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Differential operators mod p:
analytic continuation and consequences

Ellen Eischen, Max Flander, Alexandru Ghitza, Elena Mantovan and Angus McAndrew

We study certain mod p differential operators that act on automorphic forms over Shimura varieties of
type A or C. We show that, over the ordinary locus, these operators agree with the mod p reduction of
the p-adic theta operators previously studied by some of the authors. In the characteristic 0, p-adic case,
there is an obstruction that makes it impossible to extend the theta operators to the whole Shimura variety.
On the other hand, our mod p operators extend (“analytically continue”, in the language of de Shalit
and Goren) to the whole Shimura variety. As a consequence, motivated by their use by Edixhoven and
Jochnowitz in the case of modular forms for proving the weight part of Serre’s conjecture, we discuss
some effects of these operators on Galois representations.

Our focus and techniques differ from those in the literature. Our intrinsic, coordinate-free approach
removes difficulties that arise from working with g-expansions and works in settings where earlier
techniques, which rely on explicit calculations, are not applicable. In contrast with previous constructions
and analytic continuation results, these techniques work for any totally real base field, any weight, and all
signatures and ranks of groups at once, recovering prior results on analytic continuation as special cases.

1. Introduction

Fix an odd prime number p. This paper concerns certain mod p differential operators that act on
automorphic forms over Shimura varieties of types A and C. Key motivation comes from the setting of
modular forms and associated Galois representations. Even though some of the ingredients present in
the case of modular forms have been established in broad generality, extending them to the higher-rank
setting involves various challenges.

1.1. Context from the special case of GL,. Katz [1977] constructed a mod p differential operator 6 that
acts on mod p modular forms. Given a mod p modular form f, the operator 6 acts on the g-expansion
f(@) =220 nq" Y

0f (@)= na.q". (1)

n=>0
Mod p modular forms of weight k and level N, with ptN, arise as global sections of a certain line
bundle ©®* over a curve My parametrizing elliptic curves with level N structure. That is, modular
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forms of weight k and level N are elements of H?(My, @®¥). The operator 6 is, a priori, constructed
as a map HO(M(,’\;d, w®) — HO(M‘,’JC‘, w®*2) i.e., only over the ordinary locus M‘,’Jd of My. Given
any modular form f € H'(My, ®®F), however, Katz explains how to extend (“analytically continue”,
in the terminology of [de Shalit and Goren 2019]) the section 6( f| M?Vrd) to a classical modular form
of weight k + p + 1, i.e., an element of H?(My, ©®**P*1) whose g-expansions are the same as those
of 8(f] M(y]\;d).

Associated to a cuspidal eigenform f with Fourier expansion f(g) = Zn>1 anq”, normalized so
that a; = 1, there is a continuous, semisimple representation

pr:Gal(Q/Q) — GLy(@)), )
unramified at all primes ¢ coprime to p and to the level of f, satisfying
Trace(ps(Frobg)) =a, and det(ps(Frobg)) = ¢~y (£)

at such primes, where k is the weight of f and v is the nebentypus of f [Eichler 1954; Shimura 1958a;
1958b; Igusa 1959; Deligne 1971; 1973; Deligne and Serre 1974]. Equivalently, using the description
of Hecke operators on g-expansions, this statement can be reformulated in terms of Hecke eigenvalues
in place of Fourier coefficients. Serre’s conjectures (formulated in [Serre 1975; 1987] and proved in
generality in [Khare and Wintenberger 2009a; 2009b; 2009¢] and in certain cases in [Dieulefait 2007;
2009]) associate to a representation

o : Gal(Q/Q) — GL,(F),

with [ a finite field of characteristic p, a cuspidal eigenform f such that p = p, where p ; denotes the
reduction of pr mod p. Serre’s conjectures also specify the weight and level of f.

The effect of iterations of 8 (“theta cycles”) plays a key role in the proof of the weight part of Serre’s
conjecture [Edixhoven 1992; Jochnowitz 1982]. Via the action of Hecke operators 7y on g-expansions, it
is simple to observe that

T,0 = L0T,. 3)
As a consequence, the effect of 6 on the mod p Galois representation attached to a mod p eigenform f is

Pof =X Qpr, 4

where x : Gal(Q/Q) — [ is the mod p cyclotomic character.

Continuing with the case of GL,, Andreatta and Goren studied mod p theta operators in the case
of Hilbert modular forms over a totally real field L. They also obtained several results on theta cycles
in [Andreatta and Goren 2005, Section 16], building on earlier work of Jochnowitz [1982], at least
assuming p remains inert in L and the weight is parallel (although they also obtain preliminary results in
the nonparallel case).
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1.2. The case of higher rank (especially unitary and symplectic) groups. Given recent developments
for automorphic forms on higher-rank groups and given the significance of mod p theta operators in the
case of modular forms, it is natural to try to extend results on mod p theta operators to the setting of
higher-rank groups. In particular, one desires

(i) amod p theta operator that is defined over the whole Shimura variety (and, ideally, the relationship
with the mod p reduction of the p-adic operators constructed over the ordinary locus, as, for example,
in [Eischen 2012; Eischen et al. 2018; Eischen and Mantovan 2021b]),

(ii) knowledge of the amount by which this mod p theta operator increases the weight of an automorphic
form,

(iii) connections with Galois representations.

Since various ingredients exist in broad generality for higher-dimensional groups, it is tempting to
think one can handle all settings at once. In fact, the arguments in the literature are delicate and have
involved imposing restrictions specific to the cases at hand. To give the reader an idea of the state of the
art prior to this paper, we briefly summarize the most recent developments (primarily from the past year):

« Siegel modular forms (symplectic groups): Yamauchi [2014] recently produced results for mod p

Siegel modular forms, in the case of GSp, over Q. His clever computations rely on the numerics of
the case at hand, including conditions on the weights, and do not naturally generalize.

 Unitary groups: Via techniques relying on Fourier—Jacobi expansions, de Shalit and Goren [2016;
2019] achieved analytic continuation when the base real field is @ (so the CM field associated to
the unitary group is imaginary quadratic) and the weight is scalar. It is not immediately clear how
to use this approach when the degree of the field extension is greater or the weight is nonscalar.
Furthermore, under these conditions, they achieved new, interesting results on theta cycles, which
require that p be inert in the imaginary quadratic field and the signature of the unitary group be (n, 1),
and the numerics there are particular to these conditions being met.

Our focus and techniques differ from those recently introduced in the literature, and the principal
achievements of the present paper include removal of some of these conditions for construction and analytic
continuation of theta operators. Our intrinsic, coordinate-free approach avoids a need for g-expansions
and works in settings where their techniques, which include explicit calculations, are not applicable. In
particular, for analytic continuation, our techniques immediately

» work for any totally real base field E (while their approaches require £ = Q),
« allow all vector and scalar weights (in contrast to the restrictions above),

« handle all signatures and ranks of groups at once (whereas Yamauchi employs GSp, and the approach
of de Shalit and Goren divides signatures into two cases).

When the ordinary locus is nonempty and their constraints are also met, our operators agree with theirs. As
explained in [Eischen and Mantovan 2021a], the present approach can also be extended (with additional



1472 Ellen Eischen, Max Flander, Alexandru Ghitza, Elena Mantovan and Angus McAndrew

work) to the case where the ordinary locus is empty. Now that we have defined this operator in much
more generality, we show that results of Katz from the case of modular forms (which can be viewed
as preliminary results toward theta cycles) extend to Hermitian (i.e., unitary of signature (n, n)) and
Hilbert-Siegel modular forms when the weight is parallel scalar but the base field can be of arbitrary
degree. We also achieve other nearly immediate results for Galois representations and set the stage for
further developments in [Eischen and Mantovan 2021a].

Our proofs are entirely intrinsic to the geometry of the underlying Shimura varieties. This allows us to
overcome what might appear — from the setup for modular forms in Section 1.1 —to be an obstruction to
working with more general groups: We do not necessarily have g-expansions in our setting, thus depriving
us of analogues of (1). By exploiting geometry, however, we obtain clean, intrinsic descriptions without
reference to g-expansions (and without reference to Serre—Tate or Fourier—Jacobi expansions, which
might at first appear to be reasonable substitutes but turn out not to be similarly suitable for studying the
action of the Hecke algebras).

Our first result below concerns operators D*, generalizing 6, that have been previously constructed
over the ordinary locus of unitary and symplectic Shimura varieties (e.g., in [Eischen 2012; Eischen et al.
2018], when the ordinary locus is nonempty, building on ideas introduced by Katz [1978] and Harris
[1981; 1986]). More precisely, in [Eischen 2012; Eischen et al. 2018], the operators D* are defined
on p-adic forms over the ordinary locus. Here, we are concerned with their reduction modulo p, which
provides an analogous weight-raising operator for p sufficiently large (as we explain in Remark 3.2.2).

Note that, in contrast to the conditions forced by the approaches of prior work in the literature, there
are no restrictions on the degree of the base field and no restrictions on the weight of the automorphic
forms here. As a consequence of Theorem 3.4.1, we obtain the following result.

Theorem A (analytic continuation of mod p differential operators). In the symplectic and unitary cases,
the differential operators D*, defined a priori only over the ordinary locus, can be analytically continued
to the whole mod p Shimura variety to give a differential operator ®* on mod p automorphic forms.
These operators specialize in the case of GSp, = GL, fo Katz’s operator 6 described in (1).

Similarly to Katz’s case of raising the weight by p 4 1, our operators also raise the weight as specified
in Theorem B. With these operators, we can reformulate equations (3) and (4) to obtain Theorem B.
(Below, G denotes the dual group of G, ¥ is the cocharacter dual to the similitude character v of G, and k
is the parallel weight with entries all equal to k € Z.)

Theorem B (action of differential operators on mod p Galois representations). Let G be a symplectic or
unitary group over Q, split over a number field F. Let f be a mod p Hecke eigenform on G of weight «,
and let A be a weight that is admissible (as in Definition 2.2.3). Assume ®*( f) is nonzero. Then ®*(f) is
a Hecke eigenform of weight k + X+ (p — 1)|1/2].

Furthermore, for a continuous representation p : Gal(F/F) — G(Fp), the Frobenius eigenvalues
of p agree with the Satake parameters of f (as defined in Conjecture 2.1.1) if and only if the Frobenius
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eigenvalues of (V*/% o x) ® p agree with the Satake parameters of *(f). In particular, if p is modular
of weight k, then (V™12 0 ) ® p is modular of weight k + X + (p — 1)|A/2].

