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We experimentally demonstrate a mode-selective quantum frequency converter over a compound
spatio-temporal Hilbert space. We show that our method can achieve high-extinction for high-
dimensional quantum state tomography by selectively upconverting the signal modes with a mod-
ulated and delayed pump. By preparing the pump in optimized modes through adaptive feedback
control, selective frequency conversion is demonstrated with up to 30 dB extinction. The simulta-
neous operations over high-dimensional degrees of freedom in both spatial and temporal domains
can serve as a viable resource for photon-efficient quantum communications and computation.

I. INTRODUCTION

High-dimensional (HD) quantum information carri-
ers have been studied with superconducting circuits [1],
atomic ensembles [2–4], photons [5, 6], and so on. They
can increase the information capacity, improve the noise
resistance, and make the quantum cryptographic schemes
more difficult to hack despite errors [7, 8]. In photonic
systems, single photons can carry quantum information
in a HD Hilbert space subtending polarization, spatial,
temporal, frequency, and path degrees of freedom (DOF),
with broad applications in long-distance quantum com-
munication, quantum key distribution, quantum gate op-
erations, and quantum teleportation [9–14].

Meanwhile, in modern quantum information architec-
tures, quantum frequency conversion (QFC) has become
an essential element with numerous applications in quan-
tum communications and quantum information process-
ing [15, 16]. It allows us to convert the frequency of
the photons without disturbing their quantum proper-
ties [17]. Through QFC, quantum information can be
transmitted through optical fiber links using telecom
wavelength at low loss while interfaced with quantum
atomic memories [18–20]. Many previously studied non-
linear optics based QFCs have been demonstrated in two-
dimensional Hilbert space for qubit teleportation and
communications [21–25]. Recently, this study has been
extended to a HD Hilbert space using spatial, frequency,
or temporal DOF due to its potential in long distance
quantum communications [26–28]. For example, HD
QFC was demonstrated for orbital angular momentum
(OAM) qudits via sum frequency generation (SFG) with
a flat-top Gaussian pump beam [29]. The HD quantum
information of the single photons were shown to be trans-
ferred from the polarization DOF to the orbital angular
momentum DOF and orbital angular momentum to tem-
poral DOF or vice versa [30–32].

In view of the two vivid directions of pursuit, in this
paper, we propose and experimentally demonstrate a
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HD mode-selective QFC in a compound spatio-temporal
Hilbert space. We show that the mutually unbiased basis
(MUB) sets in a HD Hilbert space can be selectively up-
converted according to their spatial and temporal modes.
In contrast to previous demonstrations [29], we use an op-
timized pump beam which is the superposition of many
higher-order orthogonal modes. The optimization is per-
formed by using an adaptive feedback technique [33]. Our
HD mode-selective QFC provides an ingenious and effec-
tive solution for quantum information processing using
single photons in HD Hilbert spaces, with potential ap-
plications in quantum communication and quantum net-
works [34–36]. In future, it can be extended to hyper-
entangled photon generation for promising quantum ap-
plications [37–40].

II. MODEL

We consider a signal and a pump beam in the spatio-
temporal domain as

Ψi≡p,s(x, y, z, t) = AiE
r
i (x, y, z)Eti (t) exp[−i(kiz − ωit)], (1)

where Ai≡p,s is the input electric-field amplitude, and
Eri (x, y, z) and Eti (t) are the electric fields in the spatial
and temporal domain, respectively. Here, we consider
that the full electric-field is the product of the spatial
and temporal DOF, i.e. we ignore the inter-coupling of
the space and time DOF [41, 42]. Under the slowly-
varying-envelope approximation with negligible group ve-
locity dispersion, the coupled wave differential equations
can be written as:

2iks(∂z + β′s∂t)Ψs + (∂2x + ∂2y)Ψs = −2
ω2
s

c2
χΨ∗pΨfe

i4kz, (2)

2ikp(∂z + β′p∂t)Ψp + (∂2x + ∂2y)Ψp = −2
ω2
p

c2
χΨ∗sΨfe

i4kz, (3)

