Motivic random variables and representation stability I:
Configuration spaces

SEAN HOWE

We prove a motivic stabilization result for the cohomology of the local systems on
configuration spaces of varieties over C attached to character polynomials. Our
approach interprets the stabilization as a probabilistic phenomenon based on the
asymptotic independence of certain motivic random variables, and gives explicit
universal formulas for the limits in terms of the exponents of a motivic Euler
product for the Kapranov zeta function. The result can be thought of as a weak but
explicit version of representation stability for the cohomology of ordered config-
uration spaces. In the sequel, we find similar stability results in spaces of smooth
hypersurface sections, providing new examples to be investigated through the lens
of representation stability for symmetric, symplectic and orthogonal groups.
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In this paper, we bring together two recent threads in the theory of cohomological
stability for configuration spaces: the theory of representation stability of Church [4]
and Church-Farb [7] and the motivic approach of Vakil-Wood [16]. We show that
the families of local systems on unordered configuration spaces of algebraic varieties
studied in representation stability have natural motivic avatars in the Grothendieck ring
of varieties, and that these stabilize under suitable motivic measures (cf. Theorem
5.2 below). A new and important feature of our approach is that we provide explicit
formulas for the stable values using the language of probability theory adapted to a
motivic setting (the motivic random variables of the title). In particular, we find explicit
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universal formulas for the Hodge Euler characteristics of the stable cohomology of these
local systems (cf. Theorem A below). This includes, e.g., formulas for the Hodge
Euler characteristics of the stable cohomology of generalized configuration spaces (cf.
Corollary B below). These results suggest that, at least in some cases, there should
be a simple description of the stable cohomology of certain generalized configuration
spaces from which the stable cohomology of all local systems appearing in the theory
representation stability for varieties can be deduced (cf. Remark 1.5 below).

Over finite fields, the point-counting analogs of our results are due to Chen [3]. For
motivic measures factoring through Chow motives, including the Hodge realization,
our results can also be deduced from prior work of Getzler [10]. We discuss both of
these connections further in Remark 1.1 and Appendix A.

In the remainder of the introduction we describe our results in more detail in the case
of the Hodge realization.

1.1 Motivic stabilization of character polynomials

Let Y/C be a smooth connected quasi-projective variety. We denote by Conf"(Y)
the configuration space of unordered n-tuples of distinct points on Y. We denote by
PConf"(Y) the configuration space of ordered n-tuples of distinct points on Y, so that

(D PConf"(Y) — Conf"(Y)
is an S, -cover (here S, denotes the symmetric group of permutations of {1,...,n}).

The compactly supported cohomology of any local system V' on Conf"(Y) trivialized
on this cover is naturally equipped with a polarizable mixed Hodge structure (cf.
Subsection 3.3). In particular, denoting by W the weight filtration,

GryH!(Conf"(Y), V)
is a direct sum of polarizable Hodge structures. We denote
Q1) = HX(AD,
the Tate Hodge structure of weight 2, and Q(n) = Q(—1)®".

We define Ky(HS) to be the Grothendieck ring of polarizable Hodge structures, which
is the quotient of the free Z— module with basis given by isomorphism classes [V] of
polarizable Q—Hodge structures V by the relation [V & V5] = [Vi] 4+ [V2]. Ttisa
ring with [Vi] - [V2] = [V] ® Va].
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For a local system )V on Conf”(Y) that becomes trivial on PConf"(Y), we define
2) xus(V) = Y —1' [GrwH.(Conf"(Y), V)] € Ko(HS).

The ring of character polynomials [6] is the countable polynomial ring Q[X1, X3, ...].
For any n we map the ring of character polynomials to the ring of rational class
functions on S,, RepS, ® Q, by mapping X; to the function which counts cycles of
length i. In particular, any character polynomial p defines a sequence of (Q-)virtual
representations 7, , of S, for increasing n.

Thus, given a character polynomial p, we can use the cover (1) to define a sequence
of (Q-)virtual Q-local systems V. on Conf”(Y). Then, extending formula (2), the
compactly supported cohomology of V. gives a class xus(Vr,,) in the rationalized

Grothendieck ring Ko(HS)g. This ring has a natural completion Km@ with respect
to the weight filtration, and one consequence of representation stability for configuration
spaces as in [4] is that for any fixed character polynomial p,

) xus(Vr,.,)
) A S (—n - dim ¥)

exists in KIH\S)Q.
For a variety X/C, we denote

[Xlus = Y (1) [GrwHL(X(C), Q)] € Ko(HS).

Our main result, Theorem A below, gives an explicit formula for the limit (3) when
we normalize by [Conf"(Y)]gs instead of Q(—n - dimY). To state it efficiently, we
introduce the map

Eo : QIX1,Xs,...] = Ko(HS)g

i xusWVr, )
E. [p] = lim 52 mn)
P BeelP] = M e o (¥ s

E. should be thought of as a motivic version of the limit of the expectation functions
of uniform probability measures on Conf"(Y), in a way that will be made precise in
Section 4.

For a variety Y /C, the Hodge zeta function of Y is
Zyus(®) = 1+ [Ylust + [Sym*Ylust® + ... € 1+ Ko(HS)[[]].
It admits a formal Euler product

1 Mi([Y1ns)
Zyus@) = || < o tk)

k>1
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where the M ([Y]us) are elements of Ko(HS)g uniquely determined by this identityl.
The element M ([Y]gs) should be thought of as a motivic analog of the number of closed
points of degree k on a variety over a finite field (which appear as the corresponding
exponents in Euler products for zeta functions of varieties over finite fields).

Theorem A Let Y/C be an d-dimensional smooth connected quasi-projective variety,
and E,, Xi, and M ([Y]us) as defined above. For t a formal variable,

k M ([Y]us)
Q) t>

Eo [(1+0%] = <1 + T O 0@

and for ty,ty, ... formal variables,

[T+ ™
k

where in both statements exponentiation of (1 +¢) is understood in terms of the formal

Eoo

= [ Eoo [(1 + 2]
k

power series

oo
a\
(140 = exp(log(l + 1) - @) = » <>t
; i
i=0
and E, is applied to the coefficients of a power series. In particular, for any character
polynomial p we can obtain an explicit formula for E,,[p] by expressing p as a sum
of monomials in the X and using the formulas above.

Remark 1.1 In fact, in Subsection 5.1 we will construct avatars for the virtual local
systems V. living in a relative Grothendieck ring of varieties over Conf"(Y), and then
prove analogs of Theorem A and Corollary B below with HS replaced by an arbitrary
motivic measure ¢ (under a technical hypothesis on ¢ and Y). These analogs appear
as Theorem 5.2 and Corollary 5.3. The reason it is possible to give motivic avatars
for these virtual local systems is that they can be isolated by taking virtual sums of
generalized configuration spaces; this corresponds roughly to the fact that permutation
representations span the representation rings of symmetric groups.

