic
simulations, we see from the right of Fig. 7 that VDA can re-
cover the caustics reasonably well in terms of NCC, in partic-
ularly, in wing channels. We have to emphasize that the drop
of the NCC would not be a problem for VDA as (1) highly
supersonic simulations do not suffer from the thermal prob-
lem as indicated by the success of the VCA method in super-
sonic molecular clouds (See Stanimirovi¢ & Lazarian 2001;
Padoan et al. 2006, see also Appendix E). (2) In multiphase
media, the supersonic regions, likely to be cold neutral me-
dia, occupies only a few percent in terms of volume fraction

in Appendix E on how to tackle this problem.

15 The magnetic field tracing is also possible if density fluctuations are pas-
sively induced by velocity fluctuations. This is the case of the passive scalar
approximation for the description of density statistics (see Beresnyak &
Lazarian 2019). In this situation, the Intensity Gradient tracing is feasi-
ble (Yuen & Lazarian 2017b; Hu et al. 2019c). However, the accuracy of
the passive density approximation fails as shocks are formed in supersonic
turbulence.
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Figure 6. The structure of the velocity channel according to Eq.20 for both subsonic(Ms; = 0.61 ,dvros/cs = 0.36, left column) and
supersonic cases (M, = 6.36 ,0vLos/cs = 1.23, right column). We also include the multiphase case for comparison (middle column). From
the top row: Raw density velocity channel at velocity vg = 0, 2nd row: the density only velocity channel pq4, 3rd row : the decomposed p,,
and the respective NCC(p,,, n); bottom row: The true velocity caustics map n. The color bar scaling is adjusted such that the minimum scale
corresponds to the figure’s mean value (black) while the maximum scale corresponds to the mean value plus three standard deviation.
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Figure 7. (Left) An illustration of the decomposition algorithm (Eq.20) on the different density-weighted velocity channels synthesized from
a numerical simulation "e5r3” (M, ~ 0.61). We compute the NCC between p,, (from Eq.20) to the real constant density PPV channel n, i.e.
NCC(n,py). We see that the numerical value of NCC is close to 1 for all 9 cases. Notably, the decomposed power spectral slope for each
po based on Eq.20 (red) is almost the same as that of the constant density PPV channel (blue). The color bar scaling is adjusted such that the
minimum scale corresponds to the figure’s mean value (white) while the maximum scale corresponds to the mean value plus three standard

deviation. (Right) A similar figure with the same method applied to the supersonic simulation “huge-0" (M, ~ 6.36).

(See Tab.3). By performing proper Gaussian decomposition
along the line of sight, we can ignore those regions and focus
on the underlying warm neutral media statistics.

One might wonder the sensitivity of the VDA algorithm
to the size of the area that we are taking average with, since
the algorithm we proposed in Eq.20 depends on the statis-
tical area that is used for the VDA computation. There-
fore, we perform a simple test to see what is the small-
est area required for the VDA to work. To start with we
first sub-sample the PPV cube in a size of N x N x N,
where N is the block size and NN, is the number of chan-
nels along the line of sight. We prepared 8 samples that with
N = 20,40, 60, 80,100,120, 140, 160. Notice the original
PPV cube has Ny = 1200. For each N and also Ny, we
extract the PPV cube N x N x N, and compute VDA on
this smaller cube. After VDA, we extract the same region
and plot their structure as in Fig.8. To compare with we also
show the same area when we have Ny = 1200, and compute
the NCC (Eq.21) between the sample map and the original
map. We can see visually from Fig.8 that only for the case
of N = 20 was the structure of the p,, map behaving differ-
ently to the other maps. This is reflected by the drop of the
NCC value in the top-left panel of Fig.8. As for other panels,

the NCC values are almost equal to 1, indicating the VDA
technique is robust even when one samples a tiny area'®.

Readers might also wonder how the same experiments we
made above will behave for multiphase media. The multi-
phase media is a more complicated case since it involves both
the subsonic warm phases and the supersonic cold phases.
The former will perform precisely the same as the subsonic
limit in this section, while the latter will be similar to this
section’s supersonic counterpart. We show the visual decom-
position results in the middle column of Fig.6. The NCC
would therefore be a function of the relative fractions be-
tween the cold and warm parts. However, since we learned
from Fig.7 that the NCC and both subsonic and supersonic
cases are relatively high (> 0.5), we expect that the perfor-
mance of VDA in multiphase media will perform reasonably
well both in the center channel and also the wing channels.
More precisely, we expect that the center channel, which is
more CNM-crowded, has a lower NCC while the wing chan-
nel has a higher NCC. Indeed, the NCC across synthetic
channels from multiphase media is relatively high, as we can
see from Fig.9, suggesting that our method also works for
multiphase media.

16 Another test that might influence the performance of VDA is to change the

telescope beam size of the synthetic map. We report that the VDA method
under the change of beam size has no change in terms of its performance
even if we degrade the resolution for 60 times.
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Figure 9. A figure showing the variation of NCC(p,,n) for the
multiphase simulation (See Tab2) as a function of velocity v.

5.2. Relative contribution of density and velocity
fluctuations

5.2.1. Isothermal simulation test

With the decomposition algorithm, it is much easier to
compare the relative contribution of density and velocities
in each velocity channel in observations. LPOO study con-
tains a description of how the spectra of density and veloc-

ity affect the spectrum of the velocity channels and specifi-
cally discusses the case of shallow density spectrum (See §6,
Tab.1)'” It was noted that in the latter case, it is unavoidable
to have both density and velocity contributions at small scales
intensities in thin velocity channels, while velocity fluctua-
tions dominate over that of density in the case of steep den-
sity spectrum (see Tablel). Therefore, we would develop a
systematic method in quantifying the relative contribution of
density and velocity fluctuations in observation using Eq.20.

To start with, we prepare two sets of simulations that are
supersonic and subsonic based on Table 2. With the simu-
lations, we produce the thermal broadened velocity channels
and proceed with the decomposition method as we suggested
in §3. We then compute the power spectra for density-only py
and velocity-only channel p, for different channel width Av
and different v and plot their ratio as a function of wavenum-
ber K ~ 1/R (see Fig.10). Here we normalize the velocity
channel width with the injection velocity v;,; the r.m.s. ve-
locity of injected turbulent motions.. Notice that the channel
width that we measure here should be checked with Eq.3. We
can see from Fig.10 that the features predicted by LPOO are
observed in the case of thermal broadening.

Before proceeding with the analysis of the power spectra
ratio P;(K)/P,(K) in Fig.10, we would first like to see how
the simple dispersion of p, and p, look like as a function of
v for both cases. In the center column of Fig. 10 we plot
the channel dispersion (o)-velocity position (v) diagram for
both density only channel p; and velocity only channel p,.
If pq and p, truly represents the fluctuations of density and
velocity in velocity channels, the o — v diagram will then tell
us whether a particular channel is velocity or density domi-
nant. While it is expected that the dispersion of pg would be
largest near the peak of the spectral line, it is surprising for us
to see that there is a two-peak distribution for the dispersion
of p, as a function of v. The maximum dispersion of p, for
both subsonic and supersonic cases is not at the center of the
spectral line. Moreover, the local minimum of the dispersion
of p, is located at the center of the spectral line. More im-
portantly, if we consider the ratio of dispersions between py
and p,,, this value will be straightly smaller than 1 in the case
of supersonic media. For the subsonic case, the ratio of dis-
persion will only be smaller than one when we are inspecting
the wing channels.

Similar conclusions can be drawn when one computes the
power spectra ratio Py(K)/P,(K). In the case of high sonic
Mach number (lower row of Fig.10), we can see that in the
case of thin velocity channels both at the center (lower left of
Fig.10) and the wings (lower right of Fig.10) the relative con-
tribution P;(K)/P,(K) is generally smaller than one when
the normalized channel width is smaller than 0.4 in small
scales (k > 30). In the other case (Av/vmj > (0.4) we can
see that small scale relative contribution Py(K)/P,(K) is
larger than one. This experiment indicates that in the case of

171t is well known (See, e.g., Kowal et al. 2007) that the density spectrum
becomes shallow in high Mach number systems.
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supersonic turbulence, we can achieve velocity dominance
by (1) reduce the width of velocity channels (2) filter large
scale contribution away to retain small scales that have ve-
locity contributions dominate over that of densities. These
effects correspond to the predictions in LPOO where the dom-
inance of velocity fluctuations was predicted for thin velocity
channels for asymptotically large k. This effect of decreas-
ing the fluctuations of channel intensity arising from velocity
fluctuations with the decrease of Aw corresponds to the pre-
diction from LP0O, where it was shown that thermal velocity
acts to increase the effective width of the channel maps. This
effect naturally decreases the effects of velocity caustics in-
duced by turbulence.

A more non-trivial case is the subsonic limit which we are
showing the behavior of Py(K)/P,(K) as a function of K
and Av/v;,; on the top row of Fig.10. We can see that the
relative ratio of the power spectra has a significantly differ-
ent behavior compared to the supersonic case. The most im-
portant thing to notice is that, when we are looking at the
center channel (top left of Fig.10), the ratio Py(K)/P,(K)
stay larger than 1 for almost all length scales for all possi-
ble choices of channel width that we selected. This agrees
with the top central panel of Fig.10 that the velocity caustics
fluctuations attain a minimum at the center channel. How-
ever, as we move from the center to the wings, we can see
that velocity fluctuations start to dominates over density fluc-
tuations. The top right of Fig.10 shows the spectral ratio
P;(K)/P,(K) at one of the local maxima in the o — v di-
agram. We can see that the ratio is straightly smaller than
1, indicating the velocity caustics, which is nicely traced by
P, as indicated by Fig.7 by the NCC value, actually domi-
nate over the density counterpart in the wing channel. As a
side note, we do not observe any changes of the spectral ratio
Py(K)/P,(K) as a function of the channel width, opposed
to LP0O’s point of view. We also report that the spectral ratio
P;(K)/P,(K) will decrease further if we move away from
the spectral peaks.

For techniques like VCA, VCS, VGT, or RHT, it is not
necessary to discuss the relative contribution of density and
velocity in p, in every channel in detail despite we now can
trace back the caustics in every channel (See Eq.20). How-
ever, some modifications have to be done to these techniques
for them to be applicable in subsonic media (See §8,9.3) as
the statistics of velocity caustics is far more complicated than
what LPOO studied. Also, in realistic turbulence systems, the
injection scale is separated from the smallest observable scale
much further than in numerical simulations. Therefore, we
do not expect the first few points with small K in both panels
of Fig.10 will play an important role in discussing the dom-
inance of either density or velocity fluctuations in velocity
channels.

5.2.2. Multi-phase media test

The same analysis framework can be extended to cases in
multiphase simulation. Here we use our multiphase simula-
tion (see §4 ) and perform the same analysis as in the previous
section. For our current purpose, this simulation is statisti-

cally supersonic and contains three phases with the correct
volume and mass fraction consistent with observation. Here
we define the cold phase as T' < 200K and the warm phase
to be T' > 5250K.

The result is shown in Fig.11. We can see that the spec-
tral ratio Py /P, is sensitive to the channel width, indicating
the supersonic nature of the channel map in multiple areas.
Moreover, we observe that the spectral ratio is significantly
below 1 (notice the y-axis of Fig.11 is in log-scale), which
indicates that in the case of sub-Alfvenic multiphase media,
it is possible to have velocity fluctuations to be dominant
despite that the cold neutral media in this simulation has
a higher mass fraction (See Tab.3) and being highly super-
sonic.

We can further analyze the multiphase data by separating
the phases using the two density threshold as defined above.
Fig.12 shows the o — v diagram and the spectra ratio Py/ P,
figures for both center channel and wing channel for the cold,
warm and unstable phase gas.

5.2.3. Similarities of the results of isothermal and multi-phase
media cases

In §5.2.1 and §5.2.2 we see some consistent behavior on
both the o — v diagram and the power spectra ratio Py/P,,.
We can see from Fig. 10 and 12 that (1) There is always a
clear double peak seen for the ¢ — v diagram for p,,, which
is true for both isothermal and multiphase simulations. (2)
The power spectra ratio Py/P, is generally smaller than 1
when dv/cs > 1. This is true also for CNM since ¢, o is
usually very small. (3)The power spectra ratio P,/ P, varies
much more for supersonic isothermal turbulence/CNM than
the subsonic isothermal turbulence/WNM. For instance, one
can see from top row of Fig.10 that the P,/ P, simply does
not change as a function of Av. That happens similarly for
the WNM in the lower row of Fig.10. Conversely the trend
of P;/P, as a function of Av is basically the same for the
supersonic isothermal turbulence (lower row of Fig.10) and
both CMW and WNM (top and middle row of Fig. 12). From
here we see that the phenomena (double peak, spectral ratio)
that occur in the isothermal case are also occurring in the
multiphase limit.

The similarities between the statistical properties of ve-
locity caustics in isothermal and multiphase media make the
study of the statistical properties of velocity caustics in multi-
phase media much easier since we can reduce the multiphase
simulations a superposition of isothermal simulations with
different M. In particular, we can mimic the properties of
velocity caustics by using supersonic isothermal simulations
to be CNM while that of the subsonic one to be the WNM.

These similarities can be utilized to analyze the dynam-
ics of CNM and WNM in observations. Notice that cold
neutral media could be formed within the collision flow of
warm neutral media (Inoue & Inutsuka 2009), i.e. any com-
pression occurring in the WNM will lead to the formation
of a CNM phase.. It is rather natural to guess that the am-
bient WNM is moving the resultant CNM. If such a guess
is correct, then the velocity caustics of CNM should also be
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Figure 10. A set of figures showing how the spectral ratio P;/ P, behave as a function of 2D wavenumber K in our two simulations. We first
plot the channel dispersion (o)-velocity position (v) diagram (center column) for both density only channel py and velocity only channel p,,
and we notice that the maximum dispersion of p,, for both cases are not at the center of the spectral line. We then compute the P;/P, for the
center (left column) and wing channel (right column) with maximum o in the o-v diagram for both subsonic (top row) and supersonic cases
(lower row) as a function of the normalized channel width Av/dv;,;. The horizontal dash line indicates that the relative contribution of density

and velocity in the scale K equals to each other.

embedded inside WNM, which can be easily checked from
observation using multi-gaussian decomposition and VDA.
Here we shall postpone the full study of multiphase media
and its statistical analysis elsewhere (Ho et. al in prep).