Remark 1.2.1. The reader who prefers to work with representations of Gal(Q/Q) instead of Gal(F/F)
can do so by replacing the split version of the Satake isomorphism described in Section 2.1 (where we
follow [Gross 1998]) with the nonsplit version from [Treumann and Venkatesh 2016, Section 7]. The
Galois representations are then of the form Gal(Q/Q) — LG(FP), taking values in the Langlands dual
group of G.

Remark 1.2.2. In the classical GL, case described in Section 1.1, passing from the commutation relation
between differential and Hecke operators (3) to the twisting effect on Galois representations (4) is
immediate, given the well-known expression of the characteristic polynomial of Frobenius as an explicit
quadratic polynomial. The same approach can be used in the GSp, case [ Yamauchi 2014], where the
characteristic polynomial of Frobenius can be written down as an explicit quartic polynomial. Beyond
these two low-rank cases, the explicit approach is impractical given that the polynomial for GSp,, has
degree 28. We therefore adopt a more conceptual view and use the Satake isomorphism to establish the
effect of differential operators on Galois representations in Theorem B.

Remark 1.2.3. Katz [1977, Section I] discusses the exact filtration of a mod p modular form f: the
smallest k such that f is not divisible by the Hasse invariant, or equivalently, the smallest k such that
there is no modular form of weight k¥’ < k whose g-expansion at some cusp agrees with the g-expansion
of f. The notion of exact filtration is related to questions about the kernel of the differential operator
(times the Hasse invariant) and to the proof of the weight part of Serre’s conjecture, as described in, e.g.,
[Edixhoven 1992, Section 3]. As an indication of potential future applications of Theorem B, Section 5.2
contains some remarks on the effect of the differential operator on the exact filtration, in the special case
of Siegel or Hermitian forms of parallel weight.

Remark 1.2.4. As noted above, when working with unitary groups, we assume the ordinary locus is
nonempty. Fully extending our results to the case where the ordinary locus is empty, the p-ordinary setting,
requires substantial additional work and is the subject of [Eischen and Mantovan 2021a]. The p-ordinary
case is also addressed, via different techniques, when the base field is @ (so the field associated to the
unitary group is quadratic imaginary) and the weight is scalar in [de Shalit and Goren 2016; 2019].

Remark 1.2.5. The differential operator 6 on classical modular forms can be constructed via several
other methods, some of which have been generalized to certain groups of higher rank. The interested
reader can consult the survey in [Ghitza 2019].

1.3. Obstructions to analytic continuation in characteristic 0. Since the representation (2) lives in
characteristic 0, it is natural to ask about the possibility of lifting Theorems A and B from the mod p
setting to the p-adic setting.

As an intermediate step, one might try to lift to characteristic p”* for m > 1 an integer. Chen and
Kiming [2016, Theorem 1] have accomplished this for mod p” modular forms f, and they have proved
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that if f has weight filtration &, then 6 f has weight filtration k 4+ 2 +2p™~!(p — 1). This shows that, for
modular forms over Z,, there is no way to analytically continue the operator 6 from the ordinary locus to
the entire Shimura variety over Z,. Indeed, if it were possible to analytically continue 6, then the weight
filtration of 6 mod p™ would be bounded above by the weight of the characteristic O form 6f’; but as
Chen and Kiming have shown, the weight filtration of 8 f mod p™ is unbounded as m goes to infinity.

Observing this obstruction to analytically continuing the entire form in characteristic 0, one might
try just to analytically continue the ordinary part of D’ f. More precisely, let e denote Hida’s ordinary
projector (defined in [Hida 2002, Sections 6—8]), which acts on the space of p-adic automorphic forms.
A p-adic automorphic form is ordinary if it is in the image of e. Every ordinary p-adic automorphic form
of sufficiently regular algebraic weight is, in fact, an ordinary classical automorphic form defined over
the whole Shimura variety X, by [Hida 2002, Theorems 6.8(4) and 7.1(4)]. So even though D’ f cannot
be extended to all of X', we at least have that eD,’} f extends to all of X.

As we shall see in Corollary 4.3.5, though, the proof of Theorem B (an analysis of the interaction
between Hecke operators and differential operators) also shows that D} = 0. So the ordinary part
of D2 f is 0. In the case of modular forms in characteristic 0, Coleman, Gouvéa, and Jochnowitz [1995,
Corollary 10] also showed that 6 destroys overconvergence, due to a relationship with the weight 2
Eisenstein series E, (a relationship that actually enables the mod p™ liftings in [Chen and Kiming 2016]).

Remark 1.3.1. Readers who are primarily familiar with the characteristic 0, p-adic setting should be
careful not to equate the objectives of this paper with recent work on overconvergence, which concerns
extending modular forms past the ordinary locus (but not to the whole moduli space) as a step toward
extending certain constructions of p-adic L-functions. As the above shows, in characteristic 0, there is no
hope of extending our operator to the whole Shimura variety. Furthermore, recent work on overconvergence
and theta operators has primarily focused on GL,, whereas we are interested in higher-rank groups.

1.4. Organization. The meat of the paper is in Sections 3 and 4. First, though, Section 2 introduces
necessary conventions and background (i.e., previously established results and machinery on which our
present paper relies), divided into two parts. The first focuses on Hecke algebras and Galois representations.
The second provides background on Shimura varieties and automorphic forms (including Hasse invariants,
a key ingredient in the analytic continuation of differential operators).

Section 3 establishes the analytic continuation of the modulo p reduction of p-adic differential operators.
Those operators were previously constructed over the ordinary locus in [Eischen 2012; Eischen et al.
2018]. The key work in this section lies in producing another construction of differential operators in
characteristic p that is defined over the whole Shimura variety and then showing that it agrees with
the mod p reduction of the p-adic differential operators we originally constructed. Theorem A is a
consequence of the main result of this section, Theorem 3.4.1, which demonstrates the role of Hasse
invariants in analytically continuing differential operators, in analogy with Katz’s approach [1977].

Section 4 describes the interaction between differential operators and Hecke operators. Our proofs rely
entirely on the geometry of Shimura varieties and do not require g-expansions. Theorem 4.2.4 shows that
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the differential operators commute with prime-to-p Hecke operators up to scalar multiples, in analogy
with (3), a key step toward describing the effect on Galois representations.

Section 5 establishes consequences of the previous two sections, applied to Galois representations. The
section begins, though, with an axiomatic result, Theorem 5.1.1, on Galois representations and associated
Hecke eigenvalues for general reductive groups. Theorem B is a consequence of Theorem 5.1.1, as the
relevant conditions hold by Theorem 4.2.4. We conclude by showing that some results on iterations of theta
(preliminary results on theta cycles) from modular forms naturally extend to Hilbert—Siegel and Hermitian
modular forms when the weight is parallel scalar, without restriction on the degree of the base field.

2. Background and conventions

This section recalls key background information about Galois representations (Section 2.1) and associated
automorphic forms over Shimura varieties (Section 2.2).

2.1. Hecke algebras and Galois representations. We recall properties of algebraic groups, Hecke alge-
bras, and Galois representations associated with systems of Hecke eigenvalues. For clarity, here and in
Section 5.1 we work with a general connected reductive group G, although in the rest of the paper we
deal exclusively with G either symplectic or unitary (as in Section 2.2).

Our main reference is [Gross 1998], with some aspects borrowed from [Treumann and Venkatesh
2016] and [Buzzard and Gee 2014].

2.1.1. Dual group. Let G be a connected reductive algebraic group over a field F. We assume that G is
split over F, that is, there exists a maximal torus of G that is isomorphic over F to a product of copies
of G,,.

We fix a split maximal torus T contained in a Borel subgroup B of G, all defined over F. The
Weyl group of T is W = Ng(T)/T. Let X* = X*(T) = Hom(T%, G,,) be the character lattice and
X. = X.(T) = Hom(G,,, Tf) be the cocharacter lattice. There is a natural pairing

(,):X*x X, > Hom(G,,, G,,) =7
given by (x, u) = x o jh.

Given a representation of G, its restriction to T is a direct sum of characters (the weights of the repre-
sentation). The roots of G are the nontrivial weights of the adjoint representation Ad : G — Aut(Lie(G)).
If one instead considers the adjoint action on Lie(B), one obtains the positive roots. The set A* of simple
roots consists of those positive roots that cannot be written as the sum of other positive roots. The coroot
basis A, is the set of simple coroots. The root datum of G is the quadruple ¥ (G) = (X*, A*, X,, A,).

We consider 6, the dual group of G, viewed as a reductive group over k, a field to be specified later.
(In the automorphic literature, & is often taken to be C, but our main focus will be on .. For the existence
of G over a general base, see [Conrad 2014, Theorem 6.1.16].) After fixing T C B C 6, there is an
identification X '(’T\) = X.(T) that maps the positive roots with respect to B to the positive coroots with
respect to B. The root datum of G is V(G) =(X., A., X*, A*).
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Under the duality between G and G, a character x : T — Gy, in X*(T) corresponds to a cocharacter
x:G, — T in X.(?) = X*(T). Similarly, the character of T corresponding to u € X,(T) is denoted
by ji. Note that, given xy € X*(T) and u € X,(T), the two morphisms

xou:G,—>T—>G, and ﬁo)%:@mﬁf%@m

agree; i.e., o =flox.
Let

PT:={xeX.|{(a x)>0forall« € A*}.

The elements of P+ are called the dominant weights of (the maximal torus T of ) G. There is a partial
ordering > on P*, where A > u if

A—u= Z nevee’  with ngv € Z>y.
aveA,

By Chevalley’s theorem [Jantzen 2003, Corollary 2.7 of Part I1], the set P is in bijection with the
set of irreducible finite-dimensional G-modules over k. For any A € PT, we denote by (p;, V3) the
irreducible G-module of highest weight A.

Writing R(@) for the representation ring of é‘, we have an identification [Gross 1998, Section 1]

RG) = z1x (D)"Y = z1x.()1",

where W acts on X,(7T") by postcomposition and on X '(?) by the identification X '(f) = X.(T) above.
Using this we can view the elements of the representation ring as sums of characters of T or cocharacters
of T. Given A € P, let x5 :=Tr(ps|7) € Z[X ‘(f)] denote the character of the irreducible representation
P G — GL(V;) of highest weight A. Using the above, we can express x; as

X =Y _(dim Vi(w),

HSA

where 1 € X '(7"\) is the character corresponding to i € X,(T) by duality, and V) (w) is the weight space
of weight w in V. For further discussion see the remark after [Jantzen 2003, Corollary 2.7 of Part II].

