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Abstract. The distribution of natural frequencies of the Euler—Bernoulli beam resting on elastic foundation and subject to
an axial force in the presence of several damping mechanisms is investigated. The damping mechanisms are: (i) an external
or viscous damping with damping coefficient (—ao(x)), (ii) a damping proportional to the bending rate with the damping
coefficient a;(x). The beam is clamped at the left end and equipped with a four-parameter («, B, k1, k2) linear boundary
feedback law at the right end. The 2 x 2 boundary feedback matrix relates the control input (a vector of velocity and its spacial
derivative at the right end) to the output (a vector of shear and moment at the right end). The initial boundary value problem
describing the dynamics of the beam has been reduced to the first order in time evolution equation in the state Hilbert space of
the system. The dynamics generator has a purely discrete spectrum (the vibrational modes). Explicit asymptotic formula for the
eigenvalues as the number of an eigenvalue tends to infinity have been obtained. It is shown that the boundary control parameters
and the distributed damping play different roles in the asymptotical formulas for the eigenvalues of the dynamics generator.
Namely, the damping coefficient a; and the boundary controls k1 and k> enter the leading asymptotical term explicitly, while
damping coefficient ag appears in the lower order terms.

Keywords: Non-selfadjoint operator, dynamics generator, vibrational modes, distributed damping, boundary control parameters,
spectral asymptotics

1. Introduction

The present paper is concerned with the asymptotic properties of the eigenmodes of the Euler—
Bernoulli beam model subject to two distributed damping mechanisms and a four-parameter family
of non-conservative boundary conditions. At the left end the beam is clamped, while at the right end it
is subject to linear feedback type conditions with a feedback matrix depending on four control parame-
ters: o, B, k1, and ;. In addition, there are the following damping mechanisms: (i) an external viscous
damping with damping coefficient (—aq(x)) and (ii) a damping which is proportional to the bending rate
with damping coefficient a;(x). In some particular cases, e.g. when || 4+ || = O and k; = k, = 0,
the system is dissipative, i.e. the energy of the system is a decreasing function of time. However, when
k1 + k2 # 0, the system is neither dissipative, nor conservative. In our approach, the initial boundary-
value problem describing the beam dynamics is reduced to the evolution equation in the Hilbert state
space, H, equipped with the energy norm. This evolution equation is completely determined by its dy-
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2 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

namics generator, i £, which is an unbounded non-skew-selfadjoint matrix differential operator in H.
The eigenmodes (the vibrational modes) and mode shapes of the system are defined as the eigenvalues
and the generalized eigenvectors of the operator i L. It is technically convenient to study spectral and
asymptotic properties of the operator £ (rather than iL). Clearly, the dynamics generator i £ and the
operator £ have the same generalized eigenvectors. In what follows, for the set of the vibrational modes
we use the notation {v, },cz, where Z' = Z \ {0} and for the set of the eigenvalues of the operator £ we
use the notation {A, },cz, which yields v, = iA,.

The main object of interest in the present paper is the asymptotic distribution of vibrational modes
for the problem having a combination of distributed damping and boundary controls. To the best of our
knowledge such an analysis has never been done before. The main result — Theorem 7.2 — provides
asymptotic approximation for the vibrational modes when the number of the mode tends to infinity.
The leading asymptotical terms contain both the distributed damping coefficient and boundary control
parameters.

At this moment we would like to emphasize that there exists an extensive literature devoted to different
aspects of the Euler—Bernoulli model dynamics, such as asymptotic, spectral and stability analysis of the
model (both linear and nonlinear versions) and control of the corresponding distributed parameter sys-
tem. We mention below several recent works where the model has been used in contemporary research
directions. One of them is concerned with developing unmanned aerial vehicles (UAVs) in aeronautics.
For intelligence missions, surveillance and environmental research, highly flexible unmanned airframes,
that have been designed recently, allow for high-altitude and long duration flights (Patil and Hodges
[24]; Patil et al. [25]). In particular, a light and flexible long-span object in flight (high aspect-ratio ‘fly-
ing wing’ configuration) can be modelled as an elastic beam with both ends free. A boundary feedback
stabilization of such beam-like structures could be of great interest both in control theory and in engi-
neering practice. In works (Patil and Hodges [24]; Patil et al. [25]) a computer theoretical methodology
for a highly flexible wing has been presented. The authors use geometrically exact beam theory for
elastic deformations coupled with aerodynamic theory of large motion airfoils.

Paulsen [27] has discussed another important area of applications of the modelling of large space
structures, e.g. a large communication satellite or a space platform. In such a structure, different types
of damping devices are installed at the joints of the beam elements to suppress vibrations. Without
these dampers, small vibrations would persist and even slowly build up. In Paulsen [27] the model of
serially connected non-collinear Euler—-Bernoulli beams with dissipative joints has been considered and
numerical simulation results presented. Obviously, rigourous analytical results on the multi-beam model
would be desirable.

A class of Euler-Bernoulli beam models with boundary and structural damping has been discussed
in (Russell [28]; Chen and Russell [5]; Chen et al. [2,3]). We also mention works (Chen et al. [4];
Liu and Liu [18,19]) dealing with the models with viscous and Kelvin—Voigt damping. For a cantilever
model, the lack of exponential stabilization under velocity feedback has been proven in Littman and
Markus [17]; the energy multiplier method has been used in Conrad and Morgiil [6] to prove the expo-
nential stabilization under the linear boundary feedback control ah, (1, t) + Ay (1, 1) = 0. In Gottlieb
[15] the author has shown the existence of different classes of non-homogeneous Euler—Bernoulli beam
models with continuous density and flexural rigidity functions and different end conditions, that are
analytically solvable and ‘isospectral’ to a homogeneous beam model of clamped—clamped end condi-
tions.
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From the numerous works on the inverse problem for the Euler—Bernoulli model, we refer to the paper
of Gladwell [11]. It has been long known that two scaling factors and three spectra, corresponding to
three different end conditions, are required to determine the cross-sectional area A(x) and the cross-
sectional moment of inertia / (x). However, the necessary and sufficient conditions on the spectral data
that yield ‘positive’ functions A(x) and 7 (x) have not been known. Such conditions have been derived
in Gladwell [11].

In Wang and Chen [34] the authors study a slender beam with spatially non-homogeneous viscous
damping and structural damping. For constant damping coefficients, it is well known that the structural
damping induces a strong attenuation rate that is frequency proportional, while the viscous damping
induces a constant attenuation rate for all frequencies. In Wang and Chen [34] the author have shown
that for the case of variable damping coefficients, the asymptotic patterns of the spectra remain the
same, i.e. the viscous damping causes an asymptotically constant shift in the attenuation rates; hence, it
is overwhelmed by the structural damping effect.

We also mention the work of Paulsen [26], where the asymptotic distribution of the eigenfrequencies
of in-plane vibrations of an Euler—Bernoulli beam curved as an arc of a circle has been computed. This
result could be instrumental in the analysis of Euler—Bernoulli beam system describing UAVs (Patil and
Hodges [24].)

Finally, we mention some recent papers where the models’ boundary conditions are just particular
cases of conditions (3.5) considered in the present paper. Fernandes da Silva et al. [10] carry out the
dynamic analysis of a beam with the ends elastically restrained against rotation and translation or with
ends connected to concentration masses or rotational inertia. The authors split the boundary conditions
into two groups that they call classical conditions (describing e.g. beams with free ends, clamped ends
or supported ends) and non-classical conditions (describing beams with the ends connected to masses,
springs, rotational inertia and/or dampers). Numerical results on the models are presented and discussed
in the paper. Among other models, Fernandes da Silva et al. [10] consider two models with dampers
at the right end. The case of linear damping is modelled by boundary conditions corresponding to the
combination k; = k; = 8 = 0 and @ > 0 from (3.5) of the present paper, while the case of torsional
damping is modelled by boundary conditions corresponding to the case of k; =k, =a =0and 8 > 0
from (3.5).

In Gorrec et al. [14] the Euler—Bernoulli beam model connected to nonlinear mass—spring systems is
studied. The model is motivated by the control of compliant micro-mechanical systems (microgrippers)
that are used for the manipulation of biological samples. These systems are represented by undamped
Euler-Bernoulli model connected to mass—spring damper systems. The boundary conditions used in
Gorrec et al. [14] correspond to the case given by (3.5) with the following values of the control parame-
ters: ki =k =0, =1,8=—1.

Hermansen and Thomsen [16] have suggested a practically efficient methodology for using measured
vibrations to estimate linear boundary stiffness and damping of beams, while simultaneously estimating
axial tension. Estimation is performed by fitting model boundary parameters to measured model vibra-
tion data. The authors consider the Euler—Bernoulli beam model with linear and rotational springs and
dampers at its boundaries. The transverse and longitudinal boundary conditions consist of transverse and
rotational springs (K, and K,) and dampers (C;, and Cy). In these boundary conditions non-dimensional
quantities are used, i.e. k4 = K4l/EI, cs = C4lwy/EI, where [ is the length of the beam and w is a
characteristic angular frequency. Boundary condition (6) in the paper of Hermansen and Thomsen [16]
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isu’(l,7) = —kqu'(1, T) — cqui’(1, T), where u(x, ) is the non-dimensional vertical displacement of
the beam at location x and time 7, and the overdot stands for the time derivative. Direct comparison of
condition (6) in Hermansen and Thomsen [16] with the first boundary condition in (3.6) of the present
paper shows the two conditions coincide if we identify the parameters k4 and c4 of (6) with k;/E1(L)
and B/ EI(L) of (3.6), respectively.