5.3. Effects of noise to VDA

The VDA is affected by the observational noise, and there-
fore we would like to see how accurate our prediction of the
caustics using VDA would be when we add white noise to
the channels. To start with we select two channels from
the subsonic simulation ’e5r3”, one of which is the center
channel p(v = vpeqr) While the other is the wing chan-
nel at 0.5Avq¢ fective away from the peak position p(v
Upeak — 0.5AVeffective). We add white noise with certain
amplitudes to these channels and then perform the decompo-
sition algorithm based on the noise-added map with respect
to the noise-added intensity map. We then compare the de-
composed p,, map from these two cases to the true velocity
caustics map obtained by setting p = const in Eq.5. We use
the NCC function (Eq.21) to characterize how similar the de-
composed map p, and the true caustics map n are as a func-
tion of the noise-to-signal ratio. Fig.13 shows the results for
both center and wing channels. We can see that the p, from
wing channels is less influenced by noise than center chan-
nels compared to true caustics. In particular, when the noise
to signal ratio is 0.5, the wing channel p, is still having an
NCC value of ~ 0.8 while that of the center channel drops
below 0.5. Therefore, practically it is easier to extract the

wing channel caustics in observations in thermally subdomi-
nant media.

6. THE STANDARD DEVIATIONS OF VELOCITY
CAUSTICS AS A FUNCTION OF VELOCITY: THE
1-0 CRITERION

As we can see from the previous section (§5, Fig.10, Fig.
11, Fig.12), the dispersion of velocity caustics as a function
of v exhibits a double peak shape but that does not happen
for that of density fluctuations, which something that was not
expected in the original theory in LPOO and this suggests that
the maximal velocity fluctuations do not occur at the center
of the spectral line, but rather some velocity position away
from the spectral peak. The locations of the double peaks are
not random and can be explained by the theory of Lazarian &
Pogosyan (2004, also D.Pogosyan, private communication).
Here we will show where the peaks locate for GS95-type tur-
bulence using numerical simulations, but we shall defer the
rigorous theoretical treatment that applies to general turbu-
lence system in our forthcoming paper. We shall analyze the
unique phenomenon of velocity caustics numerically, but the
formal analytical studies will be presented elsewhere.

In the following, we shall separate the discussion on two
of the most important cases in observations: localized emis-
sion regions that correspond to molecular clouds (§6.1), and
regions with the line of sight differential velocity that cor-
responds to general HI emissions (§6.2). In particular, we
shall derive a relation called The 1-0 criterion that allows
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Figure 11. A set of figures showing how the spectral ratio P;/P, behave as a function of 2D wavenumber K in the multiphase simulation
similar to what we did in Fig.10: We first plot the channel dispersion (o)-velocity position (v) diagram (center column) for both density only
channel pgq and velocity only channel p,,, and we notice that the maximum dispersion of p, for both cases are not at the center of the spectral

line. We then compute the P;/ P, for the center (left column) and wing channel (right column) with maximum o in the o-v diagram.

us to find the maximal velocity caustics fluctuations in obser-
vations in spectral line PPV cube.

6.1. The 1-o criterion in localized emission regions

From our previous discussion, we see that in terms of the
behavior of velocity caustics, the multiphase simulations can
be treated as a linear combination of supersonic and subsonic
isothermal simulations'®. To simplify the analysis, we can
analyze the behavior of 0 —v curve using our isothermal sim-
ulations as a function of v}, /cs. To test how o —wv changes as
a function of v, /cs, we change the value of ¢, in our sim-
ulation 7e5r3” (M = 0.63, See Tab.2). Fig.14 shows that
peak difference |vie fipeak — Urightpeak| 1S @ clear function of
V0s/Cs- The double peak feature of the o — v diagram is
shifted outward as the thermal broadening strength increases
(i.e. vios/cs decreases).

Based on the observations from Fig.14, we can measure
how the distance of the two peaks |Viefipeak — Vrightpeak|
in the 0 — v diagram for p, varies as a function of effective
channel width Aveffective ~ Avy/1 + (cs/Av)? in Fig.15.
We see that for sub-thermal cases there is a rather simple
linear relation:

‘Uleftpeak - 'UTightpeak'| ~ (109 =+ 0~O2)Aveffective 22)

+(=0.013 £ 0.002)
with 95% confidence. Notice that the intercept is al-
most negligible compared to the choice of values we
used for the Awv.rs. Also, one can estimate the rela-
tion of ‘Uleftpeak - Urightpeak‘/Aveffective using the the-
ory of LP00. Theoretically from Lazarian & Pogosyan
(2004, also D.Pogosyan, private communication) suggests
that |Vse fepeak — Vrightpeak| ~ 0.95. Since these special ve-
locity locations (Eq.22) are exactly the locations where we

18 Notice that for multiphase media there is a continuum of temperature vari-
ation even a clear two-phase separation happens. To realistically model the
situation in terms of velocity caustics, there is a need to superpose multiple

data with temperature T.

have the maximal velocity caustics fluctuations, we would
then refer Eq.22 to be the 1-0 criterion.

As we emphasized earlier, we do not see a similar phe-
nomenon in the o —v diagram for p, as shown in previous ex-
amples (See Figs.10,11,12). The dramatic differences for the
o — v diagrams p, and pg have very important consequences
in discussing the dominance of velocity/density contribution
in velocity channels raised by the recent debate Clark et al.
(2019); Peek & Clark (2019); Kalberla & Haud (2019, 2020);
Kalberla et al. (2020). Notice that we do not consider only
warm phase, but the two phases with cold phase that is moved
together with the warm one in the galactic disk, at least. We
consider in this paper the most challenging setting for the
VCA situation (see §8.1 for a further discussion).

In the series of papers, it is claimed that in the density con-
tribution generally dominates velocity in every velocity chan-
nels. However, as we can see in Fig.14, the velocity fluctua-
tions are maximal from the center channel (i.e., v = 0), espe-
cially when the thermal broadening strength is large. In the
latter case, it is expected according to LPOO to have the sup-
pression of velocity fluctuation at the center channels, but not
at wing channels. Therefore, even in this extreme case, the
density contributions are not dominant for every channel (see
an example in Fig 25). Naturally, in the case of multi-phase
media, the thermal broadening effects present a more com-
plex pattern compared to that in Fig.14. Nevertheless, the
double-peak pattern of the velocity contribution is a substan-
tial effect that is important to consider when any judgment
on the contributions to the PPV intensities is made.

The current study combined with the previous work on
thermal deconvolution (Yuen & Lazarian 2020a) also sheds
lights on applying the VCA techniques to velocity channels
heavily dominated by density and affected by thermal effects.
We shall discuss this possibility in §8.

6.2. The 1-o criterion in the presence of galactic rotation
curve

For observations of galactic disk neutral hydrogen data,
the presence of galactic rotation cannot be neglected. It was
shown in LPOO how the galactic rotation affects the velocity
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Figure 12. A set of figures showing how the spectral ratio Py/ P, behave as a function of 2D wavenumber K in the multiphase simulation for
each phase similar to what we did in Fig.10 and Fig.11. From the top: Cold, middle: unstable, bottom: warm neutral media. The choice of the
channel widths are the same for all 6 cases (See the legend of the middle row).

channel/caustics map. In terms of the present study, this will
impact the double peak feature that we discussed above. In
this subsection, we discuss this effect using synthetic obser-
vations.

Here we consider a linear shear along the line of sight. For
a given 3D numerical data of line-of-sight depth L, we add a
linear velocity field on top of the original z-component veloc-
ity field v, with turbulent dispersion dv;,s in the simulation:

Unew (Z) = U (Z) + Cavlos%
for some constant C. Here we shall write vspeqr =
Cévios. We then synthesize the velocity channel map us-
ing p(X,v) = ppv(p, Unew, ¢s).- The caustics map can be
obtained using our recipe in §3.

Fig.16 shows how the addition of the line of sight velocity
shear will change the o — v diagram for velocity caustics. For
the illustrative purpose, we keep only three curves that corre-
spond to C' = 0, 1, 2 in Fig.16 to illustrate the effects: (1) The
whole double-peak structure is shifted to the right according
to the magnitude of C. (2) The peak on the right-hand side
of the 0 — v curve is increased with respect to the value of C,

(23)

but that change is minimal for the peak’s left-hand side. (3)
Most importantly, we do not notice any statistically signifi-
cant changes to the value of the velocity position differences
|Vie ftpeak — Urightpeak| as a function of C.

These results are of vital importance. First of all, in disk
HI emission, both turbulent and shear velocity contributions
are present. While the shear contributions are discussed in
LPO00, the impact of the shear is not discussed in the con-
text of the velocity caustics dispersion. We can see here that
in the presence of velocity shear along the line of sight, the
heights of the peaks are different. Therefore, it is expected
to see unbalanced peaks in the 0 — v diagram for velocity
caustics in HI observations. More importantly, by measuring
the differences in the height of the peaks, we can measure the
local velocity shear strength. Having the latter value for HI
clouds would be advantageous for decoupling the turbulent
and shear contributions in observations.

Readers should notice that the notation of the wings and
channels are ambiguous in the presence of galactic rotation.
Moreover, in the presence of the galactic rotation curve, the
introduction of galactic shear vgspeq, 1S usually smaller than
the intrinsic turbulent velocity value (i.e., C' < 1). Under



VELOCITY DECOMPOSITION TECHNIQUE: EXTRACTING VELOCITY FLUCTUATIONS FROM SPECTROSCOPIC DATA 21

.
: : .., .. .
- * : * . -
0.9 . .,
. .,
L] M -
.
. .,
0.8 4 . * e
.
— -
:‘ -
a -
I 0.7 .
[
= .
-
0.6 .
.
.
.
.
J .
0.5 +  Center (v=Vpear) ..
+  Wing(v= Vpeak_arur) * .
T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5

Noise-to-signal ratio (N/S)

Figure 13. A figure showing how the NCC behaves when we com-
pare the realistic caustics n to the VDA-decomposed p,, from the
center (blue) and wing channels (red) as a function of the noise-to-
signal level (N/S) in the simulation e5r3. Here we select the wing
channel position to be v = Vpeat — 0.5AVef fective (See §6).

3.0 1

.« Vies/lcs=1.8 AN

Vislcs =09+ V%

227 Vies/Cs = 0.6 * .

Vios/Cs =0.45 « .

201 . Vslcs=0.36 | )
b> 1.5 1
1.0 A
0.5
0.0

—(;.3 —(3‘2 —(3.1 0.'0 0.1 0.2 0.3
v (km/s)

Figure 14. A figure showing how the variation of velocity caus-
tics dispersion ¢ as a function of velocity position for a variety of

choices of v;0s/cs by varying cs.

this condition, the double peak feature would not be distorted
very much. Very importantly, the VDA technique will still
work regardless of the shape of the 1 — o double-peak feature.
The VDA and the unique double-peak feature will allow us
to determine the statistics of the velocity field in observations

(See §8).
7. OBSERVATIONAL APPLICATION TO HVC
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Figure 15. A figure showing how the differences of the peak posi-
tions on the left of Fig.14 varies as a function of Avef fective (EqQ.4).
We perform the least squared fit with 95% confidence and obtain a
slope of 1.09.
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Figure 16. A figure showing the shape of the o — v diagram for p,
when we add some linear velocity component on top of the turbu-
lence velocity according to Eq.23 in synthetic observations.

With our establishment from the previous sections, we ap-
ply our technique to observations. We select a unique object,
the High-Velocity Cloud HVC186+19-114, which is avail-
able in GALFA (Peek et al. 2018) and carries a relatively
simple phase structure: A cold core plus a warm envelope
(Stanimirovi¢ et al. 2006). This simple structure allows us to
easily discuss CNM and WNM behavior without worrying
about much of the phase exchanges in general HI emissions.

The observational data is obtained from the GALFA-DR2
(Peek et al. 2018) survey which deals with a wide range of
observational data of neutral hydrogen 21-cm emission with
full ranges of RA and 0° — 34° for DEC. The pixelized reso-
lution is 1’ (FWHM ~ 4'), and the pixelized velocity channel
resolution is 0.18%km /s, which is more than enough in resolv-
ing CNM with the temperature at the order of 1 K. In that ex-
treme of temperature, the CNM is believed to be absorption-
dominant. We would only expect the coldest neutral media
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observable to have their temperature at ~ 100K, which cor-
responds to a sound speed of ~ 0.6km /s. The high velocity
cloud HVC186+19-114 is located at RA = 108.6° — 109.8°
and DEC 31.0° — 32.4°, spanning a total angular area of
1.2° x 1.4°.

7.1. Visualizing the caustics from HVC

To study the velocity structure of this high-velocity cloud,
we follow §3 and apply the VDA to the observational data.
This allows us to explore how the properties of velocity caus-
tics arising from the high-velocity cloud. Fig.17 shows the
velocity caustics fluctuations we extracted following §3 with
a velocity channel width of Av = 1km/s, which extends
from v = —125km/s to v = —108km/s. We include the
spectral slopes of each caustics channel p,, in red in Fig.17,
and we write NCC(p,, I) in blue in Fig.17. We can see that
the velocity caustics are indeed uncorrelated to the column
density map. Moreover, the velocity caustics fluctuations can
be spatially different from the channel intensity structure (see
Stanimirovi¢ et al. 2006 ). The rich velocity caustics infor-
mation that is decomposed by the algorithm in §3 provides
an additional tool for observers to determine the turbulence
properties in neutral hydrogen structures (see §10). Stan-
imirovi¢ et al. (2006) suggests the maximum temperature of
CNM is about 350-1000K. If taking the lower limit, that sug-
gests that the CNM in HVC might be supersonic.
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Figure 17. The intensity fluctuations arising from velocity caustics
from Eq.20 on multiple velocity channel maps from HVC. The red
text in each panel shows the power spectral slopes, while the NCC
in blue is computed by NCC'(py, I).