2.1.2. Local Hecke algebra and Satake isomorphism. We now take G to be a connected split reductive
group over a local field F,, with ring of integers ¢,. We choose a uniformizer m, of ,, and we let g,
denote the cardinality of the residue field &, /7, 0.

As we assume G to be split, there exists a group scheme G over &, whose generic fiber is G and whose
special fiber is reductive. We set G, = G(F,) and K, = G(0,), and then K, is a hyperspecial maximal
compact subgroup of the locally compact group G,.

Given a commutative ring R, the R-valued Hecke algebra of the pair (G, K;) is

H(Gy, Ky; R) ={h: K,\G,/Ky — R | h locally constant, compactly supported}
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with multiplication given by

(h1xho)(KugKy) = Y hi(KyxK)ha(Kyx ™' gK,).
xKy,eG,/K,

We work with the basis of H(G,, K,; R) consisting of the characteristic functions
cn = char(K,A(m)K,) for Ae PT.
The Satake transform is a ring isomorphism
Sy H(Gy, Ky: ZIgE'?)) — ZIgE' 11X ()]Y = R(G) ® ZIg /1.
If A € P* then the image of the basis element c; can be written'

Su(er) =Y h(g™M Xy, (5)
HSA
where 1 runs over the elements in P such that u < A, by () € Z and b (1) = 1.
There is a similar identity expressing yx; in terms of images of characteristic functions,

X0 =0, MY d (S, (e,

HSA

where d, (i) € Z and d, (1) = 1. For future use, let us record a consequence of this identity:

S o) =, MY dy (. (6)

USA

In most of the paper we work with Fp—coefﬁcients, for a fixed prime p. If v does not divide p, then,
after making a choice of square root> of ¢, in F,,, we get a mod p version of the Satake transform by
tensoring with Fp:

Sy 1 H(Gy, Ky; Fp) = F[X(1)]Y = R(G) ®F,.

Equation (6) continues to hold in this setting, with d; (1) € [, and dy (A) = 1.

2.1.3. Galois representations associated to automorphic forms mod p. We summarize the (conjectural)
correspondence between Galois representations and automorphic representations following [Buzzard and
Gee 2014].

Let G be a connected reductive group over (@ and let F/Q be the extension over which G splits.
Henceforth we let G refer to the base change G Xspec @ Spec F. Fix a prime p. Given a level, i.e., an
open compact subgroup K = [[, K, C G(Ay), we say that a finite place v of F is bad (with respect
to p and K) if v lies above p or if K, is not a hyperspecial maximal compact subgroup of G, = G(Fy).

IThe element p is the half-sum of the positive roots of G, but we will not need to know this, only that it is the same in all the
identities related to the Satake isomorphism S,,.

2For the subtleties of this choice of square root, look for local and global pseudoroots in [Treumann and Venkatesh 2016,
Section 7].
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Otherwise we say that v is good, in which case we are in the situation described in Section 2.1.2. All but
finitely many places are good with respect to p and K.

Let f be a Hecke eigenform mod p of level K on G, that is, a class in the cohomology with Fp—
coefficients of the locally symmetric space defined by G and K (see [Treumann and Venkatesh 2016,
Section 5] for details). (NB: The examples of interest to this paper are the automorphic forms coming
from Shimura varieties, as defined in Section 2.2.6.)

For every good place v, f defines a character of the local Hecke algebra H (G, K; Fp), namely the
Hecke eigensystem

Ve, H(Gy, Ky Fp) = F)
which takes an operator T to its eigenvalue:
Tf=Ws(T)f.
Using the Satake isomorphism S, from Section 2.1.2, we can define a character w  : R(@) ®Fp — Fp by

wr(6) = VS, ().

The characters of the representation ring R(a) ®F[, are indexed by the semisimple conjugacy classes
inG (Fp). Given such a class s, the corresponding character w; is determined by

ws(X3) = x5.(5).

In particular, the character w; corresponding to f is indexed by the conjugacy class sy, of some
semisimple element of é(Fp); we call sy, the v-Satake parameter of f.
We are ready to state the expected relation between Hecke eigenforms and Galois representations:

Conjecture 2.1.1 (positive characteristic form of [Buzzard and Gee 2014, Conjecture 5.17]). Let f be a
mod p Hecke eigenform of level K on a connected reductive group G over Q, split over a number field F.

There exists a continuous representation
p:Gal(F/F) — G(F,)

that is unramified outside the finite set ¥ of places that are bad with respect to p and the level K. If v ¢ ¥
is a finite place of F, then p(Froby) = s,,, the v-Satake parameter of f.

As noted in [Buzzard and Gee 2014, Remark 5.19], the representation p need not be unique up to
conjugation. Given a Hecke eigenform f, we will denote by R(f) the set of Galois representations
attached to f as in Conjecture 2.1.1.

Remark 2.1.2. The reader looking to reconcile the statement of Conjecture 2.1.1 with that of [Buzzard
and Gee 2014, Conjecture 5.17] will note the following differences:

» We work with Galois representations mod p rather than p-adic.
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 Our assumption that G is split over ' means that the Galois representations land in the dual group G
rather than the L-group £G.

» We relate the Hecke eigensystem of f with the images of Frobenii by using Satake parameters (as
defined above) rather than by comparing representations of Weil groups.

« Since Buzzard and Gee work in the more general setting of automorphic representations, they need
to impose the condition of L-algebraicity, which is automatically satisfied in the setting of our

automorphic forms.

For the current state of the art regarding Conjecture 2.1.1, we have great achievements by Scholze
[2015] for the case G = GL,,. (The conjectural correspondence in this setting was first formulated by Ash
[1992].) Scholze’s work gives the following.

Theorem 2.1.3 [Scholze 2015, Theorem 1.3]. If F is a CM field that contains an imaginary quadratic
field (or more generally, assuming the statements in [Arthur 2013], if F is totally real or CM), then for any
system of Hecke eigenvalues occurring in the singular cohomology H' (X g, F p) of the locally symmetric
space X g attached to GL, over F, there is a continuous semisimple representation Gal(F | F) — GL, (Fp)

whose Frobenius eigenvalues agree with that system of Hecke eigenvalues.

The method involves recognizing the cohomology of X ¢ within the cohomology of a Shimura variety
attached to a symplectic or unitary group, which are our primary cases of interest. For results directly in
those settings, see [Kret and Shin 2016] and [Chenevier and Harris 2013], respectively.

2.2. Shimura varieties and automorphic forms. This section introduces the Shimura varieties and spaces
of automorphic forms with which we will work.

2.2.1. Shimura varieties. In this paper, we consider PEL-type Shimura varieties of either unitary (A) or
symplectic (C) type. Here, we briefly introduce the Shimura datum (D, %, V, (, ), h) of PEL type needed
for our work later in the paper. We refer to [Kottwitz 1992] for a more detailed treatment.

Let D be a finite-dimensional simple Q-algebra, and let F be its center. Let * be a positive involution
on D over Q, and let Fy be the fixed field of % on F. Since % is positive on F, its fixed field Fj is totally
real. We say that x is of the first kind if F' = Fj, and of the second kind if F is a quadratic imaginary
extension of Fj (in which case F is a CM field).

In the following, we denote by TF, (resp. 7r) the set of embeddings 7 : Fp — R (resp. 7 : F — C). If
is of the second kind (case (A)), then for each t € 7, we fix an extension ' — C in 7r, which by abuse
of notation, we still denote by , and we write t* for the other embedding F — C that restricts to T on Fp.
We shall also fix a choice ¥ of CM type, i.e., a set consisting of exactly one of 7, t* for each T € 7F.

Let V be a nonzero finitely generated left D-module, and let (,) be a nondegenerate (D-valued
alternating form on V such that (bv, w) = (v, b*w) for all v, w € V and all b € D. Let C be the Q-algebra
Endp(V); it is a simple algebra with center F, and has an involution * coming from the form (, ). Let
h : C — Cg be a x-homomorphism such that the symmetric real-valued bilinear form (-, A(i) - ) on Vg is
positive-definite.
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Associated with the above data, we define the algebraic group G over Q whose points on a Q-algebra R
are given by
GR):={xeCQqgR|xx"€R™}.

We denote by v : G — G,;, the morphism x — xx*, called the similitude factor, by G its kernel, and by
) : G, — G the cocharacter of G corresponding to v under duality. (Note that for any integer m > 1,

m nm

the cocharacter of G dual to V™ is D .) Then G is obtained from an algebraic group Gg over Fy by
restriction of scalars from Fj to Q. If * is of the second kind —case (A) —then G is an inner form
of a quasisplit unitary group over Fy. If « is of the first kind, then over an algebraic closure of Fy, the
group Gy is either orthogonal — case (D) — or symplectic — case (C). Going forward, we assume we
are in case (A) or (C).

The endomorphism ¢ =h xRz C of Ve = Vg Q@ C =V Qg C gives rise to a decomposition Ve =V d V>,
where for all z € C, (h(z), 1) =h(z) x 1 acts by z on V| and by z on V,. The reflex field E of the Shimura
datum (D, *, V, (, ), h) is the field of definition of the G (C)-conjugacy class of V.

Let p be a rational prime. We write Z ) for the localization of Z at p. We choose our data so that the

following conditions are met:
(i) The prime p is unramified in F.

(i) The algebra D is split at p; i.e., Dq, is a product of matrix algebras over (unramified) extensions
of Q,.

(iii) There exists a Z(py-order Op in D that is preserved by * and whose p-adic completion is a maximal
order in Dgq,.

(iv) There exists a Z,-lattice L in Vg, that is self-dual for (, ) and preserved by Op.

We also specify a level K, an open compact subgroup of G(Ay), where A ; denotes the ring of finite
adeles of Q. We further assume that K is neat (as defined in [Lan 2013, Definition 1.4.1.8]) and that it
decomposes as K = KPK,, where K C G(Aif’ )) and K, C G(Q)) is hyperspecial, namely K, is the
stabilizer of L in Vg, .

We define X' = Xk to be the PEL-type moduli space of abelian varieties of level K, associated with the
datum (D, %, V, (, ), h). Under our assumptions, Xx extends canonically to a smooth quasiprojective
scheme over O ® Z(,), which by abuse of notation we still denote by X'. The set X(C) is a (finite)
disjoint union of Shimura varieties obtained from the data (G, &, K). In the following, by abuse of
language, we refer to X' as the PEL-type Shimura variety of level K.

Given an abelian variety A, we denote by A’ its dual (and, likewise, in the context of sheaves, we also
use a superscript ¢ to denote the dual).

