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Abstract 
Though the strong transformation in mechanical properties of glass-forming materials such as 
amorphous polymers near the glass transition, Tg, has long been recognized and exploited, 
efforts to understand and predict this phenomenon at a molecular level continue to this day. 
Close to Tg, where relaxation is considerably slower than predicted by the well-known 
Arrhenius equation, one of the most versatile and widely-used expressions to describe the 
dynamics or relaxation of glass formers is that of Vogel, Fulcher and Tammann (VFT). The 
VFT equation, introduced nearly 100 years ago, contains three adjustable fit parameters. In the 
present work, polyelectrolyte complexes, hydrated amorphous blends of charged polymers, are 
used to investigate ion transport phenomena reporting the dynamics of individual polymer 
repeat units, which, in turn, control macroscopic dynamics. A simple analytical expression, 
containing no freely adjustable fit parameters, is derived to quantitatively model relaxation 
from Tg to temperatures well into the Arrhenius region. The new expression, which also fits a 
selection of three common neutral polymers, will advance the understanding and use of the 
glass-forming phenomenon.  
 
 
*jschlenoff@fsu.edu  
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Introduction 
The mechanical relaxation rate of a glass-forming material,1 such as a polymer in a melt 

or rubbery state, follows the well-known Arrhenius relationship at sufficiently high 
temperatures 

𝜔்,௔௥௥ ൌ 𝜔଴𝑒
షಶೌ೎೟

ೃ೅       [1] 
where 𝜔்,௔௥௥ is the relaxation rate, ωo is a prefactor and Eact an activation energy.2 Such a 
dependence reflects well-localized dynamics with minimal cooperativity beyond a short length 
scale. On further cooling, the relaxation rate decreases faster than predicted by Equation 1 to, 
and past, the glass transition temperature, Tg, whereupon the material has reached a glassy state 
with significantly higher modulus. Figure 1 illustrates the temperature dependence of the 
relaxation rate (frequency) of a typical amorphous polymer using a classical set of lnω versus 
1/T coordinates. 

 
 

 
 
 
 
 
 
 

Figure 1. 
Sketch of 
relaxation 

rate, ωT, as a 
function 

of 

temperature for a typical glass former. At higher temperatures (towards the left) relaxation 
typically slows on cooling according to the Arrhenius behavior (lnωT ∝ 1/T) until about 100 K 
above Tg (Tg shown at the diamond) whereupon the decrease in relaxation rate accelerates 
(deviation from Arrhenius indicated by arrow).  

As with all glass-formers, a quantitative description of polymer glass transitions using 
physically relevant and measurable parameters remains one of the greatest challenges in  
science.3, 4 Over the past several decades, many significant advances have been made in 
understanding the microscopic mechanisms of the glass transition. The numerous theoretical 
approaches to dynamics near Tg, summarized in many reviews,1, 2, 4, 5, 6, 7, 8 are roughly broken 
down into phenomenological models which attempt to fit data using a minimal number of 
parameters with some kind of physical basis, and more recent theories (which benefit from 
increasingly powerful computational methods) attempting to reproduce molecular motion in 
real space and time. While increasingly sophisticated simulations edge closer to reproducing 
the experimental data, a well-reasoned phenomenological approach, if constructed correctly, 
can provide physical insight with simple analytical expressions.  

The frequency response of polymers as a function of temperature may be modeled or 
fit by a handful of equations which contain semiempirical fit parameters. The best-known fits 
for polymers focus on the non-Arrhenius region near Tg: the Vogel-Fulcher-Tammann, VFT, 
with origins nearly a century old,9, 10, 11 and Williams–Landel–Ferry, WLF,12 equations, which 
are mathematically equivalent but highlight different aspects of polymer dynamics. An 

ln
 ω

T

1/T (K-1)

Arrhenius Region
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enormous amount of work has gone into debating the physics behind each parameter. The VFT 
fit includes a high frequency prefactor, ω0,VFT, commonly about 1 x 1010 s-1, and two additional 
fit parameters, D and To (Equation 2).  

𝜔்,௏ி் ൌ 𝜔௢,௏ி் 𝑒
షವ೅೚
೅ష೅೚     [2] 

The Vogel temperature To implies divergent properties (ω = 0 at To) of the relaxation time13 
and has initiated vigorous debate over whether polymers continue to flow or relax below To,14,5, 

15 invoking flow from materials > 107 years old.16 The WLF fit, Equation 3, shifts data from 
frequencies measured at temperature T to a reference temperature Tr using a shift factor aT and 
focuses on constants C1 and C2 and whether they become “universal” if the reference 
temperature is selected to be Tg. 

log 𝑎் ൌ
஼భሺ்ି ೝ்ሻ

஼మା்ି ೝ்
     [3] 

The dynamics of chains rely on the dynamics of the repeat, or monomer, units from 
which they are made. Thus, quantitative expressions for chain dynamics require understanding 
the dependence of repeat unit dynamics on temperature.  

The idea of a cooperatively rearranging region, CRR, discussed at length by Adam and 
Gibbs,13 is often used as an intuitive starting point to further understand the molecular level 
picture of processes approaching Tg: the number of cooperatively rearranging units, CRUs, 
involved in the CRR is a minimum and remains constant in the Arrhenius region. As the 
polymer is cooled, this number grows17 approaching Tg and the energy required to activate the 
growing CRR increases accordingly, pressing the slope in Figure 1 downwards. 