7.2. Analysis under VDA

We would perform the multi-Gaussian decomposition
(Haud & Kalberla 2007) that allows one to separate the cold
and warm part of neutral media in GALFA data in the area

3.0 1
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Figure 18. One of the example of extremely narrow velocity pro-
files found in HVC 186+19-114 from GALFA-DR2, which we are
picking the same RA-DEC as in Stanimirovi¢ et al. (2006) (in units
of degrees). We use the same two Gaussian profiles to fit the spec-
tral line and we see that the narrower one has a o = 2.14km/s,
while the wider one has a 0 = 15.75km/s. The fitting coefficient
of determination R? here is 0.782. Notice that the CNM here might
be supersonic.

of interest. Fig. 18 shows an illustration of the two-Gaussian
fitting of a single velocity spectral line. We can see that the
fitting algorithm can recognize two components. This feature
is generally true for the spectral lines within the area of inter-
est. Therefore, we can group the fitting Gaussians that have
narrower width to be the cold neutral media while those with
wider width to be the warm neutral media in our study, i.e. if
the velocity channel p(z, y, v) could be fitted with two Gaus-
sian profiles similar to Stanimirovi¢ et al. (2006). The choice
of Gaussian over a more theoretically found Voigt profile is
that: First of all the majority of the profile decomposition
algorithms (e.g. Haud & Kalberla 2007) are based on Gaus-
sian models. Second of all, our numerical testing shows that
the composite Voigt profiles fits the profile in similar good-
ness compared to that of Gaussian. At last, there is no pro-
file dependencies of the VDA method, as long as the thermal
broadening effect is active and the three conditions are §3
are fulfilled. The resultant spectral line for the whole region
is shown in the top-left of Fig.19. We can see that the cold
neutral media contribute approximately twice the emission
strength compared to the warm neutral media at the center of
the spectral line.

Since this HVC contains a relatively simple physical struc-
ture, it would be interesting to see how the CNM and WNM
velocity caustics behave statistically. We first plot the 0 — v
diagram that corresponds to the PPV cube of HVC in the top-
left of Fig. 19 as a function of the line of sight velocity.. After
we distinguish the CNM and WNM using Gaussian decom-
position, we plot the 0 — v diagrams for CNM and WNM in
the lower left and lower right of Fig. 19. Here, we remove
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Figure 19. (Top left) A figure showing the multi-Gaussian decomposition of the fotal spectral lines of HVC, which defines the CNM and WNM
in the study of HVC in this paper. We also compute the standard deviation of each velocity channel as a function of velocity for the total PPV
(top left), CNM (lower left) and WNM (lower right) channel by the decomposition method we proposed in Eq.20. We remove the two scales
k = 1, 2 during the calculation of o — v diagram (See Fig.20).

the £ = 1,2 contributions from the decomposed pg4, p, map
as they usually do not give insight about the relative dom-
inance of density and velocity fluctuations. Moreover, we
zoom into the velocity ranges where we see the whole CNM
profile. We can see that, while in the case of total PPV (top
left of Fig.19) the density contribution is comparable that of
the velocity contribution in the core part of the spectral line,
the latter is not negligible. In particular, in the case of the
WNM (lower right of Fig.19) the velocity caustics fluctua-

tions totally dominates over the density fluctuations. Even
for the case of CNM (lower left of Fig.19), the velocity fluc-
tuations for a large part of the spectral lines is significantly
higher than that of the densities, e.g., at v ~ —110km/s.
This shows that velocity caustics can be the dominant fluc-
tuations of intensity observed in velocity channels, e.g., in
the wing part of the velocity spectral line or warm neutral
media. Even in the case of CNM, the velocity fluctuations
are not negligible. More importantly, we see the predicted
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double-peak feature as we predicted from §6. Notice that the
skewness of the o — v diagram suggests that the HVC should
have a non-zero line of sight bulk velocity component.

We can address our findings from the perspective of the
theory of intensity fluctuation in PPV space in (Lazarian &
Pogosyan 2000, 2004). First of all, Fig. 19 tells us that
the turbulent motions associated with the CNM are veloc-
ity dominant and the CNM emission dominates the intensity
of emission in the velocity range ~ 123 to 110 km/s. This
means that for the corresponding velocity channels, the tra-
ditional VCA should be applicable. This also invalidates the
arguments in Clark et al. (2019) that the VCA cannot apply to
the multi-phase HI due to strong thermal broadening. We see
that this type of problem can occur only beyond the velocity
range as mentioned before. However, we should mention that
the spatial resolution of the HVC data is relatively poor, that
it is likely that the spectral slope estimation will have a large
error.

We can further analyze the relative contribution of the
density and velocity fluctuations in velocity channels using
the P;(K)/P,(K) parameter discussed §3. Fig.20 shows
P;y(K)/P,(K) for both CNM and WNM with variations of
the channel widths. We can see very clearly from both Fig.20
that the small scale structures of both CNM and WNM have
Py(K)/P,(K) < 1, meaning that velocity fluctuations are
dominant at small scales. In particular, for CNM, we see
an average P;(K)/P,(K) =~ 1/2 in small scale., While
for WNM, this ratio can extend to the order of 10~2. This
shows a clear example that, even CNM exists extensively
in velocity channels in terms of mass fraction, the caustics
fluctuations associated with CNM are still stronger than its
density fluctuation. The variation of the power spectra ratio
P;y(K)/P,(K) for HVC’s CNM is consistent with that of our
simulation result (Fig.12) that (1) the relative dominance of
density and velocity is indeed a function of Av (2) in small
Awv velocity fluctuations dominates over the density fluctu-
ations. For HVC’s WNM we observe that its power spectra
ratio Py(K)/P,(K) is smaller than 1 at almost all scale. This
can be seen usually in channels that are very far away from
the spectral peak (See Fig.10,11), or the density fluctuations
are simply too small in contributing the P;(K)/P,(K), i.e.
the incompressible limit. Nevertheless, for HVC we see an
observational example that both CNM and WNM are veloc-
ity dominant in small scales at the center velocity channel in
the thin channel limit. We can now have a detailed caustics
map for each channel of a physical object that the prediction
of the PPV statistical theory (LP00) can be applied readily
without worrying the density collusion in channel maps.

We can further examine the changes of spectral slopes as
a function of the line of sight velocity for the decomposed
channels, which is shown in Fig.21, we can see that the total
velocity channel power spectral slope (black line of Fig.21)
shares the core part of that of the CNM p,, (blue of Fig.21)
and the wing part of WNM p, (red line of Fig.21). This
shows that velocity caustics do indeed dominate the intensity
fluctuation in thin velocity channels.

8. SYNERGY OF VCA AND VDA

With the availability of velocity caustics from VDA, it is
natural to ask what are the implications for the techniques
that depend on the theoretical formulation of LP0O. In par-
ticular, several questions can be asked (1) With the knowl-
edge that the velocity caustics are dominant on wing chan-
nels, should we give less importance to the centers of the
velocity channel? (2) How to use VCA in heavily thermally
broadened channels?

8.1. The necessary changes to the VCA method

The VCA method relies on the difference of the spectral
slopes in thin and thick channels to predict the 3D velocity
spectral index (See Lazarian 2009, Tab.1). The success of
applying VCA in observation in the SMC (Stanimirovi¢ &
Lazarian 2001') and Perseus (Padoan et al. 2006) do make
VCA seem like a universal method in obtaining the 3D ve-
locity spectral index. However, there is no change of spectral
index between the thin and thick velocity channel in the case
of strong thermal broadening. Hence the VCA method is not
applicable in subsonic media. The new developments pre-
sented in this paper allows one to extract the caustics from
subsonic media, which allows one to compare the spectral in-
dex between the thin channel caustics and the intensity map
to obtain the 3D velocity spectral index. Below we show two
examples on how we can estimate the velocity spectral index
for a case with the spectral ratio P;/P, < 1 and P;/P, > 1.

First, we have to summarize what changes we need for the
VCA method to work in subsonic media. First of all, the
caustics statistics should be used in substituting the velocity
channel in computing the thin channel spectral slope (Table
1). The value of m as required by the VCA method would
be the difference between the spectral index between the thin
channel caustics and the thick velocity channel. It is evident
that we only have the contribution from velocity fluctuations
in the case of constant density. Using the VCA method’s
formula becomes straightforward without any worry about
the spectral distortions arising from the density fluctuations.
One can also compare the results of the 3D velocity spectral
index with that of the constant density velocity centroid (See
Appendix §D) as the two numbers should be the same in the
ideal case. Second, since the peak fluctuations of caustics are
not at the center of the spectral line, but ~ £0.5Av, fective
away from it since the peaks are symmetric about the cen-
ter of the spectral line (§6), all channels should be computed
with the center channel put at |v — Upeqr| ~ £0.5AV¢f fective
where vpcqk 1s the spectral peak. In other words, we would
consider the spectral index of the velocity channel, for exam-

19 We also show numerically with the high-resolution data that the SMC has
Py/P, ~ 1/5 for most K using the newest observational data, Yuen et al.
in prep
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Figure 21. A figure showing the spectral slope variation as a func-
tion of channel position for both CNM caustics (blue) and WNM
caustics (red). We can see that the velocity caustics contribute to
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as a function of velocity channel width Awv. In simple words,
we are going to consider the differences of the spectral slopes
between the column density map and the velocity caustics
from thin wing channels at [v — Vpeak| ~ £0.5AVcf fective
for the application of VCA.

Below, we show two GALFA examples from Yuen et al.
(2019), one of which we knew that VCA works in its origi-
nal form, while the other example was identified as a heavily
thermally broadened map. We shall illustrate how the above
new procedure combined with VDA works for these chan-
nels.

8.2. Applying VDA to GALFA data
SUBDOMINANT THERMAL BROADENING

We shall first use the GALFA data that we successfully
applied VCA in Yuen et al. (2019). The region centered at
RA = 4° and DEC = 10.35°, spanned for an 8° x 8° re-
gion, is a representative region that has some VCA statistics
as discussed in Yuen et al. (2019). We would first like to see
how VDA works for the channels. Fig. 22 shows the chan-
nels’ structures and their decomposition under VDA for two
selected velocities. The two velocities are selected since they
are the velocities that produce peaks of the o, and o,,, re-
spectively. In particular, the velocity position —9.29km/s
fulfills the 1 — o criterion.

We can quantify the results using the P;/P, diagram for
easier visualization. On the left of Fig 23 we see the vari-
ation of P;/P, as a function of & for both velocities. We
see that for the case of v = —3.77km/s the P;/P, fac-
tor does not deviated much from unity, which signifies that
the density and velocity contribution are in “equi-partition”
in this selected velocity channel. However, for the case of
v = —9.29km/s we see that the P;/P, factor is mostly
smaller than 1. Notice that v = —9.29km/s is the location
where we have o, attains its maximum, Therefore, accord-
ing to §8.1 we should use it as the center channel in com-
puting VCA. On the right of Fig 23 we see the variations
of the spectral indices for both p, and p = pg + p, as a
function of Av by putting vg = —9.29km/s. We estimate
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-3.77km/s

REGIONS WITH DOMINANT THERMAL BROADENING

It is interesting to see how we could apply VCA to re-
gions that are suffered from strong thermal broadening. Note
that those regions corresponded to N/A entry in Yuen et al.
(2019). For these regions, the change of the channel width
does not change the spectral slope. The region centered at
RA =228° and DEC = 18.35°, spanned for an 8° x 8 re-
gion, is a good candidate since we can see visually from the
top of Fig.24 that the p,, map does not look to be very differ-
ent from that of the py map, which is a bad sign of equipar-
tition of velocity and density contribution in this particular
velocity channel. We can see from P;/P, curve in the bot-
tom left of Fig.24 that it is unity for most of the scales. As
for the VCA method, while we see that there is no variation
of the spectral slope as a function of Aw for the total velocity
channel (blue curve in the bottom right of Fig.24), there is a

" -3:77km/s,velos only

3.7?k—ml§,deﬁw ol
Figure 22. Two set of figures showing the structure of raw and decomposed velocity channels at two selected velocities —3.77km/s (upper
row) and —9.29km /s (lower row) for the GALFA data centered at RA=4.00 and DEC=10.35. The latter is one of the positions fulfilling the

1 — o condition for this piece of data. From the left: Total intensities of velocity channel; Middle: p,, Right: py. The figures’ colorbars are set
to be [(p), (p) + 303].

m ~ 3.4 — 2.9 ~ 0.5 for this region, indicating that the 3D
velocity spectral index to be E(k) ~ k=35,

significant variation for that of p,,?’. Using the spectral index
values of thin channel p, and thick channel p, we estimated
that m ~ 3.1 — 2.7 ~ 0.4, which corresponds to a 3D ve-
locity spectrum of E(k) ~ k=3 We note that this value
of m cannot be found if one only has the information on the
blue curve in the bottom right of Fig.24. Only in the case
when we remove the density contamination, we can study
the channel’s velocity statistics. Formally, the spectrum is a
little bit shallower than the Kolmogorov one (2/3), which is
likely because we did not perform a thermal deconvolution in
the decomposed velocity channel, or there is a possible self-
absorption in these data. Not to mention we did not estimate

20 Notice that according to our discussion in §3, the sum of p,, across channels
is 0. Since the - for a nearly constant map is 0, the thick channel limit of p,,
must have a flatter slope compared to the thin channel p,. As a result, the
trend of ~ for p,, might seem different to some readers compared to what
LPOO predicted: In thin channels, the spectral slope of p,, is steeper, but
that should eventually decrease as the channel width increase. Yet LPOO
was actually comparing the spectral slope between the thin channel p,, and
the thick channel p = pg + py. Therefore, we perform the same in this
section.
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Figure 23. (Left) A figure showing the variation of P;/P, as a function of k for both selected velocities for the GALFA data centered at
RA = 4° and DEC = 10.35°. (Right) A figure showing the variation of -y as a function of Av when we set vo = —9.29km/s.

the noise here since we want to illustrate the power of the
VDA for VCA studies. However, the result of this analysis
should not be underestimated since it is simply impossible to
apply VCA for regions with severe thermal broadening. In-
deed, the VDA amplifies the capabilities of the VCA signifi-
cantly. The contribution of velocity caustics arising from the
WNM is suppressed in the traditional VCA approach due to
the thermal broadening. Combining the VCA and the VDA,
we can study both velocity turbulence in the CMN and in the
WNM and, therefore, we can compare the properties of tur-
bulence in different phases of HI. This is very advantageous
for understanding the dynamics of the multi-phase medium.
We will provide the corresponding analysis in our later pub-
lications.

