arXiv:2009.10008v2 [cs.LG] 23 May 2021

Proceedings of Machine Learning Research vol 107:1-34, 2021 2nd Annual Conference on Mathematical and Scientific Machine Learning

Kernel-Based Smoothness Analysis of Residual Networks

Tom Tirer TOMTIRER @ MAIL.TAU.AC.IL
Tel Aviv University

Joan Bruna BRUNA @CIMS.NYU.EDU
New York University

Raja Giryes RAJA @TAUEX.TAU.AC.IL
Tel Aviv University

Editors: Joan Bruna, Jan S Hesthaven, Lenka Zdeborova

Abstract

A major factor in the success of deep neural networks is the use of sophisticated architectures rather
than the classical multilayer perceptron (MLP). Residual networks (ResNets) stand out among these
powerful modern architectures. Previous works focused on the optimization advantages of deep
ResNets over deep MLPs. In this paper, we show another distinction between the two models,
namely, a tendency of ResNets to promote smoother interpolations than MLPs. We analyze this
phenomenon via the neural tangent kernel (NTK) approach. First, we compute the NTK for a
considered ResNet model and prove its stability during gradient descent training. Then, we show
by various evaluation methodologies that for ReLU activations the NTK of ResNet, and its kernel
regression results, are smoother than the ones of MLP. The better smoothness observed in our
analysis may explain the better generalization ability of ResNets and the practice of moderately
attenuating the residual blocks.
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1. Introduction

Deep neural networks have led to a major improvement in various fields. The advance in the network
performance is tightly related to the introduction of various novel architectures (Krizhevsky et al.,
2012; Simonyan and Zisserman, 2015; He et al., 2016; Huang et al., 2017; Tan and Le, 2019). A
prominent model among them, which has led to a major leap in performance, is the deep residual
network, known also as ResNet (He et al., 2016). It has introduced the usage of the skip connection,
i.e., an identity path in the network that adds to the output features of a given layer its input features.
This simple change enables effectively training much deeper networks, which eventually leads to
improved results.

Different efforts were dedicated to explaining the success of ResNets. These mainly focused on
the optimization aspect of ResNets, namely, e.g., claiming that it is “easier” to train a network with
skip-connections as it enjoys a better loss surface (Li et al., 2018) or that ResNets overcome the
problem of vanishing gradients (Veit et al., 2016). Yet, analyzing deep networks rather than shallow
ones has remained a major challenge.

Recently, Jacot et al. (2018) have shown that, under certain conditions (one of them is strong
over-parameterization), training a deep neural network with gradient descent can be characterized by
kernel regression with the neural tangent kernel (NTK). Essentially, this approach can be understood
as a linearization (first-order Taylor series expansion) of the network’s output with respect to its
parameters around the initialization. It should be noted that the NTK is not the nominal regime of
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the non-linear learning capabilities of deep neural networks (e.g., like classical kernels (Scholkopf
et al., 2002), its feature mapping does not adapt to the data and it has not been shown to reach the
performance of powerful deep networks (Chizat et al., 2019)). Yet, the NTK can be used to identify
or provide tractable analyses for phenomena that are also observed in other deep learning settings,
such as achieving zero training loss (Jacot et al., 2018; Chizat et al., 2019; Lee et al., 2019; Arora
et al., 2019b) and faster learning of lower frequencies (Basri et al., 2019).

As the NTK formulas depend on the network architecture, most of the NTK works consider the
classical multilayer perceptron (MLP), a plain feed-forward network with fully connected layers
(Jacot et al., 2018; Chizat et al., 2019; Lee et al., 2019; Arora et al., 2019a; Basri et al., 2019; Bietti
and Mairal, 2019; Williams et al., 2019; Geifman et al., 2020; Chen and Xu, 2020; Bietti and Bach,
2020). Yet, some recent papers compute NTK expressions for other architectures (Arora et al.,
2019b; Yang, 2019a, 2020; Huang et al., 2020; Alemohammad et al., 2020; Hron et al., 2020).

Contribution. In this paper, we develop the NTK for a ResNet model. After obtaining the
formulas for the infinite width limit at initialization, we prove the stability of empirical NTK during
training with gradient descent (and other common NTK assumptions), which implies that the trained
ResNet model is indeed characterized by its NTK. Note that proving stability during training is the
key result that allows NTK-based analysis of neural networks. Yet, it is missing in a recent paper
(Huang et al., 2020) that also considered a resembling ResNet model (more details are in Section 3).

By comparing the ResNet NTK and the MLP NTK for ReLU activations, we find that ResNet
promotes smoother interpolations than MLP (without using any explicit regularization), which adds
to other advantages of ResNet described in previous works. Our smoothness findings are based
on different evaluation methodologies, such as visualizing the kernel of each model (which is data-
independent), comparing uniform upper bounds on the norm of the models’ Jacobians after training,
and comparing kernel regression results (specifically, interpolations) for the different NTKs. In
the latter methodology, we use approximate £2-norm of the second derivative of a function as
a quantitative measure for its smoothness. Finally, we show that for ReLU-based networks the
smoothness advantage of ResNet is also observed outside the NTK regime.

Our analysis may be related to the better generalization ability of ResNets over MLP, as there
is prior work that connects fitting the training data with a smoother function to better generalization
error (under some smoothness assumption on the target function) (Lu et al., 2019; Giryes, 2020;
Xie et al., 2020). We also show that the smoothness distinction between the two models can be
increased by moderately attenuating the residual blocks when summing them with the skip connec-
tions. Indeed, this practice has been shown to improve the training and generalization robustness of
ResNets in a recent empirical classification study (Zhang et al., 2019) and its follow-up work (Yang
et al., 2020).

2. Background and Related Work

This section presents the NTK of a plain MLP with some of its results. Consider an MLP model
with L hidden layers, input x € R%, parameter vector 8 := vec({W (1), and output f(x; 8) € R¥,
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given by

g = Tv wOxED  y_1 ... L (D
V-1

xO =p@E®), =1,...,L
0) — f(x.0) = oL+ — v yw(L+1)y (L)
x\V = x, x,0) = = x\,
(x,0)=¢g N3
where ¢(+) is an element-wise activation function, o, is a positive hyperparameter that scales the
standard deviation of {W(Z)}, WO ¢ Ruxne-1 p = (, nr+1 = k, and all the weights are
initialized by the standard normal distribution Wi(f) ~ N(0,1). Tt is assumed that the input is
bounded ||x||2 < B.
At initialization, when ni,...,n; — oo each pre-activation g(e) (x), and thus also f;(x) =

i
gZ(LH)(x), is a stochastic Gaussian Process (GP) with zero mean (Neal, 2012; Lee et al., 2017).

Denote the GP kernel (covariance) of this process by K(“t1)(x, %) := Eg [gz-(LH)(x) gl-(LH)(f{)]
(note its independence of the entry index 7). We have that

Filx) fi(%) 0 4D (x R),

where the limit should be interpreted in the almost surely sense. Since Eg [gi(LH) (x) g§L+1) (5()] =
0 for ¢ # j, for multidimensional output, we simply have

F(x)fT (%) 2L 4D (x, %) @ Ty,

where ® is the Kronecker product. The GP kernel of the MLP above can be computed using the
following recursive expression (Jacot et al., 2018; Lee et al., 2017; Yang, 2019b)

(L) (L) (x. %
K(L+1) (X, 5'() — 0_2 T ( |:K (X; X) K (xy X):| > : (2)

where T'(3) := E(, )nr(0,3) [0(w)(v)].
Recently, a new type of kernel has received much attention, namely, the NTK (Jacot et al., 2018),
which is defined as O/ 1) (x, %) := g <W, W> where n1.;, — oo. Similarly to the GP

kernel, it can be shown that at initialization <af18(2’9), of zégz’a) ML, @)

et al., 2018; Arora et al., 2019b; Yang, 2019a, 2020). (The extension to multidimensional output is
done again by Kronecker product with Ij,). Note that the significant impact of NTK is mainly due
to the fact that it can be used to characterize DNN training with gradient flow or gradient descent
(with small enough learning rate) (Jacot et al., 2018; Lee et al., 2019; Arora et al., 2019b).
Specifically, given the training data D = (X, ) (where (X,Y) = ((x1,¥1),-- -, (Xjx|: ¥|x|)
are the training samples {x;} € R? and their associated labels {y;} € R¥) and a loss function
{(+,-) : RFxR* — R, consider learning @ by minimizing the empirical loss £ = > (xiyi)ep LE(xi:0),yi)
using gradient descent with learning rate n. This can be written in continuous time (for simplicity) as

x,X) (Jacot
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: o T
0, = —n% Ve(x.0,)L, where £(X;0;) = vec({f(x;;0¢) }x,ex) € RFIXIXT I the function
space, we have

. of(X;60,) .
f(x;0,) = (%t)et 3)
Of(X;0,) Of (X;0,) "
BT oo rxent

Under appropriate conditions, it can be shown that af(g(éet) 6f(g9’9t) LT, © ® I, where

O c RI¥XIX with ©;; = @(L“)(xi, x;). In other words, the dynamics of the output function in
(3) turns into a simple ODE with respect to f(X'; 8;) based on the constant NTK. For squared /5
loss this is even a linear ODE with a close-from solution. In this case, fitting scalar labels {y;} is
reduced to /5 kernel regression, which has the following closed-form solution

fx)=k(x)'0 1y, 4)

where k;(x) = @D (x,x;) and y = [y1,. .. ,y|p|]T. A more general study on linear behaviour
of non-linear models, which takes into account under-parameterized models and the effect of the
scaling used in initialization, appears in (Chizat et al., 2019).