The present paper is a continuation of the study initiated in our works (Shubov and Shubov [32];
Shubov and Kindrat [30] and [31]). In the paper of Shubov and Shubov [32], we have considered the
model whose boundary feedback matrix contained only two non-trivial parameters, k; and k, (with
a = B = 0). One of the main results of Shubov and Shubov [32] is related to the stability of the
model, i.e. it is shown that even though the model is not dissipative, for the case when one of the con-
trol parameters is positive and the other is sufficiently small, the set of the eigenmodes is located in
the left half-plane of the complex plane. We have derived ‘the main identity’ (that might be of interest
in its own right) which establishes a relation between the eigenmodes and mode shapes of the non-
conservative model corresponding to the case (ki, k) # (0, 0) and the eigenmodes and mode shapes of
the clamped-free conservative model corresponding to the case (ky, k) = (0, 0). We suggest a hypothe-
sis that a similar stability result can be proven for the multiparameter case (|| + | 8|+ |k1| + |k2| > 0) as
well. In our second paper (Shubov and Kindrat [30]), we have considered the case of a four-parameter
feedback control matrix and have shown a number of results on the general spectral properties of the
non-selfadjoint operator £. In particular, it is shown that for any combination of the boundary param-
eters the corresponding operator, £, is a finite-rank perturbation of one and the same selfadjoint oper-
ator, Ly, where i L is the dynamics generator for a cantilever beam model. It is also shown that the
non-selfadjoint operator, £, shares a number of spectral properties specific to its selfadjoint counter-
parts. (i) Namely, we have introduced four selfadjoint operators (corresponding to the clamped-free,
clamped-hinged, clamped-sliding and clamped-clamped beam models) and derived specific inequalities
that describe the boundary behaviour of the eigenfunctions of these operators. We have obtained the
generalization of the aforementioned results for the non-selfadjoint operator £. (ii) We have shown that
each selfadjoint problem has a simple spectrum, and a similar result holds for the non-selfadjoint op-
erator L, i.e. the geometric multiplicity of any eigenvalue of L is one, while the algebraic multiplicity
of each eigenvalues is finite but not necessarily one. Thus, for each eigenvalue there could exist a fi-
nite chain of associate functions. (iii) Finally, it is shown in Shubov and Kindrat [30], that if exactly
one control parameter is not equal to zero, the operator £ does not have real eigenvalues. On the other
hand, when there are two or more non-zero boundary parameters, there could be real eigenvalues de-
pending on which parameters are non-zero. In the third work of the series (Shubov and Kindrat [31])
we derive explicit formulae describing the asymptotic distribution of the eigenvalues of the operator
L, as the number of an eigenvalue tends to infinity. As expected, the asymptotic results strongly de-
pend on the boundary control parameters. Our goal is to obtain such asymptotic formulae that contain
all four parameters. To this end, in some cases it is not enough to derive the main leading asymptotic
terms, but also the next order terms to identify the role of all control parameters. We derive asymptotic
approximations for the eigenvalues of the operator £ (and hence for the vibrational modes) when all
boundary control parameters are non-negative (practically, the most important case). It is shown that
the asymptotic approximation for the eigenvalues of £ strongly depends on whether parameter 8 > 0
or § = 0. It turns out that in this case when 8 = 0 the spectral asymptotics are controlled by the
parameter K = (1 — k1k2)/ (k1 + k). To briefly represent the main results, we use the following termi-
nology.
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We call a vibrational mode, v, stable if the energy norm of the vector exp{i Lt}¥,, with ¥, being the
corresponding mode shape is a decreasing function of time, i.e. we have

lexpli L3, |, = | [ Wallzg = e[ W]l = O ast — oo.

Nv, is called the energy decay rate (Curtain and Zwart [7]). If Rv, = 0, the corresponding vibrational
mode is called marginally stable. If Rv, > 0, the corresponding vibrational mode is called an unstable
mode and v, is the energy gain rate.

It is shown that for K > 0, K # 1, there exists an infinite countable set of stable vibrational modes
and, at most, a finite set of unstable modes. The rate of energy decay of a stable mode depends on the
number of a mode, i.e. if v, is the n'" vibrational mode, then for the energy decay rate, the following
relation holds: [Rv,/n| = O(1) as |[n| — oo.If K < 0, K # —1, there exists an infinite set of unstable
vibrational modes and at most a finite number of stable modes; the rate of energy gain is proportional
to |n|. For the cases when |K| = 1, the stability of vibrational modes and energy decay rates depend
on the parameter . The spectral asymptotics for the case § > 0 behave as follows: distant vibrational
modes have about the same rate of energy decay if k1k, < 1 + B and about the same rate of energy
gain (but different if k1k, > 1 + «f). In addition, if k;k, = 1 and @ = 0, the spectrum of the operator £
is asymptotically close to the real axis which can be an indication that the corresponding non-selfadjoint
operator L is ‘close’ to its selfadjoint counterpart.

2. Spectral properties of the dynamics generator

We consider the Euler—Bernoulli beam model, subject to the general four-parameter family of non-
conservative linear boundary conditions and distributed damping acting along the beam. We assume that
the beam rests on an elastic foundation, whose modules of elasticity is y (x) and is subject to an axial
force S(x). There are also the following damping mechanisms: (i) an external or viscous damping with
the damping coefficient (—ay(x)) and (ii) a damping which is proportional to the bending rate with the
damping coefficient a; (x). The transverse displacement of the beam, u(x, ), at position x and time 7 is
governed by the following damped wave equation:

P U (x, 1) + (ET (e (x, 1)) — (S@u(x, )+ y@)ulx, 1)
+ ap(X)u (x, 1) — (a1(0)u(x, 1)) =0, (2.1)

where p(x) is the density of the beam and E [ (x) is the modulus of elasticity.

Heuristic considerations. We begin with the derivation of the energy expression, which will be instru-
mental for obtaining the state space metric form. Without loss of generality, we assume that the beam is
of a unit length. The beam is clamped at the left end, i.e. the solution of Eq. (2.1) satisfies the following
left—end conditions:

u(,1) =0, u(0,¢) =0. (2.2)
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To derive the right-end conditions, we need some preliminary steps. Let us multiply Eq. (2.1) by u,(x, )
and integrate with respect to x. We obtain

1

1
/ p(x)un(x,t)uz(x,t)dx-l-/ (ET(x)uen(x, 1)) ui(x, 1) dx
0 0

1 1
—/ (S(x)ux(x,t))xul(x,t)dx—i—f y (Oulx, ue(x, 1) dx
0 0

1 1 6
+/ ap(x)u?(x, 1) dx —/ (ar()use(x, 1)) u,dx = Zl,-(t) =0. (2.3)
0 0

i=1

Taking into account conditions (2.2), we get the following representations for the integrals /;(¢), i =
1,...,6:

1
) Il(t)=li p(X)u?(x,t)dx,

2dt J,
(i) L) = (EIuu@, 1) | w1, 1) = EITDu (1, Dug(1,1)
x=1
+li lEl( Yy (x,1)d
sar ), Xuy, (x,t)dx,
1d (! 2
ity L) =-SMu,(1,Hu;(1,t) + =— Suy(x, t)dx, 2.4)

24t J,

1

1d !
(@iv) 14(t)=55 ; y (0)u’(x, 1) dx, (v) Is(t)=/o ao(x)u;(x,t)dx,

1
(vi) 16(I)=—/ (a1 (0w (x, 1)) uy(x, 1) dx
0
1
= —a1(1)uzx(1,f)uz(1,t)+/ ar(x)u;, dx.
0

Summing up expressions (i)—(vi) of (2.4), we obtain the following equation:
1d [!
2dt J
1
+ / ap(x)u?(x, 1) dx + f
0 0

— S(Du,(1, t)]ul(l, ) — [EI(I)uxx(l, t)+a(Du(1, t)]ux,(l, t) =0. (2.5)

[,o(x)uf(x, 1)+ El(x)u)zm(x, )+ S(x)ui(x, 1)+ )/(x)uz(x, t)] dx

1
al(x)uit(x, t)dx + [(El(x)uxx(x, t))x

x=1
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Definition 2.1. Let the energy functional, £(¢), be defined by

1
Elt) = %/0 [p()u; (x, 1) + EI(x)uz (x, 1) + S()us(x, 1) + y (x)u’(x, 1)] dx. (2.6)

Based on this definition, we rewrite Eq. (2.5) in the form
d 1 1
—&(t) = — f aop(x)u?(x, 1) dx — / ay(x)u?,(x, t) dx
dt 0 0

— [(El(x)uxx (x, t))x

- S(l)ux(l,t)}ut(l,t)

x=1

+ [ETMuec(1, 1) + ar(Du, (1, 1) Jur (1, 1), 2.7

Now we are in a positions to introduce the right—end boundary conditions for the model.
If the following conditions are satisfied at the right end x = 1:

(El(x)uxx)x —S(Mu,(1,1) =0, EI(Duy(1,8) +a;(Du,(1,¢) =0. (2.8)

x=1

then we call them the generalized free—end conditions.
If the following conditions are satisfied at the right end x = 1:

(ET0u(x, 1), | = SWuc(l,0) =0, uy(l,1) =0, (2.9)

x=1

then we call them the generalized sliding conditions.
If the following conditions are satisfied at the right end x = 1:

EI(Muy(1,8) +a;(Du,(1,t) =0, u,1,t) =0, (2.10)

then we call them the generalized pinned conditions.
If at x = 1 the following conditions are satisfied at the right end:

ux(l,1) =0, u(1,1) =0, (2.11)

then we call them the clamped condition.

In all four cases, i.e. for a clamped-free model, a clamped-sliding model, a clamped-pinned model,
and clamped-clamped model, the corresponding system is dissipative, i.e. its energy dissipates in time.
The aforementioned examples are well-known in the applied sciences; however, there could be other
types of the boundary conditions generating non-conservative systems (Benaroya [1]; Chen et al. [4];
Gladwell [11,12]; Littman and Markus [17]; Russell [29]; Wang and Chen [34]).

In the present paper we consider the initial boundary—value problem defined by Eq. (2.1), the left-end
conditions (2.2), one of the right-end conditions from the set (2.8)—(2.11), and a standard set of the
initial conditions

u(x,0) = up(x), u;(x,0) = u;(x). (2.12)

© 0O N O O~ WO N =
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Operator reformulation of the problem. Let us rewrite the initial boundary value problem as the
first order in time evolution equation in the state space of the system (the energy space). We assume that
EI(x), p(x), S(x), y(x), ap(x), and a; (x) are strictly positive functions from C?[0, 1].