9. IMPLICATIONS FOR PREVIOUS STUDIES

With our results in the previous sections, it is worth dis-
cussing how important velocity caustics are for some previ-
ous research. We would discuss some of the important re-
search directions and discuss how the caustics extracted by
VDA would change these directions. We shall first discuss
the importance of caustics to channel studies in §9.1. The
RHT-related studies will be discussed in §9.2. We shall dis-
cuss how would the VDA fundamentally changes the current
recipe of VGT in §9.3. At last, we shall discuss the nature of
HI filaments under the analysis framework of VDA in §9.4.

9.1. The importance of velocity caustics in velocity channels

The theory of PPV statistics (LP00) has been verified by
numerical simulations and observations. One of the most im-
portant predictions in LPOO is the change of velocity channel
power spectral slope as a function of velocity channel width,
which has been confirmed observationally in the SMC (Sta-
nimirovi¢ & Lazarian 2001) and also numerically in MHD
simulations (Lazarian & Esquivel 2003). The method of
obtaining the velocity spectral index from the difference of

power spectral slopes of thin and thick velocity channels is
later tailored as VCA in Lazarian & Pogosyan (2004). Since
then, the development of VCA has been extended to emis-
sion and absorption lines for different tracers (Lazarian &
Pogosyan 2004, 2006, 2008). More importantly, the VCA
method is being further improved numerically in Chepurnov
& Lazarian (2009) and the absorption case was tested by
Burkhart et al. (2013). The VCA is primarily tested observa-
tionally for molecular tracers (Padoan et al. 2006) and multi-
ple HI cubes that are not severely affected by thermal broad-
ening (Yuen et al. 2019).

Aside from the spectral slopes differences as a function of
channel width, LPOO and the subsequent works (Lazarian &
Pogosyan 2004, 2006, 2008; Chepurnov & Lazarian 2009)
also predict that the anisotropy of velocity channels are as-
sociated with the velocity caustics fluctuations. The velocity
caustics are both filamentary (see §9.2, 9.4)>' and indepen-
dent of the density fluctuations (See Fig.2). In this paper, we
clarify the concept of velocity caustics and show that it can
be observed and fulfills the properties that are predicted by
LPOO.

Nevertheless, the importance of velocity caustics was chal-
lenged in Clark et al. (2019) where it was claimed that LPOO
is not applicable to multiphase HI, and the filaments in chan-
nel maps were mostly density filaments aligned with the
magnetic field. Our initial response to Clark et al. (2019)
was made public in Yuen et al. (2019). With the multiphase
simulations and the tools developed in this paper, we are in
a position to provide a quantitative response to the critiques
by Clark et al. (2019) and subsequent publications support-
ing the pure density explanation of 21 cm emission filaments

21 The formation of "fibrous filaments” arising from velocity fluctuations, i.e.,
from velocity caustics in PPV space, was reported in simulations by Clarke

et al. (2018), in agreement with the LPOO predictions.
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Figure 24. (Top) A set of figures showing the structure of the channel and its VDA decomposition for the GALFA data centered at RA =
228.00° and DEC = 18.35°. From the left: Total intensities of velocity channel; Middle: p,, Right: py. (Bottom left) A figure showing the
variation of P;/ P, as a function of k for two selected velocities. (Bottom Right) A figure showing the variation of ~ as a function of Awv.

(see Kalberla & Haud (2019)). A key criticism of LP0O from
Clark et al. (2019) is related to the increased density contri-
bution due to thermal effects. To address criticism such as
these, a tool that allows us to disassociate and quantify the
relative density and velocity fluctuations in velocity channels
is required.

It is for this purpose that we present the VDA method. The
results provided in this paper demonstrate that VDA can an-
swer many of the concerns from the critics of LPOO approach
to HI. First of all, the caustics are the most important theo-
retical case that is studied in LPOO and subsequent works and
has been known to follow Tab.1 nicely. The extraction of ve-
locity caustics would allow one to determine the 3D velocity
spectral slopes based on the caustics map derived from Eq.20.
Second, obtaining the exact contribution of caustic structures
enables us to settle the recent debate on whether the velocity
channels are dominated by densities or velocities (Clark et
al. 2019; Peek & Clark 2019; Yuen et al. 2019; Kalberla &
Haud 2019, 2020; Kalberla et al. 2020). From the examples

in §7,8 & 9.2, we see that the statement that ”HI velocity
channels are exclusively dominated by CNM density fluc-
tuations” is incorrect. Note that even in the regions that we
identified as “density dominated”, ignoring the velocity fluc-
tuations would be inaccurate. While the total intensity fluctu-
ations can arise from densities on large scales, the small scale
intensity fluctuations are still dominated by velocity caustics
(See Fig. 10,12,20), as opposed to Clark et al. (2019)’s em-
pirical claim. Furthermore, we can see from the upper row
of Fig.12 that only when one considers a rather thick chan-
nel limit (Av/v;,; > 1.3) will the spectra ratio (P;/P, in
Fig.12) stays above unity, which suggests that LP0O is appli-
cable to HI media.

9.2. Implication to Rolling Hough Transform and tracing of
cold neutral media based on linear structures

A series of papers (Peek & Clark 2019; Kalberla & Haud
2019, 2020; Kalberla et al. 2020) studied the correlation
of the enhancement of intensities in HI velocity channels
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to different observables in order to infer the distribution of
cold neutral media on the sky. These works are based on
the argument from Clark et al. (2019) that the features ex-
tracted by the unsharp mask (USM), which is the first step
of the Rolling Hough Transform (RHT, Clark et al. 2014),
are mostly dominated by density fluctuations and reflected
cold neutral media structures. In particular, they used a non-
normalized version of the NCC (see Eq.21, Yuen et al. 2019)
and compared the value of NCC between channel maps and
dust column density map to a curve erroneously attributed to
LPOO to claim that the velocity channels are density domi-
nated regardless of the channel width. Based on these sorts
of arguments, Clark et al. (2019) concluded that with the sec-
tion title 3.3 in Clark et al. (2019): ”Thin-channel HI Inten-
sity Structures Are Not Velocity caustics”, and also in their
main text ”Evidently, not only are thin-channel HI intensity
structures not dominated by velocity caustics, but there is
no measurable contribution to the HI intensity from veloc-
ity caustics at all **, suggesting that velocity caustics are
completely absent in HI observation.

The above conclusion contradicts our testing in this paper.
In fact, our analysis in this paper reveals that each channel
contains both density and velocity fluctuations for each phase
(See. Fig.12). In particular, previous sections show that (1)
velocity fluctuations tend to contribute more when we are ob-
serving the wing channels (2) the dominance of density fluc-
tuations in velocity channels occur mostly in the subsonic
environment when |v — Vpeak| < 0.5AVe fective (See §6). It
is not hard to imagine that the USM or RHT of the p, map,
which is purely velocity features, would still exhibit correla-
tion to cold neutral media. Moreover, it is also possible that
the structure of the cold neutral media in channel maps is in-
herited from the velocity fluctuations. We want to illustrate
this effect using the region employed in Clark et al. (2015) to
show that the velocity channels do contain velocity caustics
according to our analysis method in §3 and further show that
caustics are dominant in a number of channels.

To start with, we select the regions that have the most
”RHT-fibres” (the linear structures that are detected accord-
ing to RHT) in the region used in Clark et al. (2015, Top
panel of Fig.25). We then perform VDA in the region and
compute RHT for both p,; and p,. The RHT output indicates
the location of the linear structures in the pg ,, maps with the
intensity map being rescaled to [0, 1]. The intensity value of
the RHT output indicates the pixel’s probability of being a
part of the linear feature in the neighboring region. We can
see visually from the middle panels of Fig.25 that both p,
and p,, maps exhibit a variety of linear structures. To com-
pare their location, we can multiply the RHT output of pg
and p,,, whose intensity value is also in the range of [0, 1].
The lower panel of Fig.25 shows the multiplied output. We
can see that the linear features from py and p, are uncorre-
lated to each other, which is consistent with the NCC value
(NCC ~ 0.087, i.e the two maps are statistically not cor-

22 Clark et al. (2019), Sec 3.3,p.9, last line

related, see Eq. 21) of the RHT output of these two maps.
More importantly, it is clear that velocity caustics contain
linear features that are identified as filaments by RHT. The
appearance of these features follows from MHD turbulence
theory and the theory of space-velocity mapping in LPOO.
Therefore, it is wrong to disregard the effects of velocity fluc-
tuations in those fibers identified by the RHT.

It is then important to see how the spectra ratio (Py/P,,
see §5) would behave as a function of the channel width.
The channel width in this data is considered to be “thin”
according to LPOO (See Eq.3). Fig.26 shows that the small
scale P;/ P, ratio is indeed smaller than one when the chan-
nel is thin. This shows that velocity fluctuations dominate
over that of density in small scales for this particular chan-
nel. This result can be easily generalized to different regions.
In fact, from our analysis, there are 34 channels out of 41
being velocity-dominant. Furthermore, we would like to es-
timate the importance of velocity caustics in all channels by
computing the weighted percentage along the line of sight:
We first compute the importance of velocity fluctuations for
each velocity channel by oy, /(0,, + 0p,) and then multiply
this quantity to the spectral line N(v). That is to say, the
weighted percentage is given by:

N(v)op, (v)
>y N(v) o Opo (v) 4 op, (v)

From the above equation, we see that more than 50% of the
total pixels in all of the channels in the regions are veloc-
ity fluctuations even with the density effects fully accounted.
This shows that disregarding the effect of velocity caustics
for the formation of the structures in thin channels is in-
correct. The structures of velocity caustics are linear, fila-
mentary, and expected to align with the magnetic field. We
also note that the degree of alignment of the velocity fila-
ments arising from velocity fluctuations with the polariza-
tion is higher than for those from the density filaments. This
corresponds well to the theory’s expectation as the velocity
fluctuations in MHD turbulence trace magnetic field direc-
tion better than those of density (see §9.3). However, we
believe that the VGT, especially under the modification of
VDA (see §9.3), is a more reliable way of tracing magnetic
fields than the currently available methods which utilize the
filamentary nature of velocity channel maps.

Weighted Percentage =

9.3. Implications to the Velocity Gradient Technique

The velocity gradient technique, which is based on the
modern MHD theory (Goldreich & Sridhar 1995; Lazarian
& Vishniac 1999) and the statistics of spectroscopic chan-
nel maps (Lazarian & Pogosyan 2000, 2004), can success-
fully trace magnetic fields in various astrophysical environ-
ments. However, the velocity channel gradients (VChGs) are
founded on the assumption that velocity caustics dominate
the fluctuations of the velocity channels in MHD turbulence
(Lazarian & Yuen 2018a). In this paper, we show that this
argument is not entirely correct. In fact, from our previous
sections (e.g., §5), we see that there can be velocity chan-
nels that are density dominated. Despite that fact, Lazarian
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Figure 25. A set of figures showing how a selected wing channel
(v = —17.67km/s, Av = 2.94km/s) from the region in Clark et
al. (2015) would look like after VDA, and the output of RHT from
VDA maps. From the top panel: The p, map after VDA. 2nd and
3rd panels from the top: The RHT results of p, and pq respectively,
scaled to [0, 1]. The lower panel. The product of the RHT results of
pa and p,, scaled to [0, 1]. The normalized correlation coefficient
(Eq.21, notice NCC € [—1,1]) is 0.087, which means the RHT
results of py and p, are basically uncorrelated.

& Yuen (2018a) showed in a variety of MHD simulations
with different sonic and Alfvenic Mach numbers the gradient
technique is shown to be applicable to HI media. It is then
natural to ask: Why do the channel gradients in Lazarian &
Yuen (2018a) correctly trace the magnetic field directions?
How would the VDA developed in this paper improve the ac-
curacy of the velocity channel gradient in observation? Very
importantly, we will have a new quantity under the frame-
work of VGT called velocity caustics gradient that would
follow the assumptions of Lazarian & Yuen (2018a) nicely,
and we expect that to be more reliable and accurate in tracing
the magnetic field.

9.3.1. Improving magnetic field tracing with velocity channel
maps

The numerical tests (Yuen & Lazarian 2017a,b; Lazarian
& Yuen 2018a) of the VGT cover a large parameter space
with various M, and M4, and are performed with various
synthetic observations (see Hsieh et al. 2019). It has been
shown repeatedly with different numerical setups that the
gradients of different observables (e.g., column density, ve-
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Figure 26. The spectra ratio Py/ P, at the wing channel from the
HI data from Clark et al. (2015) at v = —17.67km/s and Av =
2.94km/s. We can see that as the channel width goes smaller, the
spectra ratio quickly drops below one for most K.

locity centroids, velocity channels) are tracing the block-
averaged magnetic field directions as long the Yuen & Lazar-
ian (2017a) Gaussianity is satisfied. That means when one
could fit a Gaussian function > to the gradient orientation
histogram. In this scenario, the peak of the Gaussian fit-
ting function returns the local magnetic field directions. This
procedure is termed block-averaging in Yuen & Lazarian
(2017a) and has been the core of the gradient technique de-
spite other procedures or improvements are introduced (e.g.,
Hu et al. 2018; Lu et al. 2020, Ho & Lazarian 2020). Aside
from some special situations, e.g., regions of the gravitational
collapse (see, e.g., Yuen & Lazarian 2017b; Hu et al. 2019c¢),
velocity gradient directions after block averaging are statis-
tically perpendicular to the local block-averaged magnetic
field directions. The block-averaging criterion has been ex-
tended by Lu et al. (2020) under theoretical considerations
such that it should be a special Lorentzian-sinusoidal func-
tion that fits the gradient orientation histogram. The success
of the VGT is further confirmed by the numerous application
examples available in different astrophysical environments
(See e.g. Yuen & Lazarian 2017a; Lazarian & Yuen 2018a;
Hu et al. 2019a,b). On the contrary, while the density field
can mimic the statistics of velocities for low Mj, it signifi-
cantly deviates from the velocity statistics in high M, flows
or in more complicated physical settings (Yuen & Lazarian
2017b; Lazarian & Yuen 2018a). Those include, for instance,
multiphase fluids with thermal instability. However, previous
work shows that even with the density collusion in velocity
channels, the velocity channel gradients still trace the mag-
netic field reliably (Lazarian & Yuen 2018a).

