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a b s t r a c t 

This study extends a 1-parameter Z-Z-Z binary diffusion coefficient model to ternary and multicompo- 

nent systems. The cross-binary and ternary interaction parameters in atomic mobility (diffusion coeffi- 

cient) assessments were systematically tested on 4 ternary solid solutions: fcc Ag-Au-Cu, fcc Co-Fe-Ni, 

fcc Cu-Fe-Ni, and bcc Nb-Ti-V. A simple combination of the Z-Z-Z binary model parameters without any 

additional fitting parameters already provides impressive predictions of the ternary diffusion coefficients 

when the 3 cross-binary parameters are set to be the corresponding binary Z-Z-Z model interaction pa- 

rameters, leading to a robust Z-Z-ternary diffusion model. Employment of 3 independent cross-binary 

fitting parameters leads to an even better binary and cross-binary parameters only ( BCBPO ) model. Recom- 

mendations are rendered based upon the amount of available experimental ternary diffusion coefficients. 

These recommendations will substantially reduce the number of fitting parameters and improve the ro- 

bustness of the resultant atomic mobility and diffusion coefficient databases for computational materials 

design. 

© 2021 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved. 
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Diffusion coefficients are essential to model diffusion-controlled 

rocesses and properties of materials, and are widely regarded 

s one of the most important phase-based properties. The gen- 

ral model of diffusion coefficients was elegantly established in 

erms of atomic mobilities by Andersson and Ågren [1] under the 

ALPHAD (CALculation of PHAse Diagrams) framework [1–5] . The 

tomic mobility M i of element i is defined by Einstein’s relation 

 i = D 
∗
i 
/RT = D 

∗
0 i 
exp ( −Q i /RT ) /RT where D 

∗
0 i 

and Q i are the pre- 

actor and activation energy of the tracer diffusion coefficient D 
∗
i 
, R 

s the gas constant, and T is the absolute temperature. M i is further 

xpressed as: 

 i = 

D 
∗
0 i 

RT 
exp 

(−Q i 

RT 

)
= 

1 

RT 
exp 

(
RT ln D 

∗
0 i 

− Q i 

RT 

)
= 

1 

RT 
exp 

(
�i 

RT 

)
(1) 

Both D 
∗
0 i 

and Q i are grouped into a single parameter �i = 

T ln D 
∗
0 i 

− Q i = RT ln D 
∗
i 
, and this atomic mobility parameter �i is 

urther expressed as the summation of the linear combination of 

he end members in the composition space, the Redlich-Kister 
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olynomial [6] and the Hillert polynomial [7] : 

i = 

∑ 

j 

x j �
j 
i 
+ 

∑ 

j 

∑ 

k> j 

x j x k 

[ ∑ 

r=0 , 1 , ... 

r 
� j,k 

i 

(
x j − x k 

)r ] 

+ 

∑ 

j 

∑ 

k> j 

∑ 

l>k 

x j x k x l 

[ ∑ 

s = j,k,l 

v s jkl ·s � j,k,l 
i 

] 

(2) 

here x i is the mole fraction of element i , and v s 
jkl 

= x s + 

 1 − x j − x k − x l ) / 3 . �
j 
i 
is the unary atomic mobility parameter of 

he end member elements, which is essentially the corresponding 

i values of the self-diffusion coefficient when i = j or the impu- 

ity (dilute) diffusion coefficient when i � = j. r � j,k 
i 

is the binary mo- 

ility interaction parameter when i = j or k and is the cross-binary 

obility interaction parameter when i � = j or k . Each cross-binary 

obility parameter corresponds to the impurity diffusion coeffi- 

ient of a third element in a binary alloy of the other two elements 

n a ternary solid solution. The s � j,k,l 
i 

values are the ternary mobil- 

ty interaction parameters introduced by Hillert [7] . For a ternary 

-B-C solid solution, each � parameter ( i = A, B or C) is: 
i 
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i = x A �
A 
i + x B �

B 
i + x C �

C 
i + x A x B 

[ ∑ 

r=0 , 1 , ... 

r 
�A,B 

i ( x A − x B ) 
r 

] 

