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Abstract

This paper studies a notion of topological entropy for switched systems, formulated
in terms of the minimal number of trajectories needed to approximate all trajectories
with a finite precision. For general switched linear systems, we prove that the topo-
logical entropy is independent of the set of initial states. We construct an upper bound
for the topological entropy in terms of an average of the measures of system matri-
ces of individual modes, weighted by their corresponding active times, and a lower
bound in terms of an active-time-weighted average of their traces. For switched lin-
ear systems with scalar-valued state and those with pairwise commuting matrices, we
establish formulae for the topological entropy in terms of active-time-weighted aver-
ages of the eigenvalues of system matrices of individual modes. For the more general
case with simultaneously triangularizable matrices, we construct upper bounds for the
topological entropy that only depend on the eigenvalues, their order in a simultaneous
triangularization, and the active times. In each case above, we also establish upper
bounds that are more conservative but require less information on the system matrices
or on the switching, with their relations illustrated by numerical examples. Stability
conditions inspired by the upper bounds for the topological entropy are presented as
well.
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1 Introduction

Since its introduction for dynamical systems by Kolmogorov [21], entropy has been
an invaluable tool for understanding system behaviors. The Ornstein isomorphism
theorem [34], which characterizes Bernoulli shifts entirely according to their entropy,
further solidified its importance. Broadly, the entropy of a dynamical system captures
the rate at which uncertainty about the state grows as time evolves, which intuitively
corresponds to entropy notions in other disciplines such as thermodynamics and infor-
mation theory [10].

In systems theory, topological entropy describes the information generation rate
in terms of the number of distinguishable trajectories with a finite precision, or the
complexity growth rate of a system acting on a set with finite measure. The latter idea
corresponds to Kolmogorov’s original definition in [21], and shares a striking resem-
blance to Shannon’s information entropy [37]. Adler et al. first defined topological
entropy as an extension of Kolmogorov’s metric entropy, quantifying the expansion of
a map via the minimal cardinality of a subcover refinement [1]. A different definition
in terms of the maximal number of separable trajectories with a finite precision was
introduced by Bowen [4] and independently by Dinaburg [12]. Equivalence between
these two notions was established in [5]. Most existing results on topological entropy
are for time-invariant systems, as time-varying dynamics introduce complexities that
require new methods to understand [20,22]. This work on the topological entropy of
switched systems provides an initial investigation into some of these complexities.

Entropy also plays a prominent role in control theory, in which information flow
occurs between sensors and controllers for generating feedback controls. Nair et al.
first introduced topological feedback entropy for discrete-time systems [33], following
the construction in [1]. Their definition extended the classical entropy concepts and
described the growth rate of control complexity as time evolves. Colonius and Kawan
later proposed a notion of invariance entropy for continuous-time systems [8], which
is closer in spirit to the trajectory-counting formulation in [4,12]. An equivalence
between these two notions was established in [9]. The results of [8] were extended
from set invariance to exponential stabilization in [7]. Entropy has also been studied
in the dual problem of state estimation in, e.g., [28,30,35].

This paper studies the topological entropy of switched systems. Switched systems
have become a popular topic in recent years (see, e.g., [26,38] and references therein).
In general, a switched system does not inherit the stability properties of individual
modes. For example, a switched system with two stable modes may still be unstable
[26, p. 19]. However, it is well known that a switched linear system generated by
a finite family of pairwise commuting Hurwitz matrices is globally exponentially
stable under arbitrary switching (see, e.g., [26, Th. 2.5, p. 31]). This result has been
generalized to the cases where the Lie algebra generated by the system matrices is
nilpotent [14], solvable [23,29], or has a compact semisimple part [2,24]. In particular,
anilpotent or solvable Lie algebra implies that the system matrices are simultaneously
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triangularizable, which motivates us to study the topological entropy of switched linear
systems with such matrices. See [3,15] for related results on robustness with respect
to perturbations and on feedback controls that induce simultaneous triangularizability,
respectively.

Our interest in the topological entropy of switched systems is strongly motivated
by its relation to the data-rate requirements in control problems. For a linear time-
invariant control system, it has been shown that the minimal data rate for feedback
stabilization equals the topological entropy in open-loop [16,32,40]. For switched
systems, however, neither the minimal data rate nor the topological entropy are well
understood. Sufficient data rates for feedback stabilization of switched linear systems
were established in [27,42]. Similar data-rate conditions were constructed in [39] by
extending the estimation entropy from [28] to switched systems. In this work, we seek
to contribute to these efforts.

The main contribution of this paper is the construction of formulae and bounds for
the topological entropy of switched linear systems. In Sect. 2, we introduce a notion
of topological entropy for switched systems, and define switching-related quantities
such as the active time of each individual mode, which prove useful in computing
the topological entropy. In Sect. 3, after proving that the topological entropy of a
switched linear system is independent of the set of initial states, we provide standard
constructions of spanning and separated sets based on a notion of grid. Then, we
construct a general upper bound for the topological entropy in terms of an active-
time-weighted average of the measures of system matrices of individual modes, and
a general lower bound in terms of an active-time-weighted average of their traces.

Sections 4-6 provide formulae and improved upper bounds for the topological
entropy of switched linear systems generated by matrices with various commutation
relations. In Sect. 4, we consider the case with scalar-valued state, in which the general
upper and lower bounds from Sect. 3 coincide and become a formula for the topological
entropy. Section 5 studies the case with pairwise commuting matrices, by establishing a
formula for the topological entropy in terms of component-wise active-time-weighted
averages of the eigenvalues of system matrices of individual modes. In Sect. 6, we
investigate the more general case with simultaneously triangularizable matrices, and
construct upper bounds for the topological entropy that only depend on the eigenvalues,
their order in a simultaneous triangularization, and the corresponding active times. The
upper bounds are obtained by first establishing a formula for the solution to a switched
triangular system and two upper bounds for its norm, which are also of independent
interest. For the cases with commutation relations, we also relate the overall topological
entropy to the topological entropy in each individual scalar component and to that
of each individual mode, and establish upper bounds that are more conservative but
require less information on the system matrices or on the switching, with their relations
illustrated by numerical examples. Stability conditions inspired by the upper bounds
for topological entropy are presented in Sect. 7. Section 8 concludes the paper with a
brief summary and remarks on future research directions.

Notations: Let R>p := [0, 00), R~ := (0, 00), and N := {0, 1, ...}. Denote by I,
the identity matrix in R"*"*; the subscript is omitted when the dimension is implicit. For
a complex number a € C, denote by Re(a) its real part. For a vector v € C", denote
by v; its i-th scalar component and write v = (vy, ..., v,). For a matrix A € C"*",
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denote by 7 (A) and det(A) its trace and determinant, respectively, and by spec(A) its
spectrum (as a multiset in which each eigenvalue has a number of instances equal to its
algebraic multiplicity). Foraset £ C C", denote by | E| and vol(E) its cardinality and
volume (Lebesgue measure), respectively. Denote by ||v||oo := maxj<;<, |v;| the co-
norm of avectorv € C", and by ||Al|eo := Mmaxi<j<n Z’}Zl |a;;| the induced co-norm
of a matrix A = [a;;] € C"*". By default, all logarithms are natural logarithms. !

2 Preliminaries
2.1 Entropy definitions
Consider a family of continuous-time dynamical systems

Xx=fpx). peP ey

with the state x € R”, in which each system is labeled with an index p from a finite
index set P, and all the functions f, : R" — RR" are locally Lipschitz. We are
interested in the corresponding switched system defined by

X = fy(x), @)

where o : R>¢g — P is a right-continuous, piecewise constant switching signal. We
call the system with index p in (1) the p-th mode of the switched system (2), and o ()
the active mode at time . Denote by &, (x, t) the solution to (2) with initial state x at
time ¢. For a fixed x, the trajectory &; (x, -) is absolutely continuous and satisfies the
differential equation (2) away from discontinuities of o, which are called switching
times, or simply switches. We assume that there is at most one switch at each time, and
finitely many switches on each finite time interval (i.e., the set of switches contains no
accumulation point). Denote by N, (¢, T) the number of switches on an interval (t, 7].

In the following, we define a notion of topological entropy for the switched system
(2) with a switching signal o and initial states drawn from a compact set with nonempty
interior K C R” called the initial set. Denote by || - || some chosen norm on R” and
the corresponding induced norm on R"*". Given a time horizon 7 > 0 and a radius
¢ > 0, we define the following open ball in K with a center x € K:

B JT):={x"eK: " 1) — 1 . 3
o (eo8. 1) {x € K max & (x',1) = & (v, 0] < s} 3)
We say that a finite set E C K is (T, €)-spanning if

K =By, (2.e.7). )

Xe€E

! Ininformation theory, entropy notions are often formulated using binary logarithms due to their connection
with binary signals. In this paper, we use natural logarithms to avoid generating additional multiplicative
constants In 2 when computing the topological entropy.
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orequivalently, foreachx € K, thereisapointx € E suchthat ||&, (x, 1) —&; (X, 1)|| <
¢ for all + € [0, T]. Denote by S(fs, €, T, K) the minimal cardinality of a (T, ¢)-
spanning set, or equivalently, the cardinality of a minimal (7', ¢)-spanning set, which
isincreasing in 7" and decreasing in . The topological entropy of the switched system
(2) with initial set K and switching signal o is defined in terms of the exponential
growth rate of S(fs, e, T, K) by

1
h(fs, K) ::ii\r‘%li;nsupflogS(fg,e,T,K)20. %)
—00

For brevity, we at times refer to 4(f, K) simply as the (topological) entropy of (2).