23 For large M 4 cases the fitting should be a von-Mise function.
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Simultaneously, the thermal line width of turbulent gas
presents a prominent complication in terms of the tracing of
the magnetic field as the channel map is affected by the mor-
phological changes of density structure.’* According to the
LPOO theory, an increase of the thermal line width will also
increase the effective thickness of a velocity channel (See
Eq.4). Moreover, as we see in this paper (See e.g., Fig.10),
the contribution of density fluctuations increase in proportion
to the thermal line width. Under a strong broadening sce-
nario, the velocity channel will be effectively thicker, which
complicates the interpretation of velocity channel gradients
in terms of velocity gradients using the Lazarian & Yuen
(2018a) recipe. Earlier, this problem was circumvented by
using heavier tracers, e.g., CO, with reduced thermal width,
or appealing to the physical model that cold HI clumps move
together with the warm HI. With VDA, the problem of den-
sity interference due to thermal broadening is solved as we
can compute the gradients of the decomposed caustics p,
(See Eq.20) from observational data.

We want to stress that, while some channels are density
dominated, the VDA technique provides the pure caustics
structures for each velocity channel and thus the underlying
structures will reflect the velocity statistics as predicted by
LP0OO and numerically tested in Lazarian & Yuen (2018a).
Our exploration of velocity channel based on VDA shows
that even in the case of subsonic turbulence, the velocity
caustics contribute to a significant amount of fluctuations
of intensities in velocity channels (§5) which is confirmed
by both numerical (§5) and observational data (§7,8). Else-
where, we shall discuss how to use the velocity channel data
more productively by combining the VGT with the VDA ap-
proach.

9.3.2. Dependencies of caustics gradients on physical conditions
and MHD modes

In fact, when turbulence is highly subsonic, the follow-
ing is expected by the MHD theory: (1) Alfven mode veloc-
ity fluctuations are anisotropic along with the local magnetic
field directions (Goldreich & Sridhar 1995); (2) the slow
mode velocity fluctuations are moved by Alfvenic modes as
a passive scalar. Therefore, mimic the statistics of Alfven
velocity fluctuations; (3) the fast mode velocity fluctuations
are isotropic (see Cho & Lazarian 2003) with the relative en-
ergy in fast mode being small compared to the Alfven and

2005; Kowal et al. 2007). In subsonic turbulence, Alfven
mode does not contribute to density fluctuations. The major-
ity of the density fluctuations arise mostly from slow modes
and they follow the same Alfvenic turbulence scaling as the
velocity fluctuations. This also follows from our previous nu-
merical experiments in Lazarian & Yuen (2018a), where the
orientations of the density and velocity gradients are shown
to be similar, i.e. perpendicular to the local magnetic field
25 in the case of a mildly subsonic environment. In fact,
it is shown numerically (Ho & Lazarian 2020b) that in the
subsonic limit, the velocity channel gradients perform excep-
tionally well regardless of the relative contributions of den-
sity and velocity fluctuations in the channel maps. Moreover,
both of these fluctuations are anisotropic along with the local
magnetic field directions. Yet in supersonic cases, the density
fluctuations show rather non-trivial behavior. It was shown
in Beresnyak et al. (2005) that, while the density field below
a certain threshold obeys the Alfvenic turbulence statistics, a
small fraction of volume filled by high-density structures will
have a shallow spectrum and very different statistical proper-
ties arising from shocks. Those high-density structures tend
to align perpendicularly to magnetic field Yuen & Lazarian
(2017b), which result in a decrease of the accuracy for the
channel gradients approach (Lazarian & Yuen 2018a).?
Under the framework of VDA, the observers can deal with
the real velocity fluctuations from spectroscopic data, allow-
ing the observers to not considering the statistical behavior
of density field in MHD turbulence.

9.3.3. Caustics gradient dispersion as a probe of media
magnetization

The VGT in its present formulation goes beyond tracing
the magnetic field. For example, the dispersion of the chan-
nel gradients can be used to study magnetization of the me-
dia (Lazarian et al. 2018). Notice that the gradient dispersion
statistics of density and velocity in MHD turbulence could be
different in different modes even if their gradient orientations
are statistically the same. This leads to an essential question
on whether the magnetization estimation technique (Lazar-
ian et al. 2018) is applicable if we have a different weight
of density and velocity contribution in velocity channels, as
there might be concerns on whether the fitting result from

slow mode combined (Cho & Lazarian 2002, 2003). No-
tice that the slow mode velocity statistics is slaved by the
Alfven mode. Under this condition, the velocity fluctuations
in channel maps, which mostly coming from Alfven and slow
modes, are expected to be anisotropic to the local magnetic

field.

The statistics of density fluctuations is far more compli-
cated than that of velocity fluctuations (Beresnyak et al.

24 The importance of such structures gets more prominent for high sonic Mach
numbers M. However, for M > 1, the importance of thermal broaden-
ing decreases.

25 It is worth noting that the gradients of a certain observable will only be able
to trace magnetic field when (1) the power spectral slope of that observable
to be steeper than —1; (2) being anisotropic along the magnetic field (See
Lazarian & Yuen 2018b, Appendix C). The MHD turbulence (Goldreich
& Sridhar (1995), see also Beresnyak & Lazarian 2019) falls into the re-
quirement, but the gradient technique will also apply to other kinds of the
cascade as long as the Lazarian & Yuen (2018b) criterion is satisfied.

26 We note that the response of density fluctuations to the presence of mag-
netic field can be used to get properties of magnetized media, see (Hu et
al. 2019c¢). Using the approaches developed with the velocity gradients, it
is also possible to trace magnetic fields (Yuen & Lazarian 2017b; Hu et al.
2019c). Notice that density gradients are usually not reliable tracers of the
magnetic field in supersonic interstellar media (Yuen & Lazarian 2017b).
They, however, can be used in combination with velocity gradients to study
both magnetic fields and shocks (see Hu et al. 2019c, also §9.3.4).
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Lazarian et al. (2018) will be applicable to caustics map de-
composed from VDA.

Nevertheless, as the orientation of the velocity caustics
gradients is defined purely from velocity statistics (See §C),
we do not expect the orientation-related statistics (e.g. Lazar-
ian et al. 2018; Yuen & Lazarian 2020b) would change dra-
matically. We also reported numerically that the dispersion
of density-weighted channel gradients is not much different
from that of the caustics gradients. Thus we believe that the
fitting result from Lazarian et al. (2018) should be applica-
ble, but a more careful study should be performed in the near
future. Similarly, the improvement techniques (moving aver-
age from Lazarian & Yuen 2018a, PCA from Hu et al. 2018,
spectral filtering from Lazarian et al. 2017) will all have to
be tested accordingly in the case of caustics map. It would
also be interesting to see how the mode decomposition tech-
nique can be synergetically used with the gradients of ve-
locity caustics in observations (See Cho & Lazarian 2003;
Zhang et al. 2020).

9.3.4. Shock identification with the VDA

The introduction of the VDA technique also allows us to
proceed with an accurate shock detection algorithm based on
the properties of velocity caustics gradient. It is discussed
in Yuen & Lazarian (2017b) and subsequently in later works
(Lazarian & Yuen 2018a; Hu et al. 2019c¢) that the gradients
of densities will be perpendicular to that of velocities in the
region of shocks. While in the raw velocity channels we can-
not separate density and velocity channels, it was argued in
Yuen & Lazarian (2017b) that thin channel gradients would
be a good estimate of the caustics map. Therefore, by com-
paring the gradients of thin and thick channels, one might
locate shocks. However, as we see from this paper, the afore-
mentioned method may sometimes be problematic since the
gradients of the velocity channel are linear combinations of
density and velocity fluctuation. Moreover, the density gra-
dients are now parallel to the magnetic field statistically. A
numerical example can be given using the results from §5:
Even for the thinnest channel we have at the spectral peak
in the lower-left panel of Figl0 (Av/v;y,; ~ 0.07), the rela-
tive contribution of density to velocity in the center channel
is still ~ 0.7. That means the gradients of the center channel
in the vicinity of the shocks in Fig.10 in the thin channel limit
would be comprised of ~ 41% of the gradients that are den-
sity like being parallel to the magnetic field, while ~ 57% of
the gradients that are velocity like will then be perpendicular
to the magnetic field. With VDA, we can separate the chan-
nel maps into p; and p,, and consider their gradients’ relative
orientations in the vicinity of shock regions. We shall refer
to the formulation in the forthcoming paper.

9.3.5. Caustics gradients under self-gravity

A similar argument also applies when we are using gradi-
ents to probe the self-gravitating regions. It was suggested
from Yuen & Lazarian (2017b) that the gradients of both

density-like and velocity-like features will gradually®’ rotate
90°. With VDA, we can see how the velocity caustics behave
in the presence of gravity. According to the description in
Yuen & Lazarian (2017b), we believe that the caustics gra-
dients should be least affected by gravity. However, when
the gravitational force takes over, the caustics gradients will
eventually turn 90°. This change happens as the acceleration
induced by gravity gets larger than the acceleration induced
by turbulence. Both the relative orientation between intensity
gradient and p,, gradient and that between p,, and polarization
will change. This is similar to the use of the velocity gradi-
ents (see Yuen & Lazarian 2017b), but using p,,, we expect to
determine the collapse regions significantly better. We shall
discuss the corresponding algorithm in the forthcoming pa-
per.

9.3.6. Caustics gradients in multiphase HI emissions

The ability to separate the gradients arising from veloci-
ties and densities would change the ways of applying VGT in
multiphase media. It was shown in Fig.12 that all of the chan-
nels for the cold and unstable neutral media are velocity dom-
inant, while for the warm neutral media, the velocity chan-
nels are velocity dominant only in the wings. When they are
combined and observed spectroscopically, we see that only
the supersonic, cold/unstable media features are displayed in
both the o — v and spectra ratio P,/ P, diagrams. We can
see that the peak location of o}, — v in Fig.11 is consistent to
that of cold neutral media in Fig.12. Similarly, the P,/ P, di-
agrams in both Fig.11 and 12 are sensitive to channel width,
which is a signature of supersonic system. As we show in
Fig.12, the numerical simulations suggest that the caustics
arising from the CNM clumps dominate that from the other
phases in multiphase media. It is worth noting that, due to
the large temperature differences and the definition of the
sonic Mach number, the turbulence flow can be supersonic
for CNM but subsonic for WNM. Again, we emphasize that
the thermal problem depends on the parameter v;,,/cs, not
the true sonic Mach number. For a two-phase model, there
will be at least two numbers Vo5 /Cenms Vios/Cwnm that will
decide whether the velocity channel will be density like or
velocity like, where ccpm , Cwnm 1S the localized sonic Mach
number for CNM and WNM. Readers should be cautious on
the dramatic differences of the thermal properties for CNM
and WNM and the respective impact on the channel maps
(See §5.2.2).

The VDA approach brings the gradient technique to a new
level in applications to HI media. This paper shows that
the VDA resolves the problem of separating the velocity
and density contributions in the situation where the thermal
broadening dominates the turbulent contribution. As a result,
the VDA makes the caustics gradients applicable in the most

27 The word ”gradually” is important here since it is not a one-time process
for the gradient vectors to flip their directions. Instead, as discussed in Yuen
& Lazarian (2017b), the relative orientation of both intensity and velocity
centroid gradients will change from perpendicular to parallel according to
the stage of collapse, with the latter being a slower process.
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unfavorable scenario described in Clark et al. (2019). In par-
ticular, our practical applications of the VDA to the HI data
in §7 & 8 demonstrates that using caustics gradients in mul-
tiphase HI we can, first of all, (a) prove the applicability of
caustics gradients in its application to most of the galactic
HI, (b) increase the accuracy of both techniques in probing
turbulence and magnetic field, (c) obtain reliable results for
the regions where the application of the original versions of
techniques may be problematic. (d) gives the fundamental
reason why small scale gradients are more accurate than that
of large scales due to the spectral behavior we show numeri-
cally in Fig.10,12 and observationally in Fig.20.

The channel gradients are being developed based on the
better understanding of the position-velocity mapping of tur-
bulent motions (LP00). We expect that the VDA would be a
way of significantly improving their performance due to the
removal of density collusion in channel maps. The synergy
with other approaches presents a plausible way in further im-
proving the ways of studying turbulence and magnetic fields.
We discussed above the application of the phase decomposi-
tion technique Kalberla & Haud (2019) in combination with
the VCA. We believe that this approach could be promising
together with the caustics gradient and expect that this syner-
gistic approach can provide insight into how different phases
interact with the magnetic field. Besides, while the classi-
cal VCA (§8) focuses on obtaining turbulent properties of
the cold medium, with the VDA, turbulence in both cold and
warm media can be studied, and its properties can be com-
pared. This is very important for the understanding of the
dynamics of the multiphase media.

9.3.7. The use of caustics gradients for predicting CMB polarized
foreground

The VDA, together with VGT, also enables us to study
the foreground magnetic field, which would be beneficial in
cosmological studies. The VDA is a technique applicable to
any spectroscopic data. The application of it to HI will have
significant consequences for foreground polarization studies.
Indeed, dust polarized emission is an essential component to
be removed in CMB polarization studies aimed at detecting
the enigmatic gravitational waves in the early universe.

As we see from §9.2, the HI fibres that are extracted by
RHT and the related techniques could be either CNM den-
sity structures or velocity caustics. While Clark et al. (2015)
did show that the fibres traced by RHT have a statistical cor-
relation to the local magnetic field on the plane of the sky,
whether the correlation is related to density, velocity, or both
are subjected to question. As we discussed in the paper, the
VDA, with its ability to identify velocity fluctuations, mit-
igates the effects of density fluctuations on the VGT. As
we also discussed earlier, the latter fluctuations are worse
aligned with respect to the magnetic field compared to the ve-
locity fluctuations. In other words, on the basis of our study,
we conclude that the HI density elongated structures, the ori-
entation of which was viewed in Clark et al. (2015) as the
way of tracing the magnetic field and the foreground polar-
ization, are in fact, the impediment for the accurate predicting

the foreground CMB polarization. A more precise prediction
of the CMB foreground polarization, is expected when the
contribution of these density filaments is filtered out with the
VDA.The corresponding study will be presented elsewhere.

