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ABSTRACT

Recently, an electromechanical metamaterial —with
integrated resonant circuit elements was developed that enables
on-demand tailoring of the operating frequency and interface
routes for topological wave transmission. However, limitations
to the operating frequency region still exist, and a full
exploration of the adaptive characteristics of the topological
electromechanical metamaterial has yet to be undertaken. To
advance the state of the art, this study investigates the ability to
enhance the range of operating frequencies for topological wave
transmission in a piezoelectric ~metamaterial by the
reconfiguration of lattice symmetries and connection of negative
capacitance circuitry. In addition, the capability to modify the
interface mode localization is analyzed. The plane wave
expansion method is utilized to define a working frequency
region for protected topological wave transmission by
evaluating a local topological charge. Numerical simulations
verify the existence of topologically protected interface modes
and illuminate how the localization and shape of these modes
can be altered via external circuit parameters. Results show that
the reconfiguration of the lattice structure and connection to
negative capacitance circuity enhances the operating frequency
bandwidth and interface mode localization control, greatly
expanding the adaptive metamaterial capabilities.

Keywords:  topological, metamaterial, piezoelectric,
negative capacitance, quantum valley Hall, adaptive

1 INTRODUCTION

Topological metamaterials are being extensively
investigated as a means to achieve a variety of protected elastic
wave control phenomena [1,2]. Unlike wave propagation in
conventional waveguides, topologically protected wave

! Contact author: pdorin@umich.edu

V001T03A006-1

transmission is immune to lattice imperfections and disorder
such as sharp corners that are often present in practical
engineering applications. The unique characteristics of
topologically protected wave propagation in elastic waveguides
could be leveraged for performance enhancement in applications
such as vibration isolation, wave control, cloaking, energy
harvesting, sensing, and wave filtering [3]. Initial investigations
extended the theories of topological transport from quantum
mechanics to elastic metamaterials and successfully
demonstrated topologically protected wave transmission in
elastic waveguides [4-10]. The initially designed -elastic
topological metamaterials were comprised of inflexible/fixed
geometric structures (e.g., perforated plates) or contained
complex moving parts (e.g., gyroscopes), which limited the
practical implementation of these concepts. To build upon the
initial demonstrations, further studies have incorporated
adaptivity into elastic topological metamaterials, broadening
their functionalities and making them more adaptive to ever-
changing external operating conditions. Many of these adaptive
topological realizations have used an external bias, such as a
mechanical force [11-13], thermal gradient [14], or magnetic
field [15], to induce changes to topological properties of a lattice
structure. In addition, piezoelectric topological metamaterials
have been investigated due to their ease of integration into
conventional load-bearing structures and real-time tunability
through external circuitry [16—18]. With each of the described
adaptive methods, it was demonstrated that local changes to
lattice topological properties enabled control over the protected
wave propagation route within a metamaterial. Yet, the majority
of adaptive topological wave propagation studies to date have
not analyzed far beyond switching of propagation routes. To
enhance the adaptive capabilities of topological metamaterials, a
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piezoelectric metamaterial that enables reconfiguration of both
the operating frequency and interface path for topologically
protected transmission was recently introduced [19]. However,
an unexplored opportunity remains to identify and expand the
effective operating frequency region for protected transmission
and conduct a comprehensive exploration of the rich adaptive
functionalities of the topological piezoelectric metamaterial.
Thus, to advance the state of the art, this research proposes the
connection of negative capacitance circuitry and reconfiguration
of lattice symmetries to enhance the adaptive capabilities of a
piezoelectric metamaterial. An analysis is conducted to
demonstrate how negative capacitance circuitry and adjustable
lattice symmetries can be leveraged to enhance topological wave
bandwidth and enable adjustments to the shape of the interface
mode. The piezoelectric metamaterial for this study is comprised
of a thin composite plate with piezoelectric and aluminum
mechanical constituents that is connected to external circuitry
via conductive electrodes placed in a honeycomb lattice
arrangement. The honeycomb lattice arrangement of electrodes
contains the symmetries required to generate the elastic analog
of the quantum valley Hall effect (QVHE) and achieve
topologically protected interface states. Since the topological
characteristics of the system arise from the lattice arrangement
of electrodes, the tailoring of topological wave propagation is
facilitated solely by the connected circuitry. On the other hand,
the mechanical geometry is a simple load-bearing structure (thin
plate) that can remain unaltered. In the proposed approach, the
external circuitry contains an inductor to create a resonant circuit
and a capacitor for the application of a negative capacitance. The
inductor in the resonant circuit is used to tune the frequency of
the topological interface state over an operating range where
topological protection is achievable. The negative capacitance
circuitry is used to synthetically enhance the electromechanical
coupling (as demonstrated in [20,21]), which in turn increases
the topological wave bandwidth and enables improved interface
mode localization. Lattice symmetries are reconfigured using the
external circuitry to further enhance the topological operating
bandwidth and facilitate additional interface modes.