+ x A x C 

[

+ x A x B x C 
(
x A ·A �A,B,C 

i 
+ x B ·B �A,B,C 

i 
+ x C ·C �A,B,C 

i 

)
The interaction parameters in the atomic mobility model are 

ptimized from experimental diffusion coefficients, and they are 

sually assumed to be constants or linear functions of temperature, 

.e., a + bT where a and b are constants to be fitted. As demon-

trated for 18 diverse binary systems, diffusion coefficients of bi- 

ary alloys can be well modeled without the bT term [8] . The same

hould hold true for ternary and multicomponent systems even 

hough there are insufficient systematic data for ternary systems to 

alidate this assertion. Considering that most ternary diffusion co- 

fficients are measured over a relatively narrow temperature range, 

he necessity of introducing the bT term is very slim. It is thus rec- 

mmended that no temperature term (i.e., bT ) be introduced to any 

f the cross-binary and ternary mobility interaction parameters dur- 

ng atomic mobility assessments . 

A simple yet general binary diffusion (atomic mobility) model 

as recently developed from a very systematic assessment of 18 

inary systems [8] . It was found that only one fitting interaction 

arameter (constant) is necessary for each binary solid solution in 

ontrast to 4 or more parameters that are often employed in the 

iterature CALPHAD atomic mobility assessments. This insight mo- 

ivates us to extend the 1-parameter Z-Z-Z model to ternary and 

ulticomponent solid solutions to reduce the number of fitting pa- 

ameters while increase the robustness. 

Eq. (3) can be converted to Eq. (4) below by: 1) substituting 

i with RT ln D 
∗
i 

since these two quantities are equal, 2) divid- 

ng both sides of Eq. (3) with RT , 3) setting r = 0 , and 4) setting
i, j 
i 

= �i, j 
j 

= �i, j (a constant for each binary solution) based upon 

he Z-Z-Z binary diffusion model. Eq. (4) is expressed in diffusion 

oefficient terms which are more straightforward than the some- 

hat abstract �i values, especially for those who may not be fa- 

iliar with the atomic mobility notation and not use CALPHAD 

oftware. 

n D ∗A = x A ln D 
A 
A + x B ln D 

B 
A + x C ln D 

C 
A 

+ 

(
x A x B �

A,B + x A x C �
A,C + x B x C �

B,C 
A 

)
/RT 

+ x A x B x C 
(
x A ·A �A,B,C 

A 
+ x B ·B �A,B,C 

A 
+ x C ·C �A,B,C 

A 

)
/RT 

(4.1) 

n D ∗B = x A ln D 
A 
B + x B ln D 

B 
B + x C ln D 

C 
B + 

(
x A x B �

A,B + x B x C �
B,C + x A x C �

A,C 
B 

)
/RT 

+ x A x B x C 
(
x A ·A �A,B,C 

B 
+ x B ·B �A,B,C 

B 
+ x C ·C �A,B,C 

B 

)
/RT 

(4.2) 

n D ∗C = x A ln D 
A 
C + x B ln D 

B 
C + x C ln D 

C 
C + 

(
x A x C �

A,C + x B x C �
B,C + x A x B �

A,B 
C 

)
/RT 

+ x A x B x C 
(
x A ·A �A,B,C 

C 
+ x B ·B �A,B,C 

C 
+ x C ·C �A,B,C 

C 

)
/RT 

(4.3) 

here D 

j 
i 
is the self-diffusion coefficient of element i when i = j

nd denotes impurity diffusion coefficient of i in j when i � = j. 
i, j is the binary mobility interaction parameter (a constant, not 

 + bT ) between element i and j as defined in the Z-Z-Z model 

8] , � j,k 
i 

is the cross-binary mobility interaction parameter when 

 � = j or k , and j �A,B,C 
i 

is the ternary interaction parameter. i, j, k =
, B or C in the above notations. There are 3 cross-binary and 9 

ernary mobility interaction parameters, thus 12 total fitting pa- 

ameters for each ternary solid solution according to Eq. (4) . 