Let H be the Hilbert space of two—component functions obtained as a closure of smooth functions
@ (x) = [po(x), p1(x)]" such that ¢o(0) = ¢}(0) = 0 in the following norm:

1 1
13, = 5/0 [E1@) |00 0)* + S)|ehy@)|* + ¥ @) |eo)]” + p@) |1 (0)]*] dx. (2.13)

The energy space H is topologically equivalent to the space ﬁoz(O, 1) x L*(0, 1), where H? = {p €
H?(0, 1) : ¢(0) = ¢'(0) = 0}. Let us introduce the following matrix expression:

.1 0 1
L=—i |:5m1 93?2] , (2.14)
with 0, and 9, being the differential operations defined by
L& d*p(x) 1 do(x)
(M) (x) = _ﬁd_(El(x) P >+ e )dx( (x )—) + 7 ()e(x), (2.15)
_ @ 1 d dw(x)
(M) (x) = or )fﬂ( x) + 00 dx( 1(x) ) (2.16)

Let £ be defined on the domain
DLy ={PeH: D= (o1 00 H'0,1), 91 € H* (0, 1);
©1(0) = ¢1(0) = 0; “right-end conditions”}. 2.17)

Depending on the choice of the right—end conditions, we obtain different matrix differential operators in
the space H (Mennicken and Mdller [22]).

(i) If for the right—end conditions we take conditions (2.8), then the differential operator defined by
(2.14)—(2.17), and (2.8) corresponds to the clamped—free model. We denote this operator by L ;. One
can verify by direct calculations that the initial boundary value problem defined by Eq. (2.1), conditions
(2.2), (2.8), and (2.12) can be represented as the evolution problem in H:

WD) =L W), 1), W, 0) = [Yo@) y10]". 0<x <110 2.18)
(i) If for the right—end conditions, we take conditions (2.9), then the differential operator defined by
(2.14)—(2.17), and (2.9) corresponds to the clamped—sliding model. We denote this operator by L.,. One

can verify that the initial boundary value problem defined by Eq. (2.1), conditions (2.2), (2.9), and (2.12)
can be written as the evolution problem in H:

W (x, 1) =i(LesW)(x, 1), W(x, 0) = [Yo(x), ¥ (X)]T, 0<x<lr>0. (2.19)

(iii) If for the right-end condition we take conditions (2.10), then the operator defined by (2.14)—(2.17),
and (2.10) corresponds to the clamped-pinned model. Denoting this operator by £.,, we can verify that
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the initial boundary value problem defined by Eq. (2.1), conditions (2.2), (2.10), and (2.12) can be written
as an evolution problem in H:

Wi (x, 1) =i(Lep W) (x, 1), W(x,0) = [Yo@). ¥1)]. 0<x <11 >0, (2.20)

(iv) To deal with the clamped—clamped model, one has to consider a different state space H, which
is obtained as a closure of smooth two—component functions ®(x) = [¢@(x), ¢;(x)]” such that
@0(0) = ¢5(0) = 0 and ¢o(1) = ¢y(1) = 0 in the norm (2.13). Thus His a proper subspace of H,
i.e., dim H(mod H) = 1. If for the right—end conditions we take (2.11), then the operator defined in H
by (2.14)—(2.17), and (2.11) corresponds to the clamped—clamped model, L... The appropriate evolution
problem in # can be written in the form:

WD) = i(Le W), 0, W@, 0) = [Yot0), y1(0)]', 0<x< 1,120 221)

In what follows we focus on asymptotic and spectral analysis of the operator L.r. Using similar

techniques asymptotic and spectral results can be obtained for each operator from the remaining set, i.e.
for Les, Lep, and L.

We recall that the operator L., is defined by matrix differential expressions (2.14)—(2.16) on the
domain

D(Ls) = {cb eH: D= (o, 01,00 € H 0, 1), o1 € H*(0, 1);
@1(0) = ¢} (0) = 0; EI(Dgy (1) +a;(Dei (1) =0,

(EI(x)ey ()| —SMgp(1) = 0}. (2.22)

x=1
Our first result on the operator L. is the following statement.

Theorem 2.2. L., is a dissipative operator in H.

Proof. A linear operator is said to be dissipative if its quadratic form has non-negative imagery part

(see, e.g., Gohberg and Krein [13] and Szokefalvi-Nagy and Foias [33]). Thus, it suffices to show that
S(Ley @, @)y = 0. We have for ® € D(L.f)

o () (pox)
where
( >——L(E1( ) ”)”+L(S< )op(x))’
T R LT
y(x) ap(x) ,
— - p(’(x) 01 + (x)(m(x)wl(x)) : (2.24)
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10 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

Evaluating the inner product of (2.23) denoted by J, we have

1! -
I=3 fo (EI(0)@!(0)gg() + S, (g0 + ¥ ()1 (1) o)

— (ET(0)@y ()" 01(x) + (S)eh(x)) 01 (x) — ¥ ()0 (x) 1 (x)
— ag(x)1 ()1 (x) + (a1 ()@} (x)) 1 (x) } dx. (2.25)

4

o+ J, we obtain the

Integrating by parts the integral (2.25) and representing J as the sum: J = )
following representations for the integrals 7, j =1, ..., 4:

1 . - 1
I E/O ET(x)[o] (0)¢g(x) — @5 (x)¢] (x)] dx =2i‘3/0 ET(x)¢] (x)gg(x) dx,

1 _ _ 1 .
L= / S [} (D (x) — gp()p; (x)] dx = ZiSf S(x)¢) (x)gy(x) dx,
0 0

(2.26)
I; = /01 y ()1 ()@ (x) — go(x)¢1 (x)] dx = 2i?9/01 Y (x)@1(x)go(x) dx,
I = /(;l[ao(x)|gol(x)|2 +ay ()|} (0)]*] dx.
Out of integral term, J, is given by:
J= —(E1(x)gf(x)) ¢1(x) . + EI(Dgg(De; (1) + SMgp(Dei (1) + ar(D)g) (Hei (1)
= —[(EI(X)%(X))/ T S(l)wé(l)]wl(l) + [ET(ey (1) + ar(Dei(1D)]e) (D). (2.27)

Taking into account the domain of L s (see (2.22)), we obtain that the expression j of (2.27) is zero.
Thus, substituting formulae (2.26) into (2.23), we obtain

1
Loy ®, DYy = f [ao() |1 ) [* + a1 (x0) |} (1) ] dx > 0.
0

The theorem is shown. [

Remark 2.3. Using similar techniques, one can show that the operators L., and L, are dissipative in
the space H and L. is dissipative in the space H.

3. Generalization of the model to the case of four-parameter boundary conditions

In this section, we introduce an additional mechanism for damping through parameter-dependent
boundary conditions. To this end, we consider the generalized moment M (x, t) and the generalized
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M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model 11
shear Q(x, t) (Benaroya [1]; Gladwell [12]):

M(x,t) = EI(X)ux(x,1) +ar(x)u(x,1),

3.1)
Q(x, 1) = (EI(X)ux(x, 1)) — S0y (x, 1).
Let the input, U (1), and the output, Y (¢), be given as R? — vectors
U@y =[-0, 0, M1, 0)]" and Y1) = [u,(1, 1), u,(1,0]", (3.2)

where the superscript “T” stands for transposition. The feedback control law can be given as follows:

U =KY(). and K= [‘“ ‘”2], (3.3)
-k =P
with «, B, k1, and k; being the control parameters. The feedback (3.3) can be written in the form

= SMuy (1, 1) = au (1, 1) + r2u (1, 1),
=1 (3.4)

ET(Du.c(1, 1) + ar(Du, (1, 1) = —ryu, (1, 1) — Buy (1, 7).

(EI(x)ux(x, 1)),

Having in mind conditions (3.4), we introduce a new matrix differential operator in H denoted by
Les(a, B, k1, k2), which will be our main object of interest. This operator is defined by the matrix ex-
pression given by (2.14)—(2.16) on the domain

D(Lep(a, B, k1, k) = {CD = (90, 91)7, o € H*(0, 1), 91 € H*(0, 1); 91 (0) = ¢} (0) = 0;
EI(Mgy (D) +ai(Dei (1) = —k191(1) — B (1),

(E1(x)¢)(x0)

= Sy (1) = api(1) + Kz(Pﬁ(l)}- (3.5)

x=1

Our first result is this section is the following statement.

Lemma 3.1. For the case of non—-negative parameters o, B, ky, and k,, the operator L.;(a, B, k1, k2) is
dissipative in H when k| + «, = 0 and it is not dissipative when k1 + k, > 0.

Proof. To prove the result, it suffices to evaluate I(L.r(a, B, ki, k2) P, @)y for ® € D(Los(a, B,
K1, k2)). Evaluating the inner product, we have to repeat all the steps that have been carried out for
the operator L. in Theorem 2.2. As the result, we obtain

i(Lep(@, Bokcr, k) ®, @), = ((?g))) : (2?8))7{ (3.6)

where i is given in (2.24). Evaluating the inner product of (3.6) denoted by J; we obtain that J; can
be given by formula similar to (2.25) evaluated on the functions from the domain of L. (a, B, k1, k2).
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12 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model
Integrating by parts we represent J; as a sum: J; = ijl INJ + J1, where the integrals I, j=1,2,3,4,

are given by the formulae similar to (2.26). Taking into account the domain (3.5), we obtain the following
representation for out of integral term J;:

Ji = [api(1) = kcigi(D]er(D) + [0 (1) = B} (D]} (1)

= —a|p (D" = Blo, (D" = 129} (D1 (1) — k101 (D (D). 3.7)

Substituting this representation for J, into (3.6) we obtain

S(Lep (@, B, k1, k) D, @), = alor (D + Blot (D] + R[kie1 (D] (D) + kagi (D (D] (3.8)

If k1 + k2 = 0, then N[k (@1(De;(1) — k29 (1)@i(1))] = 0 and the dissipativity of the operator
Les(e, B, k1, k2) follows from (3.8).
The lemma is shown. [

To simplify the notations, without loss of generality, we will write £ in place of L.r(a, B, k1, k2).
To investigate the spectral properties of the operator £, it is convenient to represent it as the sum, £ =
L0 + 9. The operator £° is given by (2.14)—(2.16) in which S(x) = ¥ (x) = 0 and defined on the same
domain as L:

0 1
L= (-ﬁ%(EI(x)%-) — o) 4 ﬁ%mm%o) ’ G:9)
with
D(L°) = D(L). (3.10)
The operator 901 is given by the formula
i)ﬁ:—i(Li Oi oy 0). (3.11)
o(x) dx (S()Z5) 0(0) 0

It can be checked that 901 is a bounded operator in . The following statement holds for £°.

