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The C14 and C15 Laves phases form as micelle packing structures in many types of soft matter,

but the related C36 phase, which consists of alternating Cl4-type and C15-type layers, has not
been observed in any such system. To understand this absence in the context of diblock polymers,
we used self-consistent field theory to relate the morphology and energetics of C36 to other known
mesophases. Two case studies were conducted: blends of AB diblock polymers with A homopolymers
(where A forms the micelle core), in which C14 and C15 have stability windows, and neat AB
diblock melts, in which Laves phases are metastable. Laves phases exhibit nearly identical micelle
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morphologies and nearly degenerate free energies, with the free energy of C36 being a near-perfect
bisector of the C14 and C15 free energies in all cases, revealing an intrinsic symmetry in free energy
that is attributed solely to the structural relationship between the phases in which the packing of
C36 is intermediate between C14 and C15. Based on this connection between structure and free
energy, C36 is thus not expected to form in flexible diblock polymers, since C14 and C15 can always

form instead via facile mass transfer.

1 Introduction

Self-assembly of compositionally asymmetric amphiphilic
molecules into spherical micelles is a ubiquitous phenomenon in
soft matter, observed on length scales that vary by orders of mag-
nitude and among molecules with a diverse set of architectures
and chemistries.1:2 At sufficiently high micelle concentration
and sufficiently low temperature, micelles self-assemble onto
regular 3-dimensional lattices that mimic atomic packings in
metals, directly connecting the study of micelles to the study
of optimized sphere-packing.3~> While it is common to observe
simple micellar sphere packing structures with small unit cells,
such as body-centered cubic (bcc) or face-centered cubic (fcc)
lattices, 710 micellar crystals can also form structures with
remarkably large and complex unit cells known as Frank-Kasper
phases. 1119 These phases, defined by the framework laid out by
Frank and Kasper over 60 years ago,2%?! are common in metal
alloys: 27 Frank-Kasper phases have been observed in metals,
with many more theoretically possible. 22 In soft matter, however,
only the ¢,23 A15,2* 7,19 C14,%5 and C152° phases have been
observed. Thus, an important open question is whether other
Frank-Kasper phases can be formed in soft matter and, if so,
what conditions favor their formation.

Laves phases, a subset of Frank-Kasper phases consisting of par-
ticles with only 12-fold and 16-fold coordination, are the largest
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group of intermetallic phases,?’ and have been observed in sev-
eral types of soft matter.2526:28-39 Owing to the volume asym-
metry between different particle positions in their lattices, Laves
phases tend to form in AB, stoichiometries where A is larger than
B, exemplified by three Mg alloys, MgZn,, MgCu,, and MgNij,,
which form the C14, C15, and C36 Laves phase polytypes, re-
spectively. While many other possible polytypes exist, and some
have been found in metal alloys on certain rare occasions, these
three are the simplest and are by far the most common.2’ The
atomic radius ratio that maximizes space filling in Laves phase
metal alloys is ra/rg = /1.5, resulting in a substantially wider
ideal particle size distribution than the ¢ and A15 phases,?” the
two Frank-Kasper phases that appear most often in soft matter.3
Laves phases have had a significant presence in recent soft mat-
ter literature: C15 was first identified in lipid-based lyotropic lig-
uid crystals in the 1990s,%2%28 while C14 was not observed in
similar systems until 2018;%° C14 and C15 were produced as
metastable structures in neat diblock polymer melts, 2>30 and can
be stabilized in block polymer systems by blending; 3137 C14 and
C15 were produced via binary blending of giant shape-filling am-
phiphiles; 38 and finally, C14 was found in a colloidal nanoparticle
superlattice. 3%