The interdiffusion coefficients ˜ D 
n 
i j 

and intrinsic diffusion coeffi- 

ients I D 
n 
i j 
can then be calculated as [1] : 
2 
 

 , ... 

r 
�A,C 

i ( x A − x C ) 
r 

] 

+ x B x C 

[ ∑ 

r=0 , 1 , ... 

r 
�B,C 

i ( x B − x C ) 
r 

] 

(3) 

˜ 
 
n 
i j = 

∑ 

k 

( δik − x i ) 
x k D 

∗
k 

RT 

(
∂ μk 

∂ x j 
− ∂ μk 

∂ x n 

)
(5) 

 D 
n 
i j = 

x i D 
∗
i 

RT 

(
∂ μi 

∂ x j 
− ∂ μi 

∂ x n 

)
(6) 

here ˜ D 
n 
i j 
and I D 

n 
i j 
are the interdiffusion and intrinsic diffusion co- 

fficients of element i in the matrix element n driven by the com- 

osition (chemical potential) gradient of element j. δik is the Kro- 
ecker delta. μk is the chemical potential of element k , which can 

e obtained from thermodynamic databases/assessments. The self- 

iffusion and impurity diffusion coefficients in pure elements and 

he binary mobility interaction parameters are evaluated in the as- 

essments of the pertinent unary and binary systems. The cross- 

inary and ternary mobility interaction parameters are optimized 

rom available ternary diffusion coefficients. To investigate the op- 

imal combinations of the 12 fitting parameters for a ternary solu- 

ion, 11 different combinations were tested in this study as listed 

n Table 1 . The objective of the optimization is to find the optimal 

alues of those sets of interaction parameters that minimize the 

ean squared error ( MSE): 

SE = 

1 

N 

N ∑ 

i =1 

(
ln 

∣∣D 

exp 
i 

∣∣ − ln 
∣∣D 

pred 
i 

∣∣)2 (7) 

here N is the total number of data points of available ternary 

iffusion coefficients in a particular ternary solid solution, D 

exp 
i 

and 

 

pred 
i 

are the experimental diffusion coefficient and predicted dif- 

usion coefficient of the i th data point, respectively. Both D 

exp 
i 

and 

 

pred 
i 

here include interdiffusion coefficients as well as tracer and 

ntrinsic diffusion coefficients whenever available. A Python pro- 

ram was written to perform the optimization process using the 

ual-annealing approach [14] to find the global minimum of MSE

ith the fitting parameters in defined bounds. 

After a literature search of ternary diffusion data, the fcc Ag-Au- 

u, fcc Co-Fe-Ni, fcc Cu-Fe-Ni and bcc Nb-Ti-V phases were iden- 

ified as the testing cases since: 1) ternary interdiffusion coeffi- 

ients are measured across majority of the composition range of 

he ternary solid solutions; and 2) the self-diffusion and impurity 

iffusion coefficients of the pure elements as well as the binary 

iffusion coefficients are well assessed. It is noted that there is 

 miscibility gap near the Ag-Cu binary in the Ag-Au-Cu system 

9] as well as the Cu-Fe binary in the Cu-Fe-Ni system [15] within 

hich diffusion coefficients could not be measured. The literature 

xperimental ternary diffusion data of these 4 systems are summa- 

ized in Table S1 and their distribution over the composition space 

s plotted in Fig. S1 in the Supplementary Information. 

The thermodynamic quantities (thermodynamic factors) as re- 

uired by Eqs. (5) and (6) were obtained using the Thermo- 

alc Software [16] and its associated databases TCCU3 [17] , 

CNI9 [18] and TCTI2 [19] . The pertinent unary and binary 

ystems were already assessed in our previous study [8] and 

he assessed parameters were directly adopted in this study 

xcept for the Ag-Cu and Cu-Fe binaries. The assessed pa- 

ameters of the impurity diffusion coefficients of Cu in Fe, 

 
F e 
Cu 

= 2 . 1 × 10 −5 exp ( −272378 /RT ) , and Fe in Cu, D 
Cu 
F e 

= 1 . 0 ×
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Table 1 

Diffusion models and the corresponding fitting parameters (variables v i ) for each ternary solid solution explored in this study and the number of mobility interaction parameters used in the literature CALPHAD mobility 

assessments of the fcc Ag-Au-Cu, fcc Co-Fe-Ni, fcc Cu-Fe-Ni and bcc Nb-Ti-V solid solutions in the literature. A, B, C = Ag, Au, Cu or Co, Fe, Ni or Cu, Fe, Ni or Nb, Ti, V, respectively. 