Remark 1 In view of the equivalence of norms on a finite-dimensional vector space,
the values of h( f,, K) are the same for all norms || - || on R"; see [19, Prop. 3.1.2,
p. 109] for a slightly stronger statement for the case with a compact invariant set. In
particular, the topological entropy is invariant under a change of basis. For convenience
and concreteness, we take || - || to be the oo-norm on R” or the induced oo-norm on
R unless otherwise specified.

Next, we introduce an equivalent definition for the entropy of the switched system
(2). With T and ¢ given as before, we say that a finite set £ C K is (T, €)-separated
if

X' ¢ By, (2,67) (6)

for each pair of distinct points X, X' € E, or equivalently, thereisatime ¢ € [0, T] such
that ||&, (X', 1) — &5 (X, £)|| > &. Denote by N(f,, &, T, K) the maximal cardinality of
a (T, e)-separated set, or equivalently, the cardinality of a maximal (7', ¢)-separated
set, which is also increasing in 7' and decreasing in €. As stated in the following result,
the entropy of (2) can be equivalently formulated in terms of the exponential growth
rate of N(f,, ¢, T, K); the proof is along the lines of [19, p. 110] and thus omitted
here.

Proposition 1 The topological entropy of the switched system (2) satisfies

1
h(fo, K) =limlimsup —log N (f5,¢, T, K) . (7)
£\0 T

T—o00

Remark 2 Following [19, pp. 109-110], for a time-invariant system X = f(x) and
a forward-invariant initial set K, the value of A(f, K) remains the same if the limit
suprema in (5) and (7) are replaced with limit infima. However, this is not necessarily
the case for a time-varying system such as the switched system (2), for which the
subadditivity required in the proof of [19, Lemma 3.1.5, p. 109] does not necessarily
hold.

2.2 Active times, active rates, and weighted averages

In this subsection, we introduce several switching-related quantities that will be useful
in computing the entropy of a switched linear system. The active time of the p-th mode
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over an interval [0, 7] is defined by

t
Tp(1) == f 1,(o(s))ds, peP ®)
0
with the indicator function

L, o@s)=p

Lplo(s) = {o o(s) # p.

We also define the active rate of the p-th mode over [0, 7] b

pp(t) ==1p(0)/t,  peP (€))
with p,(0) := 1,(0(0)), and the asymptotic active rate of the p-th mode by

pp = limsup p, (1), peP. (10)
t—>0o0

Clearly, the active times 7, are nonnegative and increasing, and satisfy ) pep Tp(t) =
t forall 1 > 0; the active rates p,, take values in [0, 1] and satisfy ) peP Pp (1) = } for
all # > 0. In contrast, due to the limit supremum in (10), it is possible that peP Pp >
1 for the asymptotic active rates 0, as illustrated in the following example.

Example 1 Consider the index set P = {1, 2}. We construct a switching signal o, as
follows?:

— o, with converging set-points: Let t1 := 1. For k > 1, let tpy := min{t >
fr—1 = p2(t) = 1 =272} and iy == min{r > 1 : p1(t) = 1 — 27Dy,
Simple computation yields 7 = 2K ]_[;:1 @' —1)fork >2and py = po =
limsup;_, o 1 —e 2 = 1.

The switching signal o, (purple) and the active rates p; (blue) and p, (orange) are
plotted in Fig. 1 below, with the asymptotic active rates p; and p, indicated by the green
dashed line. (As the intervals between consecutive switches grow superexponentially,
logarithmic scale is used for the long-range plot.)

For a family of scalars {a, € R : p € P}, we define the asymptotic weighted
average by

a :=limsu t)y=1 t 11
msup ) appp(f) = lim sup - LS a0, (11)
peP peP

and the maximal weighted average over [0, T'] by

a(T) == max a,t,(t) (12)
T telo Z pep
2 Inall examples, we denote by 1] < 1, < --- the sequence of switches and let 7y := 0, with o = 1 on

[t2k, tox4-1) and o = 2 on [t4 11, 12k 42)-
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Switching signal o,

(=}

Active rates p; and py
-

1
— [NV}

Time

Fig. 1 A switching signal o, with converging set-points: the sum of the active rates p; + po = 1 at all
times, whereas both asymptotic active rates p; = pp = 1

with a(0) := max{as (), 0}. As 7,(0) = O for all p € P, the maximal weighted
average a is nonnegative. In the following lemma, we establish a relation between
these two notions; the proof can be found in “Appendix A”.

Lemma 1 The asymptotic weighted average a defined by (11) and the maximal
weighted average a defined by (12) satisfy

limsup a(T) = max {a, 0} . (13)

T—o00

3 Entropy of general switched linear systems

The main objective of this paper is to study the topological entropy of the switched

linear system
X =Agx (14)

with a family of matrices {A, € R"*" : p e P}. Thinking of matrices as linear
operators, we denote by 7 (A, K) the entropy of (14) with initial set K and switching
signal . In this section, we first prove that the entropy of a switched linear system
is independent of the choice of the initial set and provide standard constructions of
spanning and separated sets based on a notion of grid. Second, we present a result for
the non-switched case. Finally, we construct upper and lower bounds for the entropy
of a general switched linear system.

3.1 Initial set and grid

Proposition 2 The topological entropy of the switched linear system (14) is indepen-
dent of the choice of the initial set K.

Proof For every initial state x € R”, the solution to (14) satisfies

Eo(x, 1) = @5 (1,0)x V1 =0,
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where the state-transition matrix @ (¢, 0) is independent of the initial state x.

First, we prove that the entropy of (14) is invariant under translation and uniform
scaling of the initial set. Let K; C R” be an initial set, and define the translated and
uniformly scaled set K» := {sx +v : x € K} for some scalar s > 0 and vector
v € R". Given a time horizon T > 0 and a radius ¢ > 0, let E| be a minimal (T, &)-
spanning set of K. For each xo € K>, the point x| := (x3 — v)/s € Kj; thus there
is a point x; € Ep such that ||, (x1,1) — & (X1, D) = Do, 0)(x1 — X)) < ¢
for all ¢+ € [0, T]. Then, the point X; := sx| + v satisfies ||, (x2, 1) — &, (X2, 1)|| =
Py (2, 0)(x2 — X2)|| = 5||Ds(t,0)(x1 — x1)|| < se for all ¢ € [0, T]. Therefore,
the set Ey ;= {sX +v : X € E}is a (T, se)-spanning set of K5. As |E>| = |E|],
we have S(Ay,se,T,Ky) < S(As,e, T, K1) and thus h(Ay, K2) < h(As, Ky).
Replacing s and e with 1/s and s¢ in the analysis above, we obtain S(Ay, se, T, K») >
S(Ay, e, T, Ky) and thus h(A,, K2) > h(As, K1). Hence h(As, K2) = h(Ay, K1).
Therefore, the entropy of (14) is invariant under translation and uniform scaling of
the initial set.

Second, we establish that the entropy of (14) is independent of the choice of the
initial set. Let K C R” be an initial set. As K is a compact set with nonempty interior,
there exist closed balls By, B, C R” such that By C K C Bjp; thus h(A,, By) <
h(Ays, K) < h(As, B2) by construction. As the entropy of (14) is invariant under
translation and uniform scaling of the initial set, we have h(As, B1) = h(As, B2).
Hence h(Ay, B1) = h(As, K) = h(As, Ba). Therefore, the entropy of (14) is inde-
pendent of the choice of K. O

Following Proposition 2, we omit the initial set and denote by /(A ) the entropy of
the switched linear system (14). For convenience and concreteness, we take the initial
set to be the closed unit hypercube at the origin, that is, K := {x € R" : ||x|| < 1}
(recall that we take || - || to be the co-norm; see Remark 1) in computing the entropy
of (14).

Next, given a time horizon 7 > 0 and a radius ¢ > 0, we provide standard
constructions of (7', ¢)-spanning and (7', )-separated sets based on a notion of grid.
Given a vector 6 = (04, ...,0,) € R';O which may depend on 7 and &, we define the
following grid on the closed unit hypercube K at the origin:

GO) == {(ki61, ..., knbp) €K : ki, ... kg € Z}. (15)

Simple computation yields that the cardinality of the grid G () satisfies

GO =[]ely/e]+1).

i=1

For a point * € G(0), let R(X) be the open hyperrectangle with center X and sides
201, ...,20, in K, that is,

R()?)::{xeK:lxl—)?1|<9],...,x,,—)?,,|<9,,}. (16)
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Then, the points in G (#) adjacent to x are on the boundary of the closure of R(x), and
the union of all R(x) covers K, that is,

kK= J R@#).

xeG(0)

By comparing the hyperrectangle R(X) to the open ball B,_ (X, &, T) defined by (3),
we obtain the following result; the proof can be found in “Appendix B”.

Lemma 2 Consider the switched linear system (14).
1. If the vector 0 is selected so that R(X) C Ba, (X,¢,T) for all X € G(0), then the
grid G(0) is (T, e)-spanning. Additionally, if

log(6;)

lim lim sup =0, a7
A0 7500 ;
then
log(1/6;)
h(As) < lim lim su —_— . 18)
o BN Tﬁoopizz; T (

2. If the vector 0 is selected so that Ba, (X, &, T) C R(X) forall x € G(0), then the
grid G(0) is (T, e)-separated. Additionally, if (17) holds, then

log(1/6;
h(Ag) = lim lim SupZ log(1/0). (19)
T—o0 i—1 T

3.2 Entropy of linear time-invariant systems

Before analyzing the entropy of the switched linear system (14), we present here a
result for the non-switched case. Consider a linear time-invariant (LTT) system

X = Ax (20)

with a matrix A € R"*". The following well-known result provides a formula for
the entropy 2 (A) of (20). The proof is along the lines of those of the corresponding
discrete-time results (e.g., [4, Th. 15] and [35, Th. 4.1]) and thus omitted here; a
complete proof can be found in [36, Ch. 4].