2.2.2. Simplifying conditions. We assume p is totally split in the reflex field E. Then, by [Wedhorn
1999], the ordinary locus of the modulo p reduction X of the Shimura variety X’ is nonempty. We fix a
prime p of E above p, and we regard X’ = Xk as a scheme over W =7, = O ;.
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For convenience, we further assume that D = F and that p splits completely in F. These two
assumptions are not necessary, but they allow us to simplify notation. (By assumption (ii) above, Morita
equivalence reduces the general case of D # F to that of D = F; we refer to [Eischen and Mantovan
2021b, Section 6] for an explanation of how the case of p totally split in E, but not in F, relates to the
case of p totally split in F.)

2.2.3. Signatures and Levi subgroups. The decomposition F ®g C = P, 7, C induces a decomposition
Vi=6p, 1+ V1,7. The signature of the Shimura datum is the collection of integers

a; :=dimg Vy; forall v € Tp.

Let 2n = dimg, V. In the unitary case (A), we have a; @ a.+ = n for all T € Tr, and the tuple of
pairs (a;, a,+), for T € X, is the signature of the unitary group Go/Fp. In the symplectic case (C), we
have a; =n for all T € Tf,. (For Fp = Q, we refer to case (C) as the Siegel case, and to case (A) as the
Hermitian case if a; = aj.)

Letting @p be an algebraic closure of Q,, we denote by C, its p-adic completion. We fix an
isomorphism ¢ : C — C,, compatible with the choice of a prime p of E above p. The map 7+ 1ot
defines a bijection between the complex embeddings 7 : F — C and the p-adic embeddings F — Q p-
By assumption, p splits completely in F, and hence we deduce an identification of 77 with the set of
primes of F' above p (resp. Tr, with the set of primes of Fjy above p), and write Or ®7 Z, = D, et Lp-

Starting from the signature of the Shimura datum, we define an algebraic group H over Z by

[l (GL,, xGL,.) € [] GL, in the unitary case (A),

H o= l_[ GL. — €Tk, t€TF,
o TeTr “ [l GL, in the symplectic case (C).
T€TF,

Note that Hg can be identified with the Levi subgroup of G ¢ that preserves the decomposition
Ve = V1 @ V,. Via (, we also identify Hz, with a Levi subgroup of G, z, (Here, with abuse of notation,
we still denote by G the reductive model over Z, = O, associated with the Z ,-lattice L in Vg,. Note
that all groups are split over Z,,.)

We denote by T C B the diagonal maximal torus inside the Borel subgroup of upper-triangular matrices
of H, and by N the unipotent subgroup of B.

2.2.4. Weights and Schur functors. We recall relevant aspects of the theory of algebraic representations
of general linear groups, adapted to the group H = ]_[tefnr GL,,. We refer to [Eischen et al. 2018,
Section 2.4] for a more detailed discussion.

Over an algebraically closed field of characteristic 0, in particular over Q p» the irreducible algebraic
representations of H (up to isomorphism) are in one-to-one correspondence with the dominant weights
of T. For each dominant weight «, let (o,, V,) denote the irreducible algebraic representation of H
over @ p of highest weight «. Via Schur functors, we construct Z,-models of the representations (o, V).
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We identify the set of dominant weights of (the maximal torus 7" of) H with the set

X(T), := {(,q,r, ka0 €[] 2"

Kir = ki1, for all i},

‘L’GTF
via the morphism [ [ . diag(t1¢, ..., ta, o) = [lrer [li<ica, tlffir”. For k = (k;) € X(T),, we write
=D el and el = ) ki
T€Tr 1<i<a,

We call a dominant weight « € X(T), positive if k # 0 and k,, = 0 for all T € TF.

Let « be positive dominant weight (using twists by appropriate powers of the determinant, all con-
structions and definitions below extend to nonpositive dominant weights). Let y, be the associated Young
symmetrizer. More precisely, we define y, = ®r€TF Y, Where for each © € T, y,, € Z[S,|] is the
Young symmetrizer associated with the dominant weight x, of H; = GL,_, in the group algebra of the
symmetric group &, | on |k, | letters.

The k.-Schur functor on the category of R-modules, for R any ring,’ is defined by

Se, (M) = MOkl Ve, C MOkl

When R is a Z ,-algebra, or an algebraically closed field of characteristic 0, the module S, (R") is an
irreducible representation of H; over R, with highest weight «.
For each positive weight « € X(T') ., we define the «-Schur functor on the category of R-modules M

endowed with a decomposition M = P, e1- M- by
SeM) =X S, (M) = ( ® M®Kr|) ye C MO,
teTr teTr
Let W = @, Tr Z’;; be the standard representation of H over Z,. Then the module S, (W) is a

Z ,-model of the irreducible representation of H with highest weight «. In the following, with abuse of
notation and language, for each dominant weight «, we still denote by (o, V,) the representation S, (W),
and refer to it as the irreducible representation of highest weight «.

Remark 2.2.1. By construction, the Young symmetrizer defines an epimorphism
ye : WEKI 5 s (W).

By [Eischen et al. 2018, Lemma 2.4.6], if « and A are two positive dominant weights, then |« 4+ A| =
|« | 4 |A| and there exists a projection map 7y 5 : S (W) @ Spu(W) — Sy42 (W) such that the morphism
Vs : WA 5§ (W) factors via the morphism

Ve ® s W = wekKl @ wiH . 5, (W) ® Si(W),
or in other words, Y41 = 7.2 0 (Ve @ Y1)-

3Schur functors are also defined on the category of locally free sheaves on a scheme S.
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It is important to note that, as detailed in [Eischen et al. 2018, Section 2.4], all these maps are defined
over Z,,.

Remark 2.2.2. The Schur functors and the various projection maps are an important ingredient of our
construction of the differential operators on p-adic automorphic forms in Section 3.2. For the construction
of the differential operators on mod p automorphic forms in Section 3.3.2, we use* the reductions
modulo p of the Schur functors and projection maps defined above over Z,,. As indicated in Remark 3.2.2,
while this provides us with a definition of the necessary maps in characteristic p, some of these maps
may be zero when p is small.

2.2.5. Admissible weights. We now introduce the set of dominant weights by which Maass—Shimura
differential operators (as well as the analogous differential operators studied in Section 3) can raise the
weight of an automorphic form.

We call a dominant weight x € X(T'), evenif k;, y =0 mod2 forall T € Tr and all 1 <i < a,, and
we call k sum-symmetric if Zlgiga, Kiz = Zlgiga,* ki = forall T € Tr.

Let W =P W;, where W, = Z‘;;, be the standard representation of H over Z,,.

TGTF

Definition 2.2.3. A dominant weight A is called admissible of depth e; = e, for e € Z., if the correspond-
ing irreducible algebraic representation of H occurs as a constituent of the representation (W?2)®¢ for

D, Try Sym?W, in the symplectic case,

W=
D, Th, (W ® Wy+)  in the unitary case.

By definition, admissible weights are positive. Furthermore, a dominant weight X is admissible in the
symplectic case if and only if it is positive and even; and in the unitary case, a dominant weight A is
admissible if and only if it is positive and sum-symmetric.

Note that if A is admissible, then |A| is positive and even, and the Young symmetrizer

Vi ! W®Ux| — W,

induces an epimorphism (W?)®*/2 — W,  which, by abuse of notation, we still denote by y;. Hence, in
particular, A is admissible of depth e, = |1|/2.

Remark 2.2.4. We denote scalar weights by (lﬁ)reTF :=(ke, ..., k¢)re, for integers k.. Furthermore,
if there exists an integer k such that k; = k for all 7, then we write k for (k. )reTF. In the symplectic case,
a scalar weight (d; )teTF is admissible if and only if d; is nonnegative and even for all T € 7Tr. Hence,
in the Siegel case, the admissible scalar weights are exactly the positive multiples of 2. In the unitary
case, a scalar weight (d_f)re’rp is admissible if and only if a,d; = a;+d.+ for all T € Tr. Hence, in the
Hermitian case, a scalar weight is admissible if and only if d; = d.« for all T € TF.

4There are other approaches, for instance via the characteristic-free theory of Schur functors [Akin et al. 1982] and the
corresponding Littlewood—Richardson rule [Boffi 1988], but using reduction modulo p from the Z,-models we defined is
sufficient for our purposes.
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2.2.6. Automorphic forms. We recall the construction of automorphic sheaves over X'. We refer to
[Caraiani et al. 2016, Section 3.2] for details.

Given a characteristic p field F, we denote its Witt vectors by W (F). We also set W := W (Z/pZ)
and identify W with Z,. Following the conventions of Section 2.2.3, we identify Tf, (resp. 7r) with
Hom(OF,, W(F,)) (resp. Hom(Op, W (F)))).

Let 7 : A — X denote the universal abelian scheme, of relative dimension g = n[Fy : Q] over X, and
set w 1= Q2 }4 /20 which is a locally free sheaf of rank g.

Set T := Tr. The action of O on w induces a decomposition of w as

o=Peor.

where for each t € T the sheaf w; is locally free of rank a;.

For any dominant weight « of T', the automorphic sheaf " of weight k over X is defined as follows.
Let £/X be the sheaf

£ = PIsom, , (OF, wo);
TeT

it admits a natural left action of H. Given an irreducible representation (po., V) of H of highest
weight k, we define 0 := & x#* V, so that o*(R) := (€ x Vi ® R)/((£, m)=(g¥, pc(‘g~")m)) for each
Of p-algebra R.

An automorphic form of weight « and level K, defined over an Of y-algebra R, is a global section of
the sheaf w* on Xk xog, R.

2.2.7. Hasse invariants and p-adic automorphic forms. We recall the construction and properties of
Hasse invariants relevant to our settings. Details most pertinent to the present paper are available, for
various contexts, in [Goren 2001; Conrad 2005; Goldring and Nicole 2017] and [Andreatta and Goren
2005, Section 7]. (More general constructions have been given more recently, e.g., in [Koskivirta and
Wedhorn 2018], but such generality is unnecessary for the present paper.)

Let 7 : A — X denote the universal abelian scheme over the mod p reduction X of the Shimura
variety X. Setting w4, x = 77*9,14/)(’ we have the Hodge filtration of H(}R (A/X) over X:

0— wayx — Hig(A/X) = R'7m,0 4 — 0.
Let F: X — X denote the absolute Frobenius on X; we denote by A”) := A x x g X the pullback of A

under F, and by Fr: A — AP the relative Frobenius of .A. The morphism Fr induces an Ox-linear map

Fr*: Rln*OA<p) = Rln*Off) — Rln*OA;

we denote the dual map by

h: wA/X e C()_A(p)/X waf/)x.
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Definition 2.2.5. The Hasse invariant is the automorphic form
E :=deth e H(X, |w/x|"™")
(where | - | denotes the top exterior power).