2ikf (∂z + β′f∂t)Ψf + (∂2x + ∂2y)Ψf = −2
ω2
f

c2
χΨpΨse

−i4kz,(4)

where β′i=s,p,f and ωi are the inverse group velocities,
and frequencies of signal, pump and SF light, respec-
tively. ks = nsωs/c , kp = npωp/c and kf = nfωf/c
are their wave numbers. χ is the second-order nonlinear
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susceptibility. ∆k = ks + kp − kf − 2π/Λ is the mo-
mentum mismatching condition, where Λ is the poling
period of the nonlinear crystal. Equations (2)-(4) can be
solved numerically using the split-step Fourier method
with adaptive step-size [33, 43].

Figure 1 shows an example of the simulated SF output
for two different signal modes in the combined spatial and
temporal domain. Both signals are converted by the same
spatio-temporal pump field. Figure 1(a) plots the elec-
tric field amplitudes in the spatial and temporal domain.
These amplitudes are used to create the spatio-temporal
signal and pump fields. Figure 1(b) and (c) show the SF
output for the signal field Ψs1 = E1(x, y)E3(t) and Ψs2 =
E2(x, y)E4(t) with pump field Ψp = E1(x, y)E4(t), re-

spectively. E1(x, y) = e
− x

2+y2

W2
0 and E3(t) = e

− (t−t0)2

(τ0)2 are
the Gaussian electric field amplitude in the spatial and
temporal domain with widths W0 and τ0, respectively.
E2(x, y) is a Laguerre-Gaussian mode with angular mode
number l = 1 and radial mode number p = 0 (see Ap-
pendix A). Each plot shows the distribution of the modes
in the spatial and temporal domain.

Figure 1. Generated spatio-temporal SF modes. (a) shows the
electric field amplitude in the spatial and temporal domain for
composing different signal and pump modes. (b) SF output
for signal mode Ψs = E1E3 with pump mode Ψp = E1E4.
(c) SF output for signal mode Ψs = E2E4 with pump mode
Ψp = E1E4.

Next, we show that the optimized pump field can se-
lectively upconvert a desired signal mode over other over-
lapping modes. In general, the optimized pump is con-
sidered as a superposition of the higher-order modes. It
can be written as

Popt = [C11LG
0
0 + C01LG

0
1 + ...+ CplLG

p
l (x, y)]×

(τ1Φ1(t) + τ2Φ2(t) + ...+ τjΦj(t)), (5)

where LGpl are the Laguerre-Gaussian modes, Φj are the
Schmidt decomposed temporal modes, Cpl and τj are

the normalized coefficients of the spatial and temporal
modes, respectively.

For a given optimized pump, to select a ith signal mode
among other overlapping modes. We first define the nor-
malized SF photon, N̄i, of the ith signal as:

N̄i = 10log10

(
Ni∑n
i=1Ni

)
, (6)

where Ni is the measured SF photons of the ith signal
mode and n is the total number of signal modes. Note
that, the input incident photons for each signal mode are
equal. The selectivity, η, between desired signal mode
and other overlapping modes can be defined as

η = N̄i − N̄j 6=i, (7)

where N̄i and N̄j 6=i are the normalized SF photons of the
desired signal and the other overlapping signal modes,
respectively.

Figure 2. An example of selection among different spatio-
temporal modes Sk(k = 1, 2, 3, 4). (a) four different spatio-
temporal modes S1, S2, S3, and S4, where the spatial and
temporal components are shown in Fig. 1(a). (b) The opti-
mized pump mode in the spatial and temporal domain. (c)
Normalized SF photon for different signal modes with opti-
mized pump mode.