In a recent study of ion transport in polyelectrolyte complexes - stoichiometric blends 
of oppositely-charged polymers - it was found that the rate of ion diffusion through the polymer 
was an excellent reporter of repeat unit dynamics.18 Polyelectrolyte complexes, PECs, also 
termed coacervates when in a more liquidlike form,19 phase separate on mixing aqueous 
solutions of oppositely-charged polymers PolN

+ and PolN
- 

ሺ𝑃𝑜𝑙ା𝐴ିሻே,௔௤ ൅ ሺ𝑃𝑜𝑙ି𝑀ାሻே,௔௤ → ሺ𝑃𝑜𝑙ା𝑃𝑜𝑙ିሻே ൅ 𝑁𝐴௔௤
ି ൅ 𝑁𝑀௔௤

ା   [4] 
The driving force for this association stems mainly from the release of counterions M+ and A- 
into solution, moderated by small enthalpy changes. The PEC may be “doped” with small “salt” 
ions, partially reversing Equation 4,20 providing an ion-transporter with variable, high 
conductivity.21 As with most ion-conducting polymers, the dynamics of ion hopping depend 
on the dynamics of the charged repeat units Pol+ or Pol-. Prior work on a PEC at temperatures 
well above the Tg, i.e. in the Arrhenius region, showed that repeat unit relaxation times could 
be directly correlated with ion hopping, which was given by the ionic conductivity.18, 21  

In the present work, two PECs, both with a Tg near room temperature, were used to 
explore the relationship between repeat unit and polymer dynamics, and temperature: one was 
made from poly(diallyldimethylammonium), PDADMA, and poly(styrene sulfonate), PSS; the 
second from poly(vinylbenzyltrimethylammonium), PVBT, and poly(acrylamidomethyl 
propanesulfonate) PAMPS. PEC properties were always measured with an equilibrium content 
of water, maintained by contact with aqueous solutions, which provides reproducible properties 
and glass transitions near room temperature. Because the activation energy for rearrangement 
of Pol+Pol- monomer pairs can be measured, the temperature dependence of the PEC near Tg 
can be rationalized in terms of a specific number of cooperatively rearranging pairs. This leads 
to a simple expression, containing no freely adjustable fit parameters, for the relaxation of 
PECs to and through the glass transition. Extension to a selection of common neutral polymers 
illustrates the breadth of validity for the new expression. 
 

Results and Discussion 
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 Compact PECs were prepared using pairs of oppositely-charged polyelectrolytes, one 
with a narrow molecular weight distribution, Đ, and one with a broad Đ. To obtain the 
relaxation behavior of polymer segments, ionic conductivity was first measured as a function 
of temperature. Using the Nernst-Einstein equation, conductivities were converted to diffusion 
coefficients.18 Diffusion was modeled using a simple nearest-neighbor hopping mechanism to 
obtain the relaxation rate, including the activation energy, of a Pol+Pol- charge pair. PEC 
studies as a function of temperature were limited to the range 0 – 90 oC because of the aqueous 
baths in which they were immersed. Hydrated PDADMA/PSS has a glass transition 
temperature near 30 oC whereas PVBT/PAMPS has a Tg just above 0 oC (see Supporting 
Information Figures S1, S2 and S3).  
 
Monomer Dynamics 
 The 4-probe conductivity method described in Experimental provided an accurate and 
reproducible measure of conductivity versus temperature for PDADMA/PSS and 
PVBT/PAMPS PECs doped with NaCl to a low level. At the solution salt concentration 
employed, 0.10 M, the NaCl concentrations inside PDADMA/PSS and PVBT/PAMPS were 
0.0443 M and 0.0624 M, respectively. The conductivity,  𝜎 (Ω-1 cm-1), was converted to the 
ion diffusion coefficient, Di (cm2 s-1), at temperature T using the Nernst-Einstein equation 

 𝜎 ൌ
ଶ௤మ஼஽೔ேಲ

௞்
     [5]  

where q is the charge of one ion (1.602 x 10-19 C), C is the concentration of NaCl inside the 
PEC, NA is Avogadro’s number, and k is Boltzmann’s constant. Di shows Arrhenius behavior 
as a function of temperature (see Figure 2). 
 
 Figure 2. Arrhenius plot of the diffusion coefficient, left axis (in cm2 s-1) and ion hopping rate 

(right axis in s-1), as a function of 1/T for ion transport in PDADMA/PSS (Panel A) and 
PVBT/PAMPS (Panel B), both doped in 0.1 M NaCl. For PDADMA/PSS, the slope, with a 
slight change near Tg = 30 °C, provides activation energies, Ea, of 25.6 kJ mol-1 above Tg and 
27.1 kJ mol-1 below Tg. For PVBT/PAMPS the activation energy above Tg = 0 °C was 25.9 kJ 
mol-1. Insets show structures. 
 