By construction, the ordinary locus S of X agrees with the complement of the vanishing locus of the
Hasse invariant E.

Recall that a sufficiently large power of E is known to lift to characteristic zero. For any m > 1, set
Xy =X xyw W/ p™, and denote by S,, the locus of X}, where (a sufficiently large power of) the Hasse
invariant E is invertible. Define S :=lim, S, as a formal scheme over W. The formal scheme S is the

formal ordinary locus over W.

Definition 2.2.6. For any dominant weight «, a p-adic automorphic form of weight « is a section of

HY(S, ) :=1im H(S,, 0").
m

3. Analytic continuation of differential operators

This section establishes analytic continuation of the mod p reduction of certain p-adic differential
operators D’ (analogues of C> Maass—Shimura differential operators), a priori defined over the ordinary
locus, to the whole Shimura variety. (Recall from the previous section that we assume we are in
case (A) or (C), i.e., the unitary or symplectic case.) This section’s main result is Theorem 3.4.1, of
which Theorem A is a consequence. Via different methods, de Shalit and Goren [2019] obtained related
results on analytic continuation, when one restricts to quadratic imaginary fields F and scalar weights. As
discussed in Section 1.2, unlike that approach, the techniques below handle all signatures and all weights
simultaneously. The techniques below also do not rely on explicit computations via g-expansions (and
consequently handle fields F' of any degree and automorphic forms of any weight).

3.1. Key ingredients for the construction of our differential operators. Let T be a scheme, and let Y be
a smooth scheme over T'. Suppose 7 : & — Y is a polarized abelian scheme. In particular, 7 is a smooth
and proper morphism. Let w := wy/y 1= m, Qi{ y S Hle («7/Y), and consider the Hodge filtration

0— w<> Hijp(//Y) = R'7,0,, — 0.
Our differential operators are built from the Gauss—Manin connection
V=V : Hig(e/|Y) = Hig(//Y) @ Q7
and the Kodaira—Spencer morphism
KS=KS, )y :0®w—> Q7.

By definition, KS.//y := (-, V(-))., where (-, - ) is the pairing induced by the polarization on ./ and
extended linearly in the second variable to a pairing between w and V(w) (and using the fact that w is
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an isotropic subspace of H(}R («7/Y) under this pairing). The Kodaira—Spencer morphism induces an
isomorphism

2

ks:w” = Q%,/T,

where
D, Ty Syméy (w;)  in the symplectic case,

Cl)2 =

EBreTpO (wr ®o, wr+) in the unitary case.

For details on the Gauss—Manin connection and the Kodaira—Spencer (iso)morphism, we refer the reader
to [Lan 2013, Sections 2.1.7 and 2.3.5] and [Faltings and Chai 1990, Section 9].

3.2. Differential operators on p-adic automorphic forms. We briefly recall a construction of p-adic dif-
ferential operators D?, analogues of C°>° Maass—Shimura operators, introduced in [Katz 1978, Chapter I1]
for Hilbert modular forms and extended to the Siegel and unitary cases in [Courtieu and Panchishkin
1991; Panchishkin 2005] and [Eischen 2012; Eischen et al. 2018], respectively.

Let S denote the formal ordinary locus over W(Fp). Write @ = w 4/s. Define

U C Hyp(A/S)

to be Dwork’s unit root subcrystal® (introduced in [Katz 1973]). Then U is a complement of w, and
the inclusion w C Hd]R(A/S) composed with the projection 7y : HC}R(A/S) — HJR(A/S)/U is an
isomorphism. We denote the induced morphism by
Iy : Hle(A/S) —> w4/S-
Define

D=y ®ks™) o V]y: 0 S Hig(A/S) = Hip(A/S) ® Qg e = 0@,
4
For any d > 1, by the Leibniz rule (the product rule), we obtain an operator

Dy :a)®d N w®d ®w2 C w®(d+2).

By the construction of Schur functors (see also [Eischen et al. 2018, Proposition 3.3.1]), for any dominant
weight «, the operator D, for d = |k| induces an operator

D, : 0 > 0 Q@ .
For any admissible weight A, the corresponding weight-raising differential operators
D} 0 — ot
are induced via Schur functors by the e-th iterations fo) :=Dg42(e~1) 0 - -0Dg42 0Dy,
sze) 0% s % @ (0?)®° C B+,
composed with the Young symmetrizer y; : (w?)®¢ — w*, for e = |A|/2 (see Remark 2.2.1).

SUnder the identification of H J g (A/S) with the Dieudonné crystal of A[ p°°1/S8, the subcrystal U is the maximal étale
subcrystal of Hd]R (A/S).
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Remark 3.2.1. For any admissible weight A and any p-adic form f of weight k, D}(f) is a p-adic form
of weight k + A. In particular, for any integer m > 1 and any mod p™ automorphic form f € H(X,,, ©*),
we obtain Dﬁ( f)eH 0(Sp, ). By construction of the Hasse invariant E, for a sufficiently large
integer N > 0, the section E N Dﬁ( f)eH (S, & “er) extends (uniquely) to all of &, i.e.,
EN .DX(f) is, in fact, the restriction of an element of H%(X,,, @* T T2=DN)

We shall prove in Theorem 3.4.1 that when m = 1, for each admissible weight A, there exists an explicit
integer, namely N = |A|/2, such that for all dominant weights x and all characteristic p automorphic
forms f of weight «, the sections EV - DX(f), defined a priori over the ordinary locus, extend to all
of X :=AX].

Remark 3.2.2. Recall that 2n :=dimpg, V' as defined in Section 2.2.3. By [Eischen et al. 2018, Section 5.2,
especially the proof of Proposition 5.2.4], when p > n, the weight-raising differential operators D*
modulo p, for A symmetric, exist and are nonzero. In fact, by loc. cit., in the unitary case, it suffices to
work with p > max;c7(min(a;, a,~)).

3.3. Differential operators on automorphic forms modulo p. Let X denote the reduction modulo p of
the Shimura variety X', i.e., X := A}, and set w = w 4,x. We now construct a new class of weight-raising
differential operators ® on the space H’(X7, oy ,x) of automorphic forms in characteristic p. For the
special case G = GSp,, Yamauchi [2014] constructed and studied similar operators.

3.3.1. Adjugates and the Hasse invariant. For a morphism f : F — G of locally free Ox-modules of
rank g, the adjugate of f is the morphism

fiG®|F|— FRIG|
(recall | - | denotes the top exterior power) obtained from the dual map
g—1 7\ -1 g1\ =1\ 1
(X'f) @eigrh= (A7) - (NT'F) = FalF
after tensoring with the identity map on |F| ® |G|. It satisfies the property that
fo(f®idjr) =idr@det(f): F®|F| - FQ|G]. @)

Let Fr: A — A" denote the relative Frobenius morphism on the universal abelian scheme over X.

Denote by h : wa/x — wff/)x the dual of the morphism Fr* : Rln*(’)ff) — R'n,0 4 introduced in

Section 2.2.7. In the following, by abuse of notation, we still denote by
*h: wff/)x —> wAx ® |a)~,4/x|pf1

the map obtained by tensoring the adjugate of / with the identity on |w 4, x |~! and then composing with
the identification |wff/)x| >~ |w/x|P. From equality (7), we deduce that

hoh:wax — oax®lwax|”"

is equal to multiplication by the Hasse invariant £ = det(h), as introduced in Definition 2.2.5.
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Define®
% = Image(Fr*: Hle(A/X)(p) — Hip(A/X)).

Lemma 3.3.1. The relative Frobenius Fr : A — A"Y) induces an isomorphism
Hip(A) X)) U ~ P, ®)
Under this identification, the inclusion w C Hle (A/ X) composed with the projection
7 Hig(A/X) = Hip(A/X) /%
agrees with the morphism h : @ — o'P).

Proof. By Katz’s work on the conjugate Hodge—de Rham spectral sequence [1972, Section 2.3] (see
also [Wedhorn 2008, Corollary 1.6., §5.1, Proposition 5.1] and [Berthelot et al. 1982, §5.1]), the sheaf %
and the quotient H, (}R (A/X)/% are locally free of rank g and dual to each other under the pairing (, ) 4
on Hle (A/ X) induced by the polarization w4 of A. Furthermore, it follows from this work of Katz that
the relative Frobenius
Fr* s Hlp (A X)) — Hlo(A4/X)

induces an isomorphism

R'm,0P ~%. )
Dualizing isomorphism (9), we obtain isomorphism (8), as well as that the inclusion @ C Hd] r(A/X) com-
posed with the projection 7 : HC}R A/ X)— H(}R (A/X)/% agrees with the morphism /& : w4, x — a)if/)x
dual to Fr* : Rln*(’)ff) — R'7,04. O

3.3.2. A construction of differential operators in characteristic p. We continue to set @ = w 4, x. Consider
the morphism

My :="*homy : Hix(A/X) — Hip(A/ X)) ~ 0P — 0 @ |wP~.
Define

O:= My ks HoV|,:0— Hip(4/X)® Q;/W@) S (0" N =0® (o' ®w?).

More generally, we construct an operator
®d : w@d N C()®d ® (|w|p—1 ®a)2) - a)®d+p+l

as follows. As in [Eischen and Mantovan 2021a, Section 3.1] (or similarly [Eischen 2012, Section 3.1.2]
and [Harris 1981, Section 4.3]), we use the product rule to extend the Gauss—Manin connection to a
connection

Vead | (Hig(A/ X)®' — (Hip(A/ XN @ Qy e .

5More precisely, % is the sheafification of the image of Fr*.
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via

d
Voa(i® @ fn)=Y 1j(i® - @V(f})® - ® fa),

=1
where ¢ is the isomorphism J
j: (Hap(A/ XN @ Q) e | ® (Hap(A/ X)) 2 (Hig (A/ X)) @ Q) i .
1R QejQuURej+1Q - Regr>e1 Q- QegQu.
So composing with the inclusion ®®? < (H],(A/X))®?, we get a morphism
d
Voa : 0% = > (0% @ Hjp(A/X) @ 0® ) ® Q;/W@). (10)
j=1

For any d > 1, we then obtain an operator
Oq:= Ty ks ) oVgy: 0® - 0% Q@ (|’ ! @ w?) C w®IHPH!,

This is similar to Katz’s construction of the theta operator [1977, Remark, p. Ka-5 to Ka-6] and relies on
the fact that the image of Vg restricted to ©®¢ is as in (10).