The following manuscript is organized as follows. Sec. 2
includes a description of the metamaterial and mathematical
model. In Sec. 3, the working principle and achievable operating
region for topologically protected wave propagation is
identified. Sec. 4 includes an analysis on how to enhance the
achievable operating region and increase interface mode
localization using negative capacitance circuitry. In Sec. 5,
further adaptivity enhancements through lattice symmetry
reconfiguration are investigated. Finally, overall discussion and
conclusions are presented in Sec. 6.

2 SYSTEM DESCRIPTION AND MATHEMATICAL
MODEL

2.1 System Description

The schematic for the piezoelectric metamaterial is shown
in Fig. 1. The metamaterial is made up of a thin plate with an
aluminum substrate (gray) of thickness h; that is sandwiched by
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FIGURE 1: (a) Schematic of the metamaterial honeycomb lattice
arrangement. Unit cell is enclosed in dashed box, green indicates
electrode geometry connected to circuit 1, red indicates electrode
geometry connected to circuit 2. (b) Cross-section and (c) top view of
the unit cell.

piezoelectric plates (yellow) of thickness h,. The aluminum
substrate has elastic modulus E, density ps, and Poisson’s ratio
vs. The piezoelectric elements have density p,, elastic constant
¢k, and effective piezoelectric constant e;;. The piezoelectric
constituents are connected to external circuitry by conductive
electrodes that are placed in a honeycomb lattice arrangement,
as shown in Fig. 1a. The basis vectors that define the triangular
unit cell of the metamaterial (dashed box of Fig. 1a) are @, = al

and @, =a (cosgi + sin gj), where a is the characteristic
length (Fig. 1c). The unit cell contains two electrode pairs that
create two capacitors with capacitances of C;, ; and C,, , (Fig. 1b).
Each capacitor is connected to an external inductor L; to form a

. . . 1
resonant circuit with resonant frequency w;; = /T for the
i*p.Jj

jth circuit. In addition, an external negative capacitor is
connected in parallel, with negative capacitance Cy ;. It is
assumed that all circuit elements are ideal, and thus all ohmic
losses are assumed negligible.

2.2 Mathematical Model

The system governing equations that govern flexural
displacement w (X, ¥, t) of the plate and voltage response v;(t)
of the jth electrode pair are derived using the extended
Hamilton’s principle [22] in conjunction with the linear theory
of piezoelectricity [23] and the classical theory of thin plates
[24]. A harmonic response at frequency w is assumed, non-
dimensional variables are introduced, and the non-dimensional
governing equations are given by Eq. 1:
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(V4 _ wzma4) W(T) _
Dt
e ot L, (1a)
24 Corcnyon’ vix;(r) =0
(1= L;(Cpj = Cu j)w?)v; —
W?Li(Cpj = Cu) [l V2w d*r = 0, (1b)

j =1...N, electrode pairs
where the non-dimensional flexural displacement, voltage, time,
w 1Cj=CNj =

v, T=

w
and length scales are defined as w = —,v; = ,
a’ 1 a 0 J

1
—t, x =
Lj(Cpj=Cn,p)

(x,¥), m = pshs + 2p,hy, is the mass per unit area, Dy = Dg +
_ _ Esh} ~E (ﬂ 2 hph?
p = 12(1_1/52)+ il + hyhs + >
flexural rigidity of the plate at short circuit, 8 = é3;(h,, + hs) is
an electromechanical coupling coefficient, L;, C, ;, and Cy ; are
the inductance, piezoelectric capacitance, and negative
capacitance for the jth electrode pair, V2 and V* are the
dimensionless Laplacian operator and dimensionless biharmonic
operator, respectively, N, is the total number of electrode pairs,
1, reD;
0, otherwise
of the dimensionless domain D; of the jth electrode pair.