Theorem 3.2. 1) £° is an unbounded non—selfadjoint operator in H with compact resolvent, whose
spectrum consists of a countable set of normal eigenvalues (i.e., each eigenvalue is an isolated point
of the spectrum, whose algebraic multiplicity is finite (Locker [20]; Marcus [21]; Gohberg and Krein
[13])). The set of the eigenvalues accumulates only at infinity.

2) For any combination of the parameters, such that @ + B + k1 + k» > 0, the operator L is a finite—
rank perturbation of the operator Ly corresponding to the cantilever case when @« = = k1 = k; = 0.
The fact that Ly is a perturbation of L° should be understood in the following sense. The operators
(LY " and Ly U exist and are related by the rule

(£ =5 +T. (3.12)
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M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model 13
where T is a finite—rank operator. The following formulae are valid for any G = (go, g1)7 € H.:

((£%)7'G) () = [(PRogo) (¥) + (Fgh) () + (Fagn) (1), igo ()] (3.13)

where Ry, R1, and R, are Volterra integral operators defined on a differentiable function r by the
following formulae:

1 1
(i) Roy)(x) = —l/ dT/ EIn) d’«;‘fg ap(w) ¥ (w) dw,

i) QW) = —i /O dx /0 El?m fn ar (w)y (w) dw,

1
i) Ry (x) = —i / / i | e fg p (W) (w) dw. (3.14)
The operator T is defined by the formula
TG =[30,0]", G& =[g20), 5], (3.15)
where

) = [(a1(1) + k1) go(1) + Bgo(D]g(x) + [ergo(1) + (S(1) + k2 + a1 (D) go(D]h(x),  (3.16)

with g(x) and h(x) being given by

()——'/xd f" dw h(x) = —fd /"1_“’ (3.17)
sO=0) M)y Efwy V=) Erw) ‘

The operator Ly is self-adjoint in a Hilbert space Ho, whose norm can be obtained from the norm of H
by setting S =y = 0.
3) The decomposition similar to (3.12) is valid for the adjoint operator, i.e.,

(€)= (cg) " + T (3.18)

where T* is given by the formulae similar to (3.15) and (3.16) in which «, B, k1, and K, have been
replaced with (—«), (—B), (—«k1), and (—k3) respectively.

Proof. To prove the decomposition (3.12), let us show that the equation £°® = F has a unique solution
® € D(L) for any F' € H. Rewriting this equation component—wise, we obtain the following system:

o) = ifo(x),  (E1(x)@)(x)" + ao(x)ei(x) — (a1(x)p} (x))" = —ip(x) fi(x). (3.19)

Eliminating ¢; from system (3.19) we obtain the equation for ¢y:

(E1(x)gf ()" = —ip(x) fi(x) — iag(x) fo(x) +i(ar1(x) fy(x)) . (3.20)
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14 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

Integrating Eq. (3.20) from x to 1 and taking into account the o — boundary condition from (3.4), we
rewrite this equation as

1
(EIx)gi(x)) = iafo(1) +i(S) + k) fy(1) + i / p(w) fi(w) dw

1
+i / ao(w) fo(w) dw — iai (1) fo(1) +iai(x) f5(x). (3.21)
Integrating this equation once again from x to 1, we get

EI()gy(1) — EI(x)p)(x)
= i[afo(1) + (S(D) + &) f5(D]A — x)

1 1 1 1
+z‘f dsf p(w)fl(w)deri/ dsf ao(w) fow) dw
x 3 X 3

1
+ i/ a1 (w) fo(w) dw — ia (1) fo(1)(1 — x).
Taking into account the 8 — boundary condition from (3.4) we rewrite this equation as

—i(ar1(1) + k1) fo(1) — iBfy(1) — EI(x)eg(x)
= i[afo(1) + (S(1) + k2) f5(1) — 2a; (1) fy(D] A — x)

1 1
+if dsfs p(w) fi(w) dw

1 1 1
+i/ dS/ ap(w) fo(w) dw +i/ ar(w) fy(w) dw. (3.22)
X & X

From (3.22) we obtain the following formula for ¢;:

9o (x) = —#(x){[(al(l) + 1) fo() + By (D]

1 1
+[Otfo(l)+(S(1)+K2+2a1(1))f6(1)](1—X)-i-/ dsf p(w) fi(w) dw
X 3

1 1 1
+/ déf ao(w)fo(w)dw—i—/ al(w)fo/(w)dw}. (3.23)
X & X
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M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model 15

Integrating Eq. (3.23) twice from 0 to x and taking into account that ¢;(0) = 0, we obtain the explicit
formula for ¢,

po(x) = —i[ (a1 (D) + k1) fo(D) + Bfy(D)] f d"/ EI(w)

— ifafo(1) + (S + 2 + ar (1)) fo(D)] / dn/

—l/ / ELGD dé/s ao(w) fo(w) dw
—i/(; d‘L"/O m/ﬂ al(w)f(;(w)dw
. X T d’? 1 1
—1/0 dr/(; EI(’?)/n dé/; po(w) fi(w) dw. (3.24)

If g and & are the functions defined in (3.17) and Ry, R;, and R, are the Volterra integral operators
defined in (3.14), then ¢ can be written in the form

dw

EI(w)

@o(x) = [(a1(1) + 1) fo(1) + Bfi(D]g () + [afo(D) + (S() + 12 + a1 (D) fr(D]h(x)
+ [Ro fol(x) + [ fo] () + [9a fi](x). (3.25)

Let A be an operator that maps a continuous function into its value at x = 1, i.e. (Af)(x) = f(1) and B
be an operator that maps continuously differentiable function f into f'(1), i.e. [Bf1(x) = f/(1). Then
@o(x) of (3.25) can be given as

@o(x) = {(ar(D) 4+ x1)[A fol + BB fol}g(x) + {alAfol + (S(1) + «2 + a1 (1)) [B fol }h(x)
+ [Rofol(x¥) + [R1 fo] (0) + [Ra f1(x). (3.26)

Using formulae (3.19) for ¢, and (3.26) for ¢y, one can check that the operator, which is inverse to £°
and is defined by (3.9) on the domain (3.10), can be written as the following sum:

(L) = (Lo + T, 3.27)

Ly is an unbounded non-selfadjoint operator, which is defined by the differential expression (3.9) with
free boundary conditions at theend x = 1, (0 = = «; = k» = 0), i.e. Ly corresponds to the can-
tilever beam model; 7 is a finite-rank operator. The operators (£¢) ™' and 7 are given by the following
formulae:

d
(L)t — [mo - +£;%1(E-) 9?)2-} ’ (3.28)
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16 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

|:[Tl ]g(X)-i-[Tz 1h(x) 0}
ol

Ty = (ai(1) + K1)[A 1+ B[B-],
= a[A]+ (S(1) + k2 + ar (D) [B-].

(3.29)

The proof is complete. [

Finally, we present the main result of this section.
Theorem 3.3. The non-selfadjoint operator, L, has a countable set of normal eigenvalues that can
accumulate at infinity. (An isolated eigenvalue is said to be normal if its multiplicity is finite (Gohberg

and Krein [13]).)

Proof. Using the operators £° and 90 introduced in (3.9)—(3.11), we obtain the following decomposi-
tion:

L7 =[2(1 + (£ = (1 + (£0) o) (£9) 7 (3.30)

As is shown in Theorem 3.2, (L)) ™! € Gy (H) and M € R(H) (G (H) denotes the set of all
compact operators in H and R(#) denotes the set of all bounded operators in ). Thus, to prove that
L7 € &4 (H), we have to show the only fact that 0 is not an eigenvalue of £ (see Gohberg and Krein

[13]). Using the contradiction argument, assume that there exists ® € D(L) such that L& = 0. From
formulae (2.14)—(2.16) for £, we get that ¢, (x) = 0 and that ¢, has to satisfy the equation

—(E1(x)¢5 )" + (Sx)@p(x)) = y (¥)go(x) =0, (3.31)

and the boundary conditions

ol(1) =0, (E1(x)g)(x))

=0. (3.32)

x=1

We multiply Eq. (3.31) by ¢o(x) and integrate it to have

1
+ EI(x)gy(x)¢'(x)| —
0

1
(EI)@) 900 fo EI)|0) (o) dx
0

1 1
/ S0 |gpx0) | dx —/ y (0)|go(x)|* dx =0, (3.33)
0 0

1
+ S (o (x)| —
0

Taking into account the boundary conditions at x = 0 and conditions (3.32) we obtain

S(l)wé(l)wo(l)—/o [E1)|¢f )| + S |ep)|* + v @)]go@)| ] dx = 0. (3.34)
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M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model 17

Since ¢y satisfies Eq. (3.31) and conditions (3.32), this function is in fact an eigenfunction of an Euler—
Bernoulli clamped-free beam model and, therefore, ¢ is defined up to a multiplicative constant. Without
loss of generality, we can choose ¢ in such a way that wé(l)m < 0 (Benaroya [1]; Gladwell [12];
Shubov and Kindrat [30]). Since E(x) > 0, S(x) > 0, and y (x) > 0, we obtain that ¢y(x) = ax + b,
which reduces Eq. (3.34) to fol [a%S(x) + y(x)]ax + b|*]dx = 0, from which we get a = 0 and hence,
b=0.

The proof is complete. [

4. Spectral equation

In this section we derive the equation, whose solutions coincide with the eigenvalues of the opera-
tor £. Namely, we consider the eigenvalue — eigenfunction equation for the operator £, i.e. L& = A D,
® e D(L). From this moment on, we will carry out the asymptotic analysis for the case of constant
parameters of the model. The case of variable coefficients will be presented in our forthcoming work.

It is convenient for technical reason to represent the damping terms as ag(x) = 2ag(x) and a;(x) =
2a; (x). Without loss of generality, we set EI = 1 and obtain the following description of the domain of
the operator L:

@y (1) = —(251(1) + K1)<p1(1) — Bei(D),
@0/ (1) = agi(1) + (S + k2)@; (1). 4.1)

Eliminating ¢; from the system of two equations, resulting from the equation L& = A&, we obtain that
the first component of vector—function ® must satisfy the following equation:

"' (x, 1) = 2iray + )¢ (x, 1) — (pA? = 2irdy — y)e(x, 1) = 0. (4.2)

Let us modify Eq. (4.2) by introducing X, do, and @ according to the formulae: % = AP, o = do/ /P>
and a; = a,/,/p. In the new notations, Eq. (4.2) has the following form:

9" (x, ) — Qira@ + )¢ (x, ) — (A = 2i%dp — y)e(x, ) = 0. 4.3)
Comparing (4.2) and (4.3) shows that if one knows the solution of Eq. (4.2) with p = 1, then the solution
for the case p # 1 can be found without difficulties.