Figure 2 shows an example in the simulation to se-
lect a signal mode (S4) with respect to other overlapping
signal modes (S1, S2, and S3). For simplicity, we used a
random-walk optimization method to optimize the pump
field in spatio-temporal domain [33, 43]. We consider four
signal modes Sk(k = 1, 2, 3, 4), which are composed of
two spatial (E1, E2) and two temporal (E3, E4) electric
field amplitudes, as shown in Fig. 1(a). One optimized
pump, shown in Fig. 2(b), is designed to select S4 and
suppress the others simultaneously. With this optimized
pump, the normalized up-converted SF output for differ-
ent signals are shown in Fig. 2(c). The selectivity of the
signal S4 against S1, S2, and S3 are 20.2 dB, 8.4 dB, and
11.8 dB, respectively. To further improve the selectivity,
we can use a particle-swarm optimization algorithm in
the spatial and temporal domain [44].
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Figure 3. Experimental setup for high-dimensional mode selective frequency up-conversion process. ODL: programmable opti-
cal delay line, SLM: Spatial Light Modulator, BS: Beamsplitter, WDM: Wavelength-division multiplexing, PPLN: Magnesium-
doped Periodic Poled Lithium Niobate crystal, BF: Shortpass bandpass filters and PM: power meter.

III. EXPERIMENTAL SETUP

Figure 3 outlines our present experimental setup. A
mode-lock laser is used to generate the pulse train with
pulse width ∼0.3 ps at 50 MHz repetition rate. We
use two inline narrow-band wavelength division multi-
plexers (WDMs) with bandwidth 100 GHz to select two
wavelengths, one at 1545 nm as a pump and another at
1558 nm as a signal. A programmable optical delay line
(ODL) in the signal arm is used to scan the temporal
shape of the optical pulses. The pump optical pulses are
amplified using an Erbium-doped fiber amplifier (Thor-
labs, EDFA100S) to obtain maximum average power ∼
10 mW incident on the nonlinear crystal. On the other
hand, the signal optical pulses are attenuated with neu-
tral density filters to produce ultra-low optical signal. In
free space, both arms select the horizontal polarization
for the pump and signal. The transverse FWHM of the
pump and signal are 2.8±0.05 mm and 2.6±0.05 mm,
respectively. Then, these two beams are incident on sep-
arate spatial-light modulators (Santec SLM-100, 1440 ×
1050 pixels, pixel pitch 10.4 × 10.4 µm) [45]. The pump
and signal SLMs are used to upload desired (for example:
HG or LG) phase masks. A beam splitter is used to com-
bines the two pulse trains which are focused (focus length
F =200 mm) into a temperature-stabilized second-order
nonlinear crystal with a poling period of 19.36 µm (5
mol.% MgO doped PPLN, 10 mm length, 3 mm width,
and 1 mm height) for SF generation process. The nor-
malized conversion efficiency of the nonlinear crystal is
1%. Half waveplates on both arm, before the nonlin-
ear crystal, are used to ensure the vertically polarized
optical field parallel to the crystal’s optical axis. The
output pulses are then filtered with a short-pass filter to
remove any residual fundamental light and bandpass fil-
ters to provide a total >180 dB extinction in rejecting

the second harmonic of the pump [43, 46]. The visible
SF photons pass through a half waveplate and polarizing
beam splitter. The output SF photons are then coupled
into a single-mode fiber (SMF-28) using a fiber collimator
consisting of aspheric lens (Thorlabs A375TM-B). A sili-
con avalanche photodiode (Si-APD, ID100) is used to de-
tect the photons which has 15% quantum efficiency. The
SF photons are then collected by the field programmable
gate array (FPGA, Zedboard ZYNQ-7000) and sent to a
computer for post processing. A MATLAB program is
used to optimize the pump mode using adaptive feedback
technique based on a random-walk optimization [33, 44].

IV. RESULTS

Before presenting the results for mode-selective QFC
with optimized pump, we first show the preparation of
the quantum states in the spatial HD Hilbert space.
Figure 4 shows the experimentally measured matrix for
higher-order signal and pump modes. In this case, both
signal and pump modes have the radial index p = 0, 1
and azimuthal index l = −3 to 3. The values in the color
bar and matrix represent the normalized SF photon(N̄),
which is normalized with the sum of the elements in each
row (i.e. with same pump) according to Eq.6. It is clear
from this figure that the angular momentum with op-
posite sign for the signal and pump modes have higher
extinction compare to other modes. We can also observe
that the nearest neighbour spatial modes are difficult to
distinguish [7, 33].