Ion transport is fast and closely follows classical temperature-activated transport 
(Figure 2) in contrast to ion transport in many other ion-containing polymers for T > Tg.22 This 
difference may be attributable to the high degree of water content (40 wt%), which plasticizes 
the PEC. Stacy et al.,23 in a study of polymerized ionic liquids, suggested that an increased 
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dielectric constant (provided here by water) should also accelerate ion diffusion. The average 
room temperature diffusion coefficient of 2.5 x 10-7 cm2 s-1 deduced here from conductivity 
measurements using the Nernst-Einstein equation is the same as that from chemical and 
radiochemical (“tracer”) self-exchange measurements on the same PEC in the same [NaCl].20 
Thus, the typical finding that the Nernst-Einstein relationship breaks down in many ion-
containing polymers24 does not hold here. Polymerized ionic liquids, PILs, single-ion 
conductors, report to have decoupled ion transport from segmental backbone dynamics to 
provide Arrhenius, rather than VFT, conductivity response.25, 26 Ion-ion correlations in PILs 
make the averaged charge diffusion coefficient, DNE, from the Nernst-Einstein equation larger 
23 than the actual (“tracer”) ion diffusion coefficient Di

23 (the ratio DNE/Di is known as the 
Haven ratio27). 

 An interesting feature of the ion diffusion plot for PDADMA/PSS in Figure 2A is the 
slight but clear break in slope at about 30 oC, near the glass transition temperature measured 
from dynamic mechanical analysis. At temperatures above 30 oC the activation energy, Ea, is 
25.6 kJ mol-1 and below it is 27.1 kJ mol-1. Similar results were obtained for PDADMA/PSS 
PEC doped with 0.3 M NaCl.21 

The PVBT/PAMPS PEC, with a Tg of 0 °C allowed the maximum temperature range 
above Tg. Na+ and Cl- salt ions are decoupled when they enter a PEC, and disperse to maximize 
their entropy but remain associated with Pol+ or Pol- repeat units as counterions.18  

 
Scheme 1. Hopping of a chloride ion in complexed positive, Pol+, and negative, Pol-, 
polyelectrolyte.  The hopping step relies on breaking of a neighboring Pol+Pol- pair. 
The activation energy is Ea,u.  Polymer backbones (lines) and pendant functional groups 
(spheres) are shown to illustrate the pairing and exchange.  
 
Scheme 1 depicts one ion hopping event for a Cl- ion as it switches places to occupy an 

adjacent Pol+ counterion site. Hopping is controlled by the dynamics of neighboring Pol+Pol- 
pairs: hopping is only allowed if the destination Pol+Pol- pair is open. The ion diffusion 
coefficient is modeled in 3-dimensions by a nearest-neighbor hopping distance d and a 
temperature-dependent ion hopping rate ωT,i 

𝐷௜ ൌ
ఠ೅,೔ௗమ

଺
     [6] 
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The hopping distance is the average separation between polymer pairs, which is 0.90 nm for 
this PDADMA/PSS and 0.96 nm for PVBT/PAMPS (see Supporting Information for how these 
lengths were calculated). The hopping rate expression follows Arrhenius behavior 

𝜔்,௜ ൌ 𝜔଴,௜𝑒
షಶೌ
ೃ೅ ൌ 𝜔଴,௜𝑝்    [7] 

The prefactor ω0,i, here 6.45 x 1012 s-1, represents the hopping attempt frequency and the 
exponential term can be considered the probability, pT, that a hopping attempt will be 
successful at a particular temperature. It is also clear from Scheme 1 that the ion hopping rate 
is the same as the rate of Pol+Pol- pair breaking frequency, and Equation 7 directly provides 
the temperature dependence for this process which is fundamental to longer-range dynamics.  
 
The Minimum Cooperative Rearranging Region (MCRR)  

Cooperative rearrangement is the coordinated movement of a certain number of “units,” 
such as chain segments, in a certain volume known as the cooperatively rearranging region.13  
A recent MD simulation study by Hong and Tanaka28 emphasizes that “the spatial correlation 
of structural order is the origin of the cooperativity of dynamics, providing the physical 
mechanism connecting a growing length scale with the dynamical slowing down at a particle 
level.” 

Though the minimum number of units moving cooperatively is understood to be two, 
the identity of the units and how they move has historically been unclear.13 The most likely 
mode of rearrangement in PECs ensures ion pairing is preserved to minimize the electrostatic 
energy. To accomplish this, pair exchange, PE, was proposed.29 In the PE mechanism, two 
neighboring Pol+Pol- pairs exchange places, illustrated in Scheme 2 

 
Scheme 2. The minimum cooperative rearranging unit in a polyelectrolyte complex. Two 

Pol+Pol- pairs exchange places at a rate ωT,2 or ωT,arr . The activation energy is 2Ea,u. 
 
Pair exchange allows polymer chains to move relative to each other. The displacement is 
minimal and the net energy is similar before and after exchange because all four charged units 
are paired before and after the event.  

The MCRR is a thus two Pol+Pol- pairs, or a quad of charged units.30 In the Arrhenius 
region of viscoelastic response, PE is the only relaxation mechanism in operation, i.e. there is 
no cooperativity beyond exchanging quads. Recently, the mechanical properties of a more 
fluid-like PEC, PMAPTA/PMA, were studied at temperatures well above its Tg.18 The 
viscoelastic properties followed an Arrhenius response with temperature. Importantly, the 
activation energy could be predicted knowing the (experimentally measured) activation energy 

𝜔்,ଶ 
: Pol

+
 

: Pol
-
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for ion hopping, Ea,u, for breaking one pair (Scheme 1): the activation energy corresponding to 
the simultaneous breaking of two pairs in Scheme 2 was simply 2Ea,u.18 

 
Relaxation and Deviation from Arrhenius 

The deviation of lnωT,n from Arrhenius as T  Tg  is modeled using some key concepts 
employed by Adam and Gibbs in their seminal paper on the CRR.13 They expressed the 
relaxation rate in glass formers as a transition probability, W 

𝑊 ൌ 𝐴𝑒ି௭∆ఓ/௞்    [8] 

where A is a temperature independent prefactor, z is the number of monomer units (the “size”) 
in the cooperative region, and Δμ is the energy barrier for rearrangement per monomer 
segment. Although the identity of the monomer unit is implied to be a segment, this was not 
specified and has, to date, been left open for interpretation.  