Amid all of the recent studies on Laves phase formation in soft
matter, the C36 Laves phase is conspicuously absent from both
experimental results and computational analyses. The purpose
of this work is to identify where C36 fits into our understand-
ing of micelle packing structures in soft matter, and flexible di-
block polymers in particular. We choose to focus on diblock poly-
mer systems as a model of soft matter because they provide the
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most accessible entry point into the investigation of a new can-
didate mesophase, especially from a computational standpoint.
First, as a result of the high degrees of polymerization of the
molecules, polymer thermodynamics possesses a degree of uni-
versality that can not be applied to smaller molecules like sur-
factants. Rather than framing self-assembly in the context of
local effects like short range van der Waals forces and stereo-
chemistry, polymer behavior can be almost entirely understood
by coarsening local-scale phenomena into the Flory-Huggins in-
teraction parameter and through generalized descriptors of poly-
mer architecture, namely the volume-referenced degree of poly-
merization and statistical segment length.4? Second, the length
scales on which polymer systems self-assemble are such that mi-
celle size and other similar characteristics can be treated as con-
tinuous rather than discrete; micelles often consist of hundreds of
polymer molecules, ' and these polymers have radii of gyration
that vary in order to fill space at constant density.*! This nearly
continuous degree of reconfigurability in polymer systems is ide-
ally suited for drawing direct connections between lattice struc-
ture and thermodynamics, because the system has the flexibility
to self-assemble into the most energetically ideal configuration
without any significant limitations. While highly discretized mi-
celles, such as those formed by giant shape-filling amphiphiles,
may be able to form mesophases that are otherwise unlikely in
the absence of discretization, 1942 a focus on diblock polymers
effectively removes these effects and permits a more detailed un-
derstanding of the direct structural drivers of mesophase stabi-
lization. Third, sophisticated and accurate computational tech-
niques have been developed to simulate flexible block polymer
systems, particularly self-consistent field theory (SCFT), a mean
field theory that has proven to be remarkably accurate at pre-
dicting order-order transitions between different block polymer
mesophases. 43 And fourth, as mentioned above, Laves phases in
diblock polymers have received a substantial amount of recent re-
search interest, forming a strong foundation for further research
in this space.2526:28-39 Thys, our focus herein will be on the use
of SCFT to understand the C36 Laves phase in diblock polymer
systems.

2 Structure of Laves Phases

The lattice structure onto which micelles are organized affects
many characteristics of the corresponding mesophase, including
micelle size distribution, average micelle sphericity, and local con-
centrations of components in a blend, all of which influence the
overall free energy. 314 Our results will be intimately connected
to the structural details of Laves phase packings, and as such it is
useful to begin here with an overview of the structures of Frank-
Kasper phases, with particular focus on how Laves phases differ
from one another.

Frank-Kasper phases are tetrahedrally close-packed, composed
of particles of varying size and coordination number (CN), where
the CN of a particle is the number of faces on its Wigner-Seitz cell
(CN = 12 for fcc, 14 for bee). Each Wyckoff position (symmetry-
equivalent particle position) in the unit cell has a distinct Wigner-
Seitz cell, and Frank-Kasper phases consist of multiple Wyck-
off positions with CN values of 12, 14, 15, or 16. This results
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in nonuniformity in Wigner-Seitz cell volumes and sphericities
across different particle positions in the unit cell.** So, if Frank-
Kasper phases form in block polymers, micelles must reconfig-
ure via addition or expulsion of molecules in order to form a
different micelle size distribution than was present in either the
disordered micelle regime or other ordered mesophases.3> The
thermodynamically preferred mesophase is determined through
a subtle balance between enthalpic interactions (e.g. interfacial
energies) and packing frustration resulting from the requirement
that space be filled at constant density.*! An important feature
of Frank-Kasper phases in soft matter is that the Wigner-Seitz
cells have higher average sphericity than fcc or bec, meaning that
densely packed micelles like those in neat diblock polymer melts
will have a smaller interfacial area if the Wigner-Seitz cell is im-
printed onto the A/B interface, which can be a driving force for
stabilization. 4446

Laves phases are a subset of Frank-Kasper phases in which all
particles are either CN = 12 (smaller particles) or 16 (larger par-
ticles). The unit cells of the C14, C15, and C36 Laves phases are
shown in Fig. 1a-c for an AB, stoichiometry. 274748 However, it
is difficult to see the similarities between the three phases when
looking only at these unit cells. The similarities are most easily
understood using the same layer-stacking description originally
employed by Frank and Kasper.2%2!1 Each Laves phase consists of
a repeated pattern of stacked layers of two distinct types, denoted
as A and V, where the two layer types differ only by a 180° rota-
tion in the plane of the layer. The triangle notation?! is used in
reference to the top-down view of a single layer, in which it ap-
pears that a B particle resides at the center of a triangle of other
B particles, where the triangle is oriented in the A position for a
A layer and vice versa (shown in Fig. S17 and explained further
below). C14 consists of alternating A and V layers, C15 consists
only of layers of the same type (i.e. all A or all V), and C36 con-
sists of a repeated AAVYV pattern. This layer-stacking framework
also defines other less common Laves phases, which have longer,
more complicated stacking patterns of the two layer types.