By the construction of Schur functors, for any dominant weight «, the operator ®, for d = |« | induces
an operator

O, 1 0 = 0 @ (0|’ ™' @ w?).

For any admissible weight A of depth e = |A|/2, the corresponding differential operators

@A Cwf — w/c+)u+(p71)e
P LA

are induced via Schur functors applied to the e-th iteration 95(16) = 0Out(pt1)e=1) 0 0Ouqpy100qy,
®¢(ie) :a)®d N a)®d ® (|w|p—1 ®a)2)®e - w®d+(p+l)e’
composed with the projection
idpo-ne ® Y1 : (0] © 07)® = 0| PP ® (07)® — 0| P @t =2l

Remark 3.3.2. In Section 3.4, we shall be particularly interested in the action of ® on the restriction
wA/x|s = ways to the ordinary locus S := Sy C X. For convenience of notation, we write @ﬁ |s to denote

kK+A+(p=1)|A|/2

the resulting morphism of sheaves o /s ™ s over S. Similarly, we write I1y4 |g for the

morphism H,(A/S) = was ® |w/s|P~" obtained by restriction to sheaves over S C X.

3.4. Analytic continuation modulo p. We now prove the operators @ analytically continue the mod p
reduction of the p-adic differential operators D?, a priori defined only over the ordinary locus S := Sy, to
all of X := X|. More precisely, we establish the following result, of which Theorem A from Section 1.2
is a consequence.
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Theorem 3.4.1 (analytic continuation). For any admissible weight ). and dominant weight k,

Ots = E‘M/Z-D,’} mod p

k+A+(p—1)|A]/2
L

as morphisms 'y /s > @y of sheaves over S.

In particular, for any classical automorphic form f of weight «, the mod p reduction of the p-adic
automorphic form E*/2. DX f is classical.

Proof. Comparing the constructions of the operators ®” and D, the statement reduces to the following
lemma. ]

Lemma 3.4.2. Maintaining the above notation,
HO?/'S =FE- HU modp
as maps Hd]R(A/S) —> wA/s® |wA/S|p_1.

Proof. We work over S and write w = w 4/5. Consider the pullback of the slope filtration to Hd1 r(A/ S)(p ),
namely 0 € UP) C Hle (A/ S)(p ), By construction of the unit root subcrystal U, the restriction of the
relative Frobenius map Fr* to U? induces an isomorphism onto U. Since Fr* is equal to 0 on w?, it
follows from the definition of % that % = U over S.

By Lemma 3.3.1, the induced morphism

0=~ Hlx(A)S)/U — Hip(A)S)|U ~ P
agrees with the restriction to S of the morphism % : @ — ”. We deduce that 7, = h o [Ty over S, so
[y =homny ="hoholly=E -y mod p. (]

Remark 3.4.3. Since the weights of ®ﬁ |s(f) and Dﬁ( f) are different, we can only compare the values
of @*|s(f) and DX(f) at a point of S after identifying modular forms of different weights in a larger,
common space of p-adic modular forms V (as in [Hida 2004, Section 8.1.3] or [Caraiani et al. 2016,
Section 4.2.1]). For the purpose of the present paper, we need not concern ourselves with such details of
comparisons between forms of different weights. We note, though, that since the g-expansions of the
Hasse invariant E are identically 1 mod p, the g-expansions of @,’} |s(f) and Dﬁ( f) agree mod p, which
implies ®*|s(f) = DX(f) mod p inside V.

Remark 3.4.4. In Theorem 3.4.1, we show that in order to analytically continue D* to the whole Shimura
variety, it suffices to multiply D* by a power of E which depends only on the depth of A (in the sense
of Definition 2.2.3). This guarantees that the resulting operator is defined on automorphic forms on the
whole mod p Shimura variety. If one specializes to a specific weight A of a given depth, though, it is
possible that a smaller power of E suffices to cancel the poles introduced by D*.

For example, this is seen for scalar weights in [ Yamauchi 2014, Proposition 3.9]. Working with GSp,(Q)
and toward a different goal from us, Yamauchi shows that ED2( f) is entire for any classical form f (by
comparison, Theorem 3.4.1 gives the operator E2D2). Although only carried out in that work for GSp,(Q),
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Yamauchi’s ideas might be considered more generally, and offer a possible route to determining a lower
power of E by which one needs to multiply the operator D*. In particular, for a scalar weight A = 2k,
with k € Z., one would expect the operator EXDZ to be entire. In the spirit of Katz’s approach [1977,
proof of Lemma 3] (which covers the case of GSp,(Q)), the key input is a careful analysis of V, KS, and
Frobenius, working locally on the base, with explicit coordinates. Indeed, Proposition 3.4.5 illustrates
that in the special case of scalar-weight Siegel modular forms over Q of sufficiently large weight, we
need not have multiplied by such a high power of E, as one copy suffices.

3.4.1. Relation to Bocherer and Nagaoka’s work with Rankin—Cohen brackets. In the case of scalar-
valued classical Siegel modular forms (when the totally real field is @) of level 1 that arise as the
reduction mod p of classical characteristic O Siegel modular forms, work of Bocherer and Nagaoka
[2007, Theorem 4] yields a different approach to the analytic continuation of the operator D2 modulo p
for p > n+ 3. We denote by [, ] the generalized Rankin—Cohen bracket constructed for pairs of Siegel
modular forms of weight > n/2 in [Ibukiyama 1999] and [Eholzer and Ibukiyama 1998]. Bocherer and
Nagaoka [2007, Section 4] define a theta operator (denoted here by ®gy) on classical Siegel modular
forms f of level 1 and scalar weight k that arise as the mod p reduction of classical characteristic 0 Siegel
modular forms. (As noted in Remark 3.4.6, not all intrinsic mod p Siegel modular forms are reductions
from characteristic zero.)

When 2k > n, Bocherer and Nagaoka [2007, proof of Theorem 4] express ®pn(f) in terms of the
normalized pairing {, } := 27 V=1)""[,]. As noted there, OpN(f) =0 when k < n/2. This vanishing
follows immediately from the formula for the action of ®gN on g-expansions Y a(T)gq” of mod p
reductions of characteristic 0 (archimedean) Siegel modular forms, combined with the fact that classical
characteristic 0 (archimedean) Siegel modular forms are singular, i.e., their Fourier coefficients a(7T')
vanish at all half-integral positive T (as explained in [Klingen 1990, Section 1] and first proved in
[Resnikoff 1975; Freitag 1975]).

Proposition 3.4.5. Assume p > n+ 3. Then, for any scalar-valued Siegel modular form f (where the
totally real field is Q) of level 1 and weight k,

(=D"/(n+1)E""f, Eymod p ifk>n/2,

2 _
®(f)_{ 0 ifk <n/2.

Proof. First we deal with the case k > n/2, i.e., the range where {, } is defined. Under the assumptions
that p > n+ 3 and 2k > n, both E”_l{f, E} and ®% = E" -Dz(f) are Siegel modular forms, of scalar
weight k +2 +n(p — 1). Hence, by the g-expansion principle, it suffices to compare their g-expansions.
By comparing the action of {-, E} in [Bocherer and Nagaoka 2007, proof of Theorem 4] with the action
of D% on g-expansions in [Eischen 2012, Theorem 9.2], combined with the formula for the effect of the
Schur functors on coefficients (as provided, e.g., in [Eischen et al. 2018, Corollary 5.2.10]), we deduce

(=D"
(n+1)!

1
{ummszﬁ mod p.
n
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(Note that ©2 f(g) = n!®gn f(g).) Under the assumption p > n + 3, both constants (—1)"/(n + 1)!
and 1/n! are p-adic units, so their quotient (—1)"/(n+ 1) is a p-adic unit as well. So, applying
Theorem 3.4.1, we have
@2=E"D?= ﬂE"—l{ -,E} mod p.
n+1)

In the case k < n/2, as noted above, f is singular. Similarly to the argument of [Bocherer and Nagaoka
2007] mentioned above, we immediately see from the action of ®2 on g-expansions that ®2( f) = 0 for
all singular forms. U

Remark 3.4.6. As noted in the remark at the end of [Bocherer and Nagaoka 2007, Section 1], the
Bocherer—Nagaoka operator applies to reductions modulo p of scalar-weight classical Siegel modular
forms (when the totally real field is Q) in characteristic zero, whereas our operators apply to intrinsic
characteristic p Siegel modular forms. (As explained in Remark 3.4.4, specializing to a specific weight in
our setting can enable lowering our exponent on E to match theirs.) It is expected that, in low weights,
the space of intrinsic forms is strictly bigger than the space of reductions. Stroh [2013, Théoréme 1.3;
2010, Théoreme 1.1] and Lan and Suh [2011, Corollary 4.3] show that in the scalar-valued case, the two
spaces coincide when k > n+2and p > n(n+1)/2.

Our focus on the geometry provides results for a broader set of cases, including vector weights (as
well as lower scalar weights, since we do not restrict ourselves to reductions mod p of characteristic 0
forms), Siegel-Hilbert modular forms associated with totally real fields of arbitrary degree (as opposed to

degree 1 in [Bocherer and Nagaoka 2007]), and unitary groups of arbitrary signature.

4. Commutation relations with Hecke operators

The goal of this section is to explain how the differential operators ®? (resp. D) interact with Hecke
operators. Following the convention of [Edixhoven 1992, Section 3.1], we use the terminology “com-
mutation relations” to describe this interaction. We shall see that the two commute up to (explicit)
scalar multiples. Hence, in particular, we shall deduce that the differential operators ®” (resp. D}) map
Hecke eigenforms to Hecke eigenforms. Furthermore, in the case of Hecke operators at p, we shall
prove that the scalar multiple is a power of p, and as an application, deduce the vanishing of operators
eD) =0, where e denotes Hida’s ordinary projector. For modular forms, such vanishing was also noted
in [Coleman et al. 1995, p. 29] and [Coleman 1995, p. 345].