Parameter notation 

Interaction parameters ( v i ) used in this study Number of interaction parameters used in the literature mobility assessments 

Model-# Ag-Au-Cu Co-Fe-Ni Cu-Fe-Ni Nb-Ti-V 

0 0 ∗ 1 2 3 4 5 6 7 8 9 Ref. [9] Ref. [10] Ref. [11] Ref. [12] Ref. [13] 

Binary �A,B 
A 

�A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B 3 2 2 0 2 

�A,B 
B 

�A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B �A,B 3 2 2 0 2 

�A,C 
A 

�A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C 1 1 1 2 0 

�A,C 
C 

�A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C �A,C 1 1 1 2 5 

�B,C 
B 

�B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C 2 4 1 4 2 

�B,C 
C 

�B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C �B,C 2 4 2 4 1 

Cross-Binary �B,C 
A 

0 �B,C v 1 0 v 1 v 1 0 v 1 v 1 v 1 v 1 0 0 1 1 0 

�A,C 
B 

0 �A,C v 1 0 v 1 v 2 0 v 1 v 2 v 2 v 2 1 0 1 1 0 

�A,B 
C 

0 �A,B v 1 0 v 1 v 3 0 v 1 v 3 v 3 v 3 1 0 1 1 0 

Ternary A �A,B,C 
A 

0 0 0 v 4 v 4 0 v 4 v 4 v 4 v 4 v 4 1 1 0 1 1 

B �A,B,C 
A 

0 0 0 v 4 v 4 0 v 4 v 4 v 4 v 4 v 5 0 1 0 1 0 

C �A,B,C 
A 

0 0 0 v 4 v 4 0 v 4 v 4 v 4 v 4 v 6 0 1 0 1 0 

A �A,B,C 
B 

0 0 0 v 4 v 4 0 v 5 v 5 v 4 v 5 v 7 0 1 0 1/3 ∗ 1 

B �A,B,C 
B 

0 0 0 v 4 v 4 0 v 5 v 5 v 4 v 5 v 8 0 1 0 1/3 ∗ 0 

C �A,B,C 
B 

0 0 0 v 4 v 4 0 v 5 v 5 v 4 v 5 v 9 0 1 0 1/3 ∗ 0 

A �A,B,C 
C 

0 0 0 v 4 v 4 0 v 6 v 6 v 4 v 6 v 10 1 1 0 1/3 ∗ 1 

B �A,B,C 
C 

0 0 0 v 4 v 4 0 v 6 v 6 v 4 v 6 v 11 1 1 0 1/3 ∗ 0 

C �A,B,C 
C 

0 0 0 v 4 v 4 0 v 6 v 6 v 4 v 6 v 12 1 1 0 1/3 ∗ 0 

Total number of interaction parameters for a ternary 

system (including binary parameters) 

3 3 4 4 5 6 6 7 7 9 15 18 23 12 20 15 

3
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Fig. 1. The performance of different diffusion models for the fcc Ag-Au-Cu solid solution in comparison with the results from the mobility assessment by Liu et al. [9] . 
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0 −5 exp ( −1970 0 0 /RT ) , were taken from Ref. [20] , while the pa- 

ameters of Ag in Cu D 
Cu 
Ag 

= 4 . 7 × 10 −5 exp ( −191533 /RT ) , and Cu

n Ag, D 

Ag 
Cu 

= 2 . 7 × 10 −5 exp ( −179012 /RT ) were accepted from Ref. 

9] . The binary mobility interaction parameter between Cu and Fe 

as determined to be zero ( �Cu,F e = 0 ) according to the assess- 

ent by Liu et al. [21] while the binary mobility interaction pa- 

ameter between Ag and Cu was assessed in the current study as 
Ag,Cu = 71449 ( m 

2 · J ) / ( mol · s ) , as shown in Fig. S2 in the Supple-

entary Information. 