If we set the thickness of a single layer equal to one unit in the
Cartesian z-direction, with the layer parallel to the x-y plane, we
can describe the layers as follows: there is a planar kagomé net
of B particles at z = 0, above which a planar triangulated layer
of A particles, another of B particles, and a third of A particles
are stacked at z = 3/8, 1/2, and 5/8, respectively. A A layer can
be changed into a V layer by simply swapping the x,y-coordinates
of the triangulated layers at z = 1/2 and 5/8. The top-down
views of the two layer types (looking down the z-axis of this image
or, equivalently, along the [0001] vector of the C14 or C36 unit
cell) are shown in Fig. S1." The kagomé net at z = 1, which
starts the next layer, is shifted in the x-y plane relative to the
kagomé net at z = 0, and the direction of the shift changes sign
depends on which layer type lies beneath it. The layer stackings,
as well as the shift in the x-y plane between subsequent layers, are
clearly visible when the bulk structures of the phases are viewed
down the [110] lattice vector ([1120] in hexagonal notation), as
shown in Fig. 1d-f, where the planes containing a kagomé net are
indicated by the dashed lines.

The kagomé net shift in the x-y plane that exists between adja-
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Fig. 1 Unit cell structures of Laves phases (a) C14, (b) C15, and (c) C36 with AB; stoichiometry, where A sites are shown as orange spheres and
B as gray spheres; lines are drawn between nearest-neighbor B sites as visual aids. View of bulk lattice down the [110] vector ([1120] in hexagonal
notation) for (d) C14, (e) C15, and (f) C36, showing four stacked layers with horizontal dashed lines indicating the start of each layer, and A or V
labels for each layer. Cartesian X, y, and z directions are defined such that z is perpendicular to the Laves phase layers, and y is parallel to an arbitrarily
chosen line in the kagomé net. Solid gray lines in the background indicate the boundary of a single unit cell. Figure generated using VESTA.*7

cent layers allows for an additional method through which the
Laves phase layer stackings can be categorized, known as the
Jagodzinski-Wyckoff notation.“® In this notation, a layer is cat-
egorized based on the direction of the shift of the layers directly
above and below it. If both such layers are displaced in the same
direction (i.e. if the kagomé nets immediately above and below
the layer are identical in the x-y plane), then the middle layer
is denoted by the letter h. If the opposite is true and the layers
above and below are shifted in opposite directions, the middle
layer is denoted by the letter c. Thus, all C14 layers are h layers,
all C15 layers are c layers, and C36 layers alternate repeatedly
between c and h, which can be seen clearly in Fig. 1d-f. In this
way, C36 can be thought of as being structurally intermediate be-
tween C14 and C15, with half of its layers being C14-like and half
being C15-like. This construction will prove to be a key geometric
element underlying our results.

3 Self-Consistent Field Theory

In this paper, we present SCFT calculations for neat diblock poly-
mer melts and diblock/homopolymer blends in the canonical en-
semble. Our implementation of SCFT uses the Gaussian chain
model to represent the behavior of flexible polymers. SCFT is
strictly valid in the mean-field limit (in which the invariant degree
of polymerization goes to infinity) and is known to be inaccu-
rate primarily when studying conditions that are near the order-
disorder transition.4? The remainder of this section will consist

of a brief overview of the SCFT equations as they pertain to the
polymer melts and blends considered in this work, 43-50-52 as well
as the details of their implementation.

First, we will introduce the notation that will be used to de-
scribe our polymer systems. In AB diblock polymers, A will re-
fer to the minority block. The degree of segregation between
repeat units of A and B is represented by yN, where y is the
Flory-Huggins interaction parameter between monomer types A
and B, and N is the degree of polymerization of the diblock poly-
mer. An important factor driving the stabilization of Frank-Kasper
phase micelle packings is the degree of conformational asym-
metry, 1653 quantified as the ratio of statistical segment lengths,
€ = bp/bp, where b is the statistical segment length of a single
repeat unit.>*>> The compositional asymmetry of an AB diblock
polymer is represented by fa, the volume fraction of block A in a
neat AB melt. In blends of AB diblock polymers with A homopoly-
mers of degree of polymerization Ny, the overall volume fraction
of diblock polymer in the composite system will be denoted by ¢p.
When discussing blends, N is reported using the N value of the
diblock polymer. The other important parameter in these blends
is the ratio of homopolymer length to A block length, which we
denote as a = Ny/Na (where Np refers to the length of the A
block in the diblock polymer).