For the rest of this section we focus on Eq. (4.2) with p = 1. The characteristic equation associated
with the differential equation (4.2) with p = 1 can be written in the form

2t — Qiray + $)z7 — (A —2irdg — y) = 0. (4.4)

Solving this biquadratic equation we obtain the representation for its roots

s ~ NN
2, = <iml ; 5) : \/m ) 4 iA(SE — 2a0) + <Z - y>. 4.5)
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18 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

It can be readily checked that for @) < 1 the following asymptotic approximations are valid as |A| —
00!

o ~ 2 1/2
.S = i(Sa; — 2d,) Sy
2 2 4
=\lidai+ =) E£A /1 —a;|]l+ = + =
2 ( ! 2) V ‘( W —a) | e(0-a)

N = /S i(Sd —23 1
=malix,/1—af+(5i%)+0<x). (4.6)

Notice, the damping parameter a, does not enter the leading asymptotical terms in (4.6).
It is convenient to use the following notations for z{ , of (4.5):

~ S ~ - N S2
W= (ikal + 5) + \/kz(l — @) + iA(Sa; — 2aHp) + (I - y),

~ S - o (S
v = (ikal + 5) - \/?»2(1 — @)+ iA(Sa) — 2a) + (T - y).

Using (4.6) we immediately get asymptotic approximations for > and v2. As the fundamental set for
Eq. (4.2), one can take a “standard” set of four solutions

4.7)

{cosh(pux), sinh(4x), cosh(vx), sinh(vx)}.

In the sequel, we will use an equivalent basis composed from functions C1 and S, defined below. Let
us introduce new functions convenient for dealing with the beam equation

Calx) = %[cosh(,ux) +eoshvr)],  Se(x) = %[Sinh;“ 2 Sinhlf”x)]. (4.8)
These functions satisfy the following set of the boundary conditions at x = 0:

(i) C_(0)=0, C' (0) =0, Ci(0) =1, C'L(0)=0;

(@) S_(0) =0, S"(0)=0, S+(0) =0, S =1;

(i)  SL(1) = C_(D), S7(1) = CL(), S7(1) = CZ(). (4.9)

One can readily verify that the solution of Eq. (4.2) satisfying the left-end boundary conditions
(0, 1) = ¢’ (0, ») = 0) can be represented in the form

p(x, 1) = AA)C_(x) + B(r)S-(x), (4.10)

with A()) and B()) being arbitrary functions of A. If ¢ (x, 1) satisfies the « — boundary conditions from
(4.1),i.e., 9" (1) = iA(S + k)¢’ (1) + iare(1), then in terms of (4.10) we obtain the equation

AMW[C (1) = ixxC (1) — iraC_(1)]
+ B[S (1) — irkxS. (1) —iraS_(1)] =0, (4.11)

© 0O N O O~ WO N =

24



© O N O 0o » 0N =

A A B D DD D WOWW W W W W W W WNDNMNDDNDDNNDNDNDNDDN =SS a4 aa
o o A WONM =+ O © 0O N O O DN 22 O © 0o NOoO ks O DN -+ O © 0o N O NN WwDNN = O

M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model 19
where k, = S+ ;. If p(x, A) satisfies the B—boundary condition, i.e., ¢” (1) +iAB¢’ (1) +irk1p(1) = 0,
where k1 = a; + k| = 2d; + k1, then in terms of (4.10) we obtain the equation:
AM[C" (1) +irBC(1) + ixk C_(D)]
+BMW[S” (1) +irpS_ (1) + irkcS—_(1)] = 0. (4.12)
To obtain a non-trivial solution of the system (4.11) and (4.12) for A(A) and B(X), we set to zero its
determinant denoted by D(A):

[C”(1) — i2CL(1) — iraC_(D][S”(1) +irBS. (1) + irkiS—(1)]
= [CZM) +iABCL) + 2 C-(D][S”(1) = ir&S (1) — ireS (D] =0. @15

Using formulae (4.9)(iii), we represent the determinant, D(}), as the following sum:

7
D) =Y LK), (4.14)
n=1

where

i) L) =[CMS (1) = S"(HC" ()] = C"(HC (1) — (C" (1),
(i) L) =irx[CI(S.(1) = S"(HCL(DH] = irp[C(HC-(1) = CLDHCLD)],
(i) L) = ixc[CY(D)S-(1) = S”(HC-(D],
(iv) L) = —idia[CL(D)S" (1) — S_(HC"(1)] = ix@[(c/_(l))2 —Cc_(HC” (D],
() I5() = —(W)R[CL(1)S_(1) = S_(HC-(1)] (4.15)
= —(MRR[C(DS_(1) — (C_()],
Vi) Is(h) = —(Ma[C_(1)S” (1) = S_(DC (D] = ira[C_()C_(1) = S_(HC" (D],
i) L) = =) ap[C-(DS_(D) = S_(HCL(D)]
= (iM)*ap[(C-(1)") = S_(HC ()],

Taking into account the expressions for C_(1) and S_(1) of (4.8), we obtain for /;(1):

LV = %{(;ﬁ sinh o — v* sinh v)(u sinh w — v sinhv) — (u? cosh 1 — v* cosh v)z}

—

= Z{—/JL4 —vt— ;w(uz + vz) sinh p sinh v + 2,1121)2 cosh u cosh v}. (4.16)
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20 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

For I,(X) we get

| A
L) = %{(/ﬁ sinh s — v* sinh v)(cosh u — cosh v)
— (usinh  — v sinh v)(u2 cosh . — v? cosh v) }
irp

= {u(v* — u?) sinh  cosh v + v(u® — v?) cosh w sinh v}.

For I3(X) we get

N
L(\) = %{( 3sinhp, -3 sinhv)(

sinhpy  sinhv
u v

— (cosh ;& — coshv) (uz cosh . — v? cosh v) }

)\.A 3 3
:%{—,uz—vz—i-(uz—i-vz)coshucoshv—(M—+v—) sinh,usinhv}.
Voo
For I,()) we get
l.)j(\z . . 2 2 2
L)) = —T{(/L sinh i — v sinhv)” — (coshu—coshv)(,u cosh &t — v” cosh v)}
—_@ 2 _ 2 ; : 2 2
=— {—w® —v* — 2pv sinh wsinhv + (u* 4 v?) cosh u coshv}.

For Is(1) we get

.A‘ 2/\/\ . h . h
I5(}) = —(1)4‘&{(# sinh . — vsinhv)(Sln po_m v) — (cosh 1 —coshv)z}
n
.A‘ 2/\/\
=—(l)4&{—2—<3+ﬁ> sinh,usinhv—l—2cosh,ucoshv}.
w v

For I5()) we get

2
I¢()) = —% { (cosh & — coshv)(u sinh &t — v sinh v)

sinhy  sinhv
n v

ira [ (v . w? :
=——1— —m)coshvsinhyu+ | — —v |coshusinhvyg.
4 7 v

— (u*cosh u — v* cosh v)(

4.17)

(4.18)

(4.19)

(4.20)

4.21)
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For I7(X) we get

iA)? inh inh
IL(A) = —(l )40['3 {(cosh,u — coshv)? — (sm p_ v)(,u sinh ;4 — v sinh v)}
U
.A‘ 2
= —(l )40”3 {2 — 2cosh ucoshv + (E + K) sinh u sinh v}. 4.22)
voou

Substituting (4.17)—(4.22) into Eq. (4.13) we obtain the general form of the spectral equation

[—(1* + v*) — uv(u® + v?) sinh g sinh v + 2u°v? cosh p cosh v ]

+ir8 [M(v2 — Mz) sinh p coshv + v(u2 — vz) sinh v cosh M]

3 3
+ Ak [—( 24 vz) + (,u2 + vz) cosh uwcoshv — <M— + v_> sinh u sinh v:|
v 2

— i)Jc}[—( 24 v2) + (,u2 + v2) cosh it coshv — 2 v sinh y sinh v]

+ A% |:—2 — <E + K) sinh w sinh v + 2 cosh u cosh v:|

Voo
) 2
— i)»oe|:<— — /L) coshvsinh u + (— — v) cosh p sinh vi|
I v
2 12 V . .
+ A“af [2 — 2cosh ucoshv + (— + —) sinh p sinh v] = 0. (4.23)
)

Remark 4.1. In our paper (Shubov and Kindrat [31]), we have derived the spectral equation for the
case of the beam equation, in which the distributed damping, axial force, and modulus of elasticity were
equal to zero, i.e.,dp = d; = S = y = 0. Let us show that the spectral equation (2.27) obtained in the
aforementioned paper can be derived from Eq. (4.23). Fordy =d; = S =y =0, wehave v = i, i.e.,
u? +v? = 0and u? — v> = 2u>. For this case, Eq. (4.23) can be reduced to the following:
[—2u* — 2pu* cosh p cosh v] + iAB[—24” sinh j1 cosh v + 2ij1* cosh e sinh v ]

+ ik [21',u2 sinh p sinh v] — i)Jc\z[—Ziuz sinh p sinh v]

— (iM)* K %2[—2 4 2 cosh p cosh v] — ida[—2u cosh v sinh o — 2i e cosh  sinh v]

— (iM)*aB[2 — 2 cosh wcoshv] = 0. (4.24)

Taking into account that cosh v = cos i and sinh v = i sin i, we modify (4.24) as

—2*[1 + cosh p cos ] — 2iau’ B[sinh  cos p 4 cosh g sin ]
— 2ia % [sinh p sin ] — 2i A’ [sinh o sin ] + 2(i4)%% %[ 1 — cosh 1 cos ]
+ 2i pafcos w sinh u — cosh p sin u] — 2(ix)*eB[1 — cosh pwcos u] = 0. (4.25)
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22 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

Recalling (4.7), i.e., A = w?, and nothing that k; and &, correspond to «; and k, from Shubov and
Kindrat [31], we rewrite this equation in the form

p{rira[1 — cosh pu cos u] + i (k1 + k2) sinh za sin 1 + (1 4 cosh p cos 1)}
= —iuzﬂ[sinhu cos i + cosh e sin ] + ia[sinh p cos i — cosh e sin ]
+ aful[l — cosh u cos ],

which coincides with the spectral equation (2.27) from paper Shubov and Kindrat [31].