Theorem A can also be deduced from results of Getzler [10], as we show in Appendix A.
However, there are cases of the more general Theorem 5.2 which cannot be deduced
from [10] — for example, when ¢ is the motivic measure with values in the Grothendieck
ring of varieties completed for weight filtration, and Y is a stably rational variety (cf.
Example 5.4). Furthermore, the methods of our proof are of independent interest: the

"We adopt this notation to match with the point-counting result [3, Theorem 3 and Corol-
lary 4].
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use of the power structure on the Grothendieck ring of varieties as a way of organizing
arguments with configuration spaces modeled after point-counting arguments over
finite fields is crucial in the sequel [12] where no analog of Getzler’s result is available.
The point-counting analog of Theorem A is due to Chen [3, Corollary 4], and we also
discuss this connection in Appendix A. As is typical for this type of result (cf. [16]),
while the statements in the motivic and point counting settings are quite similar, neither
implies the other, and the proofs in the motivic setting are more involved.

Remark 1.2 The probabilistic interpretation of this theorem is that the X; define
asymptotically independent motivic random variables with asymptotic binomial dis-
tributions. The asymptotic binomial distributions are characterized by saying that X}
converges in distribution to the “sum of” My ([Y]gs) Bernoulli random variables that
are 1 with probability 19&?@ — note that we interpret this purely as a statement about
the moment generating functions (cf. Section 4). The asymptotic independence and
asymptotic distributions are natural in the analogous point-counting result over finite
fields [3, Corollary 4]: in that setting, X; corresponds to the random variable counting
points of degree k in a configuration, so that the X; can be described by summing up
indicator random variables over closed points on the ambient variety Y. The asymp-
totic independence and asymptotic distributions of these indicator random variables
have natural intuitive explanations.

Example 1.3 For each n > 1, X| is the character of the permutation representation
on the set {1,...,n}. Thus, denoting by Conf“'bn_'(Y) the generalized configuration
space of n distinct points on Y, one labeled by a and the remaining n — 1 labeled by b,
we have

XtsVay, ) = [Conf*?"™ (¥)]ps.

Theorem A then gives

- [Conf™”" (N)lus _ ( Q@ )m
i [Conf" (Ml 1+Q@) "™

(here we use that M{([Y]as) = [Y]us).

1.2 Motivic stabilization of generalized configuration spaces

Example 1.3 can be extended to all generalized configuration spaces. If 7 = alll . alz2 Ce af;;
is a generalized partition, we denote by Conf” (Y) the configuration space of |7| = > [;
distinct points on Y, with /; of the points labeled by a; for each i. We obtain
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Corollary B Notation as in Theorem A, if T = all1 ...alm is a generalized partition then

o [Conf ™ (Vs
m —
noo [Conf"(¥)lns

%H<1+Q(dk)(ﬁ+/2‘+...+tfn)

Mi([Y]ns)
L 1+ Q(dk) >

Remark 1.4 For an orientable manifold M, cohomological stabilization for the se-
quence of spaces Conf” - "~ I7I(M) was observed as a consequence of representation
stability already by Church [4, Theorem 5]. The existence of the limit appearing in
Corollary B for an algebraic variety Y was also shown by Vakil-Wood [16]. Thus, the
main contribution of Corollary B is the explicit formula in terms of the My([Y]us).
However, our proofs of Corollary B and Theorem A do not use the results of Church
or Vakil-Wood as input, and thus also provide a new proof of the existence of this limit
(which is closely related to, but distinct from, the proof given by Vakil-Wood).

n—|7|

Remark 1.5 For 7 a generalized partition as in Corollary B, the variety Conf™ ™ = (Y)
is a quotient of ConfT/'*n_‘T‘(Y) where 7' is a partition of the same length as 7 but
with all labels distinct. Thus, the stable cohomology of any sequence of generalized
configuration spaces appearing in Corollary B, and in fact of any of the sequences of
local systems coming from the theory of representation stability, can be computed in
terms of the stable cohomology of these special families.

In particular, our results put a large number of constraints on the stable cohomology of
Conf® """ (Y)yas n — 00,

in that they give a formula for the S,,-equivariant Hodge Euler characteristic rather
than just the Hodge Euler characteristic. Moreover, the simple probabilistic formulas
of Theorem A lead to simple candidate stable cohomology groups compatible with
these constraints, and it may be possible to prove these candidates are related to, or in
some cases even equal to, the actual stable cohomology groups by using other known
descriptions of the cohomology of configuration spaces (e.g. the explicit presentation
of the Leray spectral sequence in [15]). This strikes us as a promising avenue for future
work, but we have not pursued it further at this time.

1.3 Multiplicities of irreducible representations

An interesting open problem in the theory of representation stability of configuration
spaces is to compute the families of irreducible representations appearing in the stable
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cohomology of H!(PConf"(Y), Q) for i a fixed degree (cf., e.g., the discussion around
[6, Corollary 1.6]). As in [5] and [3], we find here that it is simpler to instead fix a
family of irreducible representations, corresponding by the theory of [7] to a partition
7, and then to obtain information about the cohomological degrees where that specific
family of representations appears stably.

For a partition 7, denote by 7, the representation of S, corresponding to 7, and
by V:, the local system on Conf"(Y) attached to 7, ,. The multiplicity of 7, in
H'(PConf"(Y), Q) is equal to the dimension of H'(Conf"(Y), V), and thus we are
interested in computing the stabilization of the cohomology groups H'(Conf"(Y), V; ).
For Y smooth, by Poincaré duality the same information is contained in the compact
supported cohomology groups, and it will be technically more convenient for us to
work with these.

We denote

Xus(Vra) = Y =11 [GryHL(Conf"(Y), Vr,)] € Ko(HS).
Then, using Theorem A, we can compute
im XHS (VT,n)
n—oo [Conf"(Y)]ns

which gives us (via weights) some partial information about the cohomological degrees
where 7 can appear. Indeed, this limit is computed in Theorem A when we take p
to be the character polynomial s, giving the character of 7, for sufficiently large n
(which exists by results of [6]).

Example 1.6 Let 7 be the partition (1), which corresponds to the standard represen-
tation of S, for each n. The standard representation has character sy = X; — 1. We

find
xus (V1)) _( Q(d)

w5 [Conf"(Mlns  \ 1+ Q)
In particular, the largest weight appearing in this formula is the negative of the smallest
non-zero weight k appearing in the cohomology of Y. Thus, by standard properties of
weights (cf. [8]), if the standard representation appears stably in any degree i < k/2,
it must appear stably again in another degree i’ < k with the opposite parity.