Finally, the NTK of the MLP model in (1) can be computed using the following recursive
expression (Jacot et al., 2018)

: (L) @) (x. %
(L) (o 2y — (L) (¢ 2 (L) (v =Y. -2 K% (x,x) K'Y (x,%)
) (x,x) =K (x,%x) + 0" (x,%) 05T ([K(L)(X, %) KO ) (5)

where T'(X) := E(u,0)~ar(0,3) [¢' (1)@’ (v)]. Note that T'(3) and T(X) have closed-form expres-
sions for the ReLU and erf activation functions. For completeness, their expressions for ReLU,
which are due to (Cho and Saul, 2009), are provided in Appendix D.

3. NTK for ResNet

We turn now to develop the ResNet NTK. Consider a ResNet model with L non-linear hidden layers,
input x € R?, parameter vector 0 := vec(wL+tD) (WO} (VO] U), and output f(x;0) € R
given by

0 = Tw g1 p_
g \/ﬁW X , £=1,...,L (6)
x(O = x(€=1) 4 a%v<€>¢(g<€>), (=1,...,L

1

<0 = L ux f(x,0) = gD = UG L)TR(L)

-V Vn

where ¢(-) is an element-wise activation function, o, and o, are positive hyperparameters that scale
the standard deviation of {W ()} and {V(}, respectively, and « is a positive hyperparameter that
weighs the residual block. WO v g Rrxn w+l) ¢ Rr U e R™ 4, and all the weights
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are initialized by the standard normal distribution wZ(LH), Wz.(f), Vigﬁ)7
that the input is bounded ||x||2 < B.

A few remarks are in place. First, we assume scalar output for simplification, and the extension
to multidimensional output is straightforward as shown in Section 2. Second, note that we lift

the input dimension from R? to R"™ using x(¥) = %Ux. This lifting is unavoidable as the NTK

Uij ~ N(0,1). It is assumed

analysis requires that the width of all intermediate layers approaches infinity. Third, the weights
{V(f)} are necessary for the proof technique and for obtaining closed-form expressions for the
ResNet NTK. Specifically, V(©) breaks the correlation between x(‘~) and ¢(g(£)) which leads to
(relatively nice) formulas for the GP kernel and NTK with closed-form expressions in the case of
ReLU activations. Also, as explained in Appendix A, the multiplication of ¢(g(€)) by VO allows
us to use general convergence results from (Yang, 2019b,a). In contrast, ResNet models that do not
multiply the nonlinear activations by {V(Z)} get complicated recursive equations for their kernel
with no closed-form analytical expressions even for ReLU activations (Du et al., 2019), or do not
provide kernel expressions at all (Zhang, 2019). Thus, they have no possibility to observe the shape
of this kernel and obtain its kernel regression results (contrary to our ResNet NTK).

Lastly, a similar ResNet model is considered by (Huang et al., 2020). Yet, they assume that
the weights of the first and last layers are fixed, and they do not include a proof that when training

this ResNet model with gradient descent/flow the limiting NTK stays the same as the one in the
Of(X;0,) Of(X;0,) T n—roo
00 00

initialization (i.e., ®). Note that this missing result (proven here in
Theorem 5, using Lemma 4) is perhaps the most important property of NTK-based analysis of
neural networks. Another difference between the works is that we use the derived NTK to compare
the ResNet with MLP in terms of smoothness for a similar fixed depth (i.e., fixed L), while Huang
et al. (2020) examine the NTKs expressions for I. — oco. In fact, note that the NTK regime for MLP
requires L to be finite (Hanin and Nica, 2019; Littwin et al., 2020).

Denote the empirical (random, finite-width) GP kernel and NTK at initialization by K éLH) (x,%) =
f(x;00)f(x;0p) and é(()L+1)(X, X) = <8f (géeo), of (géeo) > respectively. Our first results state the
GP kernel and NTK at initialization when n — co. While these results are asymptotic, in Section 4
we present numerical experiments where the behavior of practical finite width networks correlates
with the asymptotic NTK analysis. Yet, non-asymptotic results may be obtained using concentra-

tion bounds, as done for other kernel approximation techniques (Sriperumbudur and Szabd, 2015;
Koppel et al., 2019).

Theorem 1 (GP kernel at initialization) Consider the ResNet model in (6). We have K"V (x, %)
N KIAD(x, %) := Eg [f(x; 0) f(X; 0)], where KLV (x, %) can be computed recursively as
following:

)

(L) (D) (x. %
K(L+1) (X, )NC) _ K(L) (X, )~() + 0120'12}0'1201—‘ ( |:K (X7 X) K (X7 X):| > ’

KB (x,%x) KW (x,x)

02
KW (x,%) = wach.

Theorem 2 (NTK at initialization) Consider the ResNet model in (6) and let the element-wise

non-linearities be bounded uniformly by elew?=¢) for some c, e > 0. We have that égLH) (x,%) oo,
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O+ (x, %) := g <%, 8fg§9) >, where ©L+1) (x, %) is given by

0+ (x, %) = K+ (x, %) + IO (x, %) - KV (x, %)

L
+a02 3" 10(x,%) - (E(“l)(x, %) + KO (x, %) - 5 (, 5()) @)
/=1

such that
0) 0 (x. %
(D) (%) — 202 K¥9(x,x) KY(x,x)
3 (x,%) UvaquK(@(x,fc) KO(x,%)| )’
~ L ([KO(x,x) KO (x,%)
(e+1) — o202 ’ 7
by (x,X) avaT< KO (x,%) K(ﬁ)(i,f{)])’ ®

expression

0 (x, %) = T (x, %) (1 + a5+ (x, 5()) , (10)

The proofs of the theorems can be found in Appendix A. Theorems 1 and 2 provide kernels that
are associated with the considered ResNet model. Both of these kernels can be used in applications
of kernel methods (Schélkopf et al., 2002). Yet, in what follows we show that the special property
of the NTK holds also for our ResNet. Namely, that under appropriate conditions, the limiting NTK
stays constant even during gradient descent training of the ResNet. Therefore, as discussed below
(3), the network function during and after training can be characterized by kernel regression with
the NTK.

Let 0, denote the parameters at time step ¢. Given training data D = (X', )) (where (X,)) =

((x1,91),-- -, (Xjx|, ¥|x|)) are the training samples {x;} € R? and their associated labels {y;} €
R), we make the following shorthand notations
£(0;) = vec({f(xi; 0)}x,cx) € R¥L (11)
e(8;) = f(8;) — Y e RI*I,
of(0y) Py
J(6,) = —- e RI¥Ixl6l,
(1) 20 €

The empirical |X'| x |X| NTK Gram matrix is defined as
O, :=0,(X,x)=3(0,)3(0,)". (12)

From Theorem 2 we have that O 70 @ e RIXIXIX with 0 = G(L“)(xi, X;).
In Theorem 5 below, we show that when training the ResNet using the loss function £(0) =
3 2 (xs e (f (%05 0) — y;)*> = 3| le(6)[3 and gradient descent with small enough learning rate 1,

we get sup||@; — Ol = O(ﬁ), which implies ©; 272% @. To obtain the result sup||®; —
t t

@0 lr= (’)(ﬁ) we extend the strategy of (Lee et al., 2019) from MLP to the ResNet. The extension
is based on the following two lemmas.
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Lemma3 Let W be an m X n random matrix whose entries are independent standard normal
variables. Then for every t > 0, with probability at least 1 — 2exp(—t*/2) we have

Vm —v/n =t < Apin(W) < Anae(W) < Vm+v/n+t, (13)
where \pin (W) and Ao (W) denote the smallest and largest singular values of W, respectively.