To understand the dramatic slowing of dynamics approaching the glass transition, the 
degree of cooperativity13 may be dissected down to the number of units, n, rearranging 
cooperatively at any temperature.  If the activation energy for each unit is Ea,u, the activation 
energy for n cooperatively rearranging units is nEa,u and the relaxation rate at that temperature 
𝜔்,௡ is  

𝜔்,௡ ൌ 𝜔௢,௡ 𝑒
ି

೙ಶೌ,ೠ
ೃ೅    [9]  

 
The slope of the line of a plot of lnωT,n at any 1/T is -nEa,u/R. i.e. 
 
 

ௗ

ௗ

௟௡ఠ೅,೙

்షభ ൌ െ
௡ாೌ,ೠ

ோ
    [10] 

 
 
For the Arrhenius region, n = 2 

 

𝜔்,஺௥௥ ൌ 𝜔௢,஺𝑒ି
మಶೌ,ೠ

ೃ೅    [11]  
 

Equating z to n and Δμ to Ea,u, the relative relaxation rates in the Arrhenius region (n = 2) and 
in any other temperature is given by 

𝑙𝑛 ൬
ఠ೅,ೌೝೝ

ఠ೅,೙
൰ ൌ 𝑛 െ 2      [12] 

On a log plot, ωT,n shows clearly as a deviation from Arrhenius, illustrated in Figure 1. Similar 
conclusions can made starting from molecular entropy theories,31, 32 which are extensions of 
ideas presented by Adam and Gibbs.  

Using Equations 9 and 12 along with the following boundary condition from n = 3 for 
Equation 12:  

𝜔்,ଷ ൌ
ఠ೅,ೌೝೝ

௘
    [13]  

an equation for 𝜔்,௡ at any temperature may be derived (see Supporting Information for the 
derivation): 

𝑙𝑛𝜔்,௡ ൌ 𝑙𝑛𝜔்,௔௥௥െ𝑒
ಶೌ,ೠ

ೃ
ቀ

భ
೅

ି భ
೅య

ቁ
   [14]  
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where T3 is the convergence temperature, defined at the point where 𝜔்,௡ converges to a factor 
of 1/e of the Arrhenius value, which occurs at n = 3 (Equation 13). There are other ways to 
present Equation 14, but this form emphasizes the extent of deviation (second term on the right)  
from Arrhenius (the Supporting Information contains alternative forms of Equation 14). Figure 
3 compares the data to Equation 14. 

 
Figure 3.  A. PEC relaxation rate as a function of 1/T for the PECs PDADMA/PSS and 
PVBT/PAMPS. B. Relaxation rate of neutral polymers PVA, PiBM and PS well into the 
Arrhenius region. Open markers represent the experimental relaxation frequency;  the closed 
marker denotes Tg. The solid lines are plots of Equation 14 using the parameters Ea,u and T3 
listed in Table 1. Panels C and D present the number of rearranging units in the CRR as a 
function of temperature for the PECs and neutral polymers respectively with n ~ 13 at Tg and 
n = 2 in the Arrhenius region at high temperatures.  
 
 
Table 1. Parameters used/deduced for Equation 14 for the relaxation behavior in Figure 3 and 
for comparison VFT fits.  Neutral polymers in columns 2-4, PECs in columns 5 & 6. 
 

  
PS PVA P(iBM) PVBT/PAMPS PDADMA/PSS 

Ea,u (kJ mol-1) 56.1 34.8 31 25.9 25.6

𝜔௢,஺ (s-1) 1.27 x 1019 1.14x1016 3.12x1014 8.55 x1012 6.43x1012
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Tg (K) 373 313 328 273 303

T3 (K) 430 390 425 343 399

Tc/Tg 1.15 1.25 1.26 1.26 1.31

nTg (±1) 13.4 13.4 13.3 13.1 13.7

DVFT 4.2 5.3 5.4 5.4 5.8
𝜔௢,௏ி் (s-1) 6.0x1010 1.0x1011 5.0x1010 1.0x109 1.2x1010 

T0 (K) 324 263 271 222 250

mVFT 105 75.8 64.5 54.6 63.2

m 103 75.6 64.1 64.6 57.3

U (J mol-1 K-1) 19.9 21.9 21.6 19.4 20.2
 
Neutral Polymers 

While the PEC data are predicted well by Equation 14, the upper limit of temperature 
for these samples is set by the boiling point of water (i.e. ca 100 oC), and it was not possible to 
scan up to the 100 degrees or so above Tg to reach the Arrhenius region. Instead, the Arrhenius 
activation energy (two Pol+Pol- pairs in the CRR) was obtained simply by doubling the 
activation energy for one pair.  