Using this notation, we introduce the SCFT equations for the
specific case of blends of AB diblock polymers and A homopoly-
mers, which can be applied to neat AB diblock polymer melts by
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setting ¢p = 1. We consider a system in a unit cell of volume
V containing 2 monomer types, labeled as o = A or B, each of
which has a chemical potential and volume fraction at every po-
sition r, denoted as wy(r) and ¢q(r), respectively. The contour
of the block polymer runs from s € [0, Np] and the corresponding
range for the homopolymer is s € [0,Ng]. The objective of SCFT
is to find a self-consistent solution to the chemical potential field
for each species using the pair of equations

0A(r) = 298 (r)+&(1) o
1
(1) = xoa(r) +&(r),

where &(r) is a Lagrange multiplier pressure field, subject to the
incompressibility constraint

Pa(r)+¢p(r) = 1. 2

The volume fractions are computed from

ortt) =22 [ dsap(rs)ahirs)
ofs)=A
3
e
+ NHéPE /dS qu(r,5)qu(t,Ng —s)
and
on) = 2 [ dsap(rs)ah(r.s), @

o(s)=B

where o(s) refers to whatever monomer type is located at position
s along the chain. Q; is the normalized overall partition function
for each species i, defined by the equation

1
0=y [drair.s=n. ©

The propagators ¢;(r,s) and qlT (r,s) satisfy the modified diffusion
equations

2
9qi(r,s) _ | Pa) o2
Ds |: 6 v _wa(s)(r) qi(r>s)

gl (rs) _ [Pa
o = |Te ¥ Yan®)] 4 (1),

The initial conditions used in solving the above equations are
qi(r70) = q;(rvlvi) =1.

In SCFT, the fields ws and wg are adjusted to achieve a self-
consistent solution, whereupon the mean-field Helmholtz free en-
ergy F per monomer is calculated as

i (2) 1 (3)-)
kBT \% ND QD NH QH

— 5 [ 8 [0a(00n(x) + 05(0)00(x) + 200 (1) 951

(7

where kgT is the thermal energy and v is the average volume per
repeat unit, or the "reference volume." Since the Flory-Huggins
theory giving rise to y is predicated on a lattice model using that
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reference volume, it is necessary to define all repeat units such
that they have volume v, so the degree of polymerization of all
blocks and the statistical segment length of all monomer types
are normalized to the same reference volume. All calculations
presented in this work use volume-referenced degrees of poly-
merization and statistical segment lengths.

The open-source Polymer Self-Consistent Field software pack-
age (PSCF) was used to perform all calculations herein, and the
reader is directed to the original references for PSCF for further
information.>%°® The Anderson Mixing iterative algorithm used
to solve the above equations while simultaneously optimizing the
unit cell parameters is described in detail elsewhere, including
information about tolerance and convergence criteria, >6-58 and
several other works have provided a physical interpretation and
derivation of the above equations. 43-50-52

All calculations were performed with a tolerance in the self-
consistent field equations of 10~> and an integration step size of
0.01. All free energies are reported on a per chain basis. The grid
sizes used for each mesophase are (discretizing the primitive unit
cell for each structure): A15 = 64 x 64 x 64; bece = 48 x 48 x 48; fcc
=36x36x36; hex = 64 x64; 0 = 128 x 128 x 64; Z = 64 X 64 x 64;
C14 = 64 x 64 x 104; C15 = 96 X 96 x 96; C36 = 64 x 64 x 210. The
high resolution Laves phase calculations were performed using an
integration step size of 0.005 and grid sizes as follows: C14 =
96 X 96 x 156; C15 = 124 x 124 x 124; C36 = 80 x 80 x 263. In
these cases, the convergence tolerance was also reduced to 10~°
for C14.

Some results presented here were calculated in a similar form
in previous publications. 232 Those data were recalculated for
this paper to ensure consistency, with the exception of the fcc,
hex, and o data in Fig. S4, which were computed and origi-
nally published by Kim et al.2> Otherwise, converged solutions
from previous published work were used as initial guesses, where
applicable.