Lemma 4 Consider the ResNet model in (6) initialized with 0y, and assume that the activation
function ¢ satisfies |p(z)| < ¢ (2)] < Cypand |p(z) — ¢(2)|, 19" (2) — ¢'(2)] < Cylz — Z|,
for some Cy > 0. Then, there exists a K > 0 (that does not depend on n) such that for every
C > 0 and n > C?, with high probability over the random initialization, the following holds for
all 8,0 € B(0y,C) := {6 : |0 — 6|2 < C}

13©O)r < K, (14)
13(8) = 3Ol < K|6 — B]l2.

Lemma 3 is adopted from (Vershynin, 2010) (Corollary 5.35 there). It is used to prove Lemma 4
and will be used again later in this paper. Lemma 4 extends the “MLP version” that appears in (Lee
et al., 2019) to the considered ResNet model. Yet, due to the structure of the ResNet that is much
more complex than for MLP, the proof of Lemma 4 is more complex and is deferred to Appendix B.
Using Lemma 4, we have the following theorem.

Theorem 5 (Stability of the NTK during training) Consider the ResNet model in (6) with acti-
vation function that satisfies the conditions from Lemma 4. Assume that A\, (©) > 0, the training
set D = (X,)) is contained in some compact set and x # X for all x,x € X. Then, for 9 > 0
there exist Ry > 0, N and K > 1, such that for every n > N when applying gradient descent on
L(0) = L||e(8)||3 with learning rate ng < 2(Amin(©) + Az (©)) ! the following holds with
probability at least 1 — &g over the random initialization

t
le(@0)]l2 < (1= B Anin(®)) Ro, (15)
t
3K Ry
Z 10; —8;-1]l2 < ma

6, — 6y = KT
Sl;pH ! OHF Amzn(@)n

3KRO

Proof The proof is based on induction and applying Lemma 4 with C' = X . Essentially, it
is an extension of Theorems G.1 and G.4 in (Lee et al., 2019) from MLP to the con51dered ResNet
model. Notice that while the proof of Lemma 4 (local boundness and Lipschitzness of the gradient)
is very different for different network architectures (e.g., ResNet), the other steps that are required
to prove these theorems do not depend on the network model. |

Note that the first line in (15) implies convergence to zero training loss, the second line implies
stability of the weights during training (the bound on their amount of change does not depend on
the network width n), and the third line shows the stability of the NTK Gram matrix, which implies

A 700 .
©®, ——— 0, as discussed above.
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4. Comparing the Smoothness of ResNet and MLP NTKs

In this section, we compare the smoothness of the results of ResNet and MLP in the NTK regime
(and beyond) using different evaluation methodologies. The smoothness property of a learned func-
tion (especially, of an interpolation) is of interest also because prior works have connected it with
better generalization (Lu et al., 2019; Giryes, 2020; Xie et al., 2020). We start with comparing uni-
form (i.e., for any input) upper bounds on the norm of the models’ Jacobians after training, which
is possible due to the NTK regime. This analysis formally shows that decreasing « in the ResNet
model limits the non-smoothness of the learned function and reduces its associated bound below
the bound obtained for MLP. Therefore, we examine different values of « also in other evalua-
tion methodologies, such as kernel visualization and measuring the smoothness of NTK regression
outputs by an approximated £2-norm of the outputs’ second derivatives.

Throughout this section, we focus on the distinction between MLPs and ResNets for ReLLU
activations, which are extremely popular in practice, and for which T'(K) and T (K) in the GP kernel
and the NTK have closed-form expressions (see Appendix D). The smoothness distinction may not
exist in other cases, such as when the activations are the identity function (then, the networks merely
learn linear maps), or when the activations are the smooth erf function (see Appendix E).

4.1. Comparing Bounds on Models’ Jacobians

In the NTK regime, i.e., when the conditions of Theorem 5 hold, we get from the second line in (15)
that for any ¢ we have 8, € B(0, %), which by Lemma 3 implies that for \/n > /\35 ](%(‘i))

the parameters in the NTK regime are tightly connected to their Gaussian initialization. Formally,

recall that 6y = VeC(W(()L+1), {W((f)}, {V(()e)}, Uy), where all the elements in 6 are i.i.d. standard
normal. Let @ € B(6y, C'). Therefore, the spectral norm of W) obeys

YA ¢
WO < W + WO —w)| (16)

<2yn+t+C < 3yn,

where the first inequality uses the triangular inequality, the second inequality uses Lemma 3 and
WO — WP < WO - WPz < 0 = 6g|]2 < C, and the last inequality holds with high
probability for \/n >> C. Using the same arguments we have |V | < 3/n, |U|| < Vd + 2v/n
and |[w{L+D |5 < 24/n. This mean that, in the NTK regime (of both ResNet and MLP) the spectral
norm of the weights can be easily bounded. This is in contrast with the general case where there is

no convenient way to control the weights of DNNs after training.

Using these properties of the NTK regime for finite, yet large n (namely, /n > %),
we show the benefit of using small values for the hyperparameter o in ResNets. The advantage of
this setting has been empirically demonstrated for classification by Zhang et al. (2019) (outside the
NTK regime). An indicator of the smoothness of a (trained) network f(x), which is also amenable

to analysis, can be the maximal norm of the network’s “input-output Jacobian” sup Ha% f (X)H2
X

(similarly to the way Lipschitz continuity of the gradient is used in the optimization literature).
Smaller upper bound on this quantity can be interpreted as higher smoothness.



KERNEL-BASED SMOOTHNESS ANALYSIS OF RESIDUAL NETWORKS

Considering the ResNet model in (6), we have

5 af ox®  ax™M 9x(©)
87XfResNet(x) T ox@ oxT-D) T 9x0)  ox

— f w(EADT <1j ( V©diag {¢f<g<e>)} ;%W<e>>> \}gU-

Let us bound sup H S ResNet (X

a7

)

o 12 x Tu || - 0l T8 v O ey ©
o et < Gt Dl 01- IT (10 v Jiwr ) s
L
< —22yn— (f+2f) 1+ a0y 223v/nT%3vn
\F Vd ﬁ( d’f ND )

< 20’w(1 + 2\/5) (1 + 9aC’¢UU0w)L := BResNet-

It can be seen that a smaller value of « decreases the bound Which hints that it encourages fRresNet (X)
to be smoother. Note also that H a%f ResNet (X H = v/n) (which we got due to the fact that, as
done in all NTK models, the weights U that are apphed on the input are normalized by the input
dimension % rather than by ﬁ). This factor is not surprising, since we proved that under rather
mild conditions on X, the ResNet can fit any training data in the NTK regime, and thus the slope of
SResNet (X) is not bounded by a constant number. Therefore, to obtain a more formal result on the
advantage of small «, let us relate the above result to the one that is obtained for MLP, which also
has the same \/% factor because of the normalization of the first layer.

Considering the MLP model in (1) with n; = ... = ny = n and scalar output, we get the
following input-output Jacobian

P af ox)  ox(V ox©
a;fMLP(X) ~ ox(D oxT-1) " 9x(0) ox

L
_ Tw S(I+)T ; TGN QAT VI OR IEE (e | Tw a7 (1)
= \/ﬁw + (gdlag {gb (g )} \/ﬁW > diag {qzb (g )} \/QW .

19)

Let us bound sup H %fMLP (x)]|., (recall that WO e R"%d jn the MLP)
X

I

Ow

IIIW“ [ (20)

‘;{fMLP(X)

Ow
sup < —=[lwE C¢\[HW W HC

2V

\F2\/>C¢\[(\/>+2f HC¢I

< 20¢O’ (1 + 2\/;) (3C¢O'w) = BumLp.
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ResNet NTK
°
s
f(x)
f(x)

-3 -2 1 2 3 -3 -2 -1 [ 1 2 3 -3 -2 -1 0 1 2 3

o
Angle(x,x") x x

(a) Empirical and asymptotic NTK (b) Interpolation with 6 samples (C) Interpolation with 10 samples

Figure 1: Empirical (finite width of n = 2000 and 30 different Gaussian initializations) and asymp-
totic NTK for ResNet with L = 5 nonlinear layers, ReLLU nonlinearities, o = 0.1, o, = 0, = 1,
for inputs on the sphere (circle) in R2. (1(a)): The kernel shape. (1(b))-(1(c)): Interpolation using
the closed-form NTK solution and using gradient descent training of the finite-width ResNet (5K
iterations with Ir 0.05 in (1(b)), and 10K iterations with Ir 0.5 in (1(c))).