) [Y]us — 1.

1.4 Sketch of proofs of Theorem A and Corollary B

We consider Conf”(Y) as a moduli space parameterizing subvarieties of n distinct
points of Y, with universal family

Z, — Conf"(Y), Z, :== {(y,¢) € Y x Conf"(Y) |y € c}.
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We use the pre- A structure on the Grothendieck ring of varieties over Cont”(Y) (cf.
Section 3) to construct from Z, natural motivic avatars of the local systems appearing in
Theorem A. These are the motivic random variables of the title. We note that, through
the optic of the pre- A ring structure, the ring of character polynomials becomes the
ring A of symmetric functions [13] playing its natural role in that theory.

One would like to directly prove the asymptotic independence and binomial distribu-
tions for the motivic random variables corresponding to the X; as asserted in Theo-
rem A, however, these are difficult to work with directly because for i # 1 they have
no clear geometric meaning. Instead, we show that Theorem A is actually equivalent
to Corollary B, then prove Corollary B.

To show Theorem A is equivalent to Corollary B, we show that the character poly-
nomials corresponding to generalized configuration spaces are a basis for the ring of
character polynomials, and that on these elements the two descriptions of E., (one
from Theorem A and the other from Corollary B) coincide.

To prove Corollary B, we use the geometric interpretation of the power structure on the
Grothendieck ring of varieties due to Gusein-Zade, Luengo, and Melle-Hernandez [11].
A key step is our Lemma 2.8, which we use to find the M([Y]) as exponents in product
expansions for generating functions of generalized configuration spaces.

Although we work outside the setting of classical probability theory, the use of prob-
abilistic language plays an important role in organizing our arguments and stating our
theorems. In Section 4 we develop the basics of algebraic probability theory which we
will need in this paper and it sequel [12].

1.5 Relation with the sequel

In the sequel [12] we prove stabilization results analogous to Theorem A and Corol-
lary B for spaces of smooth hypersurface sections of a fixed smooth projective variety,
as well as point-counting analogs. These give new geometric examples of representa-
tion stability for symmetric, orthogonal, and symplectic groups, in the sense that we
find stabilization (in the Grothendieck ring of Hodge structures) of the cohomology
of local systems corresponding to natural families of representations of these groups
composed with the monodromy representation on the cohomology of the universal
smooth hypersurface section. Combined with the results of the present paper, we view
the results of [12] as strong evidence that one should also seek richer representation
stability-type phenomena in the setting of smooth hypersurface sections.
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1.6 Outline

In Section 2 we recall the notion of a pre- A structure and the associated power structure
as in [11]. In Section 3 we recall some Grothendieck rings of varieties and the pre-\
and power structures on them defined by the Kapranov zeta function, along with
their geometric interpretations. In Section 4 we develop the notion of an algebraic
probability measure. Finally, in Section 5 we prove Theorem A and Corollary B.

In Appendix A, we elaborate on the connection between our work and that of Chen [3]
and Getzler [10] as indicated in Remark 1.1.

1.7 Notation

For partitions we follow the conventions of Vakil-Wood [16], though we tend to avoid
the use of \ to signify a partition to avoid conflicts with the theory of pre- A rings.

A variety over a field K is a reduced finite-type scheme over K (in particular, we do
not require our varieties to be irreducible). It is quasi-projective if it can be embedded
as a locally closed subvariety of Py .

For Y — § amap of quasi-projective varieties over a field K and 7 a partition, we write
Conf”(Y/S) for the relative (i.e., fiberwise) configuration space of 7-labeled distinct
points on Y/S. Concretely, if the multiplicities of 7 are (I, ...,[,), then

Conf"(Y/S)= [ Y xs Y xg...xs Y\A | /S, xS, X ... xSy,

where A is the big diagonal (the locus where not all coordinates are distinct), and
the product of symmetric groups S;, acts by permuting the coordinates in the natural
way. We note that Conf”(Y/S) is a quasi-projective variety over K with a natural
structure map to S, thus it makes sense to write Conf”(Y/S)/S. When there is no risk
of confusion, we will also write Conf” (Y) for Conf” (Y /K). Following the conventions
used in the introduction, we will sometimes write Conf” for Conf” where 7 is any
partition with a single label of multiplicity n, and PConf" for Conf” where 7 is any
partition with n distinct labels each appearing with multiplicity one.

Our notation for pre-A rings and power structures is introduced in Section 2. We
highlight the following point here: if f € 1+ (¢1, 2, ... )R[[t1, %2, ..]], then f" will
always denote the naive exponential power series

exp(r-logf) € 1 + (11, 12, . )Rqllt1, 12, .11,
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If R is a pre-\ ring then we denote an exponential taken in the associated power
structure by fPov’.

Our notation for Grothendieck rings of varieties and motivic measures is explained in
Section 3.

1.8 Acknowledgements

We thank Weiyan Chen, Matt Emerton, Benson Farb, Jesse Wolfson, and Melanie
Matchett Wood for helpful conversations. We thank Weiyan Chen, Matt Emerton,
Benson Farb, Melanie Matchett Wood, and two anonymous referees for helpful com-
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2 Power structures and pre- )\ rings

In this section, we recall the notion of a pre-\ structure and the associated power
structure as in [11]. Our only new contribution is Lemma 2.8.

2.1 Symmetric functions

We denote by
A =1mZ[t, ..., t,]>
% n

the graded ring of symmetric functions [13]. Here the limit is of graded rings along
the maps induced from
Z[Zh cey tn] — Z[th ey tn—l]

i 1<i<n-—1
t —
0

i=n.

We define the complete symmetric functions
._ h b
he= Y Hiz.
(sl | Do li=k
the elementary symmetric functions

e = Z filiy - oo 1, € A,
iy ir o i



12 Sean Howe

and the power sum symmetric functions

Dk ZZZI? €A
i

We have
A =Zlhi, hy,...] = Zley, ez, ...],

and

Ag = Qlp1,p2,-..].

For a partition 7 = all1 alzz... we also define

hy =hy - hy, - ...
Pr =Dl DL e

(which depends only on the multiplicity partition m(7)).

We also define the Mobius-inverted power sum symmetric functions

1
/o
Pei= % dEk pk/d)py € Ag.