4 Results

We have considered how C36 fits into the existing understand-
ing of Laves phase formation in diblock polymers that has rapidly
developed over the past several years.2530-36 The two pertinent
case studies used to accomplish this are neat melts of AB di-
block polymers, following the work of Kim et al.,2> and blends
of AB with A homopolymer, following several recent studies31-33
(hereafter referred to as AB melts and AB/A blends, respectively).
In the former, Laves phases are not observed to be the thermo-
dynamically preferred micelle packing structure.?> This is per-
haps unsurprising, because the difference between the largest and
smallest Wigner-Seitz cell is much larger in Laves phases than in
the more frequently observed ¢ and A15 Frank-Kasper phases,
meaning that Laves phases require a greater degree of chain
stretching and packing frustration to form in monodisperse neat
melts. However, blending with A homopolymer introduces addi-
tional degrees of freedom that permit greater particle size asym-
metry without introducing a substantial chain stretching penalty,
opening up a Laves phase stability window throughout which C14
and C15 are nearly degenerate. 3233 Laves phases are only stable
in these AB/A blends when the homopolymer length is at least
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Fig. 2 Local volume fraction ¢(r) of each species in an AB/A blend,
plotted as a function of position along a line within the unit cell of each
Laves phase. The locations of the lines are (a) through three collinear
particles within a single kagomé net of smaller (CN = 12) particles, and
(b) through two adjacent particles in a triangulated layer of the larger (CN
= 16) particles, as visualized in the layer side-view shown at the bottom-
right corner of the figure. Note that the particles shown in this layer
side-view are not coplanar; they have different heights in the direction
perpendicular to the page. Data were calculated using SCFT at yN =25,
€ =ba/bg =1.31, and fao =0.18. The volume fraction of the A block is
shown in blue, the B block is shown in red, and the A homopolymer is
shown in yellow; data for the C14 mesophase are shown as a solid line,
C15 is shown as a dashed line, and C36 is shown as a dotted line. Data
are shown for the dry-brush regime (& =1, where a = Ny /N,) at bulk
diblock polymer volume fraction ¢p = 0.85, a condition for which C15 is
the preferred mesophase.

roughly the same as that of the A block of the diblock, in which
case the homopolymer tends to segregate to the center of the mi-
celle core, leaving the A block closer to the A/B interface. This
is referred to as the "dry-brush regime." When the homopolymer
length is significantly shorter than the A block, in the "wet-brush

regime," the segregation does not occur to nearly the same de-
gree, and the Laves phases do not have a window of stability.
A breakdown of the different contributions to the free energy re-
veals that, in the dry brush regime, the Laves phases are stabilized
due to substantially lower interaction free energy between the B
block and the homopolymer compared to other mesophases; 3133
additionally, an observed transition from C14 to C15 upon adding
more homopolymer is driven by a slight difference between the
two mesophases in interaction free energy between the A and B
blocks. 33

We begin by incorporating C36 into prior computational results
for AB/A blends. In order to simplify calculations and maintain
comparability with previous studies, we fix yN =25, fa = 0.18,
and conformational asymmetry € = 1.31, emulating the exper-
iments of Mueller et al.3! on poly(styrene-block-1,4-butadiene)
and the subsequent SCFT studies. 32:33 The two parameters of in-
terest are o and ¢p. Here, we use o = 1 for dry-brush regime cal-
culations and o = 7/9 for the wet-brush regime; these values of
o have been previously shown using SCFT to possess the qualita-
tive characteristics of their respective regimes in accordance with
experiments. 3132 The relevant range of ¢p, spans from 0.75 to 1,
because mesophase diagrams at lower values of of ¢p primarily
consist of a large two-phase window. 33

First, we determine whether the SCFT results reveal differences
in the morphologies of the self-assembled micelles between the
C14, C15, and C36 mesophases. From SCFT, the 3-dimensional
concentration profiles for each species are accessible, and can be
directly compared across mesophases. These concentration pro-
files are expected to vary depending on whether the system is in
the wet-brush or dry-brush regime, on the bulk volume fraction of
the homopolymer, and on the Wyckoff position of the particle(s)
under consideration (and, by proxy, the Wigner-Seitz cell volume
and CN of the particle). The complete SCFT solution takes the
form of a unit cell that looks like Figs. la-c, and directly compar-
ing these unit cells can be visually difficult, so it is most effective
to lower the dimensionality of the data by observing a 1D line
profile or a 2D contour plot when comparing the SCFT solutions
of different mesophases.