For the fcc Ag-Au-Cu solid solution, Ziebold and Ogilvie 

22] measured the interdiffusion coefficients at 725 °C. Liu et al. 
9] performed the mobility assessment on this system and re- 

orted 12 binary parameters, 2 cross-binary parameters and 4 

ernary parameters as summarized in Table 1 . Eleven models 

ith different combinations of fitting parameters as listed in 

able 1 were tested in this study using the same ternary inter- 

iffusion data, and the model performances are compared with 

he literature mobility assessment in Fig. 1 . The solid diago- 

al line represents a perfect agreement between experimental 

ata and model-predicted data while the two dashed lines de- 

otes a factor of 3 or 1/3 deviation, respectively. It is noted 

hat Model-0 which is a simple combination of the three bi- 

ary parameters without any ternary related fitting parameters 

redicts the ternary interdiffusion coefficients as good as that 

f the mobility assessment of Liu et al. Model-0 ∗ without the 

ntroduction of any ternary-related fitting parameters but simply 

ssuming the cross-binary interaction parameters to be equal to 

he corresponding Z-Z-Z model binary interaction parameters (i.e., 
A,B 
C 

= �A,B , �A,C 
B 

= �A,C , �B,C 
A 

= �B,C , and all 9 j �A,B,C 
i 

= 0 ) 

ubstantially outperforms (has a lower MSE than) the assessment 

f Liu et al. 

For the fcc phase of the Co-Fe-Ni system, Cui et al. [10] evalu- 

ted the interdiffusion coefficients at 1100 °C from the experimental 

iffusion profiles measured by Ugaste et al. [23] , and then assessed 

he atomic mobility of the ternary system together with the in- 

erdiffusion coefficients reported by Sabatier and Vignes at 1136 °C 
24] and 1315 °C [25] . Divya et al. [26] determined the interdiffu- 
4 
ion coefficients at 1150 °C. Xia et al. [11] measured the interdiffu- 

ion coefficients at 900 °C and re-assessed the atomic mobilities by 

ombining their own data with the data in Refs. [ 10 , 25 ]. All the

ernary interdiffusion coefficients except for the data from Divya 

t al. [26] were used to optimize the 11 models in this study since 

heir data have much larger variation than the other datasets. The 

odel performances are compared with the 2 literature mobility 

ssessments [ 10 , 11 ] in Fig. 2 . The number of mobility interaction

arameters used in the 2 literature assessments are also summa- 

ized in Table 1 , showing very discrepant choices of parameters 

or the same system. Cui et al. [10] employed 14 binary interac- 

ion parameters and 9 ternary interaction parameters while Xia 

t al. [11] used 9 binary parameters and 3 cross-binary parame- 

ers. Model-0 and Model-0 ∗ without any ternary related fitting pa- 

ameters already predict the ternary interdiffusion coefficients rea- 

onably well. Model-4 with 3 cross-binary parameters has better 

erformance than that of the two literature mobility assessments. 

For the fcc Cu-Fe-Ni solid solution, Cserhati et al. [27] and 

gaste et al. [28] reported ternary interdiffusion coefficients at 

0 0 0 °C. Tracer and interdiffusion coefficients were determined by 

anielewski et al. [29] as well as Ronka et al. [30] . Belova et al.

31] evaluated the tracer diffusion coefficients of Cu, Fe and Ni at 

98 °C. The 11 models were tested in this study using all the above 

xperimental data. The model performances are compared in Fig. 3 

long with the mobility assessment by Liu et al. [12] . Liu’s assess- 

ent involved 12 binary, 3 cross-binary and 5 ternary interaction 

arameters as listed in Table 1 . Model-0 already has good per- 

ormance. Model-0 ∗ without any ternary-related fitting parameters 

ppreciably outperforms the mobility assessment of Liu et al. 

For the bcc Nb-Ti-V solid solution, Aitbaev et al. [32] extracted 

nterdiffusion coefficients at both 10 0 0 °C and 120 0 °C via diffusion 
ouples. Wei et al. [13] measured the interdiffusion coefficients 

t 10 0 0 °C, 110 0 °C and 120 0 °C, and assessed the atomic mobili-

ies. They used 12 binary parameters and 3 ternary parameters as 

hown in Table 1 . The performances of the 11 different models op- 

imized from all the ternary diffusion data are compared in Fig. 4 

long with the mobility assessment of Wei et al. [13] . Model-0 
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Fig. 2. The performance of different diffusion models for the fcc Co-Fe-Ni solid solution in comparison with the results from the mobility assessments by both Cui et al. 

[10] and Xia et al. [11] . The analysis with all the datasets, including those from Divya et al. [26] , is shown in Fig. S3 in the Supplementary Information. 

Fig. 3. The performance of different diffusion models for the fcc Cu-Fe-Ni solid solution in comparison with the results from the mobility assessment by Liu et al. [12] . 