y z .
» Yy =7, and z = o respectively, r =

QR

) is the effective

and the step-function y;(r) = { is defined in terms

Next, the plane wave expansion (PWE) method [19,25] is
used to determine the dispersion relation for the metamaterial
from the periodic unit cell. As shown in Fig. 1b, the unit cell
contains two circuits (corresponding to the two electrode pairs)
N, = 2. The circuits are defined as having inductance parameters
Li=L(1+p) and L, = L(1—pB), where B is the circuit
inductance perturbation parameter. Per the PWE method, the
non-dimensional dispersion relation is defined as a superposition
of plane waves, per Eq. 2:

w(r) = ¥, W(G)e *+&T G = mb, + nb,

mn € [-M,M], k= (kgky) @

where G is the reciprocal lattice vector, m and n are the plane
wave indices, 51 = g(Zi,—%j) and Bz = %(Oi,%j) are the
reciprocal lattice basis vectors (see Fig. 2a inset for reciprocal
lattice diagram), k is the Bloch wavevector, and N?Z =
(2M + 1)? is the number of plane waves specified for the
calculation. Substituting Eq. 2 into Eq. 1 leads to Eq. 3:

(a*|k + G|* — QHW(G) +

Ne 9 a?a® 2 ia(k+6) T g2, — o (38)
Zj:ll—fjAcAe,ja Ik + Gl fijUJe d'r=0

(o)

1-(-1/p(-¢p ]

02g2 ZG W(G)|k + Glz ffD _ e—la(k+6) T g2, — 0, (3b)
]

j=1...N, electrode pairs
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where Q = wa? }D— is non-dimensional frequency, Q.; =
T

1 . . . . . .
fFaz fDﬂ is the non-dimensional circuit tuning frequency,
D.J T

&= % is the negative capacitance ratio for the jth circuit, 9 =

b.Jj
2

6 .
— is
CpDT
coefficient, A, is the area of the unit cell, and A, ; is the area
within the unit cell containing the jth electrode pair. While the
derived model is general, in this study: Cy j = Cy, C, j = Cp, and

p.J
Agj = Ag,suchthat Q;; = Q;and & = ¢.
3 DISPERSION ANALYSIS

In this section, a dispersion analysis is conducted to evaluate the
band structure of the metamaterial and demonstrate the working
principle for the achievement of tunable topologically protected
edge states. In a case study (Sec. 3.1), critical metrics are

(a)

the non-dimensional electromechanical coupling

Qbandgap

FIGURE 2: (a) Band structure of unit cell showing Dirac point (solid
line, f = 0) and broken SIS (dashed line, f = +0.015). Full bandgap
Qpandgap for broken SIS is enclosed by dash-dot lines. Inset contains
diagram of reciprocal lattice and IBZ. (b) Non-dimensional Dirac
frequency Qp;rqc as a function of non-dimensional circuit tuning
frequency (), for different electromechanical couplings ¥ = 0.42 (blue)
and ¥ = 2 (orange). Blue box encloses achievable operating region for
topological interface state with ¥ = 0.42 (Sec. 3.2), orange box indicates
achievable operating region enhancement from negative capacitance
circuitry Jyc = 2 (Sec. 4), and green box indicates operating region
enhancement from lattice reconfiguration (Sec. 5).
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identified to predict the performance of a topological waveguide
from unit cell design. An achievable operating region is then
identified through a parametric analysis (Sec 3.2) of circuit
tuning parameters to assess the adaptivity of the metamaterial.

3.1 Dispersion Analysis — Case Study
Equation 3 can be recast as the classical eigenvalue problem

([K] — Q2 [M])[{Wm,n} v, Uy ]T= 0. The dispersion relation
is evaluated by specifying the Bloch wavevector k to follow the

boundary of the irreducible Brillouin zone (see blue triangle in
inset of Fig. 2a) while solving for non-dimensional frequency ().
2

For this case study, a =0.04 m, 4, = = (0.92 g a) m?, h,, and h;
are both 1 mm, and aluminum (pg = 2700 kg/m?, E; = 70 GPa)
and PZT-5H (p,, = 7500 kg/m’ and ¢f,= 66.2 GPa , &5, = -23.4
C/m?) are selected as the materials, resulting in 9 = 0.42. The
circuit parameters are selected such that Q; = 11 and there is no
negative capacitance (¢ = 0). Evaluation of the band structure
indicates that for equal circuit inductance parameters (8 = 0)
there exists a degeneracy between the first and second bands at
the K-point that is referred to as a Dirac Point (solid line, Fig.
2a). This Dirac point is protected by C; lattice symmetry, space
inversion symmetry (SIS), and time-reversal symmetry (TRS)
[2]. The frequency of the Dirac point (Qp;rqc) is less than the
circuit tuning frequency ;. Due to the resonant nature of the
circuits, the Dirac frequency can be tailored through a range
covering Qpirqec= 0 and Qp;-qc= 17.6 by changing the external
circuit frequency parameter (), (Fig. 2b).