After that, optimized pump modes are prepared to se-
lectively upconvert the MUB of qubit and qudit states.
The optimized pump modes are in the superposition of
the 18 higher-order LG modes (l ∈ [−5 : 5], p ∈ [0, 1]).
To show the selectivity for each optimized pump, the up-
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Figure 4. Measured SF output matrix with higher-order LG
modes for the signal and the pump. The values in the matrix
are representing the normalized SF output N̄ dB (using Eq.6).

Figure 5. Qubit tomography for MUB of signal modes: (a)
{|LG0

+1〉, |LG0
−1〉} and (b) {(|LG0

+1〉+|LG0
−1〉)/

√
2, (|LG0

+1〉−
|LG0

−1〉)/
√

2}. Normalization is done by summation of each
row. P1 and P2 are the optimized pump modes to selectively
upconvert signal S1 and S2, respectively.

converted photons are collected and normalized. As an
example, in Fig. 5, we use two set of MUB for signal
qubit states (a) {|LG0

+1〉, |LG0
−1〉} and (b) {(|LG0

+1〉 +

|LG0
−1〉)/

√
2, (|LG0

+1〉 − |LG0
−1〉)/

√
2}. The qubit to-

mography shows that the optimized pump modes can
selectively pickup the desired modes. It achieves the
selectively of ∼ 28 dB on average. Similarly, Fig. 6
shows the superposition of 4 LG modes, i.e. qudit, to
prepare 2 MUB consisting of 4 signal modes. Fig. 6
(a) shows the first MUB, we use signals {(|LG0

+1〉 +
|LG0

−1〉 + |LG1
+1〉 + |LG1

−1〉)/2, (|LG0
+1〉 + |LG0

−1〉 −
|LG1

+1〉 − |LG1
−1〉)/2, (|LG0

+1〉 − |LG0
−1〉 − |LG1

+1〉 +
|LG1

−1〉)/2, (|LG0
+1〉 − |LG0

−1〉 + |LG1
+1〉 − |LG1

−1〉)/2}

Figure 6. Qudit tomography for MUB of signal modes:
(a) {(|LG0

+1〉 + |LG0
−1〉 + |LG1

+1〉 + |LG1
−1〉)/2, (|LG0

+1〉 +
|LG0

−1〉− |LG1
+1〉− |LG1

−1〉)/2, (|LG0
+1〉− |LG0

−1〉− |LG1
+1〉+

|LG1
−1〉)/2, (|LG0

+1〉 − |LG0
−1〉 + |LG1

+1〉 − |LG1
−1〉)/2} and

(b) {|LG0
+1〉, |LG0

−1〉, |LG1
+1〉, |LG1

−1〉}. Pi are the optimized
pump modes to selectively upconvert signal Si, where i = 1
to 4.

to selectively upconverts each with different optimized
pump modes. The selectivity η gives ∼17 dB on average
extinction. In Fig. 6 (b), we show the second MUB, which
consists 4 signals |LG0

+1〉, |LG0
−1〉, |LG1

+1〉, and |LG1
−1〉.

We selectively upconvert these four signal with different
optimized pump mode. The value of selectivity η gives
∼16 dB extinction.

Figure 7 demonstrates the selectivity among five
higher-order LG modes (a) LG0

0, LG0
1, LG0

2, LG0
3, LG0

4

and (b) LG1
0, LG1

1, LG1
2, LG1

3, LG1
4 with two different

optimized pumps, respectively. (a) and (b) show the se-
lectivity of signal modes {LG0

1 & LG0
2 }, and {LG1

1 &
LG1

2} with simultaneously suppressing other overlapping
modes. Here also the selectivity for each optimized pump
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is determined by the collected and normalized SF pho-
tons, as defined in Eq. 7. We can see that the selectivity
for 5 signal modes in Fig. 7(a) and (b) are in between 20
dB to 30 dB and 15 dB to 25 dB, respectively.