Such an exercise is not possible for neutral polymers, since there are no ions to report 
the hopping (pair breaking) rate in Equation 6. However, the logic pertaining to the number 
and increase in CRUs should apply to neutral polymers and the upper limits of accessible 
temperature are considerably higher (as long as the polymer does not decompose). Three 
common neutral polymers, polystyrene, polyvinylacetate and poly(isobutylmethacrylate), were 
obtained from commercial sources and used without further purification. All three had 
molecular weights above 105, selected to minimize the dependence of Tg on molecular weight 
and chain termination,33 and broad Đ of about 2. The linear viscoelasticity of the neutral 
polymers was evaluated from Tg to well into the Arrhenius region (Figure 3, see Supporting 
Information Figure S4 for shift factors). The activation energies from the Arrhenius slope (= 
2Ea,u), Tg and T3 for all the polymers studied are summarized in Table 1.  As seen in Figure 3, 
Equation 14 was exceptional in describing the dynamics of the three neutral polymers as well.  

T3 is between 60 and 100 degrees above Tg, comparable with the general statement that 
Arrhenius behavior is observed beyond Tg + 100. Partly in response to the controversy 
surrounding To, a characteristic temperature, Tx or TA, for a transition from VFT to Arrhenius 
dependence has been sought in various analyses.34 The crossover from VFT to Arrhenius 
depends on what is plotted. For example, a plot of logωT versus 1/T-To yields a Tx (also labeled 
an “onset” temperature35, 36) close to T3 seen here,34 whereas a power law fit returns a lower Tx 
more aligned with mode coupling theory.37, 38 
Comparison with VFT 

Many scaling relationships have been proposed as improvements to the VFT Equation 
(for example, see a comparison of fitting functions assembled by Blodgett et al. towards 
universality in fitting the viscosity response of metallic liquids.39) There are several significant 
aspects to Equation 14 in comparison to the VFT Equation, which also does a good job of 
fitting the data over the range Tg to Tg + 90 oC (see Supporting Information Figure S5 for a 
VFT fit). First, Equation 14 has no freely adjustable fit parameters: T3 is prescribed uniquely 
by Equation 13 (but the data must go to sufficiently high temperatures to obtain the Arrhenius 
slope; otherwise, Ea,u becomes a fit parameter). Second, instead of the highly-discussed Vogel 
temperature To in Equation 2, which implies divergence at this temperature,5, 13, 15 the 
convergence temperature T3 avoids such a quandary.   
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Another feature of Equation 14 is the ability to fit both the Arrhenius and the non-
Arrhenius region with the same expression and numerical constants. The VFT equation fails in 
this regard (see Supporting Information Figure S5 for an illustration of this) since it bends away 
from the Arrhenius slope at higher temperatures.  

 
 
Extensions and Limitations of the AG Model 

Mauro et al. offered a viscosity model for glass-forming liquids which used the glass 
transition, the fragility and an assumed viscosity at Tg of 1012 Pa s with no dynamic 
divergence.40  The fit for a handful of oxides and molecular liquids was better than that for 
VFT. Mauro et al. were careful to point out that only certain ideas from AG were employed, 
but not the specific form of configurational entropy, Sc, used by AG, which implied a vanishing 
of Sc at finite temperatures.  

Betancourt et al. identified the CRR as string-like clusters having cooperative particle 
exchange motion.41 Simulations have suggested the activation energy for rearrangement is 
proportional to the length, L, of the string-like cluster.42 The relaxation rate depends on 

𝑒
ಶೌ೎೟ಽ/ಽಲ

ೖ೅  where LA is a reference length corresponding to L at the temperature TA, where the 
relaxation rate diverges from Arrhenius, similar to T3 in Equation 13. Betancourt et al. relied 
on sophisticated simulation methods to provide ωT versus temperature data.41 They opined that 
both AG theory and the related random first-order transition theory (RFOT)5  have been unable 
to define the size of the CRR. This is exactly what is achieved in the present work. 

The approach used here also takes only the initial ideas from AG, expressed by 
Equations 8 and 12.  The second part of AG theory slides from kinetics into thermodynamics 
by relating transition probability to the configurational entropy Sc of the system 

𝑊 ൌ 𝐴𝑒ି஼/்ௌ೎     [15]  
This entropy-based approach then leads to troublesome aspects of zero entropy at finite 
temperature, labelled T2,43 or worse, negative entropies,44 also implied by To in Equation 2. 
With thermodynamic underpinnings, AG theory also posited a controversial second order 
transition at T2 ≈ Tg  - 50 oC. These issues are largely unsupported in current theory.  
 
n ≈ 13 at Tg 
 At any temperature, the CRR is composed of n CRUs, given by Equation 12 and plotted 
in Figure 3. The number of CRUs at Tg is consistently about 13 ± 1. The specificity of this n is 
in contrast to intensive efforts over the past few decades to identify both the cooperative unit 
and their number at Tg.  

The fact that n = 13 at Tg is interpreted to reflect the environment: each pair is 
surrounded by approximately 12 nearest neighbors. Although static scattering methods show 
no order, packing simulations by Tanaka et al. suggest a “hexagonal-close-packed-like” 
arrangement at Tg.45 If each pair experiences this condition, the entire material is percolated 
with n = 13 cooperatively rearranging regions and thus undergoes the glass transition. Many 
computational studies likewise reveal icosahedral geometry (12 nearest neighbors).46, 47, 48, 49 

These CRRs may well be arrayed as strings.41, 42 The idea of dynamic heterogeneity - 
different regions relaxing at different rates on a molecular scale - is not contradicted by the 
phenomenological treatment presented here. Such fine-grained behavior cannot be seen 
without treatments like molecular dynamics, MD, simulations. In fact, significant insight and 
possibly simplification may be provided if MD simulations are guided by the correct number 
of rearranging pairs. The need for near-simultaneous, coherent or correlated, rearrangements 
has been demonstrated by simulations.  