Figure 2 shows two such line profiles for the case of a« = 1, ¢p =
0.85, a condition for which C15 is the preferred mesophase. The
first, Fig. 2a, traces a path through three collinear small (CN =
12) particles within a single kagomé net; the local volume fraction
of A block, B block, and A homopolymer in each of the three
Laves phases is plotted as a function of position along this line. It
was found that choosing a different set of three particles within
the same unit cell does not affect the resulting trend, so they are
chosen arbitrarily here and the result can be considered general to
any particles within the kagomé net. The second line profile, Fig.
2b, represents species concentrations along a line connecting two
adjacent large particles (CN = 16) within the same triangulated
layer (i.e. both particles at z = 3/8 or both at z = 5/8 in our
above description of the A and V layers). A side view of two
stacked Laves phase layers is shown at the bottom of the figure
to demonstrate visually some examples of where the line profiles
are located within a layer.

The results of Fig. 2 imply that the concentration profiles
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Fig. 3 Helmholtz free energy per chain in an AB/A blend relative to the
free energy of the bcc mesophase, calculated using SCFT at yN =25,
fa=0.18, and € =bp/bg = 1.31 as a function of AB diblock polymer
volume fraction ¢p. Data are shown for (a) the wet-brush regime (o =
7/9, where oo = Nig/Na) and (b) the dry-brush regime (ot =1).

within a single layer are nearly identical across the three Laves
phases. There are some small regions in Fig. 2a where the Laves
phases do not exactly overlap with one another, which can be at-
tributed to the fact that the distribution of Wigner-Seitz cell vol-
umes for the smaller CN = 12 particles varies slightly between
Laves phases,>3* and the micelle size distribution is expected to
demonstrate similar variation. No such variation is evident in Fig.
2b, in which all three Laves phases overlap such that the dashed
and dotted lines are indistinguishable from the solid lines; this is
in agreement with the pattern observed in the Wigner-Seitz cells
of the larger CN = 16 particles, which all have identical volumes
in each Laves phase.

Line profiles were also calculated for the wet-brush regime
(e =17/9), and at a higher diblock volume fraction ¢p = 0.92,
at which composition C14 is the preferred mesophase in the dry-
brush regime. The results are presented in Figs. S2 and S3T,
showing trends that are effectively the same as those seen in Fig.
2. It is also worth noting that increased homopolymer localiza-
tion at the center of the micelle core in the dry-brush regime is
visually evident in these figures. Furthermore, 2D contour plots
are presented in Fig. S47, giving a qualitative visualization of the
shape of the micelle cores. It is evident from these contour plots
that the smaller CN = 12 particles are substantially nonspherical,
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as expected based on the Wigner-Seitz cell geometries, 34 and that
the cores of the larger CN = 16 sites are almost perfectly spheri-
cal. The shapes of the micelle cores for both small and large parti-
cles appear qualitatively identical across the three Laves phases in
these contour plots, further emphasizing the similarity in micelle
morphology.

Additionally, SCFT calculations optimize the unit cell parame-
ters to minimize free energy, and it was determined that all Laves
phases have functionally identical unit cell volumes per particle
under all conditions tested, shown in Fig. S5 for both AB melts
and AB/A blends. Seeing no evidence to the contrary in either
the lattice structures themselves or in the data of Fig. 2 and Figs.
$2-S5%, we conclude that the three mesophases form an approx-
imately identical set of micelles with regards to size, shape, and
homopolymer distribution.

While our focus herein is on equilibrium configurations, the
morphological similarity between Laves phase micelles does have
implications regarding the kinetics of mesophase transitions that
are worth noting briefly. The nearly identical micelle size distribu-
tion across Laves phases means that transitioning from one Laves
phase to another does not require substantial chain exchange be-
tween micelles. The slight differences in micelle sizes that are
evident in Fig. 2a may lead to a small number of chains mov-
ing between micelles during a transition between Laves phases,
but the chain exchange will be negligible relative to that which
would be required to transition to a non-Laves phase. This sig-
nificantly lowers the energetic barrier to mesophase transitions
compared to transitions that require the energetically unfavorable
process of redistributing micelle sizes, a process which has been
discussed extensively elsewhere.3> This implies that, if a Laves
phase is formed, it will almost certainly be the most stable of the
three rather than a kinetic trapping of a less favored mesophase,
because transitioning to the most stable mesophase is expected to
be facile.