We have

Pk = deﬁz-

dlk

The complete symmetric functions are related to the power sum symmetric functions
by the identity

o0
4) dlog Z hyt* = Zpkﬂtk,
k=0

and to the Mobius-inverted power sums by the Euler-product identity

Pi
® S =11 (15)
k k

(which follows from (4) after taking log of both sides).
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2.2 Pre-) rings

Definition 2.1 A pre- ) ring is aring R equipped with a group homomorphism

ot (R, +) — (1 + #R[[z1], -)
r—1+4o1(re+ Uz(r)l‘2 + ...

such that o(r) = r, and such that

1
oy(1) = ﬁ

(i.e., in terms of the coefficients oy, o;(1) = 1 for all k).

The condition on o(1) is not standard, but is natural in our context. In particular, any
A-ring satisfies this condition.

n
Example 2.2 7 is a pre- A ring with o,(n) = (ﬁ) .

Example 2.3 Any QQ-algebra R is a pre- A ring with

o4(r) = exp <log <11—t> . r)

where exp and log are defined using the standard power series expansions.

Example 2.4 For G an algebraic group, the representation ring RepG is a pre- A ring
with o -operations given by o ([V]) = [Sym" V]. Note that Example 2.2 is also of this
form for G = {e} the trivial group.

Example 2.5 For G a group we define the Grothendieck ring Ko(G — Set) of finite
G-sets: It is spanned by the isomorphism classes [X] of finite G-sets X, modulo the
relation [X LUX'] = [X]+[X’]. Itis aring under cartesian product [X]-[X'] = [X x X'].
It is equipped with a pre- A structure with o -operations

or(X) = Xk /5.

For any G there is a natural map from Ky(G — Set) to Ko(RepG) sending a set to the
free vector space on that set, and this is a map of pre- A rings (with the pre- A structure
on RepG as in Example 2.4).
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We define functorial o -operations on pre-\ rings R by
r— or(r).
More generally, we define a functorial set-theoretic pairing
(,);:AXR—R

on pre- A rings R by requiring that for any r € R,

(,n:A—R
is the unique ring homomorphism sending A to o (r).
Using this pairing, any element f € A defines a functorial operation on pre- A rings by

r— (f,r).

In particular, we also define the \-operations by
Ai(r) == (ex, 1)

where the e are the elementary symmetric functions. Classically pre-A rings and
A-rings are axiomatized using the A-operations, however, for us it is more natural to
use o -operations.

For a typical f € A,
(f,):R—R

is not additive, however, the Adams operations

r— (pk,r)

corresponding to the power sum functions p; give functorial endomorphisms of (R, +)
(this follows from the identity (4)). As a consequence, the maps

R—)R@
rb—>(p;<,r)

are also additive maps, functorial in pre- A rings. By equation (5), they satisfy the Euler
product identity in Rg,

1 (P;i,r)
(6) oi(r) = H <1 — tk> )

k

Remark 2.6 We will not need the fact that (p}, ) is additive in the present work,
however, it will play an important role in the sequel [12].
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2.3 Power structures.

The notion of a power structure, due to Gusein-Zade, Luengo, and Melle-Hernandez
[11], gives us a way to interpret expressions of the form

f(tla b, ")r

for f(¥) € 1 + (#1, 12, ... )R[[t1, 12, ...]] and r € R for any pre- A ring R, satisfying many
of the expected properties of exponentiation and functorial in the pre-A ring R. To
avoid confusion with the naive exponential

R x1+ (t17t27 "')R[[ttha ]] — 1+ (th Iy, )RQ[[ZD Iy, ]]
(r.f) = f" = exp (log(f) - r)

(which we use extensively), we will denote the power structure operation
R x 1+ (11,02, ..)RI[[11, 12, .11 = 1 + (11, 12, .. )R[[11, 12, ... ]

by
(r,f) = .

Before explaining how the power structure is obtained from the pre-\ structure, we
first give an illustrative example to show how it differs from the naive exponential:

Example 2.7 With notation as in Example 2.5, for X a finite G-set, one can show that

00 k
1+ ¥ = Z <M> #* € Ko(G — Set)g,

k!
k=0

where A denotes the big diagonal (i.e. the locus where the coordinates of X* are not
all distinct). On the other hand, for the power structure attached to the pre- A\ structure
described in Example 2.5, one finds
o
(1 4 rypenX] — Z [(XM\AY/Sk] & € Ko(G — Sev),
k=0

where Sy is the symmetric group acting by permutation of the coordinates.

Thus, the division by k! in the naive exponential is replaced by a free quotient by
the symmetric group Sy in the power structure. If G is the trivial group, then we are
working in Ko(Fin — Set) = Z, where the class of any set is given by its cardinality.
In that case, the two formulas agree; for general G, however, they are not the same!
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The power structure operation is constructed by first defining, for a monomial #/,

1 Pow’”
<1 _ l‘1> = Utl(r).

To define the operation for an arbitrary power series, we first note that because

oa(r)y =1 —i—r-t]—l—...,

any element
fel+(n,t, ORI, n,...1]

has a unique expression as an Euler product (for the power structure)

1 Powd]
()T

Indeed, this can be shown by induction on the multi-indices / (under any ordering
where the total exponent ) I is non-decreasing), with the /th factor chosen to ensure
that the product has the desired coefficient for #'.

Thus, using this Euler product for f, we may define its powers by

1 Powdi "I
ow!” «
R || <1 — t1> .

I

It satisfies the following properties [11]:
o fro0 —
o frel=f
o (f - g)Pov = frowl . gPow”
° f?owrlJrrz = fPow/1 fPow’2
o fRowlir2 — (fPow2)Powrl

We have the following useful lemma:

Lemma 2.8 Let R be a pre-\ ring, with associated power structure as described
above. If f € 1 4 (81,12, ...)Z[[t1, 12, ...]] and r € R, then

fl’owr — H]"(tllc7 1—1267 _”)(pllm"%
k>1

where the exponentiation on the right hand side of the equality is the naive exponenti-
ation and the identity is of elements in 1 + (t1, 12, ...)Rgl[[?1, 12, ...1].
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Proof Because the coefficients of f are in Z, it has an Euler product

1 ay 1 PowdI
=1 5) 1)

with a; € Z, which is independent of the power structure because it only involves
integral powers. Thus, for any r,

fP"Wr < )P"W 1 _ H Uzl(al I”) H U,I(r)al
ar-(p,r) |
HH(1—(;1)/<> :HH<1_W<>
bk ko1
1 ar (’727’)
- H (H ( (t’)k> ) =[]ra. 5. )P,
k

Here the step from the first to second line follows from equation (6). O

al'(p]l@r)

3 Some Grothendieck rings of varieties

In this section, we define some Grothendieck rings of varieties and discuss the pre- A
and power structures on them defined by the Kapranov zeta function. We then recall
the geometric description of the associated power structure in characteristic zero given
in [11], and explain how to generalize it to perfect fields following the generalization
of the pre-\ structure in [14]. We finish by explaining how to use these structures to
understand configuration spaces. The key result of this section is Lemma 3.5, which
establishes the fundamental relationship in A which we use to prove Corollary B.