Comparing (18) and (20), we can compute the value of o for which Bresnet < Burp. We
assume that the value of the constants o, 0,, and Cy is 1, as common in practice. Specifically,
Cy bounds the expansiveness of the activation function ¢(-) and its derivative (see Lemma 4), and
equals 1 for the widely used ReLLU activation. The hyperparameters o, and o,, scale the weight
matrices, and setting o, = 0, = 1 coincides for square matrices with the popular Xavier’s Gaussian
initialization (where the standard deviation of the entries is 1/1/n, as appears in our models). Thus,
we get

Bresnet (1 +9aCy0,00)" (14 9a)F o
BMLP - 3L71(C¢O-w)L - 3L-1

31—1/L71
<1 <= aﬁf

We can see that a moderate value of «, such as 0.1, implies Bresnet < Bwmpp for any L > 3.
Interestingly, this is the fine-tuned value that has been used in the empirical classification paper by
Zhang et al. (2019). Note that for a — 0 the residual blocks cannot be trained. Thus, using too
small « is not recommended in practice. Even in the NTK regime we have observed no advantage
in extremely low «. Finally, (21) hints that if « is small (e.g., smaller than 0.1) then increasing
the number of nonlinear layers L will increase the smoothness advantage of the ResNet NTK. This

behavior is also demonstrated empirically in the sequel.

4.2. Comparing the Kernels and their Interpolations

In this section, we compare the smoothness of the ResNet NTK and the MLP NTK by visualizing
the kernel of each model (which is data-independent if the input norm is fixed), and by comparing
the interpolations obtained by kernel regression with the different NTKs. For a given interpolation f
with a scalar input € [—7, 7] and a scalar output, we scale it to unit £2-norm, f := f/|| f|| z2, and
use an approximate £2-norm of the second derivative of f as a quantitative measure of smoothness
(where a smaller value is interpreted as higher smoothness). We empirically find this measure to be
richer than first-derivative quantities, like sup, | f(z)| that is more tractable for analysis (as we have

10
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NTKs

—— ResNeta=0.5
—— ResNeta=0.1

a [ 2
Angle(x.x)

(Cl) NTKs (normalized to unit peak) L = 5 (b) Interpolation with 6 samples L = 5 (C) Interpolation with 10 samples L = 5

NTKs

——: NP

ResNet =1
—— ResNeta=0.5
—— ResNeta=0.1

- Angleu(x,x') '
(d) NTKSs (normalized to unit peak) L = (e) Interpolation with 6 samples L = 15 (f) Interpolation with 10 samples L = 15
15
Figure 2: NTKSs for MLP and ResNet (for different values of o) with L = 5 (top) and L = 15
(bottom) nonlinear layers, ReLU nonlinearities, o, = o,, = 1, for inputs on the sphere (circle) in
R2. (2(a)),(2(d)): The kernels shape. (2(b))-(2(c)), (2(e))-(2(f)): Interpolations by the closed-form
solutions, measured by y(-) defined in (22). Note that the legend in (2(a)),(2(d)) applies to all the
figures.

done above) but is affected by linear slopes of f and cannot sum the effects of multiple nonsmooth
points. -
We numerically approximate || || .2 as follows. We densely sample f at N = 4096 “test sam-

X

ples” with equal spacing Az = %, ie., atz, = ¢Az withg = —N/2,..., N/2 — 1. We compute its
normalized version f = f/[|f[|z2, where || fllz2 = (5= 32, [ (x4)[?Az)?5. As the interpolations

in our experiments are periodic (f(—7) = f(m)), we utilize the Fourier series representation of f
to mitigate numerical computation issues of discrete derivatives. We approximate the kth Fourier

coefficient ¢j, = % fjﬂ f(x)e_j’”da: by % Zé\;/ivl/z f(a:q)e_jkq%/NAa; = %FFT[{f(:cq)}](k)

Thus, denoting FET[{ f(z,)}](k) by F(k), we approximate || f”| s> by

1 N/2—1 2
wh=\xz 2 FEHUF®P) (22)
k=—N/2

where we used Parseval’s identity and the property that the kth Fourier coefficient of the rth deriva-
tive of f, f("), is given by (jk)"c;, (Where ¢y, is the kth Fourier coefficient of f).

Note that scaling a kernel by a scalar factor does not change its kernel regression result f and
thus also p(f). Therefore, we found the measure u(f) to be more informative than, e.g., compar-
ing the FFTs of the ResNet and MLP NTKs (we observed that with large/small enough factor the
magnitude of the FFT of each of them can be placed on-top/below the other).

11
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—t— MLP| . MLP)
ResNet a =1 ResNeta=1
—— ResNeta=0.1 — ResNeta=0.1

f(x)
fix)
fix)

— MLP
ResNeta=1
—— ResNet a=0.1

-3 -2 -1 o 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 4 1 2 3
% X x

(a) Interpolation with 6 samples (Adam) (b) Interpolation with 6 samples (SGD) (C) Interpolation with 10 samples (SGD)

Figure 3: Empirical interpolations of MLP and ResNet (for different values of o) with L = 5
nonlinear layers, ReLU nonlinearities, o, = o, = 1, for inputs on the sphere (circle) in R?. We
use practical models with width of n = 500, 30 different Xavier’s Gaussian initializations (instead
of normalizations by 1/4/n) and 1K iterations of SGD/Adam optimizers.

Before comparing with the MLP, we visualize the theoretical NTK results for ResNet (similar
visualization of the NTK theory has been shown only for MLPs, e.g., in (Jacot et al., 2018; Lee
et al., 2019)). Figure 1(a) shows the concentration of the empirical NTK (for 30 different Gaussian
initializations) around the asymptotic expression given in (8), for the ResNet model with L = 5,
ReLU nonlinearities, « = 0.1, o, = 1, 0, = 1, and width of n = 2000, for inputs on the
sphere (circle) in R2. Figures 1(b) and 1(c) show that the results of kernel regression (4) with
the asymptotic NTK are very similar to the interpolations learned by the ResNet (for 30 different
Gaussian initializations, when we use gradient descent with step-size 0.5 and 0.05 for 6 and 10
training samples, respectively).

We turn to compare the NTK results for MLP and ResNet, which are given in (5) and (8),
respectively. We use o, = 0, = 1, ReLU nonlinearities, and inputs from the circle. We modify the
number of nonlinear layers, L, as well as the hyperparameter « in the ResNet. In the interpolation
results (where we use (4)) we also modify the amount of given samples and measure the smoothness
of each resulted f with p(f) defined in (22). The results are presented in Figure 2.

It can be seen that decreasing « yields a smoother ResNet NTK with smoother interpolation
results. For @ = 1 the ResNet NTK is more similar to the MLP NTK, but even then it appears
smoother and less “edgy” than the MLP. Moreover, for the MLP NTK, increasing L clearly reduces
the smoothness (as observed both visually and by the increase in u). For the ResNet NTK this effect
is moderate for o = 1, and almost unseen for o« = 0.1.

More results and details are presented in Appendix C, including showing that an extremely small
value of o does not significantly affect the kernel shape and smoothness compared to the moderate
a = 0.1. In Appendix C.2 we also present several visual results for a two-dimensional input and
accuracy results for binary classification of high-dimensional input (MNIST data).

4.3. Results Outside the NTK Regime

Finally, we demonstrate that the observations that are made for the NTK regime carry also to other
settings. We consider MLP and ResNet with L = 5 nonlinear layers and width of (only) n = 500
neurons. We replace the NTK initializations (including the normalizations by 1/+/n) with Xavier’s
Gaussian initialization (this mainly affects the first and last layers), and instead of gradient descent

12
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= S N ResNet a =1 137 — ResNeta=0.1
10 10 4 10
g o B oo J— B oo
—0.5 -0.5 + */ [ * -0.5
-1.0 -1.0 A\ h = -0
((1) Interpolation by MLP (Adam) (b) Interpolation by ResNet o« = 1 (Adam) (C) Interpolation by ResNet & = 0.1
(Adam)

Figure 4: Empirical interpolations of MLP and ResNet (for different values of o) with L = 5
nonlinear layers, ReLLU nonlinearities, o, = o, = 1, for inputs on the sphere (circle) in R2. We
use practical models with width of n = 500, 5 different Xavier’s random Gaussian initializations
(instead of normalizations by 1/4/n) and 1K iterations of Adam optimizer.