5. Asymptotic analysis of the spectral equation
In the first statement of this section, we collect all technical results needed in the sequel.
Lemma 5.1. /) The following explicit formulae hold:

(i) w=-A+2ar+y,  p+v=S+2iaA,
(i) w*+v*=2(1—2a7)A* +4i(Sa, — G)r + 5> — 2y,

5.1
52
(i) W2 —v? =2, [32(1 = @) + (S — 2a0) + (Z - y>,
2) For the case 0 < a; < 1, the following asymptotic approximations are valid as |\| — 00:
— S\ 1—ai +i(Sa, —2ap) | 1
@) wn= \/l—af-l-ial\/i—i- —+ol—).
— \/X PR
4\/1 a; \/ —al +ia
S/ 1—a+(Sa, —2ap) |
(i) v=i/1-3 - zal«f— —+ 0| == |
\/x ALS
4\/1 —a1 \/ —a1 —ia;
12 v ~ i(25()51 -9 1
(iii) ;—I—;:Za]—i—f—l—O )
~ [ (Sa, — 2a
@) u2—v? =21 — a4 5H 20 (5.2)
-

N S2—4 +(S51—22{0)2 +0 1
4F 4(1 — a3 22 )’
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M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model 23
W) 54D = 2i(2@2 — 1)1+ 2(—2G@ + 257, — )

+i(2a%)/ +vy —6a§&?+4$a0a1 —'d’é — 52)X + 0(?)

Proof. Using the explicit formulae of u? and v? given in (4.7), we keep the first three terms in the
corresponding Taylor expansions as |A| — co. We obtain

- = Sa,—2d, S
= (i1 1= (S, 5)
2,/1—a?
S?—4 Sa; —2ap)*\ 1 1
+( y Ga °)> +0( ) (53)

SM 8(1—a2)3? ) a 22

and

~ = Sy —2dy S
v2:<ia1—,/l—a%>k+<—iu+—>
2 Ji—@ 2
S*—4 Sy —2ag)*\ 1 1

—( A ) >—+0( ) (5.4)

+ = =
8. /1 — a’Z 8(1 - 6112)3/2 A )\,2
V 1

We calculate the square roots of right-hand sides of Eqs (5.3) and (5.4) to get formulae (5.2(i)) and
(5.2(ii)). Using similar approach we obtain the remaining set of the formulae from (5.2).
The lemma is proven. [J

Remark 5.2. For the case when a; > 1, the corresponding asymptotic approximations can be derived
using a similar approach.

Now we are in a position to derive the asymptotic form of the spectral equation (4.23). Namely, let us
represent this equation in the form

A (A) sinh p sinh v 4+ B(A) cosh @ cosh v
+ C()) sinh i cosh v + D(A) cosh e sinh v 4+ F(A) = 0, (5.5)

where the coefficients are given by the following expressions:

4 4 2 2
A = —pv(p® +v?) - M[ﬂ a tv - 2#‘@} par Y (af —T1k2), (5.6)
"
B(A) = 2u*0? — ik (1? + v (@ — &) + 247Kk — ap), (5.7)
C) = ir(v? — 112 (,BM - 3), D) = ir(u® —1?) (ﬁv - 5), (5.8)
" %
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24 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

FO) = —(u* +v*) —ir(n® +v°) & — &) — 22°K1% + 24 °ap. (5.9)
Using Lemma 5.1, we obtain the asymptotic approximation for all functions (5.6)—(5.9) when |A| — oo.
To simplify the presentation below, we will omit “~” over ag and a;. We have collected the assymptotical

results in the statement below.

Lemma 5.3. (i) Asymptotic approximation for the coefficient for sinh u sinh v of Eq. (5.5) can be given
in the form

A = [2a; +2(2a] — 1)&) — 285 + 2a, (af — K1K2) |A°
+ [—iQagar + S) + 2i (2apa; — 2Say + ag)x
+ 2ik2a0 + i (2apay — S)(@f — k1K) |1 + O(1). (5.10)

(i1) Asymptotic approximation for the coefficient for cosh p coshv of Eq. (5.5) can be given in the form
B(\) = [-2+2a1(&) — 1) + 2(&i%2 — aB) [A* — [—4iag + iS®& — ) ]A + O(1). (5.11)

(iii) Asymptotic approximation for the coefficient for sinh p cosh v of Eq. (5.5) can be given in the form

Ch) = —21'\/1 - af,/\/l —a?+ia fA*°

{iﬂ[S(l — 3a%) + 3i(Sa; — 2ap),/1 — a% + 4a0a1] 2ia /1 —aj

2\/1—af,/\/1—af+ia1 ,/ l—al—l—lal}

+ O(V2). (5.12)

(iv) Asymptotic approximation for the coefficient for sinh v cosh u of Eq. (5.5) can be given in the form

D(}) = _2\/1 —a? \/1 —a? —ia A>3

. {ﬂ[S(l —3a}) = 3i(Say = 2a0)\/1 - a} +davar] 2am }
2\/1—a%,/\/1—a%—ia1 v/ l—a1 ia
+O(Vn). (5.13)
(v) Asymptotic approximation for the free term of Eq. (5.5) can be given in the form

FO) = [-2(1 — 2a]) + 2a; (&) — &) + 2(aB — 1K) |A?
— [4i(Sa1 — ap) + S — &) |1 + 2y — S°. (5.14)
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Proof. We present the detailed proof only for formula (5.10) for A(A). The formulae (5.11)-(5.14) can
be proven by using similar techniques. According to (5.6), A(X) can be represented as the sum 22:1 Jks
where

4 4
. . U U o Y
J1=—uv(? +v?), Ja = =ik o
(5.15)
. .2 w42
J3 = 2iAca v, Ja=A(af — KkiKk2) .
v
Using formulae (5.1)(7) and (5.1)(ii), we obtain the following approximations when |A| — c0:
@ hHh= —\/—)»2 + 2iaph + v (S + 2ia;)) = 2a11* — i aga; + S)A + O(1),
. . 2(1 = 2a})A? + 4i(Sa; — ap)h + S* — 2y
(i) jo=—iA K1
V—A2 4 2iagh +y
= 2(2a] — 1)i1A% + 2i (2apa; — 2Sa; + ag)kih + O(1), 5.16)

(iii)  j3 = 2iA/—A2 + 2iaph + y &2 = =210 + 2ikaaoh + O(1),

’ S+ 2ia A
VA2 4 2iagh +y

= [2a12* + i (apay — S)A](eB — &iK2) + O(1).

(af —k1k2)

(V) ja=4

Combining these four terms we get formula (5.10) for A(A).
The proof is complete. [

Remark 5.4. Examining the expressions for the coefficients, one can see that the parameter 8 enters
the leading asymptotical terms in (5.10)—(5.14). This is the reason for our choice to consider the cases
B = 0and B # 0 separately. In the present paper we discuss the spectral asymptotics for the case g = 0.
The case § > 0 will be considered in the forthcoming work.

To simplify further calculations, we notice that (i) for 8 = 0, the coefficients A(A) and B()) in (5.6)
and (5.7) do not depend on «, and (ii) the parameter « enters the lower order asymptotical terms in the
coefficient C(1), D(1), and F(}) in (5.8) and (5.9). It is likely that o will not have a strong effect on the
final result; however, calculations will be technically simpler for ¢ = 0.

Therefore, asymptotical form of the spectral equation corresponding to the case « = 8 = 0 can be
given in the form

] S
{[611 + (26112 — 1)76\1 — % — 6117(\17(\2] + i[—(doal + 5) + (26106112 —28a; + 610)7(\1

R S\ o 1 . .
+ krao + <aoa1 + E)K[Kz] + 0 <ﬁ>} sinh u sinh v

i

~ o~ o NN 1
+ {[—l +ay(k; —k0) + K1K2] — X[—Zao + E(Kl + Kz)] + O(ﬁ)} cosh . coshv
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+ {[—(1 — 261%) + 611(76\1 —76\2) —76\176\2]

: s 1
. lx[z(scz1 —a0) + 5@ Kz)] n O(F)} —0. (5.17)

In the sequel, we focus on Eq. (5.17).

6. Derivation of the spectral asymptotics

In Sections 6 and 7, without misunderstanding we omit "hat" over «; and x,. Let us rewrite Eq. (5.17)
in the following form:

iB 1 ) . iB 1
[.Ao + TO + O(E)] sinh u sinh v + |:A1 + Tl + 0(ﬁ>:| cosh p cosh v
iB, 1
+|:A2+T+O<F>i| =0, 6.1)
where A; and B;, j =0, 1, 2, are given by
Ao = a1(1 — k1K) — (1 — 26!12)K1 — K2,
s ) s (6.2)
By = E —+ apay K1k + (200611 —+ag — 2S01)K1 + apgky — E + apa, );
S
A = ko +ai (k) — k2) — 1, By = _|:§(K1 +K2) — 2610]; (6.3)
5 S
A2=—[K1K2—01(K1 _K2)+(1—2a1)], By = —|2(Say _a0)+§(Kl —H) |- 64

For the rest of the paper, we assume that the parameters are such that 4y + A4; # 0. As follows from
formulae (5.2(i)) and (5.2(ii)), the following approximations hold for ¢ and v:

m 1 o im 1
/,L:m()\/x—i-\/—lx—l-O(m), U:lmoﬁ+7;+0<m>, (6.5)

where

S\/1—at +i(Say — 2ap)
2 .
mo =1/ 1 —aj +iai, my = . (6.6)
4\/1 —al2 \/1 —a%—l—ial
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27

Using (6.5) and (6.6), we derive approximations for sinh p, sinh v, and cosh u, coshv as |A| — oo.