Lemma 3 The topological entropy of the LTI system (20) satisfies

h(A)= )  max{Re(%), O}. Q1)

respec(A)
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3.3 Entropy of general switched linear systems

In this subsection, we construct upper and lower bounds for the entropy of the general
switched linear system (14). The upper bound is formulated in terms of a notion of
matrix measure for the system matrices of individual modes, and the lower bound is
formulated in terms of their traces.

Following [11, p. 30], for an induced matrix norm || - ||, the matrix measure | :
R™" — R is defined by

w(A) = lim I +rAfl—1

22
t\0 t (22)

For standard norms, there are explicit formulae for the matrix measure; for example,
for the co-norm, the matrix measure satisfies

p(A) = max (a,-i +y |aij|>

J#i
for a matrix A = [a;;] € R"*". For all induced matrix norms || - || on R", we have
[11, Th. 5, p. 31]
Re()\) < u(A) < ||A|l VA € RV, VA € spec(A). (23)

Moreover, an upper bound for the norm of the solution to the switched linear system
(14) can be constructed in terms of the matrix measures of A,, which is a direct
consequence of [11, Th. 27, p. 34].3

Lemma4 For every initial state x € R", the solution to the switched linear system
(14) satisfies
&6 (x, )| < eXreP FAD O g > 0

with the active times T, defined by (8).

Theorem 1 The topological entropy of the switched linear system (14) is upper-
bounded by*

h(Ay;) < max { lim sup Z nu(Ap)pp(t), 0} (24)
t—0o0 [767)
and lower-bounded by
h(Ay) > max { limsup Y " 1r(A,)p, (1), 0} (25)
t—00 peP

with the active rates p,, defined by (9).

3 We can apply [11, Th. 27, p. 34] to the switched linear system (14) as the switching signal o is piecewise
constant.

4 Following (23), the upper bound (24) is tighter than the one in the previous result [43, eq. (19)].
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Note that the value of the matrix measure depends on the induced norm || - || in
the definition (22). Therefore, the upper bound (24) can be improved by taking the
infimum over all induced norms on R"*", See Remark 5 below for additional upper
bounds (31) and (32) that are more conservative but require less information on the
switching.

Proof of Theorem 1 First, we establish the upper bound (24). For all initial states x, x” €
K, the corresponding solutions to (14) satisty

€5 (X', 1) — & (x, D] = [0 (& — x, 1)]| < eZreP FAD DO _ x| w1 > 0,

where the inequality follows from Lemma 4. Given a time horizon 7 > 0 and a radius
e > 0, we have

max (& (x',1) = £y (x, 1)]| < @MXEOTI 2pep KADTO )/ ) (26)

Consider the grid G () defined by (15) with

6 1= e M1 Lpep AN TO g e d] g,

and the corresponding hypercubes R (%) defined by (16). Comparing (16) and (26) to
(3), we see that R(X) C Ba, (X, ¢, T) for all X € G(0). Then, Lemma 2 implies that
G(0)is (T, e)-spanning and, as all §; are decreasing in T, the upper bound (18) yields

log(1/6;
h(As) < lim lim supz M
N0 7500 i=1 T
nlog(l/e)

1
= lim sup — max Z nu(Ap) tp(t) + hm lim sup
T— 00 T: p P T— 00

1
= lim sup 7,0 max Z nu(Ap) tp(t).

T—o00

Then, the upper bound (24) follows from (13) with a, = nu(A,) in (11) and (12).
Second, we establish the lower bound (25) via volume-based analysis. For every
initial state x € K, the solution to (14) satisfies

Ex(x, 1) =Ds(,0)x  VE>0

with the state-transition matrix defined by

¢U (t S) = eAU(’Na(t,x))(tNo(fJ)Jrl7ZNU(Y»T)) . gAa(ro)(tl —to) t>s>0
where 11 < .-+ < Iy, (.5 1s the sequence of switches on (s, f], and #p := s and
IN,(t,5)+1 := t. Given a time horizon T > 0 and a radius ¢ > 0, the open ball
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Ba, (x, g, T) defined by (3) satisfies

Ba,(x,e,T)C{x' €K :|l& (x',T) — & (x, )| < &}
=[x €K : |0, (T,0) (x' —x) || <&} = {@U(T,O)_lv fxeK:|v| < g].

Hence its volume satisfies (recall that we take | - || to be the co-norm; see Remark 1)

vol (Ba, (x.6, 7)) = det (@o(T, 0" ) 20)"

No (T,0) ( ) ) .
- tr(Ag:y ) (tig1—t,
—¢ 21:0 o(t;) (Hrl 1)(28)71

— o= Zpep r(Ap) Tp(T) Qe)"

where the first equality follows from Liouville’s formula [6, Prop. 2.18, p. 152]. Com-
bining the upper bound above with (4), we conclude that for all (7', ¢)-spanning sets
E C K, we have

vol (K) < Z vol (BAJ ()2’ e, T)) <|Ele” o pep tr(Ap) Tp(T)(ZS)n‘

X€E
Therefore, the minimal cardinality of a (T, ¢)-spanning set satisfies
S(Ag, 8, T, K) = eXrer "Mool () /(2)",

which, combined with (5), implies

|
im li _ 2 pep tr(Ap) Tp(T) n
h(Ag) = lim limsup - log (e , vol (K)/(2¢) )

T—o0
tr(A T 1 1(K)/(2e)"
zlimsup M +11m limsup Og(UO( )/( 8) )
T—00 T N0 T 00 T
peP
= lim sup Z tr(Ap)pp(T),
T—o00
peP

where the last equality follows partially from the definition (9) of the active rates p).
The proof of (25) is completed by recalling that 2(A,) > 0. O

In general, there is a gap between the upper bound (24) and lower bound (25)
in Theorem 1 (e.g., consider an LTI system with a matrix with one positive and one
negative eigenvalue). The formula (21) for the entropy of an LTI system, together with
the property (23), implies that max{tr(A,), 0} < h(A,) < max{nu(Aj), 0} for all
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p € P, and thus

max { lim sup Z tr(Ap)pp(t), O} < lim sup Z h(Ap)pp(t)

—>00 pEP —>0o0 pEP

< max { lim sup Z nu(Ap)pp(t), 0}.

t—0o0 [7677

However, for a general switched linear system, due to the lack of “alignment” between
eigenspaces of individual modes, the relation between h(A,) and
limsup,_, o, Y peP h(Ap)pp(t) is undetermined (examples where the former is
smaller can be found in Example 3 below; an example where the former is larger
can be seen from the unstable switched linear system generated by Hurwitz matrices
in [26, p. 26]). In Sections 4-6, we will consider switched linear systems generated
by matrices with various commutation relations, and establish formulae and improved
upper bounds for the topological entropy.

4 Entropy of switched scalar systems

In this section, we consider the case of switched linear systems with scalar-valued
state. Then, each A, is a scalar a,, € IR, and (14) becomes the switched scalar system

X =agx 27

with the family of scalars {a, : p € P}. In this case, tr(ap) = ap = (ap) for all
p € P, and thus the upper bound (24) and lower bound (25) in Theorem 1 coincide
and become the following formula for the entropy A (ay ).

Corollary 1 The topological entropy of the switched scalar system (27) satisfies
h(as) = max{a, 0} (28)

with the asymptotic weighted average a defined by (11).

Based on the formula (28), we construct upper bounds for the entropy % (a,) that
require less information; the proof can be found in “Appendix C”.

Corollary 2 The topological entropy of the switched scalar system (27) is upper-
bounded by

h(as) <Y _ h(ap)py (29)
peP

with the asymptotic active rates p, defined by (10), and also by

h(as) < max h(a,,), (30)
peP
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Table 1 Entropy values and

bounds for the switched scalar 01, £2) 28 29 G0

systems in Example 2 o0 (1,0 2 2 2
o] (0.5,0.5) 1.5 1.5 2
[} (0.9,0.9) 1.9 2.7 2

where h(ap) denotes the topological entropy of the p-th mode and satisfies (21), i.e.,
h(ap) = max{ap, 0}. Moreover, if the limits lim,_,, pp(t) exist and a, > 0 for all
p € P, then (29) holds with equality.

Remark 3 1. For a fixed family of scalars {a, : p € P}, compared with the formula
(28), the upper bound (29) depends only on the asymptotic active rates p,; the
upper bound (30) is independent of switching.

2. The upper bounds (29) and (30) are both useful in the sense that neither is more
conservative than the other, as illustrated in the following example.

Example 2 Consider the index set P = {1, 2} and the scalars a; = 2 and a, = 1. We
construct switching signals oy, o1, and o as follows (see also footnote 2):

— op with no switch: Let oo(t) := 1 for all + > 0. Simple computation yields the
asymptotic active rates p; = 1 and gy = 0.
— o1 with periodic switches: For k € N, let t; := k. Simple computation yields that
p1=p2=0.5.
— oo with constant set-points: Let t; := 1. For k > 1, let o := min{t > ;1 :
p2(¢) > 0.9} and fpx41 := min{t > f; : p1(¢) > 0.9}. Simple computation yields
tr =91 4+ 9k=2 for k > 2 and p; = p» = 0.9.
The values of h(aq,), h(as, ), and h(as,) computed using the formula (28) and their
upper bounds computed using (29) and (30) are summarized in Table 1. In particular,
h(as,) can be computed as follows:

h(ag,) = limsup (a101(t) + a2(1 = p1(1)) = az + (a1 — a2)pr = 1.9.
t—0o0

Remark 4 When the scalars a,, are complex and state space is extended from R to C, the
results in this section still hold after replacing each a;, with its real part Re(ap) in (11)
and (12) and noticing that (21) implies 4 (a,) = max{Re(ap), 0}. More specifically,
this can be seen from the fact that for all initial states x, x’ € K, the corresponding
solutions to (27) satisfy |£5 (x, 1) — &5 (x, )] = eXper Re@) T 31 i forallt > 0.