5 
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Fig. 4. The performance of different diffusion models for the bcc Nb-Ti-V solid solution in comparison with the results from the mobility assessment by Wei et al. [13] . 
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ith only binary interaction parameters without any ternary ad- 

ustments already outperforms the literature mobility assessment. 

odel-0 ∗ substantially outperforms Model-0. 

The effectiveness of progressive introduction of the cross- 

inary and ternary interaction parameters on the model perfor- 

ances as measured by the MSE value was systematically stud- 

ed, and the results are shown in Figs. 1 - 4 and summarized 

n Fig. 5 which shows that Model-0 ∗ which sets the cross- 

inary interaction parameters to be the corresponding Z-Z-Z bi- 

ary model parameters has surprisingly good performance in 

omparison with Model-0. The results also clearly show that 

ntroduction of 1 cross-binary interaction parameter by set- 

ing �A,B 
C 

= �A,C 
B 

= �B,C 
A 

= constant and all 9 j �A,B,C 
i 

= 0 (Model- 

) is usually more effective in improving the model perfor- 

ance (lowering the MSE value) than the introduction of 1 

ernary interaction parameter by setting all 9 j �A,B,C 
i 

= constant

nd �A,B 
C 

= �A,C 
B 

= �B,C 
A 

= 0 (Model-2). Introduction of 2 fitting pa- 

ameters by setting both �A,B 
C 

= �A,C 
B 

= �B,C 
A 

= constant #1 and 

ll 9 j �A,B,C 
i 

= cons tant #2 (Model-3) leads to minor improve- 

ent over Model-1. Introduction of 3 independent cross-binary 

arameters �A,B 
C 

� = �A,C 
B 

� = �B,C 
A 

= 3 constants and all 9 j �A,B,C 
i 

= 

 (Model-4) leads to more consistent improvement of perfor- 

ance than Model-5 which introduces 3 ternary mobility interac- 

ion parameters by setting A �A,B,C 
A 

= 
B �A,B,C 

A 
= 
C �A,B,C 

A 
= constant #1 , 

 �A,B,C 
B 

= 
B �A,B,C 

B 
= 
C �A,B,C 

B 
= constant #2 , A �A,B,C 

C 
= 

B �A,B,C 
C 

= 
C �A,B,C 

C 
= 

onstant #3 , and �A,B 
C 

= �A,C 
B 

= �B,C 
A 

= 0 . Even though Model-5 

erforms slightly better than Model-4 for Co-Fe-Ni, it is much 

orse for Nb-Ti-V, even inferior to Model-3, as shown in Fig. 5 (e) .

hus, the more consistent Model-4 is preferred. Model-7 which is 

ased on Model-4 by introducing a 4 th parameter by setting all 9 
j �A,B,C 

i 
= cons tant #4 again delivers a more consistent, even though 

mall, improvement of performance over Model-4 than Model-6 

hich is based on Model-5 by introducing a 4 th parameter �A,B 
C 

= 

A,C 
B 

= �B,C 
A 

= constant #4 . All these results clearly show that the 

ntroduction of cross-binary mobility interaction parameters is more 

ffective and consistent in improving the model performance than the 

ernary mobility interaction parameters . Model-8 which is a combi- 
6 
ation of Model-6 and Model-7 with 3 cross-binary and 3 ternary 

arameters leads to minor improvements over Model-7. Model-9 

ncludes 3 cross-binary and 9 ternary parameters leads to marginal 

mprovement over Model-7 which only introduces 3 cross-binary 

nd 1 ternary parameters. Considering that experimental ternary 

iffusion data are usually limited for most ternary systems and of- 

en limited to a certain composition space, less plentiful than the 

 systems studied herein, both Model-8 and Model-9 are discour- 

ged since too many fitting parameters are prone to overfitting and 

ess reliable when extrapolating into multicomponent systems. 