‘We have

(i) sinhpu = 51nh<m0«/_+ ﬁ) (1 + O(%)) + cosh(mox/x + %) 0(
(ii) coshu = cosh(moﬁ + %) (1 + (%)) + sinh(
(i) sinhv = sinh(iﬁox/)_» + %) (1 +0 (%)) + cosh(

m()\/x-i- m)o

VA

im
imoN/A + 1

N

1

an
1

e

7l

1

— sm(mm/—+ i )(1 + 0(%)) +cos<moﬁ+ %)0(%)

(if) coshv:cos(ﬁox/)_d—%)(l—l—O( ‘>>+isin<

_ mi
MoV + —
0 \/X

Jo(

1

23/2

)

)

)

23/2

)

(6.7)

(6.8)

Using formulae (6.7)(i) and (6.8)(i), we evaluate the approximation for the product of sinh p sinh v

e ) B (1)

sinh p sinh v = i sinh <m

+ sinh(mox/x + ﬂ) cos (moﬁ +
N

7#)()

{2 5o )

+ cosh (mox/)_» + L

N

) cos (ﬁoﬁ +

m

NA

Jo()

(6.9)

Using formulae (6.7)(ii) and (6.7)(iii) we evaluate the approximations for the product of cosh u cosh v

ovVA + %) cos<m0ﬁ+ ?) (1 + 0<;3

cosh ¢ coshv = cosh (m

+ cosh<

+ sinh(
+ sinh(

nj
mov/ A + —
O ﬁ

nmj
movA + —
0 \/X

) cos (ﬁox/)_» +

) sin (moﬁ +

e

B

o+ B s+ 2o 173

)o()
)0l

)

(6.10)
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Substituting (6.9) and (6.10) into Eq. (6.1), we obtain the following modification):

i[.Ao + % + 0(%)} sinh(mo«/XJr %) sin(moﬁ+ %) (1 + 0(%))
+ [Al + % + 0(%)] cosh(moﬁ+ %) cos(ﬁo«/iJr %) (1 + 0(%))

- [Az + % + 0(%)] + sinh(mo«/X + %) cos(ﬁo«/XJr %)0(%)

+ cosh<m0ﬁ + %) sin(n_loﬁ " %) o(ﬁ) —0. 6.11)

Our next result is the following statement.

Lemma 6.1. The set of solutions of the spectral equation (4.23) is symmetric with respect to the imag-
inary axis on the complex A—plane, i.e. if A is the solution of Eq. (4.23), then (—X) is the solution as
well.

Proof. We prove the result for the case « = 8 = 0. The proof for the case of arbitrary real parameters,
o, B, k1, and k,, can be done in a similar fashion. Let us introduce the following function:

F() = [(1* 4+ v*) + wv(u® + v?) sinh g sinh v — 24*v* cosh p cosh v]
4 4

+ Ak, |:(/,L2 +v?)(1 — cosh z1 cosh v) + e sinh  sinh ui|

+ ikxz[(uz + vz)(—l + cosh p coshv) — 2 sinh w sinh v]
2 2

+ 22k 1K2 |:2(1 — cosh i coshv) + i sinh u sinh v:|. (6.12)

It is _clear that Eq. (4.23) with « = B = 0 can be written in the form F(}) = 0. LEt us show that
F(—A) = F(A), which certainly means that if A is a root of the afore equation, then (—A) is the root as
well. Using formulae (4.7) for i and v, we obtain

2
(i) w(-%) = (—iXal + g) + / 2(1 - a?) — iX(Sar — 2a0) + (SZ _ y)
= u(h);
i) v(=R) =v0); (i) (PP +?) (=) =S —2ia@k = (12 +v?)(A);
(iv) (sinh p)(=x) = —sinh w(A) = —(sinh ) (1), (sinh v)(=x) = —(sinh v)(1);

(6.13)

(v) (cosh p)(—A) = cosh (A) = (cosh ) (1), (coshv)(—A) = (coshv)(X).

© 0O N O O~ WO N =



© O N O 0o » 0N =

A A B D DD D WOWW W W W W W W WNDNMNDDNDDNNDNDNDNDDN =SS a4 aa
o o A WONM =+ O © 0O N O O DN 22 O © 0o NOoO ks O DN -+ O © 0o N O NN WwDNN = O

M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model 29

Using these formulae, we obtain

2 2 72 L2\ 4 4 A AN
(u)(_D — <M>(A), <u)(_ﬂ — (M)(k)_ (6.14)
J7AY) J7ay, v uv

Based on (6.13) and (6.14), we immediately obtain that F(—x) = 0.
The lemma is shown. [

Below we present the main result of this section, which is concerned with the location of the set of
eigenvalues of the operator £ on the complex plane. Since the set of the eigenvalues is symmetric with
respect to the imaginary axis, it is convenient to denote this set by {A, },cz, where Z' = Z \ {0}. Let
us introduce a new complex parameter w = ~/A, with the branch being fixed by the requirement that
VA > 0for A > 0. It is clear that if », € C, then w € C+. (The set of points {w, = +/A,}nez is in fact
the set of solutions of the spectral equation (4.23).)

In what follows, it will be convenient to represent the set of eigenvalues of the operator £ in the form
(A ez U {A, Yuew, where AT is the notation for an eigenvalue located in the closed upper half—plane,

AF e C*, and 1 is the notation for an eigenvalue located in the open lower half—plane, 1,7 € C~. Due
to the symmetry of the set of eigenvalues of £ with respect to the imaginary axis on the A-plane, if AF
is an eigenvalue then (—A¥) is an eigenvalue as well. It can be easily seen that the set of eigenvalues
{A ] }nez generates the set of complex points {w = \/Tf{ }nez in the first coordinate angle of the w-plane
(w = +/A), which is symmetric with respect to its bisector. The set of eigenvalues {A, }nez’ generates
the set {w, = \/E }nez in the second coordinate angle of the w-plane, which is symmetric with respect
to its bisector.
In what follows, it is convenient to use new notation.

Definition 6.2. Let {v,,},en+ and {x, },en+ be two sequences of complex numbers. Then the relation

{‘;} =g.(1+o(1), n— oo, (6.15)

means that two different sequences {V,, },en+ and {x,},en+ can be approximated asymptotically by one
and the same sequence {g,},en+, 1.€.,

lim ﬂ—l‘ =0 and Ilim
n—oo gl’l

(see Fedoryuk [9]; Murray [23]).

We conclude this section with the following statement.

Lemma 6.3. Under the condition Ay + A, # 0, there could be only a finite number of the purely
imaginary eigenvalues, i.e., there could a finite number of points {w,,} located either on the bisector of
the first coordinate angle or on the bisector of the second coordinate angle.

Proof. Using contradiction argument, assume that there exists a sequence of roots of Eq. (6.11) located
on the bisector {@n}z":] such that w, = x, + iy, = (1 +i)x,, and x, — 00 as n — oo. Taking
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into account that mg = /\/1 —a? +ia; = m} + im}, with m}, = cos(3 tan_l(\/%)) and mj =
1

sin(% tan~—! (—%—)), we obtain the following approximation:

,/l—af
moW, = (mfy + im}) (1 + i)x, = v/2x, exp{id} = v/2x,(cos § + i sin8),
with § > 0 being defined as

1
5= tan"! (L) + 2. (6.16)
2 o) 472

One can readily check that the following asymptotic formulae are valid:

{2;21;((222 j; g_ll)} = % exp{v/2x,, cos 8 + iv/2x, sin 8} (1 + o(1)), (6.17)
and also
{i sin(mot, +m%)} — L explv/2x, sins + iv2x, cos 8} (1 + o(1)). (6.18)
cos(mow, ~+ G_nl) 2
Combining (6.17) and (6.18), we immediately obtain
sinh(mow, + ) sin(mow, + %) i
sinh(mow, + 21 cos(mow, + =t
COSh((m(; wj—r 5 )) smimzwn j: %—; =1 L VE(L+ o), (6.19)
cosh(mow, + %) cos(mow, + %) 1
where
E, = %exp{ﬁ(l +i)(cos 8 + sin §)x, }. (6.20)

Substituting approximations (6.19) into Eq. (6.11), we obtain the following equation

i3 1 B 1
{[Ao + lw—f + O(ﬁﬂ(l +o(D) + [Al + lw—zl + O(ﬁﬂ(l + 0(1))}En

1 iB 1
+En0<~—3>+|:«42+~—22+0<~—4>] =0. (6.21)

wn n wn
However, since Ay + A; # 0 and my; > 0, Eq. (6.21) does not hold for large enough n. The proof is

complete. [J

As a consequence we obtain that the set {w},cz splits into two subsets symmetric with respect to the
bisector. The first subset is located strictly below the bisector and the second is strictly above.
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7. Eigenvalues

Based on Lemma 5.3, we can see that the set {w;"},cz splits into two infinite subsets and possibly one
finite subset located on the bisector of the first coordinate angle. The first of the aforementioned infinite
subsets is located strictly below the bisector, and the second one is strictly above. Since we are interested
in asymptotic approximations for the set {w;},cz as [n| — oo, without loss of generality, we assume

that there are only infinite subsets. It can be readily seen that the numeration can be introduced in such

o0

a way, that the set {w }.1 ., corresponds to the subset located above the bisector and the set {wi%,

corresponds to the subset located below the bisector. From Lemma 6.1, one gets that these subsets are
symmetric with respect to the bisector.

Let us derive the spectral asymptotics for the subset of the eigenvalues located in the first quadrant
below the bisector x = y. Let Q2 be the notation for this part of the first quadrant, i.e. if w € €2, then
w=x-+iyand0 <y < x.

Lemma 7.1. Let & = mow and T = mow with mg being defined in (6.6). Then for w € Q2 the following
asymptotic approximation holds the spectral equation (6.11) as |{w| — oo:

i Ao sinh() sin(r + moml)[l + 0(%)]
T w
+ A cosh(é)cos(t + motml ) [1 + O(%)]

iB 1 . mom; 1
+ A, + —~ + O(E) + cosh(&) sm(r + . >0<$)
) mon | 1
+ sinh(§) cos (r + ) (0] (—3) =0, (7.1)
T w

where my is given in (6.6), Ao, Ay, A,, and B, are given in (6.2) and (6.4) respectively.