Remark 5 Comparing the upper bound (24) and lower bound (25) to the formula (28),
we conclude that the entropy of the general switched linear system (14) is upper- and
lower-bounded by those of the switched scalar systems (27) with a, = nuu(A,) and
with a, = tr(A)), respectively. Consequently, Corollary 2 implies that the entropy
of (14) is upper-bounded by

h(Ag) < ) max {nu(Ap)py, 0}, (31)
peP
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which only depends on the asymptotic active rates p, defined by (10), and also by

h(As) < maxmax{nu(Ap), 0}, (32)
peP

which is independent of switching.

5 Entropy of switched commuting systems

In this section, we consider the case of switched linear systems with pairwise com-
muting matrices, that is, the family of matrices {A, : p € P} in (14) satisfies

ApAy =AgA, Vp,qeP.

We call such a set of pairwise commuting matrices a commuting family.

The following result shows that there exists a (possibly complex) simultaneous
change of basis under which every matrix in the commuting family {A, : p € P} can
be written as the sum of a diagonal part and a nilpotent part, and these diagonal and
nilpotent parts are pairwise commuting.

Lemma5 For the commuting family {A, : p € P}, there exists an invertible matrix
I € C™" such that
ra,r'=p,+N, VYpeP,

where all D, € C"*" are diagonal, all N, € C"*" are nilpotent, and {D,, N, : p €
P} is a commuting family.

Proof Lemma 5 is a consequence of [17, Cor. 2.4.6.4, p. 115]. An alternative proof
based on the Jordan—Chevalley decomposition can be found in [41].

In view of Lemma 5 and Remark 1, we assume, without loss of generality, that
every matrix in the commuting family {A, : p € P} satisfies A, = D, + N, witha
diagonal matrix D), := diag(a},, R a;’)) € C"*" thatis, a;, is the i-th diagonal entry
of D, and a nilpotent matrix N, € C"*", and that {D,, N, : p € P} is acommuting
family.? Then (14) becomes the switched commuting system in C" defined by

X =(Ds + No)x (33)

with the commuting family of diagonal and nilpotent matrices {D,, N, : p € P}.

Theorem 2 The topological entropy of the switched commuting system (33) satisfies

h (Dy + Ny) = lim sup Z a;(T) (34)

T—o0 i=1

i

5 In particular, for each p € P, the diagonal entries a »

matrix Ap [17, Th. 2.4.8.1, p. 117].

are also the eigenvalues of the original system
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with |
() = - max. ZPRe (@) . el (35)

where the active times T, are defined by (8).

Here, the functions a; are the component-wise maximal weighted averages of the
real parts of eigenvalues. Hence, the entropy 4 (D, + N, ) is independent of the nilpotent
matrices N, in (33).

To prove Theorem 2, we first formulate upper and lower bounds for the effect of
the nilpotent matrices N ; the proof can be found in “Appendix D”.

Lemma 6 Consider the commuting family of nilpotent matrices {N, : p € P}. For
each § > 0, there exists a constant cg > 0 such that for all v € C", we have

&le Ml < | eXrer MOy < ool Ve 2 0 (36)

with the active times t,, defined by (8).

Proof of Theorem 2 For all initial states x, x’ € K, as {Dp, Np : p € P}isacommut-
ing family, the corresponding solutions to (33) satisfy (see, e.g., [26, p. 31])

0 (1) — & (x, Dl = | ZrerPredn w0 () |

= HeZ,,ep Nptp(®) )2 pep Dprp® x)H vt > 0.

Given a time horizon 7 > 0 and a radius ¢ > 0, Lemma 6 with § = ¢ and v =
eXpeP DpTpr® (x’ — x) implies that there is a constant ¢, > 0 such that

i et |eXrer e O — )| < gy () — 6 1)
< cpef! e2peP Dpep® (' — x) H vt >0,
in which
Hezpep Dpep®) (! x)‘ = max e2peP Re(“§>)fp(’)|xl( — x|
1<i<n
as D, are diagonal (recall that we take || - || to be the co-norm; see Remark 1). Taking

the maximum over ¢ € [0, T'], we obtain

e ! max @ MTOT ! i < max ||& (X, 1) — & (x, 1)
1<i<n tel0,T]

< ¢ max @ MTOT ) (37)

1<i<n

with a; defined by (35).

@ Springer



Mathematics of Control, Signals, and Systems (2020) 32:411-453 427

First, consider the grid G(9) defined by (15) with
O = e~ @M+ T gy iefl,...,n},

and the corresponding hyperrectangles R(x) defined by (16). Comparing (16) and the
upper bound in (37) to (3), we see that R(X) C Bp,+n, (X,&, T) for all x € G(0).
Then Lemma 2 implies that G(0) is (T, €)-spanning and, as all §; are decreasing in
T, the upper bound (18) yields

= log(1/6;
h(Ds + Ny )<11m11msupZL/l)

T
T—o00 i=1

1
= lim supzal(T) + hm ne + llm fim sup nlog(cg/¢)

T—o0 i=1 0 7500 T

= lim sup Z a;(T).

T—o0 i—=1
Second, consider the grid G (#) defined by (15) with
9 = e @M= T g0 ie{l,...,n},

and the corresponding hyperrectangles R(x) defined by (16). Comparing (16) and the
lower bound in (37) to (3), we see that Bp, 4y, (X, &, T) C R(x) for all * € G(0).
Then, Lemma 2 implies that G(9) is (T, €)-separated and, as (17) holds, the lower
bound (19) yields

log(1/6;
h(Ds 4+ Ny) > hmllmsupZM
T—o0 i=1 T

1
= lim sup Z ai(T) — hm ne — lim lim sup M

T—o00 i=1 N0 700

= lim sup Z a;(T).

T—><>oi1

a

Based on the formula (34), we establish upper bounds for the entropy 2 (Ds + Ny )
that require less information.

First, we construct an upper bound in terms of the entropy in each individual scalar
component.
Proposition 3 The topological entropy of the switched commuting system (33) is
upper-bounded by

h(Dy + No) < Y _max {a;, 0} (38)
i=1
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with
G :=limsup 3_ Re (a;) pp().  iell.....n}, (39)

—>00

peP

where the active rates p, are defined by (9). Moreover, if the limits lim;_, oo 0, (f)
exist® for all p € P, then (38) holds with equality.

Here the constants a; are the component-wise asymptotic weighted averages of the
real parts of eigenvalues. Combining (38) with (28) and Remark 4, we conclude that
the entropy of the switching commuting system (33) is upper-bounded by the sum of
the entropy of the switched scalar system (27) with a, = a; foreachi € {1,...,n}.
For the case where all the active rates p, converge, as (38) holds with equality, (21)
implies that 1 (D + N ) equals the entropy of the LTT system (20) with the asymptotic
weighted average matrix A := ZpeP(DP + Np) limy s 00 pp (2).

Proof of Proposition 3 Following (34) and the subadditivity of limit suprema, we have

n n n
h(Ds + No) =limsup Y " a;(T) < »_limsup a;(T) = » max {a;. 0},
i=1

T—o0 i=1 i=1 T—o0

where the last equality follows from (13) with a, = Re(a;) in (11) and (12). For the
case where the limits lim;_, o p, (t) exist forall p € P, the inequality in the derivation
above becomes an equality due to the additivity of limits. O

Second, we construct an upper bound in terms of the entropy of each individual
mode.

Proposition 4 The topological entropy of the switched commuting system (33) is
upper-bounded by

h(Dy + Ny) < lim sup Z h(Dp+ Np) pp(t) (40)

t
—00 peP

with the active rates p, defined by (9), where h(D, + Np) denotes the topological
entropy of the p-thmode and satisfies (21) with A = D p+Np. Moreover, if Re(aj,) > 0
foralli € {1,...,n}and p € P, then (40) holds with equality.

Combining (40) with (28), we conclude that the entropy of the switching commuting
system (33) is upper-bounded by the entropy of the switched scalar system (27) with
ap = h(Dp + N)). For the case where all the eigenvalues of system matrices a; have
nonnegative real parts, the general lower bound (25) coincides with (40) and thus also
holds with equality.

Proof For each p € P, let

Zz; = max{Re(a;), O}, ief{l,...,n}.

6 For example, when the switching signal o is periodic; see [36, Sec. 3.2.1] for more conditions.
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Following (21), the entropy of the p-th mode of (33) satisfies h(D,+Np,) = Y 7_, Eli,;
see also footnote 5. Consequently, (34) and (35) imply

h(Ds + Ny )_hmsupZ— max Z Re (a;) Tp (1)
peP

T—o0 1 T 1€[0,T]

< lim supZ Z a,t,(T) = hm sup Z (Z ) pp(t)

I'—-oo ;4 peP peP

= lim sup Z h(Dp+ Np)pp(t).

—0o0

peP
For the case where Re(ai )>0foralli € {1 .,n}and p € P, the inequality in the
derivation above becomes an equality as a = Re(a ). O

The upper bounds (38) and (40) can be further relaxed to obtain the following upper
bounds for #(Dy 4 Ny ); the proof is along the lines of that of Corollary 2 and thus
omitted here.