4.1. Interaction with isogenies. Throughout this section, let ¥ be a scheme that is smooth over a
scheme T'.

Definition 4.1.1. Given two polarized abelian varieties (A, w4), (B, ig), we say an isogeny ¢ : A — B
preserves the polarizations up to a scalar multiple if there exists v(¢) € Q*, called the similitude factor,
such that

¢ opupod=[v(d)lsopa.
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Let (A, na) and (B, up) be polarized abelian schemes of the same relative dimension g over the
scheme Y/T. An isogeny ¢ : A — B defined over Y induces a morphism ¢™* : Hle(B/Y) — Hle(A/Y)
which preserves the Hodge filtration, that is, ¢*(wp/y) € wa,y. By abuse of notation, for each dominant
weight «, we still denote by

o* a)'l‘;/y — a)'j‘/y
the morphism induced by the map ¢* via Schur functors. Note that if the polarizations p4 and @ g have
the same degree, then v € Z and deg(¢p) = v(¢p)%. In particular, for (A, ua) = (B, up), if ¢ = [n]4,
then v(¢) = n?; in this case, the morphism ()% is multiplication by n4.

Lemma 4.1.2. Let (A, ua) and (B, up) be polarized abelian schemes of the same relative dimension
overY/T,and let ¢ : A — B be an isogeny preserving their polarization up to multiplication by a scalar
v(¢p) € Q*. Then

KSa/y o (9" ®¢*) =v(9)KSp)y.
Proof. By the definition of the Kodaira—Spencer morphism

KSa/y == (-, Va(-))a,

the statement is equivalent to the equality

(@), Vag™ () a=v(@)(-, Vs(-))p.

By the functoriality of the Gauss—Manin connection, we deduce V4 o ¢* = (¢* ® id) o Vg, and reduce
the statement to the equality

@) " Na=v@)(-, )5
The latter follows from ¢’ o up 0o p = v(P) e a. O

4.2. Commutation relations with prime-to-p Hecke operators. Following [Faltings and Chai 1990,
Chapter VII, §3], we define the action of prime-to-p algebraic correspondences, and of prime-to-p
Hecke operators, on automorphic forms. For the construction of the moduli spaces of isogenies in the
PEL-type case, see [Biiltel and Wedhorn 2006, §1.6-1.7].

Fix a rational prime £ # p. We assume £ is good (see Section 2.1.3 for definition). We denote by
Ho(Gy, Q) the Q-subalgebra of the local Hecke algebra H(G,, K¢; Q) generated by locally constant
functions supported on cosets Kyy K¢, for y € G, an integral matrix (see Section 2.1.2 for notation).

Definition 4.2.1. We denote by ¢-Isog the moduli scheme’ of £-isogenies over X, and by ¢ : priA— pr; A
the universal £-isogeny for

pr = (pry, pry) : £-Isog — & x X
the natural structure morphism.

Tn general, £-Isog is a stack, but it is relatively representable over X’; as noted in [Biiltel and Wedhorn 2006, §1.7], the latter
is a scheme in our setting since we assume that the level is neat.
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Note that the degree of the universal isogeny is locally constant on ¢-Isog. For any connected
component Z of ¢-Isog, the two projections pr; : Z — X are proper, and they are finite étale over
X[1/deg(Z, ¢)], where deg(Z, ¢) denotes the degree of ¢ on Z. In particular, they are finite and étale
over X/Og .

Definition 4.2.2. For any dominant weight «, there is a natural action of (Z, ¢) on the space H 0x, w)
of automorphic forms of weight «, defined as

Ty =Tz.pyu '=trogp*oprs: HO(X, o) — HY(Z, priw*) — H(Z, prie*) — H (X, ).

It follows from the definition that, for any dominant weight «, the operator 7(z 4) . induces an action
of (Z, ¢) on the space H°(X, »*) of mod p automorphic forms of weight « (by reduction modulo p),
and also on the space H’(S, ) of p-adic automorphic forms of weight « (by restriction).

Definition 4.2.3. Let Y denote a base scheme such that ¢ is invertible in Oy, equipped with a map
f:Y—=>X(eg,Y=Xover Ogy, Y =X over [, or Y =S over Z,). There is a natural Q-linear map

h = hy : Ho(Ge, @) — Q[¢-Isog/ Y]

which to any double coset K;y K, with y an integral matrix in G, associates the union Z(Kyy K;) of
those connected components of £-Isog where the universal isogeny is an £-isogeny of type K;y K.

By definition, the action on automorphic forms of the prime-to-p Hecke operators agrees with that of
the prime-to- p algebraic correspondences (via pullback under ).

Theorem 4.2.4. Let (Z, ¢) be a connected component of £-1sog. For any dominant weight k and any
admissible weight A, we have

(i) Tpo®: =v(p)*/?@% o Ty,
(i) Ty oD} = v(p)*/*D} o Ty,
where v(¢) denotes the similitude factor of ¢.

Proof. For (i), by the functoriality of the construction of the operators ®2, it suffices to establish the
equality
T¢ o® = U(¢)® o T¢.

By definition, ® := (I14 ® ks™Ho Vw4~ By the functoriality of the Gauss-Manin connection V, and
of the definition of I14, it suffices to prove the equality

v($)KS =KSo (¢* ® ¢*) : pr Hig (A/ X) ® prs Hyp (A/ X) — priQy .

This follows from Lemma 4.1.2.
For (ii), the statement reduces to the equality 73 o D = v(¢)D o Ty, and the same argument applies to
the operator D, with the morphism ITy in place of I14 . U
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Remark 4.2.5. In the Siegel case, for an admissible scalar weight A = d, we have that d is even, |A| = gd,
and v(d))'w 2= deg(¢)d/ 2. In particular, for g =2, Theorem 4.2.4 specializes to Yamauchi’s result [2014,
Proposition 3.9].

4.3. Commutation relations with Hecke operators at p. Following [Faltings and Chai 1990, Chapter
VII, §4], we define the action of p-power algebraic correspondences, and of Hecke operators at p, on
automorphic forms over the ordinary locus S. Following the same work, we identifty H x G,, with the
appropriate maximal Levi subgroup M of G over Z,, (see Section 2.2.3).

We write M), := M(Q,) and express y € M), as y = («, p?) with « € H(Q,) and d € Z. Note
that y = (o, pY) e M p 1s an integral matrix if and only if d > 0 and both o and p?a~! are integral matrices
in H(Q,). Also, by definition, M(Z,) = K, M,,, and hence the local Hecke algebra H(M,, M(Z,); Q)
is a subalgebra of H(G,, K ,; Q) (see Section 2.1.2 for notation).

We denote by Ho(M,, Q) the Q-subalgebra of H(M,, M(Z,); Q) generated by locally constant

functions supported on cosets M(Z,)y M(Z,), for y € M, an integral matrix.
Definition 4.3.1. We denote by p-Isog’ the moduli scheme of p-isogenies over the ordinary locus S, and
by ¢ : pr{. A — pr;A the universal p-isogeny for
pr = (pry, pry) : p-Isog’ - S x S
the natural structure morphism.

By [Faltings and Chai 1990, §VIL.4, Proposition 4.1], for any connected component Z of p-Isog?, the
two projections pr; : Z — S are finite and flat over S/ W(Fp).

Definition 4.3.2. For any dominant weight «, there is a natural action of (Z, ¢) on the space H(S, )
of p-adic automorphic forms of weight «, defined as

Ty =Tiz.4) :=trop* oprs: H(S, 0*) - HY(Z, priw*) — H*(Z, prio*) — H(S, 0").
Theorem 4.3.3. Let (Z, ¢) be a connected component of p-Isog®. For any dominant weight k and any
admissible weight A, we have

Ty oDl = v(p)*/?* Dl o Ty,
where v(¢) denotes the similitude factor of ¢. In particular, if v(¢) > 1, then Ty o D* =0 mod p.

Proof. The commutation relations follow by the same argument as in the proof of part (ii) of Theorem 4.2.4.
The vanishing in positive characteristic follows from the equality v(¢) = p? ford > 1. (]

Consider the mod p-reduction
pry, 1 p-Isog’ ®y i, Fp — S x 8.

Note that the degree, similitude factor, and p-type of the universal isogeny are locally constant on p-Isog®.
(Recall that, by definition, the p-type of a p-isogeny with similitude factor p? is a coset H(Z paH(Zy)
of an integral matrix « € H(Q,) such that p?a~! is also integral.) Faltings and Chai [1990, §VIL.4,
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Proposition 4.1] compute, for any connected component Z of p-Isog’ ®W@p)[F p» the purely inseparable
multiplicity p(Z) of the geometric fibers of pr; : Z — S in terms on the degree and the p-type of the
universal isogeny on Z. Furthermore, they prove there is a well-defined integral action of the operator
w(Z)=! T(z.4) on the space of mod p automorphic forms of weight «, for all dominant weights «.

We define the normalized action of (Z, ¢) on mod p automorphic forms as ts = t(z.4) = t(Z) "' T(z.4).

Definition 4.3.4. Let Y denote a base scheme of characteristic p, equipped with amap f : Y — S. There

is a natural Q-linear map
h=hy,:Ho(Mp, Q) - Q[p —Isog’/Y]

which to any double coset M(Z,)y M(Z,) with y = (a, p?) an integral matrix in M,, associates
w(Z(a, d))_1 - Z(a, d), where Z(«, d) denotes the union of those connected components of p — Isog®
where the universal isogeny is a p-isogeny of p-type H(Z,)aH (Z,) and similitude factor .

By definition, the action of the Hecke operators at p on mod p automorphic forms agrees with the

normalized action of p-power algebraic correspondences.

4.3.1. Hida’s ordinary projector. Hida [2004, §8; 2002, §3.6] establishes the divisibility of the Hecke
operators at p on p-adic automorphic forms by a given power of p, keeping their integrality. More
precisely, he proves that the normalized action on mod p automorphic forms lifts to p-adic automorphic
forms.

For 1 < j <n,leta; € H(Q,) be defined by «; ; := diag[l,_;, pl;] for T € Ty. (For any positive
integer k, [; denotes the k x k identity matrix.) Let Zo, denote the union of those connected com-
ponents of p-Isog” where the universal isogeny has p-type H(Z,)a;H(Z,) and similitude factor p.
For j =1, ..., n, Hida proves the integrality of the operators u (o j)_l[U(o; j) = /,L(Zaj)_l T(Za/_,@ on the
space of p-adic automorphic forms over the ordinary locus.

By definition [Hida 2004, §8.3.1, Lemma 8.12], the ordinary projector e on the space of p-adic
automorphic forms is

e :=limU(p)™,

where U(p) := [T} (o))" 'U(e)).
Hence, by Theorem 4.3.3, we deduce the following result.

Corollary 4.3.5. For any dominant weight «, and admissible weight )., we have

eD! =0.