Figure 7. Spatial mode-selective upconversion of the signal
modes with optimized superposition of the pump LG modes.
The values in the table are the normalized SF output N̄ dB,
which are evaluated from Eq.6. Five signal modes from left
to right are (a) {LG0

0, LG0
1, LG0

2, LG0
3, LG0

4}, and (b) {LG1
0,

LG1
1, LG1

2, LG1
3, LG1

4}, respectively.

To show the performance of mode selective QFC in the
spatial and temporal domain, we introduce the time-bin
manipulation by changing the delay of the signal pulses
with respect to the pump pulses. The upconverted pho-
tons are detected as a function of the temporal delay
scanned by the programmable ODL between the syn-
chronous signal and pump pulses. In Fig. 8, we define
signal modes in three dimensions, x, y, and t and con-
sider six signal modes. The spatial profile of these six sig-
nals are S1: (LG0

−1 +LG0
1)/
√

2, S2: (LG0
−1 −LG0

1)/
√

2,

S3: (LG0
−1 − LG0

1)/
√

2, S4: (LG0
−1 − iLG0

1)/
√

2, S5:
LG0
−1, and S6: LG0

1, and corresponding temporal de-
lays are t0 = 0 ps, 5 ps, 20 ps, 15 ps, 10 ps, and 25 ps,
respectively. The optimized pump P1 (P5) is designed to
selectively up-convert S1 (S5) and suppress the others.
The selectivities for P1 and P5 are 15 dB and 14 dB on
average, respectively. These selectivities can further im-
prove with other efficient adaptive optimization methods
[43, 47, 48].

V. DISCUSSION

In the current setup, the spatial mode shaping of the
pump is provided by the SLM and the temporal shaping
is realized by the time delay. In future, optical arbitrary
waveform generator based on spectral line-by-line pulse

Figure 8. Spatio-temporal selectivity of the signal modes with
optimized pump modes. The values in the table are the nor-
malized SF output N̄ dB. The spatial modes of these six sig-
nals are S1: (LG0

−1 + LG0
1)/
√

2, S2: (LG0
−1 − LG0

1)/
√

2, S3:

(LG0
−1 − LG0

1)/
√

2, S4: (LG0
−1 − iLG0

1)/
√

2, S5: LG0
−1, and

S6: LG0
1. The corresponding temporal delay, t0, of the signals

are 0 ps, 5 ps, 20 ps, 15 ps, 10 ps, and 25 ps, respectively.

shaping can be utilized to arbitrarily manipulate the am-
plitude and phase profiles of the time-frequency modes
[43]. This can improve the selectivity of the signal modes
by preparing the pump pulses in the optimized ampli-
tude and phase profiles in time. Merging the selectivity
in spatial and time-frequency modes will realize the full
advantage of spatio-temporal mode selective QFC. We
envision that spatio-temporal mode selectivity will be ef-
fective against channel noise in both measurable spatial
and temporal dimensionality thus enables robust and re-
alistic entanglement distribution with high-dimensional
encoding [49] with minimum trade-off. Note that, the
selectivity and conversion efficiency of the QFC can be
improved while suppressing it’s intrinsic noise level by
using longer nonlinear crystal with well defined phase
matching profile [16]. The signal-to-noise ratio in our
current nonlinear crystal is characterized in Appendix B.

Thanks to excellent selectivity among traverse spatial
modes, our technique can be used for measurement of
the traverse spatial mode joint probability distribution
of a bi-photon state produced in spontaneous paramet-
ric down-conversion [50, 51] by performing mode selec-
tive measurement on the photon pair separately. Subse-
quently, this will allow one to directly quantify and cer-
tifying high-dimensional entanglement in traverse spatial
mode.