Let K be a a field. The Grothendieck ring of varieties over K, Ko(Var/K), is generated
by the isomorphism classes [Y] of varieties over Y /K, modulo the relations

[Y]=[Y\Z] +[Z
for Z aclosed subvariety of Y. It is a ring with
[Yi]-[Y2] = [Y1 X Y2.
We refer to [14, Chapter 7], as our basic reference for Ko(Var/K).

We denote L = A!, and
My, = Ko(Var/K)[L~!
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The ring My, has a decreasing dimension filtration, where Fil’ is generated by classes
[Y]/L™ where [Y] has dimension < m — i. We denote the completion with respection
to the dimension filtration by M.

A motivic measure is a map of rings

¢ : Ko(Var/K) — A.

Example 3.1
e If K =IF,, there is a point-counting measure
¢q : Ko(Var/Fy) — Z
[X] — #X(F,).

It extends to a map
¢q : M — Zlg™ '],

but is\not continuous with respect to the dimension filtration, so does not extend
to Mr.
o If K = C, there is a Hodge measure
Ko(Var/C) — Ky(HS)
[X] = [X]us := > _(—1) [GrwHL(X(C), Q)]
where X is a quasi-projective variety over C, W is the weight filtration, and

Ko(HS) is the Grothendieck ring of polarizable Hodge structures over Q. It
extends naturally to M, and to a map

My — Ko(HS)

where the completion on the right is with respect to the weight grading.

3.1 Pre-)\ and power structure

For this subsection, we assume K is a perfect field.

We consider the ring”
Ko (Var/K),

?We use this modification of the Grothendieck ring to avoid some technicalities involving
the possible existence of different pre- A structures on Ko(Var/K) when charK # 0, depending
on whether symmetric powers are defined using the scheme theoretic or stacky quotient (cf. [9]
for details).
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as defined in [14, 7.2]. It is the quotient of Ky(Var/K) by the relations [Y;] = [¥2]
whenever there is a radicial surjective morphism Y; — Y>.

By [14, Proposition 7.25], for K of characteristic zero
Ko(Var/K) = Ko (Var/K),

and by [14, Proposition 7.26], for K a finite field the point counting measures factor
through Ky (Var/K).

By [14, Proposition 7.28], %(Var/ K) has a pre- A structure such that for any quasi-
projective variety Y /K, o,([Y]) is equal to the Kapranov zeta function:
o([Y]) = Zy() := > _[Sym‘Y]F.
k

In [11], it is shown that for K = C the corresponding power structure admits the
following description on effective power series: If

fl, )= 1A
1

for quasi-projective varieties A; /K, and Y is a quasi-projective variety, then the coef-
ficient of ' in
f(1, W)Pow[Y]

is the class of the variety parameterizing labelings of finite sets of distincts points of Y
by labels in L;A; with total weight I’ (where a label in A; has weight I). Concretely,

flar, . pet =

> | ] <<ﬁ(A1k X Y)mk> \A) /Sy X oo X Sy | 1

1 {Ieslnymy,..mp } k=1
s.t. my-Iy+...4+my-I,=I

where A is the big diagonal and the symmetric groups act by simultaneous permutation
of points (i.e. coordinates in Y') and labels (i.e. coordinates in Ay, ).

In fact, with the modification of working in %(Var/ K), this description is valid over
any perfect field — the modifications of the proof necessary are essentially the same as
those used in [14, Proposition 7.28] to show that the Kapranov zeta function gives a
pre- A structure in this setting.

Remark 3.2 For the reader uncomfortable with the extension of the geometric de-
scription of the power structure outside of characteristic zero, we note that we use
it only in the proof of Lemma 3.5, where the necessary point counting result can be
verified directly.
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Example 3.3 Using the geometric description of the power structure we obtain a
generating function for generalized configuration spaces (in Ky(Var/K))

(I+n+n+.)"= 3" [Conft = W)....
I1=(i1,i2,..)

Lemma 3.4 Let f € Ag. If for any q and any quasi-projective variety Y /IF,,
¢q((fv [Y])) = 07

then f = O (here ¢, is the point-counting measure).

Proof Since the basis /4, maps under (f, ) to the monomials in the symmetric powers,
this follows from [16, Lemma 3.18]. O

For a partition 7, we define ¢; € A to be the unique element of A such that for any
quasi-projective variety Y over any K,

(cr, [¥Y]) = [Conf (Y)].

By [16, 3.19] such a ¢, exists, is unique, and depends only on m(7). Moreover the
¢ over all possible multiplicities form a basis for A (this follows from the explicit
formula in terms of s, given in [16, 3.19]). For I = (11, »,..) a sequence in Zx that
is eventually 0, we denote by ¢; the element c,, for 7; any partition with multiplicities
given by I up to reordering.

Lemma 3.5

[[a+d+d+.70= of
k

1

Proof For any quasi-projective Y /IF,, we apply (,[Y]) to the left-hand side to obtain

[T +4+8+. 00 =1 41+ 5+ .yl
k

= [Conf™ (V)}¢
1

= (er, IYDY,
1

where the first line follows from Lemma 2.8 and the second from Example 3.3. The
result then follows from Lemma 3.4 after applying the point-counting realization. 0O



M.R.V. and rep. stability I: Configuration spaces 21

3.2 Relative Grothendieck rings

For K a field and S/K a variety, we will also consider the relative Grothendieck ring
Ko(Var/S)

of quasi-projective varieties over S, generated by isomorphism classes [Y/S] of quasi-
projective varieties Y/S (i.e. maps ¥ — S of quasi-projective varieties) modulo the
relations

[Y/S] = [Z/S] + [Y\Z/S]
for any closed subvariety Z C Y in a quasi-projective Y/S. It is a ring with operation

[Y1/S]-[Y2/S] = [Y1 x5 Y2/S].

Ko(Var/S) is naturally an algebra over Ky(Var/K), and there is a natural map of
Ko(Var/K)-modules given by “forgetting the structure morphism”:
Ko(Var/S) — Koy(Var/K)
[Y/S]— [Y].

If K is of characteristic zero then there is a relative Kapranov zeta function whose
coefficients are relative symmetric powers over S and which induces a pre-\ and
power structure on Ko(Var/S) (cf. [11, Remark at the end of Section 1]). Note that the
forgetful map does not respect the ring or pre- A structures.