15 ResNet a=1 —— ResNeta=0.1

f(x)
°
S

f(x)
g

(a) Interpolation by MLP (Adam) (b) Interpolation by ResNet o = 1 (Adam) (C) Interpolation by ResNet a = 0.1
(Adam)
Figure 5: Empirical interpolations of MLP and ResNet (for different values of o) with L = 5 nonlin-
ear layers, ReLU nonlinearities, o, = 0, = 1, for scalar (1D) inputs. We use practical models with
width of n = 500 and biases, 5 different PyTorch (default) random uniform initializations (instead
of Gaussian initializations and normalizations by 1/4/n) and 1K iterations of Adam optimizer.

we perform either SGD (with Ir 0.01) or Adam (with the default parameters stated in (Kingma and
Ba, 2014)) on “mini-batches” of size 1. We emphasize that we do not use any explicit regulariza-
tion (such as batch-normalization or weight decay). The results for 30 different realizations of the
initialization are presented in Figure 3.

Despite the discrepancy between these settings and the conditions that are required for the NTK
regime to hold, we see similarity in the results. Even in these settings, it is clear that moderately
decreasing « yields smoother interpolation results for the ResNet. For o = 0.1 the results of
ResNet are much smoother than those of MLP. For o = 1 the results of ResNet are more similar to
the results of MLP, as observed the NTK regime. Yet, with Adam optimizer the results of ResNet
are smoother also with & = 1. As mentioned above, a detailed empirical study on the use of small
values of a (outside the NTK Regime) for classification tasks has been done in (Zhang et al., 2019).
Our work can be regarded as an NTK-based support for this approach.

Next, we repeat the numerical experiments with 20 samples. In Figure 4 we present the interpo-
lation results for different Xavier’s Gaussian initializations, where the input to the networks is 2D

13
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points on the circle, as done in the previous experiments. The optimization method is 1K iterations
of Adam with Ir 1e-4 and “mini-batches” of size 1, where we save the model with minimal training
loss.

In Figure 5 we take a step farther. We add bias to all the layers and feed the networks with
plain scalar input. We replace the NTK initializations (including the normalizations by 1/y/n)
with PyTorch default uniform initialization (which is similar to Kaiming’s initialization). Again, we
optimize by the Adam method, as mentioned above (recall that the theory requires gradient descent).

Despite the discrepancy between these settings and the conditions for the NTK regime, we see
similarity in the results: The interpolations of the ResNets are smoother than those of the MLP.

5. Conclusion

In this paper we developed the NTK for a ResNet model and proved its stability during training
with gradient descent (under common NTK assumptions). As the smoothness of interpolators can
indicate better generalization (Lu et al., 2019; Giryes, 2020; Xie et al., 2020), we compared the
smoothness properties of ReLU-based ResNet and MLP in the regime where training them can be
characterized by kernel regression with their associated NTKs. Our smoothness examination, which
is based on different evaluation methodologies, shows that ResNet, especially with moderately at-
tenuated residual blocks, yields smoother interpolations than MLP in the NTK regime. We also
showed that this smoothness advantage of ResNet can be observed outside the NTK regime, i.e.,
when the settings differ from the NTK assumptions.

Our NTK analysis has captured the advantage of reducing the skip weighting factor o. One may
inquire whether it is possible to use the NTK regime for finding other new improvements to ResNet.
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Appendix A. Proofs for Theorem 1 and Theorem 2

Note that the structure of the ResNet model in (6) shares similarities with the plain MLP model
in (1). For example, due to the central limit theorem when n — oo each pre-activation gy)(x) is
a stochastic Gaussian Process (GP) with zero mean and deterministic GP kernel (covariance), just
like in MLP. Indeed, extension of the “convergence at initialization” results of GP kernel and NTK
for models beyond MLP has been shown in several works.

Specifically, the convergence of the GP kernel and NTK of the ResNet model that is considered
in this paper follows from the general results of (Yang, 2019b,a). This can be done because our
ResNet model follows the NETSOR approach (Yang, 2019b,a): It is built from A-vars (iid Gaussian
weights distributed as N (0, %‘21) for some o,), g-vars (Gussian vectors with iid entries given by
multiplication of A-var with h-var or by sum of other g-vars) and A-vars (element-wise nonlinearity,
bounded uniformly by (=9 for some c,e > 0, applied on g-vars). For example, in our model
x(0) is g-var as the input can be considered as h-var, and then recursively x® is g-var as it equals
g-var + A-var X h-var. Therefore, it remains to compute the limiting kernels.

A.1. Computing the GP kernel for ResNet

To simplify the notation, we add the tilde symbol above each term that depends on the input X
(rather than on x), e.g., % denotes x(z)(i). We will repeatedly use “total expectation”, both for
eliminating the cross-terms in E <x(€),§<(£)>, i.e., for E <x(5_1),V(4)¢(g(z)> = 0, as well as for
exploiting E [VOTV®] = E [WOTWO] = nI, and E [wLHDwADT] = 1,,.

First, note the identity

2

where wl@T denotes the ith row of W), Therefore, we have
2

K (x,%) = E [g(L'H) g<L+1>] — Jug <x<L>, i(L)> . (A2)
n

Using x() = x(¢=1) 4 Q%V(ﬁ)gb(g(z)) and E <x(3_1),V(6)¢(g(3)> =0, we get

2 2 2

K (x,5) = TvE <X<L—1)7,~<<L—1>> L 2% % <V<L>¢(g<L>)’V<L>¢(g<L>)> (A3)
n n n
0.121} < 2 2

X(L—l),i(L—1)> 122wy <¢(g(L))7 ¢(g(L))>

" n
=& o157 + 00207 [o(o0(5(")]
KE®(x,x) KBP(x, i)})

I
=

B)(x,%) + a?0202T <[

We also have

3 |

2 2
KW (x,%) = 2vE <x<0>,5<<0)> —Jw g [XTUTUSC} = TwyTx (A4)
n
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A.2. Computing the NTK for ResNet

To simplify the notation, we add the tilde symbol above each term that depends on the input x (rather
than on x), e.g., x(©) denotes x() (). Recall the parameter vector 8 = vec(wL+tD) {W©} {VO} U).
Therefore, we have

- 0f(x;0) 0f(x;0

Ol (x,%) = E< fée ) féo )> (A.5)

~ ~ L ~ ~

_ of of af of af of of of
=" <aw<L+1> " gw (L) > e <8U’ au /)~ ;E > aw® ) TE\ Gy ave

Clearly, - ( o +1) = gw((LLTI)> = \/%X(L)T_ To express the other derivatives let us define
T
af o ox(L) ox (1)
) . fw (L+1)T

0 = X(e)f < )> = (\/HW aX(L_l) 8X(£) s (A.6)

End note that from x(©) = x(¢=1) 4 a%V“)qﬁ(g(z)) = x(=0 4 Q%V(@qﬁ(%w(@x“_l)) we
ave

ox0 Ow
=L+ aTV(@dlag {qﬁ’(g“))} %W“). (A7)

Other necessary derivatives are given by

0.0 I 0D 00g))) ZV@ "
oW = dp(g,) OWE

(A.8)

3

0
2| xEDT gt TOW j
0

£)
. ‘/;(1 d)/( ) -1 o
— v Tw : — a2 %Y Giag {¢/(g<z>)} v{Ox(E=DT,
viyn V(f) o( (Z)) (e-1)T
in gn" )X

oz ot 0 TO 4
VO :aﬁ o(g") Oat row 4| ,

(¢

where v, )T denotes the ith row of V(. This yields

of <~ af oal To T

Yy Yy oYy Y Yw . /(5 (0) T 50, (—1)T
O O VCH a\/ﬁx/ﬁdlag {¢ (8 )}V o ’ Ao

of " 9f ozt o
A =7 FOPYOMN
oV Z; 020 v ~ o(g™) "
n 0
of _ of 8531(' : _ Lé(o)xT

ou — (%;EO) ou
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Now we can compute the required expectations by repeatedly using “total expectation”, condition-
ing (mainly) on random variables after the /th layer, and noting that since we consider n — oo the

2
covariance of gy), f]i@) (or %"x“‘l)—ri“—l)) converges to the deterministic K ©) (x,X%), so values
of T'(-) and 7T'(-) are deterministic and can be taken out of the expectations.