Corollary 3 The topological entropy of the switched commuting system (33) is upper-
bounded by
h(Dg +Ng) < Y h(Dp+N,)pp 1)
peP

with the asymptotic active rates p, defined by (10), and also by

h(Dy + Ny) < ma%h (Dp+Np). (42)
pe

where h(D )+ Np) denotes the topological entropy of the p-th mode and satisfies (21)
with A = D, + N,. Moreover, if the limits lim,_, » pp(t) exist and Re(a;,) > 0 for
alli € {1,...,n}and p € P, then (41) holds with equality.

The relations between the formula in Theorem 2 and the upper bounds in Proposi-
tions 3 and 4 and Corollary 3 are summarized in Fig. 2 and Remark 6, and illustrated
numerically in Example 3.

Remark 6 1. Unlike the formula (34) and the upper bound (38), the upper bounds
(40), (41), and (42) are independent of the order of eigenvalues (i.e., in which
scalar component each eigenvalue of the system matrices D), is), and thus can be
computed for a switched linear system with pairwise commuting matrices without
knowledge of the simultaneous change of basis in Lemma 5.

2. For a fixed family of matrices {D, : p € P}, compared with the formula (34),
the upper bound (38) depends only on the component-wise asymptotic weighted
averages d; ; the upper bound (40) depends only on the asymptotic weighted average
of the entropy of each individual mode 4 (D, + N); the upper bound (41) depends
only on the asymptotic active rates p,; the upper bound (42) is independent of
switching.
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34 & @) = (2

[l [
38) 2 (4

Simultaneous change Simultaneous change
of basis needed of basis not needed

Fig.2 Relations between the formula (34) and the upper bounds (38), (40), (41), and (42). The implications
(A) and (B) become equivalences if all the active rates pp converge; the implication (C) becomes an
equivalence if all the eigenvalues of system matrices a’, have nonnegative real parts; the implication (D)
becomes an equivalence if both of these conditions hold. The relations between these upper bounds that are
not specified in this diagram are undetermined

Table 2 Entropy values and A~ A
bounds for the switched (b1.p2) (4 (B8 @0 “H @2 2 2y

commuting systems in
Example 3

op (1,0) 2 2 2 2 3 4 1
op (05,05 1.5 1.5 25 25 3 5 1.5
oy (09,09 279 43 29 45 3 5.8 1.9

3. The upper bounds (38) and (40) are both useful in the sense that neither is more
conservative than the other; the same holds for the upper bounds (41) and (42).

Example 3 Consider the index set P = {1, 2} and the switching signals oy, o1, and
oy defined in Example 2. As the entropy of the switched commuting system (33) is
independent of its nilpotent part, we consider the diagonal matrices

-10 30
p=loe] 2=

The values of h(Dg,), h(Dy,), and h(D,,) computed using the formula (34) and their
upper bounds computed using (38), (40), (41), and (42), as well as the general upper
and lower bounds (24) and (25), are summarized in Table 2. For the case with o7, the
computation using (38), (40), (24), and (25) is along the lines of computing % (ae,) in
Example 2; see “Appendix E” for the computation using (34).

6 Entropy of switched triangular systems
In this section, we consider the case of switched linear systems with simultaneously

triangularizable matrices, that is, there exists a (possibly complex) change of basis
under which the matrices A, in (14) are all upper triangular.” Hence and in view of

7 A sufficient condition for simultaneous triangularizability is that the matrices A, are pairwise commuting
(see, e.g.,[17, Th. 2.3.3, p. 103]). More sufficient conditions can be found in [25]. A necessary and sufficient
condition is that the Lie algebra {A), : p € P} 4 is solvable (see, e.g., [18, pp. 10, 16]). More necessary
and sufficient conditions can be found in [13,31].
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Remark 1, we assume, without loss of generality, that every A, is upper triangular,
and denote it by

1 41,2 1,n
» bp bp
0 a2 .
U, = P e C,
Do n—1,n
: N )
n
0 0 a,

Then, (14) becomes the switched triangular system in C" defined by
X =Usx (43)

with the family of upper-triangular matrices {U), : p € P}.

Theorem 3 The topological entropy of the switched triangular system (43) is upper-
bounded by

h(Uy) < lim sup (na] (T) + Z(n +1-i)d; (T)) (44)
T—o0 i—2
with |
ay(T) := ?tglg;;] Z Re(ay) T,(1) (45)
and

di(T) = Tténg);]ZRe( —a ) T, ie.n). (46)

where the active times t,, are defined by (8), and also by

n

h (Uy) < max {&], 0} + max max max {Re(ap) 0} (47)
= 1<j<i peP
< ) max max max {Re(a{;), O] (48)
— 1<j<i peP
with
ay := lim sup Z Re (a},) pp(t), (49)
—o0
peP

where the active rates p, are defined by (9).

Here the function a; is the maximal weighted average of the real parts of the
eigenvalues in the first scalar component, the functions d; are the maximal weighted
averages of the differences between the real parts of the eigenvalues in adjacent scalar
components, and the constant a; is the asymptotic weighted average of the real parts
of the eigenvalues in the first scalar component. Hence the upper bounds (44), (47),
and (48) are independent of the off-diagonal entries blp’j of the matrices U, in (43).
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To prove Theorem 3, we first establish a formula for the solution to the switched
triangular system (43) and two upper bounds for its norm, which are also of indepen-
dent interest (e.g., the upper bound (53) is used to establish a stability result in Sect. 7);
the proofs can be found in Appendices F and G. Here we denote by 5(],‘ (x, t) the k-th
scalar component of the solution &, (x, ).

Lemma 7 Foreveryinitial state x € R" andk € {1, ..., n}, the k-th scalar component
of the solution &, (x, t) to (43) satisfies

n -k
£y (x, 1) = e (xk+ > (Z W(r,ck,z,i)> XI) Vi=0 (50

I=k+1 \i=1
with

ni(t) =Y _aht, (), iefl,....n}, (51)
peP

the sets
Crii = {(co, ...,Ci) € Nt k=cop<c) <+ <ci_y <c :l} (52)

forlefk+1,...,n}andi € {1,...,l —k}, and

UG =Y / / / 1—[ B 010 g ).

(c0s-r¢i)ECk 1,i

Lemma 8 For every initial state x € R", the solution &, (x, t) to (43) satisfies

n . -
6 (v, )] = RPN (byyt + 17T XU ) viz0 o (53)
i=1

and also

n .
160 (r, )] < ROy [ 1Y (bprr-4 1)~ ememisszmisper R ) vy > 0
i=2
N (54)
with by := Maxpep, 1<i<j<n |blp’] |, and n1 and d; defined by (51) and (46), respec-
tively.

From Lemma 8 and the proof of Theorem 3 below, we will see that the terms

related to the off-diagon_al entries b;’j of the matrices U, in (43) are absorbed into the
polynomials (byt 4 1)’ !, and thus do not appear in the bound (44).
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Proof of Theorem 3 Following Lemma 8, for all initial states x,x’ € K, the corre-
sponding solutions to (43) satisfy

n . -
6 (', =& (5, Dl < RO (B + 1T XSO — ) Ve 20

i=1
and also

€5 (', 1) — & (x, D) < R x| — xy

n ) . j
+> ((bMt 4 1)t M Isis M Re(“")ﬂx; - x,-|> Vi > 0.
i=2

Given a time horizon 7 > 0 sind aradius ¢ > 0, following the definition (45) of a;
and the fact that by; > 0 and d; (¢) ¢ > 0 are increasing in ¢ for alli € {2, ..., n}, we
obtain

n _ i 5
max & (', 0) — & (D) <Y ((bMT 1yl D) T m)
t€(0,T] i

(55)
and also

max | (', 0) = & (v, Dl = T x i
- j
+Z <(bM[ + l)z—lemaxlijfi max,cp maX{RE(LZp),O}TLxl{ _ -xi|> . (56)
i=2

First, consider the grid G (6) defined by (15) with

(@S dm) T

0; == e/(n(byT +1I7YH,  iefl,....n},

and the corresponding hyperrectangles R (x) defined by (16). Comparing (16) and (55)
to (3), we see that R(X) C By, (%, &, T) for all x € G(6). Then, Lemma 2 implies
that G(0) is (T, ¢)-spanning and, as all §; are decreasing in T, the upper bound (18)
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yields
log(1/6;
h(Uy) < hm lim supz M
T— o0 i=1 T

nn — 1)log(by T + 1)
2T

= lim supZ a(T) + Zd (T) | + limsup

T—o00 i=1 =2 T—o00

1
+ lim lim sup M
ENO T 500

T—o0 i=2

= lim sup (nal(T) + Z(n +1-i)d; (T))

where in the last step, we change the order of summation by grouping terms in the
same scalar component.

Second, consider the grid G (6) defined by (15) with

01 :=e DTy

and

0[_ = efmaxlsjfi maxpep max{Re(aé),O} TS/(n(bMT + 1)!‘71)1 l c {2’ el n}’
and the corresponding hyperrectangles R (x) defined by (16). Comparing (16) and (56)
to (3), we see that R(X) C By, (x,¢&, T) for all x € G(6). Then, Lemma 2 implies

that G(0) is (T, ¢)-spanning and, as all 9; are decreasing in T, the upper bound (18)
yields

log(1/6;
h(Uy) < hm hmsupZL/)
T—o i—1 T

= limsupa(T) + Z max maxmax iRe(ap) 0}

T—00 I<j=<i peP
— 1 1 byT + 1 nl
+ lim sup n(n ) oglbuT +1) + lim lim p—og(n/e)
T—o00 2T NY T—>oo T
n
= max {4, 0} + max max max {Re(ap) O}

1<j<i pe
o 1SisipeP

where the last equality follows partially from (13) witha, = Re(a},) in (11) and (12).
Hence (47) holds, and (48) follows from the definition (49) of a; as

a; = limsup Z Re(al P)Pp(t) < max Re(a ).