9.4. Implications for studying the nature of the HI velocity
channel structures

The current study of the properties of the PPV statistics
is not limited to specific astrophysical settings. At the same
time, the present study is timely due to a number of reasons.
First of all, the intensity fluctuations within HI channel maps
were an issue of recent intensive debates. Clark et al. (2019)
suggested that the structures of thin channels, both at the
spectral peak and in wing channels, are mostly associated
with the density enhancement of cold neutral media. Their
argument is based on: (1) in low sonic Mach number cases,
and thermal broadening would suppress the contribution of
velocity fluctuations in velocity channels (2) in high sonic
Mach number cases, the high-density enhancements due to
compression dominate the fluctuations of velocity channels
(3) When using high-pass filters on velocity channels, it is
likely to detect channel fluctuations that are associated with
the density enhancements (4) those channel fluctuations are
shown to be correlated with a number of alternative observa-
tional signatures that are directly or indirectly related to cold
neutral media. Several follow-up works support the argument
from Clark et al. (2019) and claim that the observed velocity
channel intensity arises exclusively from cold neutral media
density fluctuations (Clark et al. 2019; Peek & Clark 2019;
Kalberla & Haud 2019, 2020; Kalberla et al. 2020).

These debates have far-reaching implications since the ex-
istence of caustics is the foundation of many statistical tech-
niques that are shown to be applicable in observation. For
instance, some of the papers (see Kalberla & Haud 2020)
question the applicability of the VCA to HI and claim that
the whole crop of the VCA results obtained in this direc-
tion is “fake”. The Velocity Gradient Technique (VGT) is
also challenged by the papers that purport that the HI channel
gradients are density gradients rather than velocity gradients.
Note that VCA provides a unique insight into the velocity
statistics, and VGT is a very promising tool e.g. map galactic
magnetic fields both at high latitudes (see e.g.Yuen & Lazar-
ian 2017a; Lazarian & Yuen 2018a) and within the galactic
disk (Gonzalez-Casanova, & Lazarian 2019). Nevertheless,
it can be argued that even VCA or VGT show correspon-
dences to the theoretical expectation, it is entirely possible
that the velocity channel to be density dominated as both
VCA and VGT rely on the fundamental properties of veloc-
ity channels as formulated by LP0O. This paper is in the ex-
act timing to give a formal response to those papers (Clark et
al. 2019; Peek & Clark 2019; Kalberla & Haud 2019, 2020;
Kalberla et al. 2020) and to discuss how the two methods
(VCA: §8, VGT: §9.3) will be impacted in the extreme cases
when P;/P, > 1.

The points in Clark et al. (2019) were addressed in Yuen
et al. (2019) and this paper also provides the further theo-
retical, numerical and observational foundations for the the-
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ory describing the statistics of the velocity caustics. As we
understand the current situation, the debates are focused on
whether LP0OO theory and the VCA technique adequately re-
flects the statistics of the multi-phase neutral hydrogen. The
nature of the neutral Hydrogen velocity channel is highly re-
lated to the underlying model of turbulent HI. It is a well-
known fact that neutral hydrogen has at least two stable,
pressure-balanced phases (See Draine 2011; McKee & Os-
triker 2007), which are called cold Neutral media (CNM,
T ~ 200K) and warm Neutral media (WNM, T' > 5250K)
(See also Kritsuk et al. 2017). In between the temperature
ranges are the thermodynamically unstable phases. Under
the differentiation of phases, WNM is believed to be sub-
sonic, while that of CNM is believed to have sonic Mach
number My = v/cs ~ 2 — 3. Moreover, both phases are be-
lieved to be sub-Alfvenic (Crutcher et al. 2010). In the the-
ory of interstellar turbulence with the Alfvenic Mach num-
ber small (M4 < 1), the statistical properties of supersonic
turbulence is very different from that of subsonic turbulence
(See Goldreich & Sridhar 1995; Kowal et al. 2007). Never-
theless, observationally supersonic turbulence velocity chan-
nels display different properties to that of subsonic turbu-
lence. How do supersonic CNM and subsonic WNM behave
geometrically under the framework of interstellar turbulence
and their respective spatial behavior in velocity channels be-
come a crucial question that we would like to understand.

For example, the application of VDA to HVC (§7) allows
observers to extract the velocity caustics with high accuracy
in observed neutral hydrogen velocity channels and further
enables observers to characterize the importance of turbu-
lence velocity statistics in observations. Notice that HVC
has a well-studied core-envelope structure. We can see that
the density structure does indeed dominates the center part
of the velocity spectral line, which we found to be originated
by CNM density fluctuations. Yet as we move to the wing
channels or focus only on small scale structures, the velocity
caustics dominates over density fluctuations. Nevertheless,
the WNM caustics dominates over density fluctuations for
nearly all channels, which means the contributions of veloc-
ity caustics cannot be ignored for every channels.

Similar situation also happens for the GALFA data that we
test within §9.2. By analyzing GALFA data, we demonstrate
regions where the intensity fluctuations are clearly dominated
by velocity fluctuations (See left panel of Fig.23), and we
also showed that even using the so-called “’cold neutral me-
dia tracing tools” like USM or RHT, we can obtain more than
50% filamentary structures that are caustics (See Fig.26). In
fact, there is no channel that has non-zero intensity contains
zero caustics contributions. Even at the peak of the velocity
spectral line, the caustics contribution is still about 33% of
the total fluctuations of the velocity channel when including
the large scale contribution. If we discuss only small scales
(k > 5) at Av = 2.94km/s the percentage should be raised
to 87%. The velocity caustics map contains a unique spa-
tial structure that reflects the properties of turbulence (See
Fig.17). The rich physics that is contained in velocity caus-
tics should therefore be studied extensively.

Readers should keep in mind that the existence of veloc-
ity caustics in a specific place in the velocity channel does
not exclude the possibility of cold neutral media in the same
location, and vice versa. In other words, cold neutral media
as a supersonic object displays both density enhancements
and velocity caustics in approximately the same spatial lo-
cation of the map, and the fluctuations that we see from ve-
locity channels are the sum of these two (See, e.g., Fig.12).
The dominance of density fluctuations in HI channel maps
are first proposed in Clark et al. (2019). In fact, as we note
before, Clark et al. (2019) believes that there is no measur-
able contribution to the HI intensity from velocity caustics at
all. This argument was adopted in some of the follow-up
works that correlate the locations of unsharp masked chan-
nel structures to some other CNM diagnostics (e.g., prob-
ing using Nal equivalent width Peek & Clark 2019, or CNM
probed by multi-Gaussian decomposition Kalberla & Haud
2019). Nevertheless, as we see from §9.2, more than half of
the “filamentary structure found by unsharp masks” should
be associated with velocity caustics. Moreover, those “’strong
density fluctuations” are originated from the few smallest K
from the P,/ P, diagram. Most of the small scale P;/P, is
smaller than 1, suggesting a velocity dominance in the ob-
served HI 21cm channel maps. The works that are based on
the unsharp mask algorithm should be seriously revisited.

Finally, we should mention that some authors were so wor-
ried about the applicability of the VCA to HI that, in an arXiv
preprint with a telling title ’Are observed HI filaments
turbulent fraud or density structures? Velocity caustics,
facts and fakes” (Kalberla & Haud 2020), that they give the
reader the impression that some published results analyzing
HI and supporting the predictions of LPOO theory were fake
ones and no one could reproduce them, apart from the au-
thors of the LPOO technique. ~We believe that the analysis
provided in the present paper will help the reader to make a
fact-based judgment whether the confirmations of the LP0O0
predictions were real or “fake”.

10. IMPACT TO VARIOUS FIELD OF
ASTROPHYSICAL STUDY

Aside from the previous studies, the development of the
VDA is expected to impact the general spectroscopic and po-
larimetric studies. On one hand, the VDA method allows
simple yet efficient ways in extracting the caustics map from
spectroscopic PPV data, meaning that one can now study the
velocity statistics and dynamics based on the currently avail-
able PPV data using the framework developed in this paper,
which we shall discuss in §10.1). On the other hand, the
method can be easily migrated to other studies like polari-
metric maps, which is also suffered from density collusion.
We shall discuss the possible ways of recovering the density-
free physical quantities in §10.2. Moreover, we shall also
discuss how the current paper could be used in conjunction
with the Differential Measure Analysis method (Lazarian et
al. 2020) to find the magnetic field strength on the sky §10.3.
We would also answer the questions that we asked in §1 in
§10.4.
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10.1. Importance to general spectroscopic studies in
interstellar media

Due to the fact that turbulence is ubiquitous in numerous
astrophysical processes, the development of the current pa-
per suggests that every piece of spectroscopic PPV data
could be revisited by extracting the corresponding veloc-
ity caustics structure, practically giving a second life to all
spectroscopic data for astronomers to explore with. This pa-
per demonstrates not only the key role that velocity caustics
play for the formation of channel intensity fluctuations within
the spectroscopic PPV cubes, but, most importantly, it pro-
vides the algorithm of extracting velocity caustics from ob-
servation (§3,§7,§8). These caustics structures are expected
to carry different morphology compared to the channel map
itself, straightly follows the theory of PPV statistics (LP00)
and also the properties that we discuss in the current paper
(§5,§6,see also Appendices E,F).

The velocity caustics is the central quantity in studying
the turbulent fluctuations in the quantitative theory of PPV
statistics established in LP0O (See also Kandel et al. 2016).
This theory formulated how different statistical theory of
MHD turbulence (e.g., Goldreich & Sridhar 1995; Lazarian
& Vishniac 1999; Beresnyak & Lazarian 2019, and the ref-
erences therein) could impact the spectrum and anisotropy
revealed through spectroscopic observations. Neverthe-
less,since the density field can be non-Kolmogorov in term
of the power spectrum in a number of physical conditions
(see Beresnyak et al. 2005; Kowal et al. 2007), the inter-
pretation of the PPV data based on the prediction derived
from pure velocity statistics assumption could be ambigu-
ous. LPOO provided a way of statistical determining the spec-
tral indexes of the velocity and density spectra, but this study
provides the way of separating the actual PPV contributions
arising from density and velocity fluctuations. Our present
work effectively opens a new direction in studying turbu-
lence by applying the VCA (LP00) and the VCS (Lazarian
& Pogosyan 2006) as well as the LP0O-based ways of tur-
bulence anisotropy studies (see Lazarian & Pogosyan 2012;
Kandel et al. 2016, 2017a) to the PPV data with velocity
caustics extracted (See §8 for our suggested procedure).

The velocity caustics map also has its great importance for
techniques that are based on statistics of velocity channels, as
velocity caustics statistics is connected to a number of stud-
ies that allows us to infer the turbulence properties (§9.1),
the direction and magnitude of the magnetic field (§9.3) and
the nature of the filamentary structures in observational data
(§9.2,§9.4). The new set of tools that we developed in this
paper allows astronomers to explore the velocity dynamics
directly without density contamination. Similarly, the stud-
ies of the turbulence anisotropy (Lazarian & Esquivel 2003;
Esquivel & Lazarian 2005) and the decomposition of ob-
servational data into the contributions arising from Alfven,
fast and slow modes ( Zhang et al. 2020, see also Kandel
et al. 2016, 2017a) can be done much more precisely and
reliably with the PPV data not contaminated by the density
fluctuations. We note that the VDA provides a good synergy

both with the techniques that use channel map data, differ-
ent moments of channel maps (e.g., see our construction of
constant velocity centroid in Appendix D that shows a sig-
nificant promise compared to the traditional velocity cen-
troids, see Lazarian & Esquivel 2003; Esquivel & Lazarian
2005) as well as more sophisticated constructions. The caus-
tics map can be combined with other tools developed by the
community that applies to channel maps, e.g., wavelet trans-
forms (Kowal & Lazarian 2010) or the Principal Component
Analysis Heyer et al. (2008) with new insight as the caustics
are density-independent and straightly follows PPV statistics
from LPO0. Naturally, the VDA also opens new possibilities
for developing new tools to directly study the properties of
the velocity field of astrophysical turbulence.

10.2. Implications of the VDA to polarization studies

The separation of the contributions arising from velocity
and density fluctuations is important for other branches of
research. Take the problem of ground-state atomic alignment
(GSA) as an example (Yan & Lazarian 2006, 2007, 2008).
The observational output of the ground state alignment would
be the Stokes parameter maps at a range of velocities v with
velocity width Av (hereafter GSA-PPV). The mathematical
structure of the Stokes parameter in ground state alignment
problems are rather similar to that of spectroscopic maps
that we study in the current paper, that the resultant obser-
vational parameter is a density-weighted average of velocity
(for Doppler-shifted lines) or magnetic field information (for
ground state alignments along the line of sight. As a result,
the GSA-PPV would contain "magnetic field caustics” that
arises from the fluctuations of the magnetic field lines sam-
pled in a narrow velocity range. However, Stokes parameters
are produced with a weighting related to the tracers’ den-
sity. For the case of ground-state alignment, that would be the
atoms like [CII]. Therefore, a method similar to VDA is re-
quired in analyzing the fluctuations of GSA-PPV if we need
to study only the statistics of the magnetic field in atomic
alignment measurements.

Similar technique can also be used to dust and synchrotron
polarization map where both of them suffer from density
contamination. Using dust polarization as an example, the
Stokes parameters (in the complex form P = @ + iU) is a
density-weighted sum of double angle along the line of sight:

P(X) xe / dzpausie?? X2 sin? (25)

where pgys; 18 the dust density, 6 is the 3D planar angle, and
v is the inclination angle. Observationally we obtain both
P and column dust intensity I = f dzpgust- Similar to the
spectroscopic counterpart, the function P contains both den-
sity and magnetic field fluctuations as discussed in Lazar-
ian & Pogosyan (2012) (under a more general framework,
though). It is rather natural to consider the linear combina-
tions of P and I to extract both density and magnetic fluctu-
ations from dust emission maps. We shall discuss the funda-
mentals of the method and how to extend the decomposition
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to synchrotron polarization with strong Faraday rotation in
the upcoming paper.