of of o2 L) =D\ _ gLt e o
E<8w<L+1>’3w(L+1)>—nE<X X >—K (x,%). (A.10)
Af OF\ 1oz Lot 1T ) <
E<8U’8U>_E[5 5" dXX—Ung[fs 5] KW (x,%) A1)
Of 08 \ _ op [50750 %8 507 550
E<av(é>’av(4)>_o‘E_5 o —o(g”) o(g") (A.12)

| () 02 < N
= a’E (6757 203" ¢<g§“>¢>(g§“>]
i=1

— o’E _6(‘5”5(@} 027 ([KEE)(x,x) K(f)(x,i)D ‘

of OF \ _ o [0 iy Ta-1) 5T~ (0) T2 1 0 © T
E<aww>aww>> = o | XXV ;dlag{ﬂﬁ( )} diag {6/ &) } v
[ 2
= o’E %Xw—l)T;((é—l).g(e)T( Z & (90 (70w OvOT ) 5@)]
n
[ 2
— 2F | Tw (=) T ge-1) 50T O
@ s X é Z(Z)
. (5) 0 (x. %
_ 250 -~ T (0) K%Y (x x) K (X X)
(A.13)
Let us now derive a recursive expression for 1) (x, %) := %E [(5 OT§ (8)} , using the relation
T
50 — <8§,(f<:)1)) S+ — <I 4 af/zﬂw(zﬂ Tdiag {#/(g (¢+1)) %V(Z-i—l)'l') PG
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M0(x,%) = —F [5“”5“)} A
Uw
_ ) ,
= %E ST <In + 2oy giag {¢/(g(8+1))} TwywEHDWEDT giag {¢/(g(z+1))} V“*UT) 5(6-‘:—1)]
Jw L n n
i 2 2
— %E 6(£+1)T <ITL + 062 O-U;ij V(Z-i—l)diag {¢/(g(€+1))} dlag {¢/(g(g+1))} V(f-}—l)—r) 8(@+1):|
Uw L
I 2 2 N )
= %E SU+HT (In + a2 <0v0w Z¢/(gi(£+1))¢/(§§£+1))VZ(£+1)V££+1)T>) 5(€+1)]
g n
woL i=1
1 [ - 2 n
woL i=1

. (4+1) (4+1) 3

=) (et (e keniih)))
Note that the reasoning for the third equality (where total expectation is used to handle WD W (1) T)
is delicate, since W (£+1) appears also in g(”l). This obstacle, which occurs in all NTK works, is
handled by assuming that W+ T ysed in backprop is independent from W1 in g(+1) that is
used in the forward pass. This assumption has been justified in the limit n — oo, as long as the last
layer weight (w(E+1) is sampled independently from other parameters and has zero mean (Arora
et al., 2019b; Yang, 2019a).

Finally, we compute the base case { = L

- 1 ~(L) 1 Ow Ow
(L) — —E|s§DT _ - (LT (L+1)| _
I (x, x) - E [6 é } UaE L/ﬁw \/ﬁw 1. (A.15)

Substituting equations A.10-A.13 in (A.5) and using the definitions of I (x, %), 2D (x, %) and
»(E+1) (x,%), we get the expression for the ResNet NTK that appears in (8).

w
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Appendix B. Proof for Lemma 4

Recall that 6 := Vec(w(()Lll)7 {W((f)}, {V((f)}, Uy), where all the elements in 6 are i.i.d. standard

normal. Let @ € B(fy, C). Therefore, with high probability
WO < W'l + [WO =W < 2vn+t+C <3V, (B.1)

where the ﬁrst inequality uses the triangular inequality, the second inequality uses Lemma 3 and
WO — || < W@ — H r < C and the last inequality uses n > C? and holds with
high probability Using the same arguments we have |[V@|| < 3/n, |U| < Vd + 2/n and

[w(EHDly < 2¢/n.
Observe that

L
af(x;0) f(x;0) Of (x; 9
13O F =" (H(?W ) H Z H ) . (B2)
xeX o= E
Let us bound the terms in the sum. We will use the equality ||ab ||z = ||a||2||b]|2 and the deriva-
tives that are obtained in Appendix A.2.
of(x;0) (L
5w, = 7 1<, ®3)
8f X 9 Yo T 1 (0) B (0)
[ — = — < — . .
7567, = Gl = sl e < o, ma
Haf x; 0) H diag {¢/(g(é))}V(K)Ta(é)x(f—l)'l' (B.5)
F
1
< O [[VOT O | %D
< aCyoy0 \/ﬁll 0|2 \/ﬁllx 2
< aCym—= VO 18 fo—=lx ),
1
< 3aC4000, 6" Hzflle V-
afxe H 50 Tv c(0) ¢ Ow xx7(0) L (b—1)\T
o(g = [la—= 80 p(—=wW O x (1) (B.6)
K Rl R e " e
1
< WO |x D)
< aCy0000 |69 \/HHW H\/ﬁllx 2
1
< Oy —1x@=D,.
_3C¥C¢UU0'wH5 llQ\/ﬁ”X ll2
In Section B.1 we prove that ﬁllx(z) |2 < K1 and ||69]|y < K. Therefore,
13O ||F < VX ((coK1)% + (c1K2)? + L(ca K1 K2)? + L(cs K1 K2)?) = K. (B.7)

22



KERNEL-BASED SMOOTHNESS ANALYSIS OF RESIDUAL NETWORKS

We turn to show that || J(8) — J(8)||r < K| — 6]|2 for 6,0 ¢ B(6y,C). To simplify the
notation, we add the tilde symbol above each term that depends on the € (rather than on ), e.g.,
%(® denotes x()(x; ).

2

~ 2 ~
136) - 3B = 3 (Haf(x; 6) 9f(x:6) Haﬂx; 6)  0f(x;6) ®5)

owL+D)  gw(L+1) , ouU oU

XeX F
oy |eeso oo Joreso) _ored)
| oWO oW v v || )

Let us bound the terms in the sum.

0f(x;0) 9f(x;6)
Oow(L+D)  Gw(L+D) )

_ % Hx(m _5(<L>H2, (B.9)

of(x;0)  9f(x;6) L s, T _ 50_T B 150 0
- _ = — < = - ) )
oU 90 \/&H‘s x —0x HF—\/gH‘S 0 Hz ®-10)
0f(x;0)  Of(x;0)
H W@ oW (B.11)
OO 1 _ OvOuw . - ~ <0 1 _
_ d e vOT 50 L -1 _ d O\ 0750 LT
« n 1ag{¢(g )} \/ﬁx « Jn 1ag{¢(g )} \/ﬁx
0 =0 .
1 1
< |l(v0 — 50y Lse-nT|| |50 L @7 _ g7
( )\/ﬁ P \/77( ) P

< b=, ] e -2,

1
<K, H’)’(Z) - :)’(E)HZ + 3040(1,01,01”[(2% Hx(g_l) - 5(“‘”“2 )
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‘ agg(;)@) = ag g&?) (B.12)
160 L qo s TewOx-T _5O L T g1y T
vn vn vn Vn
—a(O)T —a(OT F
< ||@® _S(K))\/lﬁz(zw F+ S(@\/lﬁ(z(é)‘l'_z(é)'l') )
1 < - ~
< =1, 100 =3, + 5], 7 I -2,
< 3aCy0,0, K1 |6 _3<Z>HQ+K2\/E |2 -2 .
Showing that H,y(f) _:V(Z)Hz’ﬁ x® —i“)Hz’ 50 _ 5(6)’ Q’ﬁ 2 — H2 <K|6—

6||2 allows to obtain the required local Lipschitzness result for J(8). However, as shown in Sec-
tion B.2, proving Hé(@ ~ 5" H2 < K||0 — 0]|5 requires that HX(Z) - H2 < K|6 — 0|2 (without

the % factor).

In Section B.2 we show that all the distances H'y (5) H Hx(z) —x® Hz’ H(’i“) — 5(6)

2
Hz -z H are indeed upper bounded by K |0 — 6)5. Therefore,

13(6) — 3@)||r < /|X] (@F)? + @K )? + L@eK)? + L(@K)?) [0 — 8]l = K6 — 6],
(B.13)

and the proof of Lemma 4 is finished with K = max(K, K ).

B.1. Auxiliary local boundness proofs

We prove by induction that ﬁ x| < K.
Base case: since ||x||2 < B, we have with high probability over the random initialization of

U E]R"thhatﬁﬂx(o)”g = f”fUXH? < = IUlB < ZB.
Assuming that ﬁ\\x“*l |2 < K1, we get
L) L) v (05 (6-1)
Jlx O = Y 0 f 9 fw )l (B.14)
1
< (14 aCyo,00 VO WO ) L jxED
< (1+ aCaonu T IVO |- W] ) ],

< (1 + 9aC¢avaw) f(l.

3 B.

Therefore, we have that for all £ € [L] : N

: ﬁ”x(m’z < K; = (1+9aCs0,04)F
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-
We prove by induction that ||[§()||; < K. Recall that 69 = (i'/“iw(LH)T Ox 1) 8"(“1)) =

ax(T—1) " gx(®
ox+n ) T (e+1)
ox(0) g :

Base case: |61, = L\/%HW(LH)HQ < %2\/5 = 20.