The above results point to robust diffusion models (Model- 

 
∗ and Model-4) for ternary solid solutions as represented by 

q. (8) which is simplified from Eq. (4) by eliminating all ternary 

obility interaction parameters but still including the 3 cross- 

inary interaction parameters. It is noted that Model-0 ∗ is a special 

ase of Model-4. 

n D ∗A = x A ln D 
A 
A + x B ln D 

B 
A + x C ln D 

C 
A + 

(
x A x B �

A,B + x A x C �
A,C + x B x C �

B,C 
A 

)
/RT 

(8.1) 

n D ∗B = x A ln D 
A 
B + x B ln D 

B 
B + x C ln D 

C 
B + 

(
x A x B �

A,B + x B x C �
B,C + x A x C �

A,C 
B 

)
/RT 

(8.2) 

n D ∗C = x A ln D 
A 
C + x B ln D 

B 
C + x C ln D 

C 
C + 

(
x A x C �

A,C + x B x C �
B,C + x A x B �

A,B 
C 

)
/RT 

(8.3) 

The following recommendations are hereby rendered based 

pon the insights from the current study: 

• When no experimental ternary diffusion data are available, Model- 

0 ∗ should be employed which is entirely based on diffusion data 

of the unary and binary systems by setting �A,B 
C 

= �A,B , �A,C 
B 

= 

�A,C , and �B,C 
A 

= �B,C in Eq. (8) . As a matter of fact, Model-0 ∗

yields quite impressive predictions for all 4 systems tested in this 

study and it is hereby termed "Z-Z-ternary diffusion model" for 

future referencing convenience. 
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Table 2 

The assessed mobility interaction parameters of the fcc Ag-Au-Cu, fcc Co-Fe-Ni, fcc Cu-Fe-Ni and bcc Nb-Ti-V solid solutions. A, B, C = Ag, Au, Cu or Co, Fe, Ni or 

Cu, Fe, Ni or Nb, Ti, V, respectively. 

Model Parameters, 

( m 
2 · J ) / ( mol · s ) 

Ag-Au-Cu (fcc) Co-Fe-Ni (fcc) Cu-Fe-Ni (fcc) Nb-Ti-V (bcc) 

Model-0 ∗ Model-4 Model-0 ∗ Model-4 Model-0 ∗ Model-4 Model-0 ∗ Model-4 

Binary �A,B -15021 -15021 7120 7120 0 0 77831 77831 

�A,C 71449 71449 15096 15096 1083 1083 132825 132825 

�B,C 43282 43282 49942 49942 49942 49942 79863 79863 

Cross-binary �A,B 
C 

-15021 -20327 7120 -21426 0 26840 77831 48869 

�A,C 
B 

71449 149619 15096 6438 1083 10038 132825 149667 

�B,C 
A 

43282 43067 49942 18953 49942 35232 79863 74660 

Fig. 5. Model performance (MSE - the lower the better) versus number of cross- 

binary and ternary mobility interaction parameters: (a) Models (M-i refers to 

Model-i listed in Table 1 ) and corresponding number of parameters; and (b)(c)(d)(e) 

Model performance for the fcc Ag-Au-Cu, fcc Co-Fe-Ni, fcc Cu-Fe-Ni, and bcc Nb-Ti- 

V solid solutions. 
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7 
• When some experimental ternary diffusion data are available for 

a ternary system, Model-4 is recommended where �A , B 
C 

� = �A , C 
B 

� = 

�B , C 
A 

= 3 fitt ing cons tants in Eq. (8) . This model is termed "binary 

and cross-binary parameters only (BCBPO) diffusion model". 

• When lots of ternary diffusion data are measured for a ternary 

system, one may try Models 4 to 7 to find the optimal balance of 

model performance and number of parameters (especially Model- 

7). 

The second and third recommendations above shall be sound 

ven for those who insist on using 2 interaction parameters (con- 

tants �i, j 
i 

� = �i, j 
j 
) for each binary solid solution (More than 2 pa- 

ameters are discouraged as demonstrated in Ref. [8] ). In this case, 

ne simply applies the above recommendations to Eq. (3) during 

tomic mobility assessments by setting all 9 ternary mobility in- 

eraction parameters to zero. 

The assessed interaction parameters of both Model-0 ∗ and 

odel-4 of the 4 ternary solid solutions are listed in Table 2 to- 

ether with the binary mobility interaction parameters of the per- 

inent binary systems. 