5. Applications to Galois representations

Theorem 4.2.4 implies that the mod p differential operators from Section 3 map Hecke eigenforms to
Hecke eigenforms. When there are Galois representations arising from the corresponding systems of
Hecke eigenvalues, it is natural to ask how our differential operators affect the Galois representations.
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5.1. An axiomatic theorem. We start with a result on Galois representations attached to systems of
Hecke eigenvalues for a general algebraic reductive group G defined over @ (and split over a number
field F'), as introduced in Section 2.1.3.

We fix a prime p and write x for the mod p cyclotomic character. Given a mod p Hecke eigenform f,
we denote by X ¢ the set of places that are bad with respect to p and the level of f, and by R( f) the set of
Galois representations p : Gal(F/F) — G (Fp) that are (conjecturally) attached to f as in Conjecture 2.1.1.

Theorem 5.1.1 (axiomatic theorem). Let G be a connected reductive group over Q, split over the
number field F. Fori = 1,2, let f; be a mod p Hecke eigenform on G. For v ¢ L; := Xy, let
Wit H(Gy, Ky; Fp) — Fp denote the Hecke eigensystem of f; at v. Then

W, o(c) = (M) W1.0(cy) forall e PTand v¢ XU, (11)
for a character n of G if and only if

(Mo x)®p1 € R(f2) forall p1 € R(f1) (12)
for the cocharacter 1) of G corresponding to n by duality.

Remark 5.1.2. For Galois representations arising from Hecke eigenforms on symplectic and unitary
groups, Theorem 5.1.1 specializes to Theorem B from Section 1.2, as we shall observe in Section 5.2.

Remark 5.1.3. The use of the tensor product sign in (170 x) ® p; is generally an abuse of notation and
should be understood as in Lemma 5.1.5. We retain the ® notation because it is evocative of the case
when G is a group of matrices, where we are indeed dealing with a tensor product of representations.

The proof of Theorem 5.1.1 uses the following lemmas.
Lemma 5.1.4. Let G be a reductive group and let  : G — Gy, be a character of G. Then the cocharacter
n:G,, = G has image in the center Z(G) and
nop=mnok
for any dominant weights i, A € P such that j1 < \.

Proof. The image of 7 is abelian. So n(G’") = 1, where G’ denotes the derived subgroup of G. So 1 induces
a character of the abelianization of G, hence the dual cocharacter 7 lands in the center of G. Moreover,
since n(G") = 1, and the coroots of G are the same as the coroots of G’, we see that no«" = 1 for any
coroot . If u and A are comparable, they differ by a linear combination of coroots, so nou =noi. [J

Lemma 5.1.5. Let G be a reductive group over a field k and let n : G — G, be a character of G.
Letp:T' — a(k) be a representation of a group T into the k-valued points of the dual group G. Let
x : T — G, (k) be a k-valued character of T. Then the map (o x) @ p : T — 6(1() defined by

(Mo x)®@P)Y) :=0(x(¥)p) (13)

is a representation of T'.
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Proof. In order to show that (13) defines a group homomorphism, it suffices to prove that 7(x (y)) is in
the center of G (k), which was done in Lemma 5.1.4. O

We are ready to prove the main result of this section.
Proof of Theorem 5.1.1. Let p; € R(f1) and define p; := (70 x) ® p1. Then p; and p, are both unramified
at primes v ¢ X := X1 U X, and p;,(Frob,) = 7(7,) p1 (Frob,) for all v ¢ X.

For v ¢ X, let s; , denote the v-Satake parameter of f;, for i =1, 2. Then p; € R(f;) if and only if
siv = pi(Frob,) for all v ¢ . Hence (12) is equivalent to the equalities

$2.0 =N(my)sy, forall v ¢ X.

Fix v ¢ X. Recalling the Satake parameters from Section 2.1.2, note that the equality s; , = 7(77,)s1.»
is equivalent to
x1(52,0) = x2((wy)s1,y) forall x e PT.

Let A € PT, and let p, : G(Fp) — GL(V,) be the irreducible representation of G(Fp) of highest
weight L. As a function on the maximal torus T, the character of P> can be written as

2. = _(dim Vi(u)i.

HSA
In particular,

X (A)s f.0) = D (dm Vi) AR T)sf.0) = Y (dim Vi (u)AHGT)) Al o)

USA n<h
=Y (dim V, ()0 (m))d(s ,0) = n(A(r)) Y (dim V3 (1)) fi(s £, )
p<A n<A

=nA@)) X1 (5 £, 0),

where we used that n(u(m,)) = n(A(w,)) whenever u < A (see Lemma 5.1.4).
Hence, (12) holds if and only if

x1(52,0) = n(A () xa(s1,0) forall A€ PTand v ¢ 2. (14)
We use (6) to show that (11) implies (14) (and hence (12)). So

X(52.0) = @200) = W2,0(S; " 60)) = W, (gli—ﬂ’“ > dx(u)cu)

HSA

="M Y di(WWau(cn) = g5 Y di () Wy (cp)
USA <

= n(m))as M D d ()W) = 1)) X3 (51.0),
HSA

after another appeal to Lemma 5.1.4. Similarly, (5) can be used to show that (14) implies (11). O

5.2. Effects of differential operators on Galois representations. We assume the group G is symplectic
or unitary.
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Proof of Theorem B. (For consistency with the notation in Section 5.1, here A denotes a dominant weight
in PT, and the admissible weight in the statement of Theorem B — previously denoted by A —is «j.)
Theorem 4.2.4 implies that the assumptions in Theorem 5.1.1 are satisfied by the systems of Hecke
eigenvalues associated with a mod p automorphic form f of weight x and its image under ®“° = ®°.
More precisely, Theorem 4.2.4 implies

Wero(f).o(cn) = v 2W 1 (c1)

for all A € P* and all but finitely many places v (e.g., all places v not above p and of good reduction for
the Shimura variety X’). Hence, the theorem is an immediate consequence of Theorem 5.1.1. U

Theorem B could play a role in the study of Galois representations in positive characteristic, and also in
generalizations of Serre’s weight conjecture. For modular forms on GL; over @, the theory of ®-operators,
including an analogue of Theorem B, was used in the study of the modularity of 2-dimensional Galois
representations in positive characteristic. Serre’s weight conjecture predicted that every odd irreducible
continuous 2-dimensional mod p Galois representation p that is unramified outside p has a twist by a
power of the cyclotomic character that is modular of weight at most p 4+ 1. Using ®-operators, it was
shown that the statement also implies that p itself is modular, of weight at most p> — 1.

On the other hand, Theorem B is only a first step in this direction, as more can be inferred from the
existence of mod p weight-raising differential operators. More precisely, the study of the image (and kernel)
of the theta operators would yield a range for weights of modularity for mod p Galois representations, while
the study of theta cycles describes all weights occurring by twisting the Galois representation by powers
of the cyclotomic characters. For modular forms, this is carried out in [Katz 1977], [Jochnowitz 1982]
and [Edixhoven 1992]; for Siegel modular forms of degree 2, we refer to [ Yamauchi 2014]; for Hilbert
modular forms, we refer to [Andreatta and Goren 2005, Section 16].

To exemplify potential future applications, we consider the case of Siegel and Hermitian modular
forms of scalar, parallel weight, and of ®-operators that raise the weight by a parallel weight. That is,
we consider iterations of the operator ®, where ® = ®2 in the Siegel case and ® = ®! in the Hermitian
case. Ford > 1, we write ©¢ = @ o ---0 0 (d times). We assume p > n.

Remark 5.2.1. By Theorem B, ® acts on mod p Galois representations by twisting by the n-th power of
the cyclotomic character, that is,

pop)=Wox)" ®ps.

In particular, when (n, p — 1) = 1, if the twist of p by some power of the cyclotomic character is modular,
then p itself is modular. Also, if p is a Galois representation associated with a mod p automorphic
form f, then any twist of p by powers of the cyclotomic character is associated with the image of f
under some iteration of ©. That is, if (Do x)" ® p = ps for some modular form f and integer m > 1,
then p = pga (s for d such that dn =m mod p — 1.

Let f # 0 be a mod p Siegel or Hermitian automorphic form of parallel weight. We write w( f) for the
minimal weight of f (in the terminology of [Katz 1977, Section I] recalled in Remark 1.2.3, the minimal
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weight is called the exact filtration). By definition, w(f) is the smallest integer k > O for which there
exists a mod p automorphic form g of weight k£ whose (mod p) g-expansion agrees with that of f, that
is, g(q) = f(q) mod p. In particular, w(f) = w(Ef).

Suppose f is in the image of ®. We define the ®-cycle of f as

(W), wO(f)), ..., w(@OP2(f))).

By [Eischen et al. 2018, Theorem 5.2.6], for any mod p automorphic form g, we have ®(g)(g) =
®7”(g)(g) mod p. We deduce that if f is a mod p automorphic form in the image of the operator ®,
then O(f) # 0 and w(f) = w(OP~' f). In particular, the minimal weights of f and of its images under
iterations of the operator ® all occur in the ®-cycle of f.

Remark 5.2.2. By the p-adic and algebraic g-expansion principles ([Hida 2004, Section 8.4] and [Lan
2013, Proposition 7.1.2.15]; also [Ichikawa 2008, Theorem 1] for Siegel modular forms of level 1
and p >n+72),if f and g are two mod p automorphic forms of scalar parallel weights k and & respectively
such that f(g) =g(qg) mod pand h < k,thenh=k mod(p—1) and f = E"gforn=(k—h)/(p—1).
We deduce w(f) =k —b(p — 1) for b > 0 the exponent of the power of E that exactly divides f. In
particular, if f is a modular form of weight k, where 1 <k < p — 2, then w(f) = k. Also, if f isa
cuspidal modular form of weight k = p — 1, then w(f) = p — 1.

Assume O(f) # 0. By Theorem 3.4.1, ®(f) is an automorphic form of weight k +2 +n(p — 1);
hence, w(®O(f)) = w(f)+2+ (n —a)(p — 1), where a > 0 is the exponent of the power of E that
exactly divides ®(f). By Remark 3.4.4, we expect a > n — 1; by Section 3.4.1, the statement is true
if f is the mod p reduction of a scalar-weight Siegel modular form of level 1 and p > n + 2. Indeed, by
Proposition 3.4.5, ©(f) is divisible by E" ! hence,a >n—1 and

wO( N =w(f)+p+1->blp—1)

for some integer b > 0. (Note that if f is the mod p reduction of a scalar-weight Siegel modular form of
level 1, the assumption ®( f) # 0 also implies w(f) = n/2.)

For modular forms, the integer b > 0 is explicitly computed by Jochnowitz [1982] (level 1) and by
Edixhoven [1992, §3.2] (general level). In particular, they prove that b = 0 unless w(f) =0 mod p.
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