The explicit formula for a configuration space in terms of symmetric powers of [16,
3.19] still holds in the relative setting, and in particular we deduce that for any 7,

(cr, [Y/S]) = [ConfT(Y/S)/S].

3.3 Geometric variations of Hodge structure

For X a smooth connected variety over C, we denote by denote GVSH/X (sic) the
category of geometric variations of Hodge structure on X(C) asin[1]. For V an element
of GVSH/X, the theory of [1] produces a mixed Hodge structure on H.(X(C), V). This
induces a map of rings

XHS - K()(GVSH/X) — K()(HS)
VI ) (—1) [GrwHL(X(C), V)] .
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We now discuss a compatibility between this construction and the assignment [Z] — [Z]us
for Z/X finite étale.

For X/C as above, the category FinEt/X is equivalent to the category of finite
71 (X(C))-sets. We define Ko(FinEt/X) to be the Grothendieck ring of this category as
defined in Example 2.5. There is a natural map of pre- A rings

Ko(FinEt/X) — Ko(Var/X)
[Z/X] — [Z/X].

There is also a natural map of pre- A rings
Ko(FinEt/X) — Ko(GVSH/X)
[f : Z/X] — [£:Q].

Lemma 3.6 The diagram

Ko(Var/X)
/ %[Z]HS
Ko(FinEt/X) Ko(HS)
\ Vi=xus(V)
Ko(GVSH/X)
commutes.
Proof This follows from compatibility with the Leray spectral sequence in [1]. O

Remark 3.7 By the same argument, for any f : Z — X smooth and proper we have

Xus([RfxQ]) = [Z]us.

4 Algebraic probability theory

In this section we develop the notion of an algebraic probability measure. For our
applications the key concept we must define is that of asymptotic independence, and
we build up only the minimal amount of theory necessary in order to accomplish this.
The idea of generalizing classical probability theory by putting the emphasis on the ring
of random variables rather than the underlying probability space is not new (it is used,
e.g., in free probability), however, we are not aware of another source that develops the
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material completely free of any analytic notions (i.e. for algebras of random variables
over an arbitrary ring instead of R).

Let R be aring.

Definition4.1 An algebraic R-probability measure® 11 on an R-algebra A with values
in an R-algebra A’ is an R-module map

EM:A—>A’

sending 14 to 1y4/.

In this setting, we will refer to elements of A as random variables and to the map E,,
as the expectation. When the measure is implicit, we will sometimes write [E without
the subscript.

Example 4.2 If (Y, 1) is a finite probability space in the classical sense (i.e. Y is a
finite set and p is a real measure on X with u(X) = 1), then we obtain an algebraic R-
valued probability measure on Map(Y, R) with values in R sending a random variable

X € Map(Y, R)

to

E,[X] := /X =Y Xeu({yp.
o

yey

Example4.3 If S/K isavariety with [S] invertible in M, , then we obtain an algebraic
Ko(Var/K)-probability measure on Ko(Var/S) with values in My, (cf. Section 3 for
the notation on Grothendieck rings) such that, for Y /S quasi-projective,

(Y]

E, |[Y/S]] — —.

If K is a finite field I, then for any f this measure specializes to the classical uniform

probability measure on the finite set S(F,): for Y/S, the random variable [Y/S]
specializes to the random variable on S(FF,) given by

s — #Y,(F,).

Thus this measure gives a natural motivic lift of the uniform measure on the set of
points of a variety.

*Note that there is no actual measure in the classical sense here; instead we are thinking of
a measure as equivalent to the corresponding integration functional, which, for a probability
space, is the expectation.
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If K is of characteristic zero, then for any variety [Y/S], we obtain a map

A — Ko(Var/S)

fe=(1Y/SD
and, if we pull-back the measure via this map, we obtain an algebraic Z-probability
measure on A with values in My,. We will often use this construction when we discuss
stabilization (with My, replaced with M, or its image under a motivic measure). We

think of this as a type of uniform probability measure, but with values in a complicated
ring that often remembers more subtle information.

Definition 4.4 A set {a;}ic; of elements a; € A is independent if, for any finite subset
{il, cee ll} €l and ky, ..,k € Zzl,

Eld} - ... a1 = E[a}] - ... E[a}']

1 i

Definition 4.5 A sequence of probability measures {;;} on A with values in A’ a
separated topological ring converges to a measure fi, if, forevery a € A,

lim E,[a] = E,_[a].

Jj—00

In this setting, we will be concerned with random variables that may not be independent
for any of the measures i, but behave as independent random variables in the limit.

Definition 4.6 If {4} is a sequence of probability measures on A with values in A’
a complete topological ring, a subset {a;};c; of elements a; € A is asymptotically
independent if for any finite subset {7y, ...,i;} € I and ki, ...k € Z>1,

lim ]E,ﬁ[af‘l1 L af-‘[’] = (jl_lglo Euj[aﬁ’]> Ca (_lim E[aﬁ’])

Jj—oo Jj—o0

and all of these limits exist.

In particular, if we have a sequence of measures y; on the polynomial ring
R[X],Xz, ]7

and the variables x; are asymptotically independent then the measures p; converge to
a s, and for any
g€ R[xlax27 ]7

E,...[g] can be expressed in terms of the moments of the x; by writing g as a sum of
monomials and applying asymptotic independence.
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Just as we understand independence in terms of joint moments, we will also understand
distributions in terms of moment generating functions. Because our applications
all involve binomial and Bernoulli random variables, we will use falling moment
generating functions. Because we need denominators for our moment generating
functions, when we discuss these types of random variables we will assume that R is
a Q-algebra.

Definition 4.7

(1) A Bernoulli random variable with probability p € A’ is arandom variable a € A
such that (for ¢ a formal variable)

E[(1+ 0 =1+ pt.

(2) A binomial randomvariable, the “sum of” s € A’ independent Bernoulli random
variables with probability p € A’, is a random variable a € A such that (for 7 a
formal variable)

E[(1 + 01 = (1 + pt)’.

Remark 4.8 For a binomial random variable a € A, the “sum of” s € A’ independent
Bernoulli random variables with probability p € A’, we have for any m and 11, ..., t,
formal variables,

ElQ+t+6++...+t)1=0+plt1 + ... + 1)),

which can be seen by expressing the multinomial coefficients of the exponents appear-
ing on each side as integer multiples of binomial coefficients of the exponents. We will
use this fact later in the proofs of our main theorems.

S Proofs of Theorem A and Corollary B

In this section, we state and prove the general versions of Theorem A and Corollary B
alluded to in Remark 1.1.