10.3. Studying magnetic field strength

Aside from the tracing of magnetic field using VGT (See
§9.3 for a dedicated discussion on how VDA could funda-
mentally change VGT), the VDA technique can also help
to estimate the magnetic field strength based on either the
Davis-Chandrasekhar-Fermi (DCF) technique (Davis 1951;
Chandrasekhar & Fermi 1953) or the recent synergy of gra-
dient dispersion (Lazarian et al. 2018) and Differential Mea-
sure Approach (DMA, Lazarian et al. 2020).

In Lazarian et al. (2020) we derived the relation between
the mean squared magnetic field strength and the structure
functions of velocity centroid and polarization angles. The
mean squared planer magnetic field strength, which is based
on MHD theory of turbulence, is given by:

_ j)z
B} = f247rpﬁ (26)

n

where j is the mean density of the system, and the DY, D¢
are the n'" order structure functions for velocity centroid and
polarization angle respectively. The f2 factor is theoretically
deduced and numerically computed Lazarian et al. (2020) to
be ~ 1 — 2 in most of the cases. The method of Eq.26 is
shown to have high accuracy even in supersonic and mildly
super-Alfvenic cases in Lazarian et al. (2020), which allows
observers to estimate the magnetic field strength readily with
theoretical support.

However, the method of Eq.26 has a pronounced defi-
ciency: Both V and ¢ are implicit functions of density, even
though they do not carry any units of density. For instance,
in observations we can only observe the normalized velocity
centroid V., ~ [ pv/ [ p and the Stokes polarization angle
¢ ~ tany'([ psin26/ [ pcos26) where p is the density.
Therefore, it is obvious to ask whether we have ways to re-
move the contribution of density fluctuations in observations
for both centroid and polarization angles. In §D we discuss
a method of obtaining the constant density centroid based
on VDA, while the constant density Stokes parameter could
be possibly extracted using the idea from §10.2. The ability
of the VDA to separate the velocity and density information
opens new avenues for precision magnetic field studies using
the spectroscopic information. We intend to explore those in
future papers.

10.4. Our questions in the introduction that are answered in
the present study

Based on this VDA algorithm and the multi-Gaussian de-
composition algorithm (Haud & Kalberla 2007), we an-
swered the questions that are asked in §1:

1. Is the concept of density/velocity fluctuations pixel-
based, or is it only valid in a statistical sense?
A: The concept of density/velocity fluctuation is a sta-
tistical concept. We cannot see any velocity statistics

if we do not consider the statistical effect of caustics.
(See §3,Fig.7)

2. What is the role of velocity caustics in channel maps
when the CNM dominates the emission?
A: The relative fluctuations from velocity caustics are
not insignificant (Fig.17, Fig.19, Fig.23)

3. What is the relative importance of velocity and density

fluctuations in a spectral line’s central and wing chan-
nels?
A: Even in the case of subsonic media, most of
the channels are actually velocity-dominated in small
scales. An example would be the High Velocity Cloud
(§7) where its CNM density contribution is approxi-
mately the same as of the velocity counterpart (Fig.19).
However, in small scales the density fluctuations in ve-
locity channels are approximately 1/2 of that of veloc-
ity. (Fig.20).

11. SUMMARY

This paper develops a set of self-consistent, comprehensive
tools in extracting the velocity caustics from PPV cubes by
combining analytical and numerical approaches and has been
thoughtfully tested in observations. Our numerical part in-
cludes isothermal and multiphase numerical simulations. We
developed a new algorithm for isolating the velocity caustics,
explored the difference of the PPV statistics of the central
and wing velocity channels, and applied our new approaches
to HI 21 cm GALFA data. Our results are summarized as:

1. We developed a new algorithm termed Velocity De-
composition Algorithm (VDA) for extracting the ve-
locity information from observational spectroscopic
PPV cube. The algorithm provides an excellent de-
composition of velocity and density contributions for
sub-sonic turbulence, and it also shows significant
promise for supersonic turbulence (See also Appendix
E).

2. Our numerical study demonstrates that in thin velocity
channels the contributions from velocity caustics dom-
inate at small scales the density fluctuations in the in-
tensity fluctuations of the wing channel at small scales.

3. We also applied our approach to multiphase simula-
tions with realistic CNM and WNM mass fractions
and demonstrated that the ratio of the spectral ener-
gies associated with density and velocity fluctuation,
i.e. Py/P,, is less than unity when the channel width
is thin regardless of whether the channel is at the cen-
ter or at the wing (Fig.11). In particular, the cold
phase media which weighs the most in terms of spec-
tral studies and exhibit velocity-dominant features in
small scales as predicted in LP0O.

4. We demonstrated that the contribution of velocity
caustics fluctuations is maximized in the wings and
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exhibit a double peak pattern for isolated emission re-
gions. The distance of the peaks as a function of veloc-
ity is approximately Ave ¢ fective (See Fig.14, Fig.15).
This distance is unchanged in the presence of the
galactic rotation curve (Fig.16).

5. We test our method with a selected high-velocity cloud
(§7). This high-velocity low-metallicity cloud is iso-
lated and has simple core-envelope geometry, making
it a good testing ground for our approach. We de-
termine that the small-scale fluctuations in the high-
velocity cloud PPV data are dominated by velocity
caustics regardless of the cloud’s multiphase nature
(Fig.12). Moreover, we see the double peak behavior
as we predicted from §15.

6. Using the VDA and the 1 — o (§6) condition we pro-
pose a modification of the VCA technique that is ad-
vantageous when the observational data is significantly
thermally broadened (§8). The modification above ex-
tends the applicability of the VCA technique and in-
creases its accuracy in recovering the 3D velocity spec-
tral indices. With VDA, we can focus our analysis on
the statistics of pure velocity caustics. That means we
can employ the LPO0’s theory directly without worry-
ing about the density contributions.

7. We show that the possible “cold neutral media” lo-
cation traced by RHT/USM can be associated with
the velocity caustics of cold neutral media (§9.1,§9.2).
More importantly, our study confirms that the veloc-
ity caustics are also filamentary and ubiquitous under
the RHT algorithm in HI channel maps (Fig.25) and
establishes the foundations for further advancing the
ways of studying turbulence and magnetic fields using
spectroscopic data.

8. The VDA method has significant implications to both
the Gradient Technique (GT) (§9.3) and also the other
structure identification algorithms like RHT (§9.2).
Since the velocity caustics have well-predicted prop-
erties from the theory of MHD turbulence (Goldreich

& Sridhar 1995) and the PPV statistics (LP00), the
gradients or “fibres” of the caustics are expected to
trace magnetic field and shocks much better than any
density-weighted variants.

9. Most importantly, the VDA could derive a completely
new set of unexplored velocity caustics data (§10.1)
from every spectroscopic data set. Moreover, the VDA
allows one to check with a well-established theory of
PPV statistics (LP00) and apply the methods that are
derived from LP0O. The potential of the VDA in study-
ing MHD turbulence in observations should not be un-
derestimated.
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APPENDIX

A. THE CORRELATION OF DENSITY AND VELOCITY IN THE CASE OF SUBSONIC MEDIA

To derive the orthogonality condition of VDA (See §3, also §E15) from the LP0OO’s point of view, we need to start with the
basic thermal broadening equation in subsonic turbulence in the velocity space form (Eq.7) and perform some simple analysis in
the case of very thin channels (Av < dvg = D(X,0) < ¢;). Then from Eq.5 we can simply write

Pd o dpe

Py o (p)e= 3/

—¢i/2c

(AT)

where (5 2 are two values in (vo — Av/2,v9 + Av/2) selected according to mean value theorem. We can already make some
observation here. First of all, if ¢, is large and we know that from MHD theory (dp - v) = 0, (§p) = 0, the correlation term can
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be separated and proved to be zero:
(papo) ~ (p) (Bp) (e~ /226 C/2%) = 0 (A2)

The problem here is that, the orthogonality of the inner product above relies on two factors: (1) (5p - v) = 0, (2) (6p) = 0. The
first one is not true when we have large M (See the correction of VDA in §E), and the second one is not true if we are having
insufficient statistical sampling (See the discussion of statistical sampling from Yuen & Lazarian (2017a)).

To proceed, we have to employ the numerical simulations and see how (pgp,,) varies as a function of Mj. To start with we have
to compute the channel map p from Eq.5 and the true velocity caustics map n by setting p = const in Eq.5. We then compute the
term NCC(p — n,n) = ((p — n)n) as from definition in §3 that p; = p — n and p,, = n, and NCC is a normalized correlation
(See Eq.21). Fig.27 shows the relation of (pgp,) as a function of the line of sight sonic Mach number M, .05 = vLos/cCs.
We compute (pgp,) for both the center and the wing channels. From Fig.27 we see that the term (pgp,) is generally non-zero
especially when M, > 1, regardless of whether one picks the center or the wing. However, it is worth noting that despite the

term (pgp, ) is non-zero in supersonic turbulence, we still have surprisingly good extraction result in the main text (See Fig.6) for
the velocity caustics.
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Figure 27. The correlation of (pgp.) as a function of Ms ros = vros/cs for center channel (v = vpear) and wing channel (v = Vpear —
dvi0s) using the simulation set ”beta” from Lazarian & Yuen (2018a).

B. KERNEL OF VELOCITY CHANNELS

A fundamental concept throughout this paper is the effective shape of the observational kernel in the velocity space (See Fig.28).
This discussion of the observational kernel shape is crucial in understanding the differences between the physical scenarios in
LPOO and Clark et al. (2019), and the physical reality. In simple words, the effective kernel shape describes the relation of the
observed maps and the unbroadened velocity channels, according to Eq.7. For instance, the kernel to produce the column density
map is a squared top-hat over all channels, while the kernel to produce the thick velocity channel map is a Gaussian function with

large upper and lower limits. Considering the kernel’s shape is crucial in determining what is contained in a certain observed
map. (See also Fig.2).

C. WHAT GRADIENTS ARE WE EXACTLY COMPUTING IN VELOCITY CHANNELS?

There were a number of concerns on whether the gradients of velocity channels are actually “velocity gradients” in some of
the recent publications (See e.g., Clark et al. (2019) for their discussion section). We shall make a simple deviation in this section
to show that the gradients of velocities purely define the gradients directions of velocity channels within the velocity channel
width as long as the channel is thin. We shall start with Eq.7 and explicitly write out the spatial and spectral dependencies of the
channel map by assuming the x-axis is the LOS direction:

Vg +AV/2

P(X = (4, 2), va(X); Av) o /

vy —Av/2

dv f (V)W (v) exp (W> (C3)

2
2c2

where f(v) is the probability distribution function (PDF) for velocity v, and W (v) is the thermal kernel (See §B).
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Figure 28. An illustration on how the intensity map kernel should be different from that of the channel map kernel in a realistic MHD simulation.
From the left column: The intensity and the thin channel map from the simulation; the middle column: the respective shape of the kernel. We
can see that the thin channel kernel is intrinsically different from the full intensity kernel; the right column: the ratio of intensities between the
observed map and the total intensity map.

We would consider the isothermal case but the result can be easily generalized to the non-isothermal cases. The spatial gradient

can be derived by the Fundamental theorem of Calculus setting v¢enter = 0 without loss of generality, also we will put W (v) = 1
for simplicity:

X) + Av/2)? X) — Av/2)?
Vxp(X, v:(X), Av) x Vx v, [f(vw(X) + Av/2) exp (— (va( )2—22 v/2) ) — f(v(X) — Av/2) exp (— (va( )202 v/2) ) }
s s (C4)
which we can see that the gradients of a velocity channel at velocity v, is actually given by the gradients of the velocity itself
with a complicated weighting parameter. There is an ambiguity in the above equation since the Vv, here actually represents the
gradients of velocity within the velocity range v,, == Av/2 only. To proceed we assume Av < ¢s (which is an extra condition

for ”’thin” channel for this paper, which we shall call it thermally thin in the moment) and thus an expansion is doable:

Vxp(X, v:(X), Av) x Vxv,

vi(X)) [ﬂ

ex —
Vg €[Vg—AV/2,0,+AV/2] P ( 203 ov

Av— f(vx(X))(— ”gﬁv)} (C5)

v=v;(X) s

One can see that the formulation above actually works even for f(v) being the true density PDF. As a well known fact that

if we assume f to be a Gaussian : f ~ exp(—v?/2§%) with J to be the linewidth (usually § ~ /dv2 + 2c2), then the above
expression gives

Vxp(X, 02(X), Av) o 0, A0V )F000) | 5 + 5 <o

ex _——
Vg €[Ve —AV /2,0, +Av /2] P ( 2c2
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The key here is that, the gradients of velocity channels are actually defined by the map that contains the velocity pixel values
between [vg — Av/2,v9 + Av/2] multiplied with two exponent factors. Observe that the gradient operator can actually be
regrouped:

2
* ov? + 2¢2
v3(X)
2c2
The result here indicates that the orientation of gradients in thermally thin velocity channels is purely defined by the gradients of

the velocity pixel values between [vg — Av/2, vy + Awv /2], with the amplitude of the gradients be related to the PDF f and also
a number of extra constant factors.

Vxp(X, v (X), Av) x Av <1 ) F(02(X))Vx exp ( - vg(X)) (€7

2
2cs

The important thing is that it is last factor Vx exp ( — ) that gives the direction of gradients, and Eq.C7 works for all v.

D. CONSTANT DENSITY VELOCITY CENTROID

Lazarian & Esquivel(2003, see also Esquivel & Lazarian 2005; Esquivel et al. 2015) discussed the properties of velocity
centroid and the gradients of which are extensively applied in observations (See Yuen & Lazarian (2017a) and works from the
same authors). However, the realistic velocity centroid computed by the following formula

_ [ dzp(X, 2)v(X, 2)
[dzp(X, z)

has a density contribution both in the numerator and the denominator. Statistical analysis on velocity centroid, e.g., Kandel et al.
(2016), often needs to assume that density is constant in order to study the properties of the velocity field in such observables.
The weighting of density in velocity centroid also makes it a less favorable observable than thin velocity channels in terms of
tracing magnetic fields with gradients, since the latter is contains a higher portion of velocity contributions®®.