Although the morphologies of the micelles within each Laves
phase are effectively equivalent, their free energies differ due to
the arrangement of those micelles. The Helmholtz free energy
profile of all mesophases of interest from SCFT are shown in Fig.
3, plotted as a free energy difference between the mesophase
of interest and bcc. As is evident from both panels of the fig-
ure, the Laves phases are nearly degenerate under all conditions
tested, to the point of being virtually indistinguishable from one
another on the plot — a detail we will return to shortly. This
near-degeneracy is unsurprising based on the the vast similarities
between the different Laves phase structures and the micelle mor-
phologies, and is in agreement with previous studies of C14 and
C15.253233 Cheong et al.32 also used grand-canonical SCFT for
this system to determine that macrophase separation between a
homopolymer-rich and a homopolymer-poor mesophase will oc-
cur at sufficiently high homopolymer concentrations, which is in-
dicated by the shaded region on Fig. 3b. A15, Z, and fcc were also
tested as candidate mesophases, but showed no regions of stabil-
ity with the exception of fcc in a very small window at ¢p = 1.
Fig. S67 shows how the free energies of these three additional
mesophases compare to those shown in Fig. 3.

It is also useful to consider a different polymer system in order
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to see whether the behavior seen in Fig. 3 is merely a result of
the multicomponent nature of the blend. To address this ques-
tion, free energy profiles were calculated for neat diblock poly-
mer melts as a function of yN, €, and fa, shown in Fig. S7,f
incorporating C36 into the free energy profiles previously pub-
lished by Kim et al.2> As with AB/A blends, Laves phases are
nearly degenerate in pure diblock polymer melts under all condi-
tions tested, indicating that the near-degeneracy is characteristic
of Laves phases in diblock polymer systems generally rather than
a specific result of the blended system.

Upon looking closely at the Laves phase free energy profiles on
Fig. 3 and Fig. S7, it appears that C36 has a free energy that
is always intermediate between C14 and C15 in all regions of the
figures for which a difference can be distinguished. In order to
investigate this further, we used high resolution SCFT to generate
free energies with sufficient accuracy to allow for the parsing of
the data in greater detail. The results for the AB/A blend, shown
in Fig. 4, are presented by plotting the free energy of C14 and
C15 relative to the free energy of C36. These more detailed cal-
culations reveal an intrinsic symmetry in the free energy profiles
as a function of composition that is not obvious from lower reso-
lution SCFT calculations. The free energy of the C36 mesophase
is a near-perfect bisector of the free energies of the C14 and C15

mesophases at all relevant blend compositions.

It is noteworthy, however, that the bisection is not exact to
within the expected error of the calculation; this is evident by
evaluating the absolute value of the lines from Fig. 4 and replot-
ting, which is shown in Fig. $8." These additional plots reveal that
the absolute values of the lines differ by 1 x 107 kT at most, at the
point where the absolute values themselves are the largest. This
difference, albeit small, is an important caveat, because even in
this idealized and entirely reconfigurable simulated system there
are still small phenomena that prevent the lattice symmetry from
being reflected perfectly in the thermodynamics.

It is equally worthwhile to perform a similar analysis for a neat
AB diblock polymer melt, in order to determine the degree to
which this symmetry can be expected to be universal for Laves
phases in soft matter. The results, shown in Fig. 5 for several
values of yN and &, reveal the same intrinsic symmetry that was
present in the diblock/homopolymer blend. Plots of the absolute
values of these lines are also shown in Fig. $8," revealing that the
absolute values differ by 2.2 x 1077 kT’ at most.

5 Discussion

Our results can best be understood in the context of the layer
stackings of Laves phases, as alluded to in Section 2. Using the
Jagodzinski-Wyckoff notation, C36 is denoted as a stack of lay-
ers with exactly half of its layers being C14-type and half being
C15-type. The bisection of the C14 and C15 free energies by C36
implies that the free energy of an h layer differs to a small de-
gree from that of a c layer, and that this difference is the only
factor contributing to the free energy differences between Laves
phases (neglecting the minor differences in Fig. S8"). Or, pre-
sented another way, we can consider two adjacent layers to have
an effective "interfacial energy" between them, where a AV pair
(or VA, which is identical) is energetically different from a AA
(or VV) pair to a small degree. C14 contains only AV pairs, C15
contains only AA pairs, and C36 contains 50% of each. In this
way, the "interfacial energy" between layers is the only significant
variable distinguishing the free energies of the Laves phases.