5.1 Motivic analogs of local systems attached to character polynomials

Let Y/C be a smooth quasi-projective variety. We begin by constructing a mo-
tivic analogs of the local system on Conf”(Y) attached to a character polynomial

p € QIX1, X5, ...].
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By Lemma 3.6, the following diagram commutes
Ko(S, — Set) —— Ko(FinEt/Conf"(Y)) — Ko(Var/Conf"(Y))
i [Z/Conf"(Y)1—[Z1us

[f:Z—Conf" (V)] [£Q] Ko(HS)

VI-xus(VD

Ko(RepS,) — Ko(GVSH/Conf"(Y))

Here, the two horizontal maps from the leftmost column are coming from the S, -cover
PConf"*(Y) — Conf"(Y). All of the maps except those to Ko(HS) are maps of pre- A
rings.

If we denote by V, the permutation representation on {1,...,n}, the map from the
ring Q[X, X, ...] of character polynomials to RepS, ® Q is given by identifying
QIX1,X,,...] with Ag via X; — p! and then sending a character polynomial p to
@, [VaD.

On the other hand, the class of the set {1, ...,n} in Ko(S, — Set) maps via the top hori-
zontal arrows to the class [Z,/Conf"(Y)] — recall that Z, is the universal configuration
of n distinct points

Zy ={(,c) € Y x Conf"(Y) |y € c}.

We denote by « the forgetful map from Ko(Var/Conf"(Y)) to Ko(Var). In the notation
of Theorem A, we obtain

xusWVr,,) = @ ((p, [Zy/Conf"(V)])) s -
Thus,
[pln := (p, [Z,/Conf"(Y)]) € Ko(Var/Conf"(Y))

provides a natural motivic analog of V; . Note that we can define these motivic
analogs without the smoothness condition on Y, which we use only in relating back to
the theory of geometric variations of Hodge structure as in [1].

5.2 General versions of Theorem A and Corollary B

We will want to consider a motivic measure ¢ valued in a ring R such that

[Conf"(Y)]y
00 L’:bdim Y
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exists and is invertible. This is equivalent to Y satisfying the property MSSP,, of Vakil
and Wood [16] plus the limit of (normalized) symmetric powers being invertible; we
denote this condition by MSSP7.

Remark 5.1 If ¢ is the Hodge measure of Example 3.1, then every Y satisfies MSSP}‘>
(cf. [16, 1.26-(i1)]).

If ¢ is a motivic measure such that Y satisfies MSSPj;> then, for n sufficiently large,
we can define an algebraic probability measure E; , on A with values in Rg by

Eg lp] = a[pla)g/[Conf" (V)]

where as before a denotes the forgetful map from Ko(Var/Conf"(Y)) to Ko(Var). This

is the pullback of the uniform measure on Conf”(Y) as in Example 4.3 by the map
A — Ko(Var/Conf"(Y)) sending p to (p, [Z,]).

We denote by
M(IY]) = (. [Y])

the exponent of (1 + #X)~! in the naive Euler product* for the Kapranov zeta function
of Y (cf. Subsection 3.1). M([Y]) should be viewed as a motivic analog of the “closed
points of degree k” on a variety over a finite field.

Using the language of Section 4, the general version of Theorem A is

Theorem 5.2 Let Y/C be a quasi-projective variety, and suppose that Y satisfies
MSSPZ). Then, with respect to the sequence of probability measures Ey, on the
ring of character polynomials Q[X1, X3, ...] given above, the character polynomials X;
are asymptotically independent random variables. Furthermore, X} is asymptotically
a binomial random variable, the “sum of” My([Y])y independent Bernoulli random
variables that are 1 with probability
1
1+ Ll;dunY

The general version of Corollary B is

[ m
m

Corollary 5.3 In the setting of Theorem 5.2, if T = all1 ...a,» is a partition then in Rq,

. [Conf™" "),
lim —
n—oco  [Conf"(Y)]y

o | Mi(IY D)
”':‘)H<1+1(sz+t§+...+rf‘n)> .

' kdimY
T! P +L¢

*To our knowledge, this motivic Euler product was first studied by Bourqui [2, 2.2].
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Example 5.4 If ¢ is the natural map to /T/I\L and Y is stably rational, then by [16,
1.26(1)], Y satisfies MSSP,. In fact, Y satisfies MSSPZ since the class of any stably

rational variety is invertible in /T/I\L (it differs from some " by something lying lower
in the dimension filtration). Thus, Theorem 5.2 and Corollary 5.3 hold in this case.
In particular, because ¢ does not factor through Chow motives, this is an application
of Theorem 5.2 that does not also follow from the work of Getzler as described in
Appendix A.

Theorem A and Corollary B follow from Theorem 5.2 and Corollary 5.3 by taking
¢ to be the Hodge measure, for which MSSP holds by Remark 5.1, and using the
discussion of Subsection 5.1 to see

XHS (Vﬂ'p,n)

Eus.nlP] = 16 o Vs

5.3 Proofs of Theorem 5.2 and Corollary 5.3

Proof that Theorem 5.2 is equivalent to Corollary 5.3. Using the geometric descrip-
tion of the power structure, we have (similar to Example 3.3),

(L + 11+ ooty PorZ/Conl'DT — N [Conf™ (Z,/Conf™(Y)) /Conf"(¥)] £

1
T:all ...aﬁ,”

By Lemma 2.8, the left-hand side is also equal in Ky(Var/Conf"(Y))qg to the infinite
product

o
Tt -+ o k) ObAZCon .
k=1

Observe that the relative configuration space Conf™ (Z,1 /Conf"(Y )) is isomorphic, as

a variety over C, to ConfT'*"_‘Tl(Y ). Thus, by applying the forgetful map « to the
coefficients of these power series, we find

00
Q (H(] + l’ll{ + o+ tﬁq)@;&[Z;;/Confn(Y)])) _ Z [COnfT'*"i‘T‘(Y)] r
k=1 T

in Ko(Var)g. In particular, if we fix a 7, we find

87‘ = = / n n—|T

a (’ ""’0 1+ 4 sy @it/ Cont mD) = [ConfT'* | ‘(Y)] .

T.
k=1



M.R.V. and rep. stability I: Configuration spaces 29

Applying ¢ and dividing both sides by [Conf"(Y)], we obtain
[Conf™ (1)
¢

Eo [Conf"(Y)]

atT‘fo:O - k (p},[Zn /Conf"(Y)])
T! ]1_[1(1+t1+...+rfn)k =

In particular, if Theorem 5.2 is satisfied, then taking the limit in n, we can move the
expectation inside the product and use the moments of a binomial distribution as in
Remark 4.8 to obtain

O o 0o 1 @pIYD Conf™ " (Y) .
t |te= k k :
2 =0 1+ —— {7+ ...+ ¢ =1
= ,E( +1 +Lgmmy( (+t m)> oo [Conf"(V)]y

Thus Theorem 5.2 implies Corollary 5.3.