We can also incorporate polarization degree of freedom
to extend the mode selective QFC [18, 29]. The prelimi-
nary measurements in the polarization degree of freedom,
as shown in Appendix C, would extend the dimensional-
ity of our mode-selective QFC.
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VI. CONCLUSION

We have demonstrated a high-dimensional mode-
selective QFC in spatio-temporal DOF. Our experimen-
tal results showed that a high-dimensional QFC can be
realized with high-extinction (up to 30 dB) by selectively
upconverting the signal modes using optimized pump.
This technique is potentially useful for multi-fold quan-
tum applications [52, 53] such as long-distance quantum
communication, quantum key distribution (QKD), quan-
tum state tomography and so on. In future, it could be
extended to other DOF to increase the information ca-
pacity of the quantum signals.
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APPENDIX

A. Spatial modes

The Laguerre-Gaussian (LG) modes can be written in
the cylindrical coordinates as

LGpl (r, φ, z) =
Clp
w

(
r
√

2

w

)|l|
Lp|l|

(
2r2

w2

)
exp(−ilφ)

× exp

(
iζ − ikz − ikr2

2R
− r2

w2

)
, (A.1)

where φ = arctan(y/x) is the azimuthal coordinate,

Clp =
√

2p!
π(p+|l|)! is a normalization constant, {Lp|l|} are

the generalized Laguerre polynomials with the azimuthal
mode index l and the radial index p. The LG modes can
be expressed as the superposition of Hermite-Gaussian
(HG) modes and vice-versa [54]. The LGpl modes with
the angular mode number l = n − m and radial mode
number p = min(m,n). These can be written as

LG0
±1 =

1√
2

(HG01 ± iHG10) , (A.2)

HG01(θ) =
1√
2

(
LG0

+1e
−iθ + LG0

−1e
iθ
)
, (A.3)

where θ is the angle of rotation of the coordinate frame
from (x, y) to (x′, y′).

The rotation of the signal phase mask with respect to
pump can manipulate the generated SF photons. As an
example, in Fig. A1, we plots the simulated and exper-
imentally measured SF photons by rotating the HG10

Figure A1. SF photon counts are plotted by rotating the
Hermite-Gaussian (HG10) phase mask of the pump and the
signal in (a) simulation and (b) experiment. The simulated
result is normalized using the maximum value in the plot. The
color bar, shown in (b), represents the detected SF counts.

pump and signal masks. It shows that the SF photons
are minimum, when the pump and signal phase masks
are orthogonal to each other. This flexible control of
phase mask rotation can be utilize for the HD quantum
applications [55, 56].

Figure A2. Experimentally measured SF photon counts (blue
astric) and background noise photon counts (red cross) vs
average pump power. Solid red and blue curves are the cor-
responding fits.

B. Signal-to-Noise ratio

We characterize the quantum noise generated in our
nonlinear frequency conversion process in our experi-
ment. We measured the upconverted SF photon per
pulse and background noise photon per pulse vs aver-
age pump power as shown in Fig. A2. The noise photon
observed in Fig. A2 indicates that noise photon counts
per pulse is ∼ 10−6, less than the noise level attained in
LN waveguide [57]. The background noise photons could
be generated by the pump field due to unwanted second
harmonic and spontaneous parametric down conversion
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processes [57, 58]. In this work, the background noise ∼
46 dB lower than the upconverted SF photons.

C. Polarization degree of freedom

We show the polarization dependence of the nonlinear
crystal (black curve) and a visible PBS (blue curve) in
Fig. A3. First measurement is performed by rotating
the signal half-wave plate (θs) in front of the nonlinear
crystal and the second measurement (linear) is performed
by rotating half-wave plate (θSF ) in front of visible PBS.
In both cases, we record the photon counts using same
visible APD detector. Visibility can be evaluated as

V =
Cmax − Cmin
Cmax + Cmin

, (A.4)

where Cmax and Cmin are the maximum and minimum
number of SF photon counts.

Our result in Fig. A3 shows that the visibility of the
photon counts in linear and nonlinear cases are 0.9832
and 0.9804, respectively. It shows that our system could
be utilized for HD quantum states in polarization DOF
[18, 29, 59].

Figure A3. SF photon counts vs polarization rotation of the
pump half-wave plate (θp) with respect to the crystal. θSF is
the polarization rotation of the half-wave plate with respect
to the visible PBS.
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