The elastic analog of the QVHE [2,26] is utilized to achieve
a topologically protected waveguide. SIS is broken by specifying
different inductance parameters for each circuit in the unit cell
(B # 0), and a full bandgap is opened from the Dirac point at the
Dirac frequency Qpirqc (Fig. 2a, dashed line is band structure
with 8 =+0.015, arrows indicate bandgap Qpanqgap)- To provide
an equivalent metric that does not bias towards certain frequency
ranges, the size of the bandgap is normalized (Qpanagap-retative)
as shown in Eq. 4:

Qz—min_ﬂl—max _

Zﬂbandgap 4)
22-mintl1-max

Q‘band‘gazo—relative = T Y mint Q1 —max

2

where Q_m;n and Q,_, 4, represent the minima and maxima of
the pth band. Lattices with 8 > 0 (Type A) and £ < 0 (Type B)
contain identical band structures (Fig. 2a, dashed line for § =
+0.015). However, a band inversion exists between Type A and
Type B lattices, meaning eigenvectors u, (k) associated with the
pth band are interchanged. This band inversion grants the lattices
distinct  topological ~ characteristics. ~ The  topological
characteristics of the lattice are quantified by the valley Chern
number C,_,, a topological charge that is defined as the integral
of the Berry Curvature By, (k) = =V X (u, (k)|iV},[M]|u,(k))

near the K-point for the pth band as shown in Eq. 5 [4,27,28].

1

Cop = ;ffv B, (k)d?k 5)
The theoretical valley Chern values are C2 ;= -0.5 and CZ,

= 0.5 for a Type A lattice and C2Z_ ;= 0.5 and CE_, = -0.5 for a
Type B lattice [4,28]. To construct a topological waveguide, Type
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A and Type B lattices are joined at an interface to create a
topological transition. This topological transition enables
topologically protected edge states [28,29] with localized
flexural displacement at the interface (interface state), as shown
in [19].

The interface state can be isolated from bulk modes and
activated at a frequency within the bandgap that is opened from
the Dirac point. Thus, the largest potential operating bandwidth
of the interface state for a given set of specified metamaterial
parameters is defined by the size of the bandgap (Eq. 4). The
level of topological protection for the interface state, or its
robustness to lattice imperfections and disorder, that results from
the QVHE is dependent on the localization of the Berry curvature
[30,31]. This localization is measured by the magnitude of the
valley Chern number (Eq. 5), and thus a larger magnitude of
valley Chern number |C,_,| indicates increased robustness. For
this study, the performance of the interface state will be
evaluated by its potential operating bandwidth and level of
topological protection. Therefore, to predict the performance of
the topological waveguide for a defined set of system
parameters, Qpanagap-retative (EQ- 4) and C,_, (Eq. 5) are
calculated for the unit cell. For the circuit parameters specified
in this case study (|8] = 0.015, Q, = 11, & = 0) the topological
charges are calculated as: 2 ,=-0.3 and C2_, = 0.3 for a Type
A lattice (8 =0.015) and C2_,=0.3 and CZ_, =-0.3 for a Type B
lattice (8 =-0.015). The magnitude of the calculated topological
charge |Cy_caicuiatea|= 0.3 s less than the theoretical maximum
value |Cy_tneoreticar|= 0.5. The calculated magnitude of the
topological charge is less than the idealized value because of the
relatively large perturbation applied to the lattice [4,32], but its
nontrivial value indicates nontrivial topological characteristics
and the emergence of a topologically protected interface state. In
fact, in previous studies, it has been shown that |C,,_p| >0.3 has
been sufficient to achieve robust wave propagation in a
topological waveguide [4,32]. The maximum potential operating
bandwidth for an interface state with the selected circuit
parameters is indicated by the normalized bandgap

Qbandgap—7"elat'ive =0.007.