—00 pE'P
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Based on the upper bounds (44), (47), and (48), we establish additional upper
bounds for the entropy 4 (U, ) that are more conservative but require less information.

First, we construct an upper bound in terms of the entropy in the first scalar com-
ponent and the entropy differences between adjacent scalar components; the proof is
along the lines of that of Proposition 3 and thus omitted here.

Proposition 5 The topological entropy of the switched triangular system (43) is upper-
bounded by

n
h(Us) < nmax{ar, 0} + Y (n+1—i)max{d;, 0} (57)
i=2
with . ' _
d; ==limsup Y " Re(a), —al )p,(1), i€{2,....n) (58)
—0o0
peP

and a, defined by (49), where the active rates p, are defined by (9).

Here, the constants d; are the asymptotic weighted averages of the differences
between the real parts of the eigenvalues in adjacent scalar components.

Second, we construct two upper bounds in terms of two entropy-related quantities
of each individual mode; the proof is along the lines of that of Proposition 4 and thus
omitted here.

Proposition 6 The topological entropy of the switched triangular system (43) is upper-
bounded by

h(Uy) < limsup Y h(Up)pp(1) (59)
t—00 peP

<limsup Y " h5(U,)p,(1) (60)
t—00 peP

with

fz(Up) '= nmax [Re(all,), 0} + 2”:(” + 1 —i)max {Re(aj7 — a;_l), 0} ,
i=2

I;S(Up) = max n max {Re(kl), 0} (61)
(A1, 2n)€S(spec(Up))

—i—i(n +1— i) max {Re ()v' - /\"—1) : o})

i=2
for p € P, where the active rates p, are defined by (9), and S(a 11,, R a;’,) denotes
the set of permutations of{a},, ey a?,}.

The upper bounds (47), (48), (57), (59), and (60) can be further relaxed to establish
the following upper bounds for 4 (U, ); the proof is partly along the lines of that of
Corollary 2 and partly straightforward, and thus omitted here.
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Fig.3 Relations between the |

upper bounds (44), (47), (48), (47) — (48) . (66)
(57), (59), (60), (62), (63), (64), ,

(65), and (66). The implications E H
(A), (B), and (C) become

equivalences if all the active (64) :.> (65)
rates pp converge; the ﬂ ' ﬂ
implication (D) becomes an b !
equivalence if the eigenvalues of (44) <:; (59) — (60)

all the system matrices U ,

Satisfy . [l o o
0 < Re(ay) < --- < Re(a}); ® '

the implication (E) becomes an (57) :é (62) = (63)
equivalence if both of these
conditions hold. The relations
between these upper bounds that
are not specified in this diagram
are undetermined

Simultaneous change Simultaneous change
of basis needed of basis not needed

Corollary 4 The topological entropy of the switched triangular system (43) is upper-
bounded by

h(Us) <Y h(Up)pp (62)
peP

< > iSWyHy (63)
peP

with the asymptotic active rates p, defined by (10), by

h(Uy) < max h(U,) (64)
peP

< max ﬁS(U,,), (65)
peP

where the quantities h(U p) and S p) are defined by (61), and also by

h(Us) < max max max{nRe(a;), 0} = max max max{nRe(A), 0}. (66)
1<i<n peP peP respec(Up)

The relations between the upper bounds in Theorem 3, Propositions 5 and 6, and
Corollary 4 are summarized in Fig. 3 and Remark 7, and illustrated numerically in
Example 4.

Remark 7 1. Unlike the upper bounds (44), (47), (48), (57), (59), (62), and (64), the
upper bounds (60), (63), (65), and (66) are independent of the order of eigenvalues
(i.e.,in which scalar component each eigenvalue of the system matrices U, is), and
thus can be computed for a switched linear system with simultaneously triangular-
izable matrices without knowledge of a basis for simultaneous triangularization.

2. For a fixed family of matrices {U, : p € P}, compared with the upper bound
(44), the upper bounds (47) and (57) depend only on the asymptotic weighted
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Table 3 Entropy bounds for the switched triangular systems in Example 4

(b1, p2) @49 @ @8 (5D (B9 (62 (64 (66 (2H (25

o0 (1,0) 3 3 6 3 3 3 6 6 4 1
o1 (0.5,0.5) 2 4 6 2 4 4 6 6 6 L5
07 (0.9,0.9) 5.46 5.6 6 7.5 5.7 8.1 6 6 7.6 1.9

averages a; and d;; the upper bounds (59) and (60) depend only on the asymptotic
weighted averages of the entropy related quantites of each individual mode z(U »)
and hS(U »); the upper bounds (62) and (63) depend only on the asymptotic active
rates pp; the upper bounds (48), (64), (65), and (66) are independent of switching.

3. The upper bound (57) and (59) are both useful in the sense that neither is more
conservative than the other; this is also true for the upper bounds (62) and (64). The
same conclusion holds if the corresponding relaxed upper bounds (60), (63), and
(65) are taken into consideration. Moreover, the same conclusion holds between
the upper bounds (44) and (66), between the upper bounds (47) and (63), and
between the upper bounds (47) and (64).

Example 4 Consider the index set P = {1, 2}, the switching signals o9, o1, and o,
defined in Example 2, and the upper-triangular matrices

—11 31
o=[s] w=fol]
The upper bounds for i(Ug,), h(Us,), and h(U,,) computed using (44), (47), (48),
(57), (59), (62), (64), and (66), as well as the general upper and lower bounds (24)
and (25), are summarized in Table 3. For the case with o, the computation using (47),

(57), (59), (24), and (25) is along the lines of computing % (as,) in Example 2; see
“Appendix H” for the computation using (44).

7 Entropy and stability

In this section, we present stability conditions inspired by the upper bounds for topo-
logical entropy above. Suppose that the origin is a common equilibrium for all modes
of the switched system (2), that is, f,,(0) = 0 for all p € P. The switched system (2)
with switching signal o is (Lyapunov) stable if for each ¢ > 0, there exists a § > 0
such that for every initial state x € R” satisfying ||x|| < &, the corresponding solution
satisfy ||&x (x, 1)|| < e forall t > 0; it is globally exponentially stable (GES) if there
exist constants ¢, k > 0 such that for all x € R”,

s, )] < ce ™ |x|| Vt=>0.

Clearly, stability implies that the entropy 2 ( f,, K) = 0 for a small enough initial set
K, and GES implies h( fy, K) = 0 for all initial sets K.

@ Springer



438 Mathematics of Control, Signals, and Systems (2020) 32:411-453

For the general switched linear system (14), both stability and GES imply h(As) =
0. However, it is possible that #(A,) = 0 while (2) is unstable (with the uncertainty
about the state growing subexponentially); for example, the LTI system (20)—which
can be viewed as a switched system with a constant switching signal—with

01
A= (00
isunstable and yet 2(A) = Ofollowing (21). The upper bound (24) in Theorem 1 shows

that the entropy 7 (Ay) can be upper-bounded in terms of the asymptotic weighted
average of the matrix measures (1(A ), which can also be used to establish GES.

Proposition 7 The switched linear system (14) is GES provided that the asymptotic
weighted average of the matrix measures [L(A ) defined by (22) satisfies

lim sup Z (A p)pp(1) < 0. (67)
11— 00 pG'P

Proposition 7 implies that (14) is GES under arbitrary switching if the matrices
measures (A ) are all negative.

Corollary 5 The switched linear system (14) is GES for all switching signals o provided
that the matrix measures defined by (22) satisfy 1(Ap) < 0 forall p € P.

Proof of Proposition 7 Following (67), there exists a constant « > 0 such that

1,
K < —Ehmsup Z H(Ap)pp(t).

t
— 00 pEP

Then, the limit supremum in (67) implies that there is a large enough 7,, > 0 such that

> w(Appp(t) <k +limsup Y w(Ap)pp(s) < —k Vit > T
peP s peP

Hence for every initial state x € R”, Lemma 4 implies that the solution to (14) satisfies
65 (e, D] < eXreP FADTPO x| < x| Ve > T,
Moreover, we have

€, (x, 1) < eXopeP KA T O ¢

< etnf|lx|| < ™ x| Vi € [0, T,]
with the constant u,, := max,ep u(Ap). Therefore,

€5 Cx, )] < emaxttm, OO T gkt 1y > 0,
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that is, (14) is GES. ]

Similar to Proposition 7, the asymptotic weighted averages used in the upper bounds
for topological entropy in Corollary 1 and Propositions 3 and 5 can also be used to
establish GES for the corresponding switched linear systems generated by matrices
with commutation relations.

Corollary 6 The switched scalar system (27) is GES provided that the asymptotic
weighted average a defined by (11) satisfies a < 0.

Proposition 8 The switched commuting system (33) is GES provided that a; defined
by (39) satisfy a; < 0 foralli € {1, ...,n}.

Proposition 8 implies that the switched commuting system (33) is GES for all
switching signals o if the diagonal matrices D), are all Hurwitz; thus it generalizes
the well-known result that a switched linear system generated by a finite family of
pairwise commuting Hurwitz matrices is GES under arbitrary switching (see, e.g.,
[26, Th. 2.5, p. 31]). In particular, it is possible that all ; < 0 while none of D), is
Hurwitz.