The “size” of the CRR has been a subject of much discussion and confusion.50 Adam 
and Gibbs13 cast the size as the number of cooperative “monomer segments,” represented in 
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Equation 11, here termed “units.” When small structural units such as -CH3 are defined51 as 
“beads” a universal value of 4-5 for the number of beads at Tg is inferred from heat capacity 
measurements.50 Alternatively, a linear dimension ε, or volume VCRR (= ε3) has been used to 
characterize the CRR.17, 52  Using calorimetry, Donth concluded ε3 was large enough to contain 
up to several hundred repeat units.53 With 40 wt% water, PDADMA/PSS has 1.35 x 1021 
Pol+Pol- pairs cm-3 for a volume of 0.74 nm3 per pair. PVBT/PAMPS has 63 wt% water and 
2.01 x 1021 Pol+Pol- pairs cm-3, for a volume of 0.50 nm3 per pair. The respective volumes of 
the CRR at Tg are therefore 9.6 and 6.5 nm3 (sizes, ε, 2.1 and 1.9 nm) which are in the range 
of sizes (1 - 3 nm) calculated by Hempel et al.53 for a number of small and macromolecular 
glass formers.   

 
Significant Parameters and “Universal” Constants 

The Arrhenius parameter required for Equation 14 contains Ea,u and ωo,A. The 
simulated relaxation curves in Figure 3 show the influence of varying Ea,u with constant ωo,A 

and vice versa (deviations from Arrhenius are shown in Supporting Information Figure S6).  
 
Figure 4. Simulating the relaxation profile. Panel A simulates the relaxation rate of three 
polymers with the same Ea,u but with different Tc (Ea,u = 25.0 kJ mol-1,Tc = 330 K, 380 K, 430 
K for Pol A, B, C respectively).  Panel B simulates the relaxation rate of another three polymers 

with the same Tc but different Ea,u (Tc = 390 K; Ea,u = 25.0 kJ mol-1 , 35.0 kJ mol-1, 55.0 kJ mol-

1 for D, E, F respectively) Tc and Tg are denoted by the filled circles and squares respectively. 
  
Two parameters in the VFT Equation describe how rapidly the relaxation rate deviates 

from Arrhenius approaching Tg. The D term in the VFT Equation is known as the “strength 
parameter.” The ratio Tc/Tg tracks D (see Table 1). Alternatively, the “fragility” of a glass 
former describes the speed with which the relaxation rate changes at Tg.54 Assuming n is 13 at 
Tg, the fragility parameter (steepness index), m, is given by 

𝑚 ൌ
ଵଷாೌ,ೠ

ଶ.ଷோ ೒்
   [15]  

The m values from Equation 14 and from the VFT fits are compared in Table 1.  

5

10

15

20

25

30

35

40

0.001 0.002 0.003 0.004

ln
 ω

T,
n

1/T (K-1)

Pol A

Pol B

Pol C

A 

-20

-10

0

10

20

30

40

0 0.002 0.004

ln
 ω

T,
n

1/T (K-1)

Pol D

Pol E

Pol F

B



12 
 

The analysis of the dynamics of numerous polymers using the WLF equation (Equation 
3) has led to the (somewhat controversial) conclusion that the coefficients c1 and c2 have 
“approximately universal” respective values of 10-15 and 50-60 K when the reference 
temperature is Tg.13, 55 Interestingly, Equation 14 does not specify Tg. Using Equations 11 and 
14, the following connection between Tg and T3 may be established: 

        
ଵ

య்
ൌ ଵ

೒்
െ

ோ௟௡ሺ௡೅೒ିଶሻ

ாೌ,ೠ
    [16] 

Assuming nTg ≈ 13, Equation 16 may be rearranged to yield a “universal” constant, U, of about 
20 J mol-1 K-1 (about 2.4k, i.e. about ek): 

       𝑈 ൌ 𝐸௔,௨ ൬
ଵ

೒்
െ ଵ

య்
൰ ൌ 𝑅𝑙𝑛ሺ11ሻ ൎ 20        [17] 

Calculated values of U are included in Table 1.  
Frequency shift factors 𝑎் for TTS between temperatures T1 and T2 would be given by 

𝑙𝑛𝑎் ൌ 𝑙𝑛𝜔்ଵ െ 𝑙𝑛𝜔்ଶ ൌ ሺ𝑛ଶ െ 𝑛ଵሻ ൅
ଶாೌ,ೠ

ோ
ቀ

ଵ

మ்
െ ଵ

భ்
ቁ [18] 

or, using nTg = 13  

𝑙𝑛𝑎் ൌ 𝑙𝑛𝜔் െ 𝑙𝑛𝜔்௚ ൌ ሺ13 െ 𝑛்ሻ ൅
ଶாೌ,ೠ

ோ
൬

ଵ

೒்
െ ଵ

்
൰ [19]  

which justifies the use of TTS to begin with. The terms in Equation 18 and 19 cannot be 
superimposed on terms from the VFT or WLS equations as they are not mathematically 
equivalent. 