3.2 Dispersion Analysis — Parametric Study

In contrast to most previously studied adaptive elastic
topological metamaterials, the piezoelectric metamaterial
analyzed in this study enables real-time, continuously
reconfigurable frequency, location, and shape of interface states
[19]. Thus, due to the comprehensive tunability of the
piezoelectric metamaterial, a case study only demonstrates the
working principle and performance for a specific set of
parameters. A parametric study is conducted to define an
achievable operating region and fully explore the adaptive
capabilities of the metamaterial. The computational efficiency of
the mathematical model developed using the PWE method (Eq.
3) facilitates the parametric study. For the analysis, the
previously discussed performance metrics Qpanagap-reiative
(Eq. 4) and C,,_,, (Eq. 5) are evaluated for a wide range of tunable
circuit parameters (S and £);), with the mechanical geometry
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FIGURE 3: (a) Magnitude of valley Chern number |C, | as a function
of | 8] and Qp;yqc for unit cell of metamaterial with & =0 and 9 = 0.42.
Increasing brightness indicates increasing |C,|. (b) Relative bandgap
Qpanagap-relative as a function of |F] and Qpjrqc for unit cell of
metamaterial with = 0 and 9 = 0.42. Increasing brightness indicates
larger Qpanagap-retative- Achievable operating region for topological
interface state is enclosed by dashed black line. (c) Finite strip that
contains an interface (enclosed by dashed black box) between Type A
and Type B unit cells. Interface mode shapes that are generated from
dispersion analysis of finite strip defined with unit cell parameters

indicated by m and * markings in (b).

remaining constant. Figure 3a shows the magnitude of the valley
Chern number for band 1 of a Type A lattice |C4 | as a function
of circuit inductance perturbation | 8| and Dirac frequency Qp;pqc
(note: Qp;rqc 1s controlled by specifying Q. per Fig. 2b). The |C, |
result shown in Fig. 3a is general and can be applied to band 1 or
band 2 of Type A or Type B unit cells because calculations
indicate that /Ly = CE, ~ —CA, = —CE | + |CA,| = |CE,|
for p = 1,2. Figure 3a demonstrates that, for fixed Qp;-qc, the

localization of the Berry curvature (indicated by |C,|) decreases
as the magnitude of the perturbation || to the circuit inductance

V001T03A006-5
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FIGURE 4: (a) Relative bandgap Qpgnagap—retative as a function of
|| and Qp;rqc for unit cell of metamaterial with negative capacitance
circuitry (= 0.79 and 9y¢ = 2). Increasing brightness indicates larger
Qpandgap-relative- Achievable operating region for topological
interface state enclosed by black dashed lines. (b) Finite strip that
contains an interface (enclosed in black dashed lines) between Type A
and Type B unit cells. Interface mode shape that is generated from
dispersion analysis of finite strip defined with unit cell parameters

indicated by * marking in (a).

parameter is made larger. Figure 3b shows the relative bandgap
Qpandgap-reiative s @ function of |B| and Qpyq.. In contrast to
|Col, Qbanagap-reiative increases with increasing || for a given
Qpirac- This tradeoff between topological robustness and
potential operating bandwidth under fixed system parameters is
commonplace in elastic metamaterials exhibiting the QVHE
[30,32]. However, the frequency tunability of the proposed
piezoelectric metamaterial grants an alternative avenue to
enhance the frequency range for the realization of topological
interface states. Since the bandgap where the interface state is
contained is opened from the Dirac point, the frequency of the
interface state is near Qp;.4., and thus can be controlled using
circuit parameters. Per Fig. 3a, nontrivial values of |C, |, which
indicate the emergence of topologically protected interface
states, are exhibited over a large range of Dirac frequencies
Qpirac- However, to realize a topological interface state that is
readily isolated from bulk modes, there must be a full bandgap
opened from the Dirac point. Thus, to realize an isolated
topological interface state with a sufficient level of robustness,
|C,|> 0.3 (per discussion in Sec. 3.1) and Qpgnagap-retative > 0-
These constraints define the achievable operating region, which
is shown as the region enclosed in black dashed lines in Fig. 3b.
This operating region spans Qpjrac = 4.2 to Qpjrac = 11. Circuit
parameters can be tuned through this entire frequency range to
change the frequency of the interface state. The frequency
tunability of the interface state gives the metamaterial the
capability to adapt to changing operating requirements or
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external conditions. In addition, the identification of the
achievable operating region reveals that while the Dirac
frequency can be varied over the region containing Qpqc = 0
and Qpjpqc = 17.6 using Q, (Fig. 2b), the actual frequency region
where sufficiently protected interface states can emerge is only a
subset of this (see the blue box in Fig. 2b).