Proof of Proposition 8 The proof is established by combining Lemma 6 with similar
arguments to those in the proof of Proposition 7. For every initial state x € R", as
{Dy, N, : p € P}isacommuting family, the solution to (33) satisfies

&y (x, )|l = Hezpep(DerNp)rp(t)xH — HeZpg'p N,,rp(t)ezpep Dpr,,(t)xH vt > 0.
Asa; < Oforalli € {1,...,n}, there exists a constant k > 0 such thatx < —a; /3 for
alli € {1, ..., n}. Then, the limit suprema in (39) imply that there is a large enough

T, > 0 such that

> Re(@)py(t) <@ +x <=2 Vt>T,Vie(l .. n}
peP

Hence Lemma 6 with 8 = « and v = e2reP 2rTr(®

¢, > 0 such that

x implies that there is a constant

&6 (x, D) < e’

i
eZpg’P Dpfp(l)xH — C,(e'(t max eZpe’P Re(ap) fl)(t)|xi|
1<i<n

(K+Zpep Re(a;',)p,,(z)) '

< ¢ max e Xl < cee™ x|Vt =T,

1<i<n

where the equality follows from the fact that D), are diagonal. Moreover, we have
s (x, D) < e T x| < MmO T i € [0, T, ]
with the constant a,;, := max,ep, 1<i<n Re(a;). Therefore,

€6 (x, )| < ceemaxtam 02 T gkt 131 yg > 0,
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that is, (33) is GES. ]

Proposition 9 The switched triangular system (43) is GES provided that ay and d;
defined by (49) and (58) satisfy ay < 0 and d; < O foralli € {2,...,n}.

Proof The proof is established by combining Lemma 1 and the upper bound (53) in
Lemma 8 with similar arguments to those in the proof of Proposition 7. As a; < 0,

there exists a constant ¥ > 0 such that x < —a;/(n + 2). Then, the limit supremum
in (49) implies that there is a large enough 7, > 0 such that

ZRe(a},)pp(t) <ai+k<—-m+Dk V=T,
peP

Also, following (13) with a, = Re(ai, - ai,_l) in (11) and (12) fori € {2,...,n},
the maximal weighted averages d; defined by (46) satisfy

lim sup di(t) = max{c?,-, 0}=0 Vie{2,...,n},

—0o0

in which the limit suprema imply that there is a large enough 7,/ > 0 such that
di(t) <k Vt>T! Vie(2,...,n}
Finally, there is a large enough 7, > max{7/, T’} such that
byt + 1"V < V> T,

Hence for every initial state x € R", Lemma 8, together with the definition (51) of 5,
implies that the solution to (43) satisfies

6o (x, Dl

IA

n . -
eXrep RO 3 (e 4 1)1 Xi2 B0 )
i=1

IA

- n
(but + 1)"*16(21@ Re(a})pp(+ T2 dj(0)) > il
i=1
<ne ¥|x|| Vt>Tg.

Moreover, we have

1 n J n
10 (e, O < et + 1y BT 5
i=1

max{a,, 0}+Z” , max{ d 0}) Ty

< n(by Ty + 1)”—‘e( ]l
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1

for all + € [0, T,] with the constants a,, := max,cp Re(a},) and d,’;q =

m
max ,ep Re(ai7 — ai,’l) fori € {2, ..., n}. Therefore,
1 n J
0 Ge DIl < by T + 1" O om0 e oty -y
that is, (43) is GES. O

Remark 8 Aside from the proofs above, Propositions 7, 8, and 9 can also be established
using the destabilizing-perturbation method proposed in [44]. More specifically, they
can be proved by combining the corresponding upper bounds (24), (38), and (57) with
[44, Th. 5.1], respectively. The proofs presented here are more direct, whereas the
results in [44] lead to additional upper bounds for topological entropy and additional
stability conditions, such as those for the case with general matrices and slow switch-
ing. In particular, Proposition 9 does not generalize the standard result that a switched
linear system generated by upper-triangular Hurwitz matrices is GES under arbitrary
switching, which is achieved in [44, Cor. 5.3]. Alternatively, this standard result can
be proved by combining the upper bound (54) in Lemma 8 with similar arguments to
those in the proof of Proposition 9, or by combining the upper bound (66) with [44,
Th. 5.1].

8 Conclusion

In this paper, we studied a notion of topological entropy for switched systems. For
general switched linear systems, we proved that the topological entropy is independent
of the set of initial states, and constructed upper and lower bounds in terms of the mea-
sures and the traces of system matrices of individual modes, respectively. For switched
linear systems with scalar-valued state and those with pairwise commuting matrices,
we established formulae for the topological entropy in terms of the eigenvalues of
systems matrices of individual modes. For the more general case with simultaneously
triangularizable matrices, we constructed upper bounds for the topological entropy
that only depend on the eigenvalues, their order in a simultaneous triangularization,
and the active time of each individual mode. In each case above, we also established
upper bounds that are more conservative but require less information on the system
matrices or on the switching. Furthermore, we presented stability conditions inspired
by the upper bounds for topological entropy.

The notion of topological entropy proposed in this paper depends on the switching
signal. For switched systems with an uncertain switching signal, a different entropy
notion is needed to capture the additional uncertainty about the trajectory and to quan-
tify the extra information needed for stabilization. Sufficient data rates for feedback
stabilization of switched linear systems were established in [27,42]. A similar data-
rate bound for state estimation was formulated in [39]. These data-rate bounds should
be upper bounds for the entropy notion to be defined.

Another topic for future research is to reconcile the switching characterizations for
entropy computation and for control design. More specifically, the entropy computa-
tion in this paper is based on the notion of active time (i.e., the accumulated time in
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which an individual mode is active). Such a quantity is rarely seen in the literature
of switched control systems, and incorporating it into the control design procedure
may lead to more precise data-rate bounds. Some preliminary results on entropy-based
stability conditions can be found in [44].
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A Proof of Lemma 1
As adirect consequence of the definition (12), the maximal weighted average a satisfies
1
a(T) > max {7 > apt,y (D), 0} = max{ > appp(T), 0} VT > 0,
peP peP
and thus lim supy_, o, a(T) > max{a, 0}.
It remains to prove that the reverse inequality holds as well. The definition (11) of

the asymptotic weighted average a implies that for each § > 0, there is a large enough
Ty > 0 such that Z[JEP appp(t) <a+sforallr > Tj.ForaT > Ty, let

t*(T) 1= argmax, (o 7} Z apty(t).
peP

Then, ZpeP a,t,(t*(T)) = 0.1f t*(T) e (T, T1, then

1 1
am) = > apT, (1)) < Py > apT, (1))
peP ( )pe’P
=Y appp(t*(T)) <a+34.
peP

Otherwise *(T') € [0, 7], and thus

_ 1 N amt*(T)  max{a,, 0} T}
ar) = — Zpaprpa (T) = =—— < —
pPE

with the constant a,, := max,ep a,. Combining the two cases above yields
a(T) < max{a + 8, max{ay,0}Ts/T} VT > Ty.
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Hence
a(T) < maxfa, 0y +8 VT > Ty := max{Ty, max{ay,, 0} T /8}.

As § > 0 is arbitrary, we have lim supy_, o, a(T) < max{a, 0}.

B Proof of Lemma 2

1. As R(X) C Ba, (x,¢,T) forall x € G(9), we have

K= |J R®c |J BaG.eT).

xeG(H) xeG(H)
Then, (4) implies that the grid G (0) is (T, £)-spanning, and thus
n n
log S(Ag, e, T,K) <log|G0)| = Zlog(Zl_l/QiJ +1) < Zlog(2/9i + D).
i=1 i=1

Consequently, the definition of entropy (5) implies

log(2/6; + 1
lim lim supZ M

h(A
(o) = lim limsup 3 ==

IA

log(1/6; log(2 + 6;
= lim lim supz og( /61) + lim lim supZ LH
N0 700 -1 a0 700 P

where the last term equals 0if (17) holds

2. For all distinct points X, ' € G(0), as X’ ¢ R(x) and By, (%,¢,T) C R(X), we
have X' ¢ Ba, (X, &, T). Then, (6) implies that the grid G(0) is (T, ¢)-separated,
and thus

logN(As, &, T, K) = 1og|G(0)]

= Zlog(2[1/0ij +1) > Zlog(max{2/9i —1, 1}).

i=1 i=1

Consequently, the definition of entropy (5) implies

h(Ay) > hm lim S“PZ log(max{2/6; — 1, 1})

T=oo iy r
log(1/6; | 26 6
= lim lim supZ M + hm lim SUpZ og(max{ i })7
N0 700 T—o00 7] T
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where the last term equals O if (17) holds.

C Proof of Corollary 2

First, the definition (11) of a and the subadditivity of limit suprema imply

a< Z lim sup appp(t) < Z max{a,, O}hmsup,op(t) = Z h(a,,),op,
peP = peP peP

which, combined with (28), implies the upper bound (29). For the case where the limits
lim;_, o pp(t) existand a, > O for all p € ‘P, the inequalities in the derivation above
becomes equalities due to the additivity of limits and max{a,, 0} = a,. Second, the
definition (11) of a implies

a < limsup | max a t) = max a, < max h(a
p( Pp)pr() pPp pP(p)

t (S
- P peP

which, combined with (28), implies the upper bound (30).