On the other hand, the ¢, are a basis for Ag, thus there is a unique map of QQ-vector
spaces
AQ — RQ

sending ¢, to

a\,f

&((py,[Y1)
H( 1+Lkd1mY(t]+"'+t]’€")>

Using the formula

O =0 T k!
er =1 H(1+r’f+...+tm)1’k

k=1

of Lemma 3.5, we see that this is also the unique map such that

H< ) H,Hl< (0 0)) (@)

(i.e. the map obtained by declaring the pj to be independent with the given binomial
distributions).

If we assume Corollary 5.3, then by computing with the basis ¢, we find the map
AQ — RQ
g lim Ey,[g] = lim Egl(g, [Z,/Conf"(Y)])]
n—o0 n—o00
is defined, and equal to map described above, so that Corollary 5.3 implies Theorem 5.2.

O
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Proof of Corollary 5.3. By the description of the power structure on Kp(Var) in
Subsection 3.1, we have

Il In .n
(1+t1s+...+tms+s)"°w[y] _ Z [Conf“ll"zz"'a’”'* (Y) A gl

(sl )EZLS!
By Lemma 2.8, this is equal to

o
H(l + Ak R Pl
k=1

Thus, if we fix a partition 7 = all‘ ...af;g, we obtain

oy ) )
Tyle=o [T+ A o st PR = 37 [COnfT'* (Y)} sl

Because the differentiation on the left-hand side is with respect to the ¢ variables, we
can pull out a factor of

_ ¢ypow—[Y1]
H(] + Sk)@,'(,[Y]) =1+ s)pow[Y] _ (I — )P Zy(s)

(1= 21 = Zy(s2)

k
to obtain
T k ([JL,[Y]) 7 (S)
G T+ (g 4 s _ [C fr+" Y] 740
1 |t.—01;[ < + 1+Sk( 1 + + m) Zy(Sz) HGZZ:O on ( ) s
>
We claim that
e t

@) E(s) .= ;|,,:o 1;[ <1 + W(ﬁ + ...+ tm)>

is a rational function of s which can be written as a finite sum of fractions where the
numerators are in

Q[(plla [Y])7 RS (piﬂa [Y])]7

and the denominator is a product of factors of the form

ok

1+ sk
To see this, expand each term with binomial coefficients then expand the product and
use that the differentiation is picking out the coefficient of ¢ .
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In particular, E(L~%™Y) exists already in /T/I\L ® Q, and, applying [16, Lemma 5.4],
we see that
[Conf™ (1]

im — "¢ _ pq-dimYy
n—oc0 [CoanT\Jrn(y)](z> ¢

Evaluating the right-hand side using the expression (7) then gives the desired result. O

A Work of Chen and Getzler

In this appendix we show that Theorem A follows from work of Getzler [10]. In fact,
using [10] we deduce the stronger Theorem A.2 below, which is a Hodge-theoretic
analog of a result of Chen [3, Theorem 3] for point counting over finite fields (in
Theorem A.1 below we state a version of this result with the notation and the setting
modified slightly from [3]). From Theorem A.2 we can deduce Theorem A using a
lemma of Vakil-Wood [16] (this step is very similar to Chen’s deduction of [3, Corollary
4] from [3, Theorem 3]). We note that, as in [10], instead of working with the Hodge
measure, we could prove the more general Theorem 5.2 for any ¢ factoring through
Chow motives.

For [ = (I1, ...I;) a sequence of non-negative integers we define the character polyno-

(1) -11(7)

where X; as before is the function counting cycles of length i. For a permutation ¢ in

ofaset A,
<ﬂm

is the number of subsets consisting of > i-/; elements of A on which o acts as a
permutation of cycle type [ (i.e. has I; 1-cycles, [, 2-cycles, ...). For Y a variety over
[F, and ¢ a configuration of n points in Conf"(Y)(F,) we denote by o, the permutation
given by Frob, acting on the n geometric points of c.

mial

Theorem A.1 (Chen [3]) LetY be a smooth connected quasi-projective variety over
[F, and define

1
My(Y,q) 1= —u(k/d)[Y(F )

dlk
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(the number of closed points of degree k on Y ). For any sequence of non-negative
integers [ = (Iy, ..., 1),

o0 X . 2D v (MY, q) ~o\k
2 2 (l)w t‘Z(ﬁﬂ)'E( Ik ><1+rk>'

n=0 [ ceConf"(Y)(Fy)

We show

Theorem A.2 Let Y/C be a smooth connected quasi-projective variety. For any

sequence of non-negative integers [ = (Iy, ..., 1),
l
3 s <V > o= Zrs®) 17 (quY]Hs)) ( s ) k
= "D Zyus(?) o Ik 1+

Remark A.3 Theorem A.2 is a Hodge-theoretic analog of Theorem A.l, as can
be seen by interpreting the left-hand side of the formula in Theorem A.1 using the
Grothendieck-Lefschetz formula as the trace of Frobenius acting on the virtual /-adic
local system attached to the character polynomial ().

Proof By [10, Theorem 5.6 and formula (2.6)] and the discussion of Subsection 5.1,
we see that the coefficient of #* on the left hand side is equal to the inner product of
the class function on §,,

X

(1)

viewed as a degree n symmetric function in A, with the degree n component of

o0
H(l + pk)Mk([Y]HS)'
k=1

The class function attached to ()l() , viewed as a degree n symmetric function, is equal

> C() (T) - pr/zr

Thn

to

where partitions 7 are thought of as conjugacy classes in S, and z; is the order of the
centralizer of an element of the conjugacy class .

Because the p; are an orthogonal basis with (p,, p;/z;) = 1, we find that the left hand
side is equal to
o 9

g2 1+ 5 g M),
. k]}( WO e =2
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‘We can rewrite this as

00 m M (Y) lk Ik
4 +/«>Mk<v>> 1) ()
(kl;[l 1 Ik 1+t

The zeta factors come from the left-hand side using the identity

A1+5=01-5H"/a -

and the fact that the M ([Y]ugs) are defined as the exponents of the Euler product of
Zy us(?). The identification of the zeta quotient with the series of configuration spaces
is standard, and holds already in the Grothendieck ring of varieties. a

Theorem A follows from Theorem A.2 by applying [16, Lemma 5.4].
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