Apart from frequency, the continuous tunability of the
resonant circuits can also be used to vary the localization and
shape of the interface mode within the achievable operating
region. Within this achievable region, the perturbation to the
circuit inductance can be tuned between |5| = 0 and |5| = 0.03
(Fig. 3b). To study the effect of varying || on the interface state,
the interface mode shapes are obtained by using COMSOL finite
element software. COMSOL is used to evaluate the band
structure of a finite width strip containing an interface between
Type A and Type B lattices (Fig. 3¢). The edges of the finite strip
are fixed and a periodic condition is applied in the k,, direction.
Figure 3¢ contains examples of two interface mode shapes from
the band structure that are taken from the band containing the
interface state. For a fixed Dirac frequency Qpirec= 9, |B] 18
increased from |B| = 0.005 (= in Fig. 3¢) to |B] = 0.015 (% in
Fig. 3c). These mode shapes show how displacement localization
at the interface can be enhanced by selecting a larger || for a
given Qpirqc, due to an increase in the magnitude of band
inversion between Type A and Type B unit cells. Therefore,
circuit parameters can be used to tailor the displacement
localization of the interface mode shape within the achievable
operating region.

The definition and exploration of the achievable operating
region in this section is an important consideration that has yet
to be addressed in other adaptive topological elastic wave
investigations. Constrained to this operating region, circuit
parameters for the piezoelectric metamaterial can be utilized to
tailor the interface state frequency and displacement localization
while achieving a desired level of topological protection and
potential operating bandwidth.

4 NEGATIVE CAPACITANCE CIRCUITRY

Negative capacitance circuitry has previously been used to
broaden bandgaps in piezoelectric metamaterials by enhancing
the electromechanical coupling [20,21]. In this study, negative
capacitance circuitry is used to enhance the electromechanical
coupling 9, and the effect on the adaptive topological interface
state is investigated.

To introduce negative capacitance to each circuit, an ideal
negative capacitor Cy is connected in parallel (as shown in Fig.

1b), with the negative capacitance ratio defined as & = -~ = 0

in Eq. 3. As can be observed in Eq. 3, the result of addmg
negative capacitance is an enhanced electromechamcal coupling

coefficient of 9y, = 1% and an adjusted circuit tuning frequency
Q
of Qt— NC — th
thus the working principle (Sec. 3) that defines performance and
adaptivity for the piezoelectric metamaterial remains
qualitatively the same. With the addition of negative capacitance

All other Eq. 3 parameters are unchanged, and
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circuitry, the electromechanical coupling 9y, can theoretically
approach an infinitely large value. However, since negative
capacitance is realized with an active element, practical
considerations such as power and stability requirements limit the
realizable coupling. For stability in the infinite lattice, £ <1 is
required to ensure that the eigenvalues Q for Eq. 3 are real and
the response is bounded.

In this study, £ = 0.79 is selected, to observe the impact of
an enhanced electromechanical coupling 9yc = 2. The same
parametric analysis that was conducted in Section 3.2 for the
metamaterial with no negative capacitance (¢ = 0 and 9 = 0.42)
is conducted for the metamaterial with enhanced coupling (¢ =
0.79 and Uyc= 2), and the achievable operating region for the
topological interface state is shown enclosed by black dashed
lines in Fig. 4a. As can be seen by the comparison of Fig. 4a and
Fig. 3b, the achievable operating region is greatly enlarged by
the addition of negative capacitance circuitry and enhanced
electromechanical coupling. The frequency range of the
operating region is extended to lower frequencies, now covering
Qpirac = 3.2 to Qpirqc = 11 (see extension represented by the
orange box in Fig. 2b). This corresponds to a 15% increase in
achievable frequency range, greatly enhancing the adaptivity of
the frequency for the topological interface state. In addition,
there is a 67% increase in the range of allowable |B|, as
perturbations to the inductance parameter up to || = 0.05 are
now included in the achievable operating region. As
demonstrated in Sec. 3.2, more localized interface states can be
achieved with a larger circuit inductance perturbation |S|. Figure
4b contains an interface mode shape for Qp;q.=9 and || = 0.04
(marked with *), with a highly localized displacement achieved
at the interface. Since || can be selected to be larger after the
addition of negative capacitance, this interface mode shape is
noticeably more localized than the interface mode shapes
obtained in Fig. 3b, where the maximum allowable |S]| is 0.015
for Qpirac= 9 and & = 0. This result holds regardless of the
specified Qpjrqc, as the |B| values defining the rightmost
boundary of the achievable operating region for £=0.79 (dashed
black line in Fig. 4a) are larger than the corresponding || values
for £ =0 (Fig. 3b), for all Qp;,q.- In addition to granting greater
mode localization, larger | 8| along the rightmost boundary of the
achievable operating region also facilitates the achievement of a
larger relative bandgap Qpanagap—reiative for any Qpiqc. The
larger Qpanagap-retative associated with & = 0.79 indicates a
larger potential operating bandwidth for an isolated topological
interface state regardless of the chosen Qp;,.q.. For example, if a
design criteria were to require maximization of operating
bandwidth under fixed system parameters,
Qpandgap-relative-max = 0.019 for & =0.79 (|f] = 0.04 and