Proof. Let us modify Eq. (6.11) for the case when w € . The following approximations for the
hyperbolic functions hold when |w| — oo, w € Q:

sinh(mow + =1)
cosh(mow + =1)

_ Jsinh(mow) cosh(=1) + cosh(mow) sinh(~1)
| cosh(mow) cosh(*L) + sinh(mow) sinh(~1)

= {,,}l } sinh(mow)[l + 0<L2)i| + {?} cosh(mow)|:1 + 0(%)] (7.2)
W w w
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The following approximations for the trigonometric functions hold when |w| — oo, w € €:

sin(mow + %‘)
cos(mow + "%)
_ {sin@ow)[l + O ()] + cos(mow)[ 2L + 0<w;) }

w

cos(mow)[1 + O(5)] — sin(mow)[2 + O (=5)]

= { lml } sin(ﬁow)[l + 0<%>:| + {%} cos(ﬁow)[l + 0(%)]
— w w

It is convenient to rewrite formulae (7.2) and (7.3) in terms of & = mow, and T = myw. We have

—

cosh(¢ + M)

1 mom|
ko o] o o))

{ sin(t + @) }

cos(t + HM)
= { I } sm(r)|:1 + 0( )} + { i }cos(r)|:1 + 0<§)}

Based on the formulae (7.4) and (7.5), we obtain the asymptotic approximations for the products

1) sinh( Oml) sin(r + moml)
T

. . 1 mom; . 1
= sinh(&) sm(r)|:1 + 0(—2>] + cosh(§¢) s1n(t)|:1 + 0(—2>i|
w & w

o1 sinh(S)cos(f)[l + 0(%)]
w

m
+
2
+ Imomi | cosh(é)cos(r)[] + O(L>i|
£1 w?
. . 1 momg . 1
= sinh(&) s1n(r)|:1 + 0(—2>] + cosh(§¢) sm(t)|:1 + 0<—):|
w w?

sinh(&) cos(t) [1 + 0 (%)] + cosh(&) cos(t) O <L)
w w?

{sinh(é + m"gﬂ) }

nohty
+

(7.3)

(7.4)

(7.5)

(7.6)
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2) cosh( o1 ) cos(t + mom])
T

3
1 mg 1
= cosh(&) COS(‘L’)|:1 + O (—2)] — cosh(é) sm(r)|:1 + O <—>:|
w w?
omp . 1 i . 1
sinh(§) cos(t)|[ 1+ O| — ) | + sinh(§) sin(z)O| — |, (7.7)
: [ (wz)] (&)
3) sinh(é + mom‘) cos(t + mom‘)
& T

. 1 momy . 1
= sinh(&) cos(r)[l + 0(—2>i| — sinh(&¢) sm(r)|:1 + 0<—):|
w T w?

momi

§

m
+

+ cosh(&) cos(t) [1 + 0< ! )i| + cosh(§) sin(r) O <wi) (7.8)

onmg . mom|
) sin (T +
T

. 1 mom 1
= cosh(&) s1n(r)[1 + O(—2>} + cosh(¢) cos(r)[l + 0<—2)}
w T w

4) cosh(

+m
§

Using formula (7.6) we evaluate the asymptotic approximation for the term of Eq. (6.11) containing the
product of sinh and sin functions and have:

[Ao+ iBo 0( ! )] sinh(mow 4 ﬂ) sin<m0w n @> [1 n 0( 2)}
w w w
ot 52 Jsm (2 Jsin(e + 2 ) 14 0 ) |
= | A9+ — | sinh sin| 7 + 14+ 0 (7.10)
A T w

Taking into account that the accuracy of all formulae (7.6)—(7.9) is O(w™2), we proceed with the as-
sumed level of accuracy and represent (7.10) as follows:

Ao sinh( moém‘) Sin(‘L’ 4 mof’"‘)[l + o(éﬂ (7.11)

In a similar fashion, using formula (7.7) we obtain the asymptotic approximation for term of Eq. (6.11)
containing the product of cosh and cos functions

Ay cosh(é + moml) cos( 0m1)[1 + O(L)] (7.12)
§ w?

Substituting (7.6)—(7.11) into Eq. (6.11) we obtain representation (7.1) for the spectral equation.
The lemma is shown. [

omp . . 1 . 1
sinh(§) sin(t) |:1 + O <E>i| + sinh(&) cos(t) O (E) (7.9)
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Finally, we present the main result of the paper.

Theorem 7.2. The set of the eigenvalues {A,}.> _ . is symmetric with respect to the imaginary axis on

complex A-plane: h_, = —jn. Let {7}, be the subset of the set of the eigenvalues located in the
right half-plane and {\,},. ., be a symmetric subset. Under the assumption that Ag — A% > 0, the
following asymptotic approximation is valid for A, as n — o0:

2 2
Tmo \" 5 . mo A0+A1)

Ao = 1
<|m0|2> " +zn(|m0|2> n<«40—«41 "

2 —_—
_ mo 2 Ao+ A 2mom; 1
[(2|m0|2> " (Ao —A1> " Imol* ] * 0<n>’ "o (7.13)

where my and m are defined in (6.6) and

Ao+ Ar (@ — DI — ki) + 2aj + a1 — Dk — (a1 + Doy
Ay = A1 (@ + D = k1K) + 247 —ar = Dkt + (a1 = Diea”

(7.14)
Proof. Let G(x, y) be a function defined by
1 . J o i r
G(x,y) = 3 exp[(mox — moy) + l(mox + moy)]. (7.15)
Then since § = (myx — méy) + i(méx + mygy), we obtain that

h .
(2?2}1((5))) = G(x, y)(l + 0(exp[—2(m6x — m{)y)])) (7.16)

Substituting (7.16) into (7.11) we obtain the following equation:

iAoG(x,y) sin(t + moml)[l + 0(%)}
T w
+ A1G(x, ) cos(r + motml)[l + O(%)]

+ A + G(x, y) [COS(T)O(%) + sin(7) O (%)] =0. (7.17)
w w

Taking into account that |G (x, y)| = oo as x — oo (or |{w| — 00) one can see that Eq. (7.17) can be
represented in the form

iAo Sin(f + m0m1>[1 + 0(%)} + A, cos<r + moml)[l + 0(%)}
T w T w

1 1 :
+ COS(‘E)O(E) + sin(t)O(E) = O (exp[—(m{x — m}y)]). (7.18)
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Since Ay # Aj, this equation can be reduced to

[=Ao + AlleXp[—i(r - mom])] + |:.Ao + A+ 0(%)} exp[i (r + W)}
T w .

= O (exp[—(mpx — mjy)])- (7.19)

Using an explicit formula —it = —méx -+ mgy, we obtain that

exp(—it) O (exp[—(myx — m}y)]) = O (exp[—(mfy + m})(x — »)]).

which yields the following form of Eq. (7.19) (called the model equation):

exp|:—2i (r + mOTM] ):| _ H[l + 0(%)} + O (exp[—(mf + mé)(x -»])- (7.20)

Solving the model equation Fedoryuk [9]; Evgrafov [8]:

] Mol Ay + Ay 1
-2 =—|14+0(—= ]| 7.21
exp[ l<r+ T )] «40—«41[ " (Tzﬂ (720
Since |t| — o0 as x — oo, we represent Eq. (7.21) in asymptotical form as
i A0+A1< 2im0m1)[ (1)]
2it
e =—|1+ 1+01= )| 7.22
do— A, z = (7:22)

Consider a sequence of explicitly defined points

. Ao+ A momy |~
0 _ In_| — ) 2
{rn mn—+iln A A, p— }n=1 (7.23)

Using Rouche’s theorem, we show that the roots of Eq. (7.22) are located in small vicinities of the points
(7.23). To this end we introduce two functions () and G(t), which are analytic in Q. The function
F(7) is defined by

F(r) = exp{-—-2it} —

Ao + Ay (1 n 2lm0m1) (724)

.A()—.Al T

and G(t) satisfies the estimate |72G(t)| — Const as || — oo within Q. Equation (7.22) can be written
in form F(t) 4+ G(r) = 0. Let us fix large enough positive integer n and introduce a circle centered at
the point 7 of a small radius &, : C, (z°). Let us evaluate F(7) for T € C,(t0),ie. 7 = 10 + g,e'%,

© 0O N O O~ WO N =



© O N O 0o » 0N =

A A B D DD D WOWW W W W W W W WNDNMNDDNDDNNDNDNDNDDN =SS a4 aa
o o A WONM =+ O © 0O N O O DN 22 O © 0o NOoO ks O DN -+ O © 0o N O NN WwDNN = O

36 M.A. Shubov / Spectral analysis of Euler—Bernoulli beam model

—1m < ¢ < . Evaluating exp{—2i7} we obtain

Ao+ A ;
exp{—2it} =exp{ —2i|7n+iln 0 AL Mo + gqe'?
.A() - .A] mn

= exp{ln jz i— ji 21;1;:”1 } 6Xp{—2isnei‘p}
Ao+ Ay 2imom 1 o .
=44 [1 t——+ 0<n2)][1 2ieye'? + 0(e;)]. (7.25)

Based on the origins of the estimates O(n~?) and O(eﬁ) from (7.25), we claim that there exist two
absolute positive constants, Cy and C, such that

C 1\ ¢
< 0( ) <= and Coe2 < O(s2) < Cyel. (7.26)

n2 n2

Substituting (7.25) into (7.24) and taking into account (7.26) we obtain

| Dimigity I
- —2iene"pj0 A [1 + ’moml] + 0(;) +0(s2). (7.27)

1eCe, (19) 0o— A Tn

F(r)

Estimating the function G(7) for t € C,, (‘L',?), we claim that there exists an absolute constant C, such
that |G(7)| < Cy/ n?. Now we choose ¢, in such a way that

2(C1 + Cy)
2

Ao — Ay

. 3(C1 + Cy)
Ao + A )

X
n2

< 2e¢,

n

With this choice of g,, one gets the relation between F(r) and G(z) needed for application of the
Rouche’s theorem, i.e., |F(t)| > |G(1)| for T € an(t,?), which means that for the roots of the model
equation (7.21), the following representation is valid:

1
T, =7mn+iln /jz—l_jl _m::l +0<ﬁ)’ n — oo. (7.28)

Incorporation into the proof an exponentially decaying term from (7.20) can be done without difficulties.
Finally, let us represent the asymptotic distribution of the eigenvalues of the original problem {A,}.
Since T = mow, we have

my img Ao+ Ay my 1 )
w, =——nn-+ In ——4+0|l—=), n— oo, 7.29
" ol ol M Ay — A, <n2 729

which yields the following formula for A,;:

. 2 [ .
o= wi= [0 Lo s Dot ANT ST L LAt ()

n |mol? Ag — A
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It can be easily checked that this formula implies (7.13).
The theorem is proven. [l

Remark 7.3. For the case when a; = § = 0, one gets my = 1, m; = 0, and formula (7.13) coincides
with formula (3.17) of paper (Shubov and Kindrat [31]).
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