(¢+1) ||2

Assuming that ||d < Ky, we get

1605 = H <In + aJ\/—lﬂW(”l)Tdiag {qs’(g(f“))} J“VU”UT) s+ (B.15)
n

Vn
1 1
< V() WD) (£+1)

< (14 9aC40,04) K.

2

Therefore, we have that for all £ € [L] : |60y < Ko = (1 + 9aCy0,04) 20,

B.2. Auxiliary local Lipschitzness proofs

Recall that 0 = Ve(i(W(L—H), {W(E)N}, {V(®} U). Therefore, we will repeatedly use |[W®) —
O < IWO — WO ||p < ||@ — ||, and similarly for the other parameters. Also, for simplifi-
cation we will use {¢;} to denote constants that do not depend on 6, 8, n.
We prove by induction (together) that Hx(e) —x H2 < K||@ — 0|5 and also Hg(@ —g® H2 <
K6~ 8]>.

Base case:

1 -~ 1 ~
(0x9—x(0x9 H — —Ux| < —=|U-=-U|l|x]|ls < 0 — 02,
[xOx,0) J7Ux = 750x| = lu -l oo
and
~ Ow = ~
ng)(xﬁ)_g(n(x,g)H W(o> ©0) _ \/ﬁw(l)X(O) (B.16)
2
W) Ze ) 4 || TN (1) (x0) _ 500)
S R R l,
< |[w —W“)n"fn KOl + WO = X0
<UwK1H0 9H2+30'wf||0 9”2
Thus, |[x© (x, 8) — x© (x, é)H2 , Hg<1>(x, 6) — g (x, é)H2 < c1]|0 — .
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Assuming that [|[x~1 — %=V |g® — g, < K||6 — 6

2, We get

(1) Pv 0 g0y — 5(-1) _ o, 7070 (50
X + « VWo(g X « V¥Wo(g

< 1x®D — %Dy 4 o | TLVO p(g0) — Ty O 40
| 2 NG (g") NG (&™) )

II%Ich(g“))IIQJr\FIIV lle(g") — &)z

K||6 8|2 + aCy ”||fvv<Z =D115]16 = B2 + 30,Cylg® — &9,

(B.17)

< K||6 - 8]z +a||V® —

1 -
< (K +30,00)[10 = Bll2 + 30Cy0000— [x210 — 61l

< (K + 30,0y + 3005040, K1) |0 — ]2 < c2]|0 — 8]

(e+1) _ ~(e+1>H Tw 1) (0) _ Tw g7 (e+1) 5 () B.18
Hg & LT Va x \/ﬁ x I (B.18)
< [WED - WD ZL O, 4 T W ED O — %O
\/> \/>
< UleHe — 0”2 + 30’w02||0 - 9H2 < 03”9 — 0”2
Therefore, we have that for all £ € [L] : [|x(©) —x©)||3, g —g®||2 < &0 -0z < K6 —0|2.

The proof for HZ(Z) —z0 H2 < K6 — 82 follows from directly from [|g(© — g || < k|6 —
9”22

20 z“>H2 - Haam(g“)) - aav¢(g<@)H2 (B.19)

< aCyo, Hg@ - g<’f>H2 < aCyopck |0 — 8] < K6 — 8],

We turn to prove by induction that Hé(@ — 5" HZ < K||0 — 0.

Base case: H(S(L) — S(L)H2 =

oy i) L\/l%v},(L—i—l)HQ < 22(|0 — B> < K6 — 0|2,
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<(+1)
6l

Assuming that ||+ — 2 < K6 — 0]|2, we get

T
< v . w
Hd(ﬁ) - 5( )||2 — || (In +Q%V(N—l)dmg{gb/(g(ﬁ—i—l))} \J/HW(K—H)) 5(€+1) (B.20)
T
_ (In—l—a (£+1)d1ag ¢/(g(£+1)) %W(4+1)> S(ZH)
N e R |
T
Z 1) ) . Ow ~(l+1
< HJ(Z-&-I) (€+1) ||2 + ( %V(ﬁ—i-l)dlag {¢/(g(é+1))} \/HW(Z—&—I)) (5(€+1) - 5( + ))
2
T
Oy . Ow Oy . ~ Ow <% <(l+1)
RLRVI(ZSY DY Tw rr(e+1) _ , Tv x7(6+1) (D)) Tw R (e+1) (
| (o TV Daing (a4} 72 @ TV Dding {4/(g+)} 72 )|

< (IN( + 9a0vaw0¢f()||0 — é”g

. Ow . ~ Ow %
V(“l)dlag {¢/(g(€+1))} fW(Hl) \/ﬁV(“”dlag {¢/(g(z+1))} ﬁW(Z—Q—l)

(ox g =~
v (D) g 1DV L Tw xxr(041) _ ir(e+1)
TV ding {(g) | TLWIED - W)

V(D) 1o (e L v (1) 1 1(&l+1) Ow \§7(e+1)
<\/ﬁ d1ag{¢(g )} \/ﬁV d1ag{¢(g )}) \/HW

+ K>

\/ﬁ

< C4||9 — é”z + aKsy

+OZK2

< (4 + aK3, 22|10 — B2 (B.21)
f

+c5 (” \F VED _ v D) diag {dy(g(wl))}‘ + H:;%V(”l)(diag [¢/(5)} - ding {d(g(ul))})H)

~Cy)|6 — 0||2+3c5avc¢Hg(€+1) (m)H

< (cg +05
2

\F

_(06+C5\F

Co)[10 — 8|2 + 3c50uCoc5 |0 — 8|2 < 7|6 — 6)]2.

50
o

Therefore, we have that for all £ € [L] : ||§(¥ o < k|0 — 8] < K6 — 6]».

27



TIRER BRUNA GIRYES

It is left to prove that H7(£) — 40 H2 < K||@ — 6)|2. This is achieved by the previous results for
R_Y ~
8 =8 and /g — g

~ OyOw ;. Ov0w ;. - ~ (¢
[+ =53], = |]o 2 ding {0/ (6} VT8 — 0% R ding {0/ (@) } VT8
2
(B.22)
Oy .. ~(0)
< Oy 10 o(0) 0T s0) &l
< aoy \/ﬁdlag {(Z) (g )} V(s 4 )

2
Oy

NG (diag {qb'(g(f))} VOT _ diag {¢/(g(4))} (,—(eﬁ) 50

< 3a0w0UC’¢H6(Z) - 5(£)|

+ aoy

2

2

Oy

e~y g} |
< L Ou Y (+1) _ ~(+1)
< (6867 + C9\/HC¢)H9 0”2 + 3690’1,C¢ Hg g H2
< c10/|0 — 0|2 < K1|6 — ]2.

+ OéO'wKQ (

To conclude, we showed that for 6, 0 € B(60g, C) there exists K > 0 (that does not depend on
G,é,n) such that all the distances H'y(g) — ﬁ(Z)HQ, HX(Z) — i(e)Hz, Hd(f) — S(Z)H2, HZ(Z) — Z(Z)HQ
are upper bounded by K || — 0.
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Appendix C. Additional Empirical NTK Results

C.1. Functions with Scalar Inputs

In this section we provide more experiments and details on the experimental setting that are missing
in the main body of the paper, due to space limitation.

First, let us state the underlying ground truth function whose samples are used in the interpola-
tion experiments

£(8) = yeos(B) +sin(4), ~m<f<m .

We treat the samples {3;} as points on the sphere (circle) in R?, i.e., samples of {x € R? : 22 +
x% = 1}, since any point on the sphere has 1-to-1 mapping to an angle S, and vice versa (5 —
(cosf, sinf3)). This is motivated by the proof in (Jacot et al., 2018) that restricting the NTK to the
unit sphere yields A, (©) > 0, which is required for the NTK theory. Note that we do not examine
or compare reconstruction errors in this paper, and f(3) is given here for reproducibility reasons.
Next, we present in Figure 6 an extended version of Figure 2 that includes also the results of
ResNet NTK for an extremely small value of o, namely o = 0.01. It can be seen that this small
« does not significantly affect the kernel shape and interpolations’ smoothness compared to the

moderate o« = 0.1.

f(x)
f(x)

NTKs
°
8

=, NP
ResNeta=1
—— ResNeta=0.5
—— ResNeta=0.1
—— ResNet a=0.01

-3 -2 -1 1 2 3 -3 -2 -1 4 1 2 3

o
Angle(x,x") x

(a) NTKs (normalized to unit peak) L = 5 (b) Interpolation with 6 samples L = 5 (C) Interpolation with 10 samples L = 5

f(x)
°
f(x)

NTKs
°
g

-0.25 — wmp -5
o ResNet a=1

— ResNeta=0.5
-0.75 —— ResNeta=0.1
—— ResNeta=0.01

2 3 -3 -2 -1 0 1 2 i -3 -2 -1 0 1 2 3

-3 -2 -1 o 1
Angle(x,x") X %

(d) NTKSs (normalized to unit peak) L = (6) Interpolation with 6 samples L = 15 (f) Interpolation with 10 samples L = 15
15

Figure 6: NTKs for MLP and ResNet (for different values of o) with L = 5 (top) and L = 15
(bottom) nonlinear layers, ReLU nonlinearities, o, = o,, = 1, for inputs on the sphere (circle) in
R2. (6(a)),(6(d)): The kernels shape. (6(b))-(6(c)), (6(e))-(6(f)): Interpolations by the closed-form
solutions, measured by y(-) defined in (22). Note that the legend in (6(a)),(6(d)) applies to all the
figures.