Qpirac =9, * in Fig. 4a), which is more than three times larger
than Qpanagap-retative-max = 0.006 for & =0 (|g| = 0.015 and

Qpirac = 9, * in Fig. 3b).
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FIGURE 5: (a) Schematics for lattice Configuration 1 (8 = 0),
Configuration 2 (8 # 0), and Configuration 3 (f = 1). Unit cell is
enclosed in dashed black lines; green and red circles indicate electrode
geometry connected to circuits. Electrodes that are connected to shorted
circuits in Configuration 3 are omitted for clarity. Below the schematics
are band diagrams calculated from the PWE method for ), =23 and 9=
0.42, with Dirac points highlighted for Configuration 1 and
Configuration 3. (b) Finite strip that contains an interface (enclosed by
dashed black box) between Type A and Type B unit cells of
Configuration 2. Interface mode shape that is generated from dispersion
analysis of finite strip defined with the unit cells parameters Qpjpac =
17.6 and |B] = 0.6.

5 LATTICE RECONFIGURATION

Apart from the enhancement of electromechanical coupling
using negative capacitance, the adaptivity of the proposed
piezoelectric metamaterial also enables lattice reconfiguration.
In this section, the capability of the metamaterial to achieve a
second Dirac point through lattice reconfiguration and its
implications on adaptive topological wave propagation are
investigated.

Schematics for three achievable lattice configurations and
corresponding band structures calculated from the PWE method
(Eq. 3) are shown in Fig. 5a. For this analysis, ; = 23 and J=
0.42 (no negative capacitance is connected to independently
show the effect of lattice reconfiguration). Configuration 1 is the
honeycomb lattice structure with all circuits defined to be
identical (8 = 0,L, = L, = L in unit cell). As shown in Sec. 3.1
using the PWE method, the band structure for this configuration
contains a Dirac point formed from the first and second bands
that is protected by TRS, SIS, and C; lattice symmetry (see Dirac
1 in band structure, Fig. 5a). TRS, SIS, and Cj; lattice symmetry
are also achievable with a triangular lattice structure, which can
be realized in the proposed piezoelectric metamaterial by
shorting one of the two circuits in the unit cell (e.g., f =1, L; =
2L, circuit 2 is shorted, see Configuration 3 in Fig. 5a). Analysis
of the band structure for Configuration 3 reveals that a Dirac

V001T03A006-7

point formed from the second and third bands is identified at
Qpirac = 17.6 (Dirac 2 in Fig. 5a). Previous studies on photonic
metamaterials with triangular lattice structures also observe this
Dirac point forming from the second and third bands, validating
the result [33—-35]. Thus, by switching between Configuration 1
(B = 0) and Configuration 3 (8 = 1), the proposed metamaterial
can achieve two separate Dirac points, Dirac 1 and Dirac 2. In
contrast to Dirac 1, Dirac 2 is not frequency tunable (i.e., Qpirqc
= 17.6 V Q, for Dirac 2). However, as shown in Sec 3.2, the
achievable operating region for topological interface states
derived from Dirac 1 is constrained between Qp;q. = 4.2 and
Qpirac = 11. Thus, the frequency of Dirac 2 (Qppqc = 17.6)
provides an avenue to enhance the achievable operating region
through the realization of higher frequency topological interface
states.