 
Conclusions 

Equation 14 contains no prediction that dynamics should cease at any temperature 
above 0 K.  Although the glass transition depends on the scan or deformation rate and is not 
itself a thermodynamic phase transition, underlying thermodynamic phenomena are often 
invoked.45, 56, 57 Here, the small change in ion diffusion rate seen near Tg in Figure 2A is an 
example of a second order transition. According to the mechanism in Scheme 1 this relaxation 
mode remains fast and is not cooperative. The small decrease in Ea,u from 25.6 kJ mol-1 above 
Tg to 27.1 kJ mol-1 below Tg could indicate a transition from a more disordered to a less 
disordered system (“medium range crystalline order”45) on falling through Tg, which would be 
consistent with a free volume transition.  

The claim that there are no freely adjustable fit parameters may appear to be overstated. 
In fact, all parameters are provided directly by the measurements described here. For PECs, 
the activation energy for n = 2 is simply double that of n = 1 (ion hopping) which is measured, 
and ω0 is extrapolated from the data.  For neutral polymers, if data can be collected through the 
Arrhenius regime, all the parameters for Equation 14 are provided by the data. No parameter 
is freely adjustable. Thus, Equation 14, though phenomenological, provides high quality 
insight on the number of partners involved in the molecular dance as T  Tg.   

The intercept ωo,A (Table 1) for the PECs corresponds to an attempt frequency of about 
1013 s-1. The physical mechanism summarized by Scheme 1 relates directly to the PEC MCRU 
(pair exchange) shown in Scheme 2.  The identity of the MCRU, though mechanistically a 
place exchange of a pair of “units,” is not as clear for the neutral polymers as it is for the PECs. 
An Arrhenius prefactor of 1019 s-1 is faster than even the fastest vibrational mode from the 
lightest/smallest components, whereas the “unit” may be close to a persistence length segment 
of polymer. Thus, the Arrhenius prefactor must be related to the MCRU size. If there are 13 
units in the CRR at Tg, to find the size of a unit, values of CRR size ε from Hempel et al.53 
should be divided by ∛13. Using 3.0 and 3.2 nm as the respective values of ε for PS and PVA,53 
yields 1.3 and 1.4 nm for the respective unit sizes, which may be compared with experimental 
persistence lengths of 1.0 nm58 and 0.7 nm.59 Using ε = 1.2 nm from poly(n-butylmethacrylate), 
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the unit size would be 0.5 nm, which compares with ~0.5 nm estimated for the persistence 
length of PiBMA.60 Further comparisons are needed for a reliable correlation of persistence 
length and unit size. 
 

Experimental 
Materials. Poly(diallyldimethylammonium chloride) (PDADMAC, Mw 200,000 – 250,000 g 
mol-1, Mw/Mn ~ 2.7 ), NaNO3, NaN3, NaCl, and KBr were obtained from Sigma-Aldrich. 
Poly(styrenesulfonate), sodium salt (PSSNa, Mw 126,700 g mol-1 Mw/Mn = 2.5), poly(2-
acrylamido-2-methyl-1-propanesulfonate), sodium salt (PAMPS, 800,000 g mol-1), 
poly(vinylbenzyl trimethylammonium chloride) (PVBT, Mw ≈ 100,000 g mol-1, 26.9 wt% in 
water),  poly(isobutyl methacrylate) (PiBM, Mw ≈ 260,000 g mol-1), polystyrene (PS, Mw = 
210,000 g mol-1) and polyvinylacetate (PVA, Mw ≈ 150,000 g mol-1) were obtained from 
Scientific Polymer Products. 