29



TIRER BRUNA GIRYES

Kernels
f(x)

— M[P
ResNet a=1
—— ResNet a=0.5
—— ResNet a=0.1
—— ResNet =0.01

5 2 4 o 1 B 3 B & - o 1 ; 3
Angle(x,x) x

(a) Kernels (normalized to unit peak) (b) Interpolation with 15 random samples

Figure 7: NTKs for MLP and ResNet (for different values of o) with L = 7 nonlinear layers, ReLU
nonlinearities, o, = o, = 1, for inputs on the sphere (circle) in R%. (7(a)): The kernels shape.
(7(b)): Interpolations by the closed-form solutions, measured by i(-) defined in (22). Note that the
legend in (7(a)) applies to all the figures.

— MLP
— ResNeta=0.1

Magnitude of FFT(Kernel)

20 2 22 2 b2 2 20 2
FFT index

Figure 8: Magnitude of the first 128 FFT elements (out of 4096) of the NTKs for MLP and ResNet
(with @ = 0.1) with L = 5 nonlinear layers, ReL.U nonlinearities, o, = o, = 1, for inputs on the
sphere (circle) in R2.

More NTK results, this time for L = 7 nonlinear layers and 15 random samples, are presented
in Figure 7.

Finally, in Figure 8 we present, in logarithmic scale, the FFT spectrums of the NTKs of ResNet
with a = 0.1 and MLP, both with L = 5 nonlinear layers. This figure demonstrates our claim
below (22): Since the decay rates of the FFT coefficients of the different kernels are approximately
different only by a factor, we find the measure u(f), which depends also on the resulted interpo-
lation and not only on the kernel, to be more informative than comparing the FFT of the kernels.
For example, multiplying the ResNet NTK by a large constant factor will make the magnitude of its
FFT larger than the magnitude of the FFT of MLP NTK. Yet, it will not change the results of the
kernel regression.

C.2. Functions with Multidimensional Inputs

In this section we briefly demonstrate the smoothness distinction between ResNet and MLP NTKs
for multidimensional samples.
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Figure 9: Two-dimensional interpolations from 6 x 3 samples using MLP and ResNet NTKs with
L = 15 nonlinear layers, ReLU nonlinearities, o, = o, = 1, for inputs on the sphere in R3. From
left to right and top to bottom: the underlying function with 6 x 3 samples, interpolation by the MLP
NTK (u = 1.47e4), interpolation by the ResNet NTK with o = 1 (u = 2.33e3), and interpolation
by the ResNet NTK with o = 0.1 (1 = 1.55e1).

First, we extend the previous one-dimensional experiments to two dimensions. We modify the
underlying ground truth function in (C.1) to

f(B, &) = <;cos(ﬂ) + sin(4ﬁ)> sin(¢), —-n<pg<m 0<&<mm. (C.2)

Here, the samples {(53;,&;)} can be treated as points on the sphere in R, i.e., samples of {x €
R3 : ||x||2 = 1}, since any point on the sphere has 1-to-1 mapping to a pair of angles (3, £), and
vice versa ((,&) — (cosfsing, sinfsing, cosf)). Recall that for unique samples (i.e., x; # x; for
i # j) from the unit sphere we get A,in, (©) > 0, which is required for the NTK theory (Jacot et al.,
2018).

Figures 9 and 10 show the interpolation results of the ResNet NTK with different values of «
and the MLP NTK, for 6 x 3 uniform samples and for 10 x 5 uniform samples. We also report
there the measure ((-) defined in (22) (straightforwardly extended to the 2D case). Similar to the
one-dimensional case, it can be seen that the interpolation results of ResNet NTK are smoother,
especially with small c.

We turn to examine the NTKSs for high-dimensional data; specifically, the MNIST dataset, which
includes images of size 28 x 28 of handwritten digits. As visualizing and measuring smoothness
is difficult for high-dimensional data, we consider binary classification tasks, in which we interpo-
late (“overfit”) the training set and report accuracy results on the test set. This links the different
smoothness of the different NTKs with their generalization.

We consider the digits “0” and “8” and label them with y € {+1, —1}. The training set includes
N/2 samples from each class, where N € {50,100}, and the test set includes 1000 images from
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Figure 10: Two-dimensional interpolations from 10 x 5 samples using MLP and ResNet NTKs
with L = 15 nonlinear layers, ReLU nonlinearities, o, = o, = 1, for inputs on the sphere in R?.
From left to right and top to bottom: the underlying function with 10 x 5 samples, interpolation
by the MLP NTK (1 = 2.59e4), interpolation by the ResNet NTK with @ = 1 (i = 1.24e4), and
interpolation by the ResNet NTK with oo = 0.1 (u = 7.18e3).

each class. The samples are presented as vectors in R2*. The mean vector of the training set is
subtracted from all samples and each sample is normalized to have unit Euclidean norm. We exam-
ine the MLP NTK and the ResNet NTK with o € {1,0.1} and L € {5,15,30}. The classification
of a test sample is made according to the sign of the /2 kernel regression (using the closed-form
expression in (4)). The results are presented in Table 1. They demonstrate the advantage of using a
smoother ResNet NTK.

Table 1: Accuracy results of different NTKs for binary MNIST classification tasks.

50 training samples | MLP NTK | ResNet NTK o« =1 | ResNet NTK o = 0.1
L=5 0.9625 0.967 0.972

L=15 0.9615 0.9625 0.972

L =30 0.958 0.9615 0.9715

100 training samples | MLP NTK | ResNet NTK @ =1 | ResNet NTK o = 0.1
L=5 0.981 0.9885 0.9905

L=15 0.973 0.982 0.9925

L =230 0.9645 0.9795 0.991
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Figure 11: NTKSs for MLP and ResNet (for different values of o) with L = 5 nonlinear layers, erf
nonlinearities, 0, = o, = 1, for inputs on the sphere (circle) in R?. (11(a)): The kernels shape.
(11())-(11(c)): Interpolations by the closed-form solutions, measured by ((-) defined in (22). Note

that the legend in (11(a)) applies to all the figures.

Appendix D. Closed-Form T and 7" Expressions for ReLU Nonlinearities

For completeness, we present here the closed-form expression of 7'(K) and T'(K) for ¢(-) which is

the ReLLU activation function. These results are due to (Cho and Saul, 2009).

Let K := [ be a 2 x 2 positive semidefinite matrix, p := NI and recall the

Kia Ko
definitions T'(K) := E(, y)~nr(0,k) [@(u)d(v)] and T(K) := E(, »)~nr0,x) [¢'(u)¢'(v)]. For the

special case where ¢(-) = max{0, -}, we have

T(K) = %\/KllKQQ (,0 (m —arccos (p)) + V1 — pQ) ) (D.1)
T(K) = % (m — arccos (p)) .

Appendix E. NTK Experiments with ERF Nonlinearities

In this section, we present NTK experiments for the erf activation function. First, we present the
closed-form expression of 7'(K) and T'(K) for ¢(-) which is the erf function.
Let K := [KH Ku] be a 2 x 2 positive semidefinite matrix and recall the definitions
Kip Ko .
T(K) := DN (01 [¢(u)¢(v)] and T(K) := Eqy,0)~n0x) [¢(u)¢/(v)]. For the special case

where ¢ ( \F fo e dz, we have from (Williams, 1996) that

2 , 2K12
TK) =2 E.1
(K) = _arcsin <\/(1+2K11)(1+2K22)>’ (ED

T(K) = %det (Io + 2K) /2.

Next, we repeat several NTK experiments from Section 4.2, but with the erf activation instead
of the ReLU activation. The other configurations are not changed. The results are presented in
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Figure 11. It can be seen that with erf activations both MLP and ResNet NTKs have rather simi-
lar shapes and similar interpolation results (contrary to the ReLLU case). This may imply that the
smoothness distinction between the models requires using nonsmooth activations.
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