Section 3.1 outlines how a bandgap is formed from Dirac 1
by breaking SIS (specifying f # 0), and topologically distinct
lattices are defined and joined at an interface to achieve a
topological interface state. A similar method is applied to Dirac
2. To open a bandgap from Dirac 2, SIS is broken by specifying
B # 1, represented in Fig. 5a by Configuration 2. For
Configuration 2, a full bandgap Quanagap = 0.6 is formed
between the second and third bands by specifying |5| = 0.6 (Fig.
Sa, Configuration 2). The valley Chern numbers are calculated
to evaluate the topological characteristics of these bands. For 5
= 0.6, C2,= 0.3 and C2; = -0.3, indicating a nontrivial
topological charge in terms of the QVHE (see discussion in Sec
3.1). In contrast, CE ,= -0.3 and CE ; = 0.3 for B = -0.6,
indicating Type A and Type B lattices with || = 0.6 are
topologically distinct. Thus, if Type A and Type B lattices with
|1 =0.6 are joined at an interface, a topological transition occurs,
facilitating the emergence of a topological interface state within
the bandgap. In addition, since |C,| > 0.3, the prescribed circuit
parameters (|8| = 0.6, Q; =23, Qpirac = 17.6) would be included
in the achievable operating region for topological interface states
defined in Sec. 3. The associated Qpanagap-retative 15 €qual to
0.035, which is far greater than the maximum relative bandgap
found within the achievable operating region reported in Sec.
3.2, Qpandgap-retative-max = 0.006. With Dirac 2 located at
Qpirac = 17.6 and Qpanagap = 0.6, topological interface states
derived from Dirac 2 that are contained within the achievable
operating region are realizable from (0 = 17 to Q = 17.6 (note:
the top edge of the bandgap is fixed at 17.6). Thus, topological
interface states derived from Dirac 2 are achievable at higher
frequencies than are achievable from Dirac 1, and the total range
of frequencies contained by the achievable operating region is
enhanced by 8% (when compared to the baseline achievable
operating region 0 = 4.2 and Q = 11, blue box in Fig. 2b). The
enhancement of the frequency tunability of the proposed
metamaterial gained from this lattice reconfiguration is
represented by the green boxed region in Fig. 2b.

To confirm the emergence of a topological interface state
from Dirac 2 near Qp;q.= 17.6, COMSOL is used to generate
the band structure for a finite strip with Type A and Type B
lattices joined at an interface. As in Sec. 3.2, the edges are fixed
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and a periodic boundary condition is applied in the k,, direction
(Fig. 5b). Figure 5b contains an interface mode shape with a
localized displacement that is obtained from the band structure
for the finite strip with || = 0.6, Q; =23, and Qp;prq.= 17.6.

6 CONCLUSIONS

In this study, negative capacitance circuitry and lattice
reconfiguration are investigated as a means to enhance the
adaptive capabilities and performance of a piezoelectric
topological metamaterial. The plane wave expansion method is
used to identify distinct Dirac cones within the unit cell and show
that topological interface states can be achieved via circuit
parameter perturbations. Performance metrics (Qreative bandgap
and |C,|) are calculated to quantify the potential operating
bandwidth and topological protection for the interface states
under specified circuit parameters. To evaluate the adaptivity of
the metamaterial, a parametric analysis is undertaken to identify
an achievable operating region where interface states with
sufficient operating bandwidth and topological protection can be
realized. Exploration of the achievable operating region shows
that the frequency of the topological interface state and the
displacement localization of the associated interface modes can
be tailored over a wide range using circuit parameters.

Results indicate that the addition of negative capacitance
circuity enhances the range of frequencies and interface mode
shapes contained in the achievable operating region, greatly
expanding the adaptive metamaterial capabilities. This
expansion of the achievable operating region facilitates the
achievement of topological interface states with a greater level
of displacement localization and augments the maximum
potential operating bandwidth. An additional method to enhance
the performance and adaptivity of the metamaterial is lattice
reconfiguration. The ability to achieve two separate Dirac points
in an adaptive elastic metamaterial exhibiting the QVHE is
demonstrated and explored for the first time. By reconfiguring
the lattice to a triangular lattice structure, the frequency range of
the achievable operating region is further enhanced, and higher
frequency interface states can be achieved (when compared to
the baseline achievable operating region). Thus, both the
connection of negative capacitance circuitry and lattice
reconfiguration greatly enhance the adaptivity and performance
of the topological piezoelectric metamaterial. The ability to tune
topological interface states over a wider frequency range and
achieve more localized mode shapes would allow the
metamaterial to be much more adaptive to changing external
conditions and enhance performance for a variety of operating
requirements. These attributes would be advantageous in
applications where adaptive wave control can improve
performance, such as vibration isolation, energy harvesting, and
wave filtering.
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