Acetone (99.5%) from VWR was used for polyelectrolyte fractionation. Deuterium 
oxide (D2O, Cambridge Isotope Laboratory, 99.9%) was used for NMR measurements. 
Deionized water (18.2 MΩ cm) was used to prepare all solutions.  
Fractionation. PSSNa and PDADMAC with wide molecular weight distribution were 
fractionated to provide narrow molecular weight material. PDADMAC and PSS were 
separately dissolved in 500 mL water to yield 0.2 M solutions and acetone was gradually added 
as a non-solvent until each solution turned cloudy. The solution was centrifuged and the 
fraction was collected and dried at 120 °C for 18 h. The procedure was repeated to collect 
sequential fractions with lower molecular weights.   
Size Exclusion Chromatography (SEC). SEC was used to find the weight-average molecular 
weight, Mw, the number-average molecular weight, Mn, and the polydispersity index, Mw/Mn, 
=  Đ, of PDADMAC and PSS. A 10 𝜇m PSS Novema Max Lux (1000 Å) 300 mm x 8 mm 
column was used for PDADMAC separations . For PSSNa, a 17 𝜇m column  (300 mm x 8 mm, 
Tosoh Biosciences TSK-GEL G5000PW), alongside a 13 𝜇m column (300 mm x 7.8 mm, 
Tosoh Biosciences TSK-GEL GMPWx) and a TSK guard column were used. Samples with 30 
mg mL-1 of PSSNa and PDADMAC were dissolved in 0.3 M NaNO3 mobile phase preserved 
with 200 ppm NaN3, and the samples were filtered through a 0.2 𝜇m poly(ether sulfone) filters. 
The injection volume was 50 𝜇L at a flow rate of 1.0 mL min-1. The detectors were a DAWN-
EOS multiangle light scattering (MALS) setup and an Optilab refractometer both from Wyatt 
Technology. The dn/dc for PSS was 0.175 and that for PDADMA was measured to be 0.186 
in the mobile phase used. Eight fractions of PSSNa were collected with a Mw range between 
470 and 70.6 kg mol-1 and a Ð range of 1.02 to 1.13. Similarly, nine fractions of PDADMAC 
were collected with a Mw range of 827 to 39.2 kg mol-1 and a Ð range of 1.11 to 1.25 (see 
Supporting Information Figure S7 for examples of SEC).  
PEC formation. PECs were precipitated from stoichiometric mixtures of 0.2 M solutions 
(polymer concentrations with respect to the monomer unit) 0.25 M NaCl. Fractions of 
PDADMAC and PSS with matching N were used (PDADMAC, Mw = 70.0 kg mol-1, Ð = 1.13; 
PSS-Na (Mw = 94.8 kg mol-1, Ð = 1.02). The precipitate was separated from the supernate and 
washed with 100 mL water for 24 h. The washing process was repeated until the conductivity 
of the washing solution fell below 50 μS cm-1. The PECs were dried at 120 °C for 24 h then 
ground into fine powder. The powders were stirred for 30 min in 10 mL 0.01 M NaCl and hot-
pressed into either an 8 mm diameter pellet for rheology, or a 3 mm diameter, 2-cm long 
cylinder for conductivity measurements.  
1H NMR. The stoichiometries of the PECs were verified by NMR (Supporting Information 
Figure S8). 100 mg mL-1 of the dry PEC was dissolved in 2.5 M KBr in D2O and 1H NMR 
spectra were acquired using an Avance 600 MHz NMR (Bruker).  
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Measuring Resistivity. PDADMA/PSS and PVBT/PAMPS PEC powders were stirred in 0.5 
M NaCl for 30 min. The powders were pressed into 3 mm x 2 cm cylinders at 50 ℃ in a steel 
mold. The PEC cylinder was heated at 60 ℃ in 0.1 M NaCl and slowly allowed to cool back 
to room temperature. It was stored in 0.1 M NaCl to equilibrate for 24 h. The PEC was press-
fit into a 2.9 mm diameter silicone rubber tube and maintained in 0.1 M NaCl.  Silver wires 
were inserted and sealed into the ends of the rubber tubing and two 0.02” silver wires were 
inserted into the PEC 0.3 cm apart. The setup was sealed with silicone rubber to ensure the 
sample was isolated. The sealed sample was then immersed into a water bath with a water 
jacket and was allowed to equilibrate at 60 ℃. A four-probe conductivity arrangement was 
then used to measure the conductance of the PEC. Pulses of DC current were applied using a 
EG&G Princeton Applied Research 362 Potentiostat and the voltage and current were 
measured using two Keithley 196 digital multimeters.  
Viscoelastic Measurements. The linear viscoelastic responses of the PDADMA/PSS and 
PVBT/PAMPS complexes in 0.01 M NaCl were measured using a stress controlled DHR-3 
rheometer (TA Instruments). The 8 mm PEC disk was transferred to a cylindrical reservoir and 
compressed using 8 mm parallel plate geometry until an axial force was recorded. The reservoir 
was filled with 0.01 M NaCl and capped to prevent solvent evaporation. An axial force of 0.2 
N was applied. Frequency sweeps were performed over a temperature range between 0 and 95 
°C. The measurements were taken starting from the highest temperature to allow the complex 
to thermally equilibrate. The PEC was allowed to reach the target temperature by applying a 
ten-minute delay before each frequency sweep.  

For neutral polymers, a 20 mm x 0.1 mm disk was hot pressed. The temperature was 
regulated between 45 and 350 °C using an TA Instruments ETC oven. The chamber was purged 
with N2. The storage and loss modulus of the neutral polymers were recorded over a wide 
temperature range starting with T ~ Tg + 250 and going as low as Tg.  

To determine the experimental frequency, 𝜔்,௡, time temperature superposition (TTS) 
was performed all the sets of data recorded at different temperatures using Tg as a reference 
temperature: 

𝜔்,௡ ൌ
𝜔

೒்

𝑎்
 

where 𝑎் is the shift factor. The shift factors are given in Figure S8, Supporting Information. 
No vertical shift factors (“b-shifts) were employed.   
 Measurement of Tg. The Tg s were measured using dynamic mechanical analysis (rheometer) 
with the environment controlled as above. The forward and backward scans of G’ and G” as a 
function of temperature were averaged and the temperature corresponding to the maximum of 
tanδ (= G’’/G’) was recorded as Tg.  

For PDADMA/PSS tanδ (= G’’/G’) was measured from 10 to 50 °C with a ramp rate 
of 2 °C min-1 under constant strain at eight frequencies between 0.01 and 2 rad s-1. For 
PVBT/PAMPS and the three neutral polymers, a temperature ramp experiment was carried out 
at 0.62 rad s-1 with a ramp rate of 2 °C min-1. The strain % was held constant throughout the 
experiment and forward and backward temperature sweeps through Tg were recorded starting 
from the highest temperature. See Figures S1 and S2 in Supporting Information for this data. 
 
 
Supporting Information 
 
Linear viscoelastic response of polymers; shift factors for TTS; zoom-in comparison of VFT 
and Equation 14; deviation from Arrhenius for simulated relaxation behavior; example of 
size exclusion chromatography; 1H solution NMR of PDADMA/PSS PEC; derivation of 
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Equation 14; example of how the average hopping distance d is calculated.  This material is 
available 
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