As a consequence of this result, we expect that the C36 symme-
try cannot form in self-assembled diblock polymer micelle pack-
ings, because the symmetry can be easily reconfigured within the
melt — without substantially changing the micelle size distribu-
tion — to either C14 or C15, one of which should always have
a slightly lower free energy than C36. In other soft matter sys-
tems on smaller length scales, such as liquid crystals, the ques-
tion of the potential existence of C36 is less easily resolved due
to the consequences of short range effects that may stabilize C36
in the same way that it is stabilized in metal alloys. The ener-
getics of Laves phases may also be different in polymer systems
that contain unique geometries, such as branched polymers or
multiblock polymers, or that contain semiflexible/rigid polymers
that are not described well by the Gaussian chain model, and the
results herein for diblock polymers should not necessarily be gen-
eralized to such systems without further justification.

It is worthwhile, in the context of the above results, to revisit
the analogy between solid state lattices in metallurgy and micelle
packing in soft matter systems, which has proven to be a very use-
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ful way to understand the results of some recent studies. 25-29,35,44
Metals have a plethora of phenomena that all contribute to the
determination of the preferred lattice structure, from defect con-
centrations and atomic radii to valence electron concentrations
and band effects, all of which have a role to play in Laves phase
formation.4%°? The phenomena that affect the preferred Laves
phase in a given alloy are generally known, but it is extremely dif-
ficult to use this knowledge in any broadly predictive way because
all of the effects are intricately entangled with one another. 49:5%
Thus, the explanation for why a particular structure will prefer-
entially form in a metal requires far more than just an evaluation
of the geometry of the lattice. In this sense, studying the forma-
tion of these lattices in soft matter systems — and diblock poly-
mers in particular — allows the effects of the structure itself to
be uniquely isolated, stripping away the impact of the chemical
details of short-range forces and discrete particle sizes through
the universality and reconfigurability of the systems. The results
reported here regarding Laves phases in equilibrium diblock poly-
mers represent the most extreme version of this scenario, where
the structure is the only relevant factor determining the preferred
mesophase, causing C36 to be relegated to the position of having
only intermediate stability among the three Laves phases under
all circumstances. So, the metal/soft matter analogy breaks down
to a certain extent here: a phase that is prevalent in metals (C36)
appears unlikely to form as a mesophase in diblock polymers, a
form of soft matter. Conversely, the breakdown of the analogy
also implies that a Frank-Kasper phase may very well be stable in
soft matter even if it is not observed in any metal alloy. The lattice
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structure, then, appears to have a higher degree of importance in
diblock polymers than in metal alloys when it comes to predicting
the equilibrium phase behavior.

6 Concluding Remarks

In summary, we have shown using SCFT that the C36 Laves phase
is not a preferred micelle packing structure in AB and AB/A di-
block polymer systems, but rather exists as an energetically inter-
mediate structure between C14 and C15 under all conditions ex-
amined. The difference in free energy between the Laves phases
results solely from their layer-stacking architectures, where a
AV (or VA) pair of layers differs in energy from a AA (or VV)
pair. This is evident from the fact that the free energy of C36,
a mesophase with half C14-like and half C15-like layers, always
bisects the free energies of the C14 and C15 mesophases. Based
on 1D line profiles and 2D contour plots generated from the con-
verged SCFT solutions, the three Laves phases are shown to have
functionally equivalent micelle morphologies, meaning that tran-
sitions from one Laves phase to another requires negligible chain
exchange between micelles. This leads to the conclusion that C36
will not form in diblock polymers because either C14 or C15 will
be more stable and can be formed easily from the same micelle
morphologies. However, C36 formation may still be possible in
other soft matter systems as a result of short-range effects that
do not exist in the diblock polymer mesophases studied here.
The analogy between micelle packings in soft matter and atomic
packings in metals breaks down when considering C36 in diblock
polymers, but remains a useful platform to discuss relationships



between mesophases nonetheless. Further work to build upon
these results may consider ways in which C36 could be stabilized
in other forms of soft matter. Additionally, the fact that lattice
structure is connected so directly to free energy in these systems
may open up new ways to rationalize why some Frank-Kasper
phases form in soft matter and some do not.
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