With the availability of velocity caustics p,, using VDA, the current study allows one to construct the so-called velocity-
weighted caustics in sub-sonic turbulence by the following formula:

O(X) (D8)

Vi(X) = / dvop, (X, v) (DY)

Notice that in the case of constant density, the centroid is simply the sum of the LOS velocity:

V= Li/dzv(X,z) (D10)

where L, is the line of sight depth. We show the structures of the two quantities from Eqs.D9,D10 in the top row of Fig.29 and
it is obvious that they look almost exactly the same. To further test whether their statistical properties are the same, we plot the
spectra of the two maps in the lower left panel of Fig.29 and their ratio of correlation functions in the lower right panel of Fig.29
computed by:
_IFP
[ FAVa 2
The expression R is a function of position, and will only be a constant if the two maps are exactly the same. It is obvious from the
lower left corner of Fig.29 that the spectra of both Eq.D9 and D10 are having similar structures, with the inertial ranges of them
(the dash lines) carrying the same slope. As for the correlation function ratio (lower right corner of Fig.29) the value is basically
a constant, indicating that the structures of the V' and V,, maps are basically the same.

R(K) (D11)

E. SUPERSONIC VELOCITY DECOMPOSITION ALGORITHM

To obtain a unified decomposition method for both subsonic and supersonic turbulence, one has to make changes to the
properties that we listed in §3 and proceed with the supersonic turbulence. Notice that the modification in this section can also
be used in some other cases where turbulence is involved, for example, situations where we have strong shocks or self-gravity.

Before that let’s first recall the three properties (§3):

L. <pdpv> =0

2. py = 0 when Av — o0;

28 This statement is given quantitatively from our knowledge according to the
alignment measure of the gradients of centroid and channel when compared
to the local B-field, see Lazarian & Yuen (2018a).
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Figure 29. A set of figures comparing the structure and statistics of the true constant density centroid and the observationally available velocity-
weighted caustics. Top row: structures of the true constant density centroid (top left) and velocity-weighted caustics (Top right). Lower left:
The spectra of the true constant density centroid V' (blue) and the velocity-weighted caustics V,, (red, shifted downward with a constant factor
for better visualization). The dash lines are drawn for assisting the readers to locate the slopes of the inertial range of the spectra, which these
lines have the same slope. Lower right: The ratio of the two maps V//V,, which reflects the spatial dependence of R (Eq.D11). As we can see
from this panel V/V, is obviously a constant map.
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Figure 30. A figure showing the variation of the NCC (Eq.21) between the decomposed p, and the pure velocity caustics n, the latter being
obtained by setting p = const in Eq.5, as a function of the ratio of line-of-sight velocity to sonic Mach number M .os = vros/cs using the
simulations “beta” listed in Lazarian & Yuen (2018a).

3. pg ~ I when cs > dvpos
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Even with the simple recipe in §3, we can see from Fig.30 that the decomposed p,, correctly traces the true velocity caustics n
produced by synthesizing the velocity channel with a constant density term in terms of the NCC value (Eq.21). In fact even when
M ros = 0vjps/cs ~ 5 the NCC value between p, and n is still above 0.5 for both center and the wing channels, meaning
the our approach in §3 actually works very well even in supersonic media. To further improve the method, we have to recall the
properties of supersonic turbulence.

E.1. Vector space concept in channel maps

Here we are using the ”Vector Space” language. That means, the velocity channels can be written as a sum of:
p(v) = Apa + Bpy (E12)

where P,y = Pd,w/0p, . Property (1) gives orthogonality. Property (2) means sum of B(v)p,(v) along v is zero. Property
(3) tells us what is pg for all v, and it is a constant of v. To proceed we have to formally introduce the vector space concept for
velocity channel decomposition. For a certain statistical area A and given a function (X, v) where X € A C R?, we can define
the following operations in (A, - = (...)):

1. The ”amplitude” of 2(X) in a certain area A is 0.

2. The "unit vector” of z(X) is:
z — (x)

Oz

3. The inner product of two “vectors” are:

z-y=((x— @)y —u)
E.2. Modification on property 1: Correction when (pap,) # 0

From the discussion in § A, property (1) is not correct in the case of supersonic media. In fact (pyp,) will deviate from zero for

a magnitude of £0.15 but numerical experiment suggests that the number is never going over 0.3 (See Fig.27.) As a result, we
can write

Pa=UzZ+Vp, (E13)

where (2p,) = 0 and U, V are some constants that relies on numerical calculations to estimate. Notice that U? + V2 = 1, that
means we only need to estimate V. Incidentally, the constant V' is given by Fig.27 above.
In matrix form we can write

U ol |A
p(v) =

V 1| |B (E14)

=UAz+ (VA+ B)p,

Then with some algebra we can obtain the exact form of p,, and p, for the case when (p,pg) # 0:
N V.

pa={(p— (P)2)(z+ 1)

(E15)

|4
po = (0= (P) B~ 52))b0
where the value of V is given by Fig.30.
E.3. Can we modify property 2?

Readers might wonder whether we can modify property 2 in our deviation. Unfortunately, property 2 is subjected to the
deviation of LPOO that the caustics will not appear when we consider the thick channel. We shall not discuss the possible
modification of property 2 in the current paper.

E.4. Modification on property 3: The velocity channel differential

Here we describe a brand new method based on VDA in supersonic turbulence, which gives surprisingly good in wing and
center channels. Moreover, the method is more accurate than the method that we developed in the main text (§3), with a cost
that we do not obtain the velocity caustics directly from observations plus being more noise dependent. To start with, we shall
consider the observationally available function:

02 9 10gp(X7 v, AU)

V(X,v, Av) = —c% 3
v

(E16)
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Notice that when Av — oo, from Eq.7

—(v' —v v’ —v)?
Qde/P(U/)‘ (cg L exp <_( 203) )
T [dvp(v)exp (— <’”’—’”>2) (E17)

V)
2c2

V(X,v,Av = c0) = —¢

= C(X)

which is basically the normalized velocity centroid (Eq.D8). We shall name Eq.E16 to be the partial velocity centroid (See also
the discussion of the centroid at §D) at velocity v and velocity channel width Av. Readers should notice that Eq.E16 is simply
the centroid function that integrates within the range [v — Av/2,v + Av/2].

This special V' function has a unique behavior in the tracing of p,, in supersonic media. Notice that if we assume Av < ¢y < Jv
(the latter inequality comes from A/ > 1) then the partial centroid (Eq.E16) is simply the partial velocity projection along the
line of sight regardless of what density weights we are using:

V (X, vg, Av < ¢g < 0v) ~ > v (E18)
vE[vg—Av/2,v0+Av /2]

Therefore, we can compute V' from both with density weighting (denoted as V) and without density weighting (denoted as V,,)
and use NCC (Eq.21) to see whether they are alike. Fig.31 shows how V), and V}, look in the wing and the center channel for
the simulation h0-1200 (See Tab2) which has a total M = 6.36 and dvos/cs = 3.49. We can see that they look pretty much
alike. Notice the V;, is purely velocity dominant. This means the V), terms is also very much dominated by velocity fluctuations.
Furthermore, we can see from the left of Fig.32 that the NCC of the partial centroids to the caustics counterpart is generally
higher than that of the p, to the caustics. Moreover, at v = vpeqr = 0 (0 = dvL0og) the differences of the NCC between the
partial centroid to p, is the largest. This shows that the partial centroid method is a more robust method than the VDA method
that we developed in the main text in supersonic turbulence. However, note that the supersonic variant that we developed here is
very sensitive to noise. The observation application of the supersonic method will be tested elsewhere.

How can we understand the results physically? Notice that technically we can always write the partial centroid as the linear
combination of pg and p, in different v using the differential approximation and the knowledge that V, = V,,::

CQ

Vo(X,v) = Vo (X, v) ~ m{ (X, v) = po(X, v + Av)} (E19)
— po(v + Av) = py (X, v) {1 - é;’vp(x,v)}

S
We can see that as long as we have an initial guess of p,, at some velocity, we can extrapolate p,, for different velocities. Notice
that in the extreme wing channels, the logarithm of velocity fluctuations are purely velocity like, then we can successively produce
the eigenmaps of p,,(v) and use Eq.E15 to compute also pq out. Readers might wonder whether the parameter V}, could be used
in subsonic turbulence. We show the same NCC dependence curve for subsonic turbulence in the right of Fig.32. One can see
that the performance of V), is comparable to that of p,, in tracing the corresponding velocity caustics structures. This indicates the
partial centroid V is a versatile parameter in studying caustics in both subsonic and supersonic turbulence.

As a remark, incidentally, we also report that the logarithm of the channel map log(p) itself also performs very well in the
wings in tracing its velocity caustics equivalent log(n). There is a theoretical and numerical finding (e.g., Kowal et al. 2007) that
using the logarithm of channel maps suppress the high-density fluctuations, and log p is also a natural parameter in analyzing
the linear waves in MHD turbulence (See Biskamp 2003). However, we found that a good correlation usually only occurs
when |v — Vpeqr| > 1.50. Nevertheless, while we can postulate that the channel map or the V' parameter (Eq.E16) is the
linear combination of density and velocity contributions, the logarithm of velocity channels do not. Therefore, based on the
formulation of this work, there still needs a way to understand why the logarithm of channels could trace those far wing caustics
in observations. Incidentally, the V' oc —d(log p)/dv parameter (Eq.E16 traces the caustics counterpart (V,, o< —d(logn)/dv)
very well in the ranges of velocities |v — vpeqr| < 1.50 (See Fig.32) exactly opposite to the ranges of applicability of the log p
method, which means they can be complementary to each other in terms of observational applications.

F. THE VELOCITY DECOMPOSITION ALGORITHM IN HEAVY MOLECULAR TRACERS LINES

In the main text, we assume the observed velocity channel’s thermal kernel is related to the system’s intrinsic temperature.
This is true for neutral hydrogen, since the emission agent is the major species of the turbulence system. However, in realistic
observation, the thermal speed of the observed species is different from the ambient thermal speed of the turbulence system. For
example, suppose we have turbulent partially ionized gases observed in channel maps, where we recognize that the neutrals are
lighter (e.g. Hy) while the ions are heavier (HCO7). Under these circumstances, the effective sonic speed for the emission



44 YUEN, HO & LAZARIAN

lines of these two species would be inversely related to the mean molecular weight of the observed species since ¢2 = dP/dp =
vP/p o< 1~ where p is the mean molecular weight. For example, if the line of sight sonic Mach number of a certain turbulence
system is vj,5/cs ~ 0.5 and we have the mean molecular weight of ions to be 10 times that of neutrals, then the effective line
of sight sonic Mach number of the ions would be then v;,s/cs ~ 5.0. This means that while the neutrals’ velocity channels are
suffered from strong thermal broadening, the thermal broadening effect can be mostly ignored in the ions’ channel map.

From our discussion in the main text, it is rather evident that the line of sight sonic Mach number v;,5 /¢ (not the intrinsic 3D
Mach number, see §2) is a critical parameter affecting the performance of VDA. In this section, we would like to briefly study
how the change of the effective thermal kernel width, which is inversely proportional to the molecular weight, would affect the
performance of VDA. Fig.33 shows how the change of the effective thermal kernel width will alter the performance of VDA in
the center channel of ”e5r3” in the main text.

For the sake of completeness, we consider both heavier and lighter tracers, which corresponds to a decrease and increase of
¢s, respectively. We can see from Fig.33 that when the molecular tracers are heavier than the fluid in bulk (i.e., ¢5/cs 0 < 1, the
structure of the raw velocity channel will be more fragmented and vice versa for the lighter tracers.

In Fig.33 we clearly see that the structure of observed maps gets more and more closer to the maps of pure velocity caustics as
the thermal broadening of the species decreases. At the same time, it resembles more the density map as the thermal broadening
related increases. This is a direct consequence of the LP0O theory, which predicts that the thermal width is similar to the width
of the velocity channels. The theory also predicts that the effect of velocity caustics decreases with the increase of the velocity
channel width (See Eq.4). We note that the role of the heavy species with lower thermal broadening can also be played by clumps
of the colder gas that is being moved by, the hotter gas in the multi-phase medium. This was the model of the multi-phase HI
that was adopted in LPOO to justify the application of the theory to the cold fraction of interstellar HI. Our multi-phase numerical
simulations presented in the main body of the paper support this model of HI.

One might wonder why there are still density fluctuations in the heavy tracer limits as the latter should correspond to the
limiting case discussed in LPOO. It is true that in the case of ¢; — 0, there should be only velocity caustics fluctuations in velocity
channels, but since realistic observations always have c; > 0, the density fluctuations would still exist despite being small in
magnitude. Not to mention, the relative fluctuation of density and velocity fluctuations is always a function of velocity channel
position (See §3, 5). Neither velocity nor density fluctuations are negligible in real spectroscopic data. Yet, with our development
of the VDA, it is always possible to separate the density and velocity fluctuations in observations and thus quantify their relative
importance. To better quantify the performance of VDA under this scenario, we use the NCC (Eq.21) again as in the main text.

The corresponding value of NCC'(n, p,) for each row is listed on the left-hand side of the row. We observe that while the
raw velocity channel structure is changing as a function of cg, the decomposed p,, is almost an exact match with the real velocity
caustics map. From previous sections, we know that the intrinsic line of sight sonic Mach number is an essential parameter in
affecting the performance of VDA. However, there is no drop of performance from the change of the effective thermal kernel
width due to the change of the molecular species. Therefore, we conclude that the VDA technique can apply to molecular tracer
emission lines.

It is also worth noting that the caustics map structure is still a function of thermal kernel width, as we discussed in the main text.
Readers might wonder what physically the caustics represent when cs changes. Indeed, they are still pure velocity structures,
but being integrated for a different effective channel width AvZ;, ~ dv® + 2¢2 (See Eq.3). A larger c, would represent a larger
collection of velocity structures along the line of sight.
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0.61, v10s/cs,0) Will change as a function of the effective thermal speed c¢;. Here we represent ¢, as multiples of cs o, the intrinsic thermal
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