It is straightforward to further extend the robust Z-Z-ternary 

iffusion model (Model-0 ∗) and the BCBPO ternary model (Model- 

) to multicomponent solid solutions: 

n D 
∗
i = 

∑ 

j 

x j ln D 

j 
i 
+ 

∑ 

j � = i 
x i x j �

i, j /RT + 

∑ 

j,k � = i ; k> j 

x j x k �
j,k 
i 

/RT (9) 

The interdiffusion coefficients ( ̃  D 
n 
i j 
) and intrinsic diffusion co- 

fficients ( I D 
n 
i j 
) of the multicomponent system, including all the 

ross-terms, can then be computed from Eqs. (5) and (6) by ob- 

aining the D 
∗
i 

values from Eq. (9) and the chemical potential 

alues from the pertinent thermodynamic databases or published 

ALPHAD assessments. Again one can multiply both sides of Eqs. 

8) and (9) with RT to convert back into the atomic mobility ( �i )

otation. Such robust Z-Z-ternary and BCBPO models will substan- 

ially reduce the fitting parameters yet enhance the robustness of 

uture atomic mobility and diffusion databases for reliable model- 

ng of kinetic processes and materials properties. 
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Table S1. Experimental ternary diffusion data in the literature of the fcc Ag-Au-Cu, fcc Co-Fe-Ni, fcc Cu-
Fe-Ni, and bcc Nb-Ti-V solid solutions. 𝐷𝐷�𝑖𝑖𝑖𝑖𝑛𝑛  is the interdiffusion coefficient of element 𝑖𝑖 in element 𝑛𝑛 
driven by the composition gradient of element 𝑗𝑗. 

System Literature Temperature, °C Experimental ternary diffusion data 
Ag-Au-Cu 

(fcc) Ziebold & Ogilvie [1] 725 𝐷𝐷�𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 , 𝐷𝐷�𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴  

Co-Fe-Ni 
(fcc) 

Cui et al. [2] 1100 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝐹𝐹𝐹𝐹  

Sabatier & Vignes [3] 1136 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝐹𝐹𝐹𝐹  

Vignes & Sabatier [4] 1315 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝐹𝐹𝐹𝐹 , 𝐷𝐷�𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝐹𝐹𝐹𝐹  

Divya et al. [5] 1150 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁  
Xia et al. [6] 900 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁  

Cu-Fe-Ni 
(fcc) 

Cserhati et al. [7] 1000 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁  
Ugaste et al. [8] 1000 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁  
Danielewski et al. [9] 1000 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑖𝑖 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷𝐶𝐶𝐶𝐶∗ , 𝐷𝐷𝐹𝐹𝐹𝐹∗ , 𝐷𝐷𝑁𝑁𝑁𝑁∗  
Ronka et al. [10] 1000 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝑁𝑁𝑁𝑁 , 𝐷𝐷𝐶𝐶𝐶𝐶∗ , 𝐷𝐷𝐹𝐹𝐹𝐹∗ , 𝐷𝐷𝑁𝑁𝑁𝑁∗  
Belova et al. [11] 998 𝐷𝐷𝐶𝐶𝐶𝐶∗ , 𝐷𝐷𝐹𝐹𝐹𝐹∗ , 𝐷𝐷𝑁𝑁𝑁𝑁∗  

Nb-Ti-V 
(bcc) 

Aitbaev et al. [12] 1000, 1200 𝐷𝐷�𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝑉𝑉𝑉𝑉𝑉𝑉𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝑉𝑉𝑉𝑉𝑁𝑁𝑏𝑏 
Wei et al. [13] 1000, 1100, 1200 𝐷𝐷�𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝑇𝑇𝑇𝑇𝑇𝑇𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝑉𝑉𝑉𝑉𝑉𝑉𝑁𝑁𝑁𝑁 , 𝐷𝐷�𝑉𝑉𝑉𝑉𝑁𝑁𝑁𝑁 
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Fig. S1. Distribution of the experimental ternary diffusion coefficients over the composition space of the 4 
ternary systems: (a) the fcc phase of the Ag-Au-Cu system; (b) the fcc phase of the Co-Fe-Ni system; (c) 
the fcc phase of the Cu-Fe-Ni system; and (d) the bcc phase of the Nb-Ti-V system. 
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Fig. S2. The assessment result of the fcc Ag-Cu binary system using the 1-parameter Z-Z-Z model in 
comparison with the experimental data: (a), (b) and (c) interdiffusion coefficients [14,15]; (d), (e) and (f) 
Ag tracer diffusion coefficients [16–18]. 
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