D Proof of Lemma 6

First, we establish the upper bound in (36). For each p € P, as N, is nilpotent, there

is a positive integer &, such that N];” =0.Letks :=) pep kp, which is finite as the
index set P is finite. Define the weighted average matrix over [0, ] by

N(t) =Y Nppy(t) € C™".
peP

Forallt > 0, as {N, : p € P}is a commuting family, we have (N ()% = 0. Also,
INOI < nu := max,ep [|Np|. Hence for all v € C", we have

(N (0))ke nh
|eNOTy | = H( T) H (Z vl
k=0 k=0

ks =1 ok
< (Z 7) vl < ese” vl V=0

k=0

with cs := max{(np/8)5~1, 1} > 0.
Second, we establish the lower bound in (36). As |[-N@)|| = |[N@)|| < nm for
all r > 0, the proof above also implies that for all v € C", we have

vl = HE—N(t)teN(t)th < cae‘” ”eN(t)tUH’
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that is, e¥ O 7v|| > c5 e ||v| for all £ > 0.

E Computation of h(Dg,) using (34) in Example 3

Recall from footnote 2 that o = 1 on [tok, tr+1) and o = 2 on [f2x+1, t2k+2), Where
t0=0,t; = 1,and t; = 9~! 4+ 92 for all k > 2. Hence

71(t) =t — 0.9, 12(t) = 0.91y, t € [tw, l‘2k+1), 68)
71(t) = 091441,  T2(t) =1 — 09141, t € [Dk+1, D2+2),
and thus

3.61 — t, t € [tog, tak+1)s

1 1
at1(t) +a;12(t) = 312(8) — 11 (1) =
! 2 3t — 3.6t41, t € [tot1, tk42)

2t = 27t,  t € [tar, k1),

2 2
ajTi(t) + a3 (t) = 271(1) — 0a(t) =
1 2 2. Ttp41 —t, t € [tky1, ik+2)-

Then, a; and a, in (34) satisfy

_ 1 1 1
a1 (T) = T t?ﬂ&’}]“”l (1) +arta(t)

2.600/T, T € [tok, tak+1 + 812k /3),
3—3.6t0k1/T, T € [taks1 + 812k /3, tris2)

1
a(T) = — g{l&);]afn (1) + a3ra(t)

L7tk41/T, T € [0k+1, tok+2 + 42 41),
2 =2"Tt42/T, T € [trky2 + 41241, 12k 43)-

Hence
17.9t /T, T € [tak+1, tok+1 + 8121 /3),
- _ 3—=190%4+1/T, T € [tak41 + 82k /3, tok+2).
ay(T) +a(T) = +1/ +1 4 8k/3, bt
2510141/ T, T € [tky2, o2 + 4tk v1),
2 —0.1t42/T, T € [tok42 + 412k 41, 2i+3).
Therefore,

h(Dg,) = lim sup a;(T) + a(T) = max{1.99, 2.79} = 2.79.

T—o00

@ Springer



446 Mathematics of Control, Signals, and Systems (2020) 32:411-453

F Proof of Lemma 7

We regard (43) as a family of scalar differential equations (recall that here éf; denotes
the k-th scalar component of & ):

o =gk + by 260 + 4 by"E],
£l =al8l + b8 + -+ bIEL

b =ag ey by

5o = agky,
and prove Lemma 7 by mathematical induction. For brevity, let
Vi j(t) 1= byl e OO i e (1, n).
Then, ¥ in (50) can be written as

Wt Cori)= Y (/f ./ ngm@mm (69)

(€Osenes Cl)eckll

F.1 The basis of induction
For the n-th scalar differential equation 5 " = all&l!, the state-transition function is

defined by
¢n(ts S) = enn(f)*nn(s), r>s5 > 0.

Hence the n-th scalar component of &; (x, ¢) satisfies £ (x, t) = ey, that is, (50)
holds for k = n.

F.2 The inductive step

For an arbitrary m € {1,...,n — 1}, suppose that é(’;(x, t) satisfy (50) for all k €
{m+ 1, ..., n}. For the m-th differential equation

n
: K ek
& =ayey + Y by,
k=m+1
the state-transition function is defined by

G (t,5) = emD=mE) > >,
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By variation of constants, the m-th scalar component of & (x, t) satisfies

n t
_ k
E(’yn(x’ [) — erlm(l) (Xm + Z f e Tlm(sl)bgl(’ﬂ)%‘é_{ ()C, Sl)dSl)
0

; . n o I—k
— o (xm + Z / Yk (51) (xk + Z sz'lf (sl,Ck,l,i)) ds1>
ko1 Y0 I=k+1 i=1
n t
= eﬂm(f) (-xm + Z xk/ I/fm,k(Sl)dsl
k=m+1 0

n n l—k t
+ > > ZXI/O lﬂm,k(SI)W(Sl,Ck,z,i)dM).

k=m+11=k+1 i=1

Based on the definition (52) of Ci; ; and the formula (69) of ¥, we have

t
f Ymk(s)dst = (&, Cu k1)
0

and .
/o Yk (SO (51, Cr1,i) dsi

i+1

t K Si
_ Z / / / I/fm,k(sl)l_[(wcjfl’cj(sj)dsj)dsl
0 Jo 0 j=2

(€1yensCip1)ECK i

i+1

= Z /(;/0 /(; jl:[l(wcj-l,cj(sj')dsj)

(c0s-nsCit1)EfMYxCr 1 i

=w(t, {m} x Cr.i).

Changing the order of summation, we obtain

n n I—k n -1 I-k
Yo mweAmy x Gy =Y D Y xw (¢, fm) x Curi)
k=m+11=k+1 i=1 I=m+2 k=m-+1 i=1

n l-m l—i'"+1

= >3 > xw (. {m) x Cepi—r) |

l=m+2i'=2 k=m+1

where in the last step we also let i’ = i + 1. Next, we prove that the family of sets
{{my xCry—1 k=m+1,....,1 —i’+ 1} forms a partition of Cp, ; ;.

— For all (c1,...,¢i) € Crypio—1 and (¢}, ..., c}) € Cryui—1 With ki # ko, as
c1 = ki # ky = ¢, we have (c1,...,c) # (c],....c}). Hence the sets in
{{m}y x Crp -1 k=m—+1,...,1 —i' + 1} are pairwise disjoint.
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— For all (cy,...,¢i1) € Crrir—1,a8 ¢y = k > m+ 1 and ¢y = [, we have
[—i'—1
(m,cq,...,ci1) € Cm,l,i/- Hence Uk=1m+1{m} X Ck,l,i’—l C Cm,l,i’-

— Forall (co, ....c})) € Cpyirsascy =co+1=m+1landc; <¢yp — (@' —1) =
[ —i"+ 1, wehave k := satisﬁesm+ l<k<l-i"+1and(c,...,c;i) €
{m} x Cyy,ir—1. Hence Cp i C Ui m+1{m} X Cr1ir—1-

Therefore,
n l-ml—i'+1 n
YD w¥ (e Amy x Cria) = Y lell’tcmlz)~
I=m+2i'=2 k=m+1 I=m+2i'=2

Combining the results above, we obtain

n Il-m
£ (x, 1) = em® (xm + > > nw (t,Cm,z,i)> :
I=m+1 i=1
that is, (50) holds for k = m. Therefore, mathematical induction implies that (50)
holds forall k € {1, ..., n}.

G Proof of Lemma 8

For every k € {1, ..., n}, following the formula (50) and the triangle inequality, the
k-th scalar component of &, (x, t) satisfies

n 1—k

g8 (e )] < RO D g 4 > (Ze’*“ﬂk(mwr,ck,,,,-)|) -
I=k+1 \i=1

First, following the definitions (46) of d; and (51) of ni, we have

Re (i (1)) < Re (ni—1(1)) +di(t)t ¥Vt >0,VYi €{2,...,n}.

Hence

EINE by / / / 1‘[ (eRetms 9151 60gs))
= 2wt 1_[ max_eRe(1es 60111 9)
- i 5j€[0,T]

(c0s-.si)ECK 1.0

= Y ppleRim Ao
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where the last inequality follows partially from the definition (52) of the sets Cy ; ;. As
bjwti and le=k+1 Jj (t) t are independent of the choice of (co, ..., ¢;) € Cx i and
the latter is also independent of the choice of i € {1, ...,/ — k}, and the set Cx ;; can
be characterized by the combinations of i — I increasing integers fromk + 1tol — 1,
we have

Ik I—k

.. ! 5.
ZeRe("k(t))|‘1’(f,Ck,z,i)| = (Z |Ck,1,i|b§ufl) eReEM O+ Yoy dj ()1
i=1

i=1

o (1—k—1 Lo

_ (Z( —k- ) b, ,i) RO+ 01
P i—1

< (bt + D)/ RO+ di 01

where the last inequality follows partially from the binomial formula. Hence

n -
|§§(X,l)| < eRE(TIk(l‘))|xk| + Z ((le-f- l)l*keRe(nk(l))-i-Zé:kJrldj(t)llxll)
1=k+1

n
L -
< eRem(®) Z ((bMt n l)l—kez_j=l<+ldj(l‘)t|xl|)‘
I=k

Note that the upper bound for |$(’§ (x, t)| above is decreasing in k. Indeed, the upper
bound for |§(’,"1 (x, t)| satisfies

n -
eRetm@®) 37 ((bMt+1)l_k+1625:"df(’)’|x;|)
I=k—1
- n l -
> eRetn-1)+de(D)1 Z <(bMt T l)l—kezj=k+ldj(t)t|xl|)
I=k

n _
> eRe(nk(t)) Z ((le + 1)l—k62§':k+l dj(t)l|xl|).
1=k

Hence we obtain (53) by taking the upper bound for |$; (x, t)| (recall that we take || - ||
to be the co-norm; see Remark 1).
Second, recall co = k and ¢; = [, and let s¢ := ¢ and
a' := max Re(d! ,iefl,...,n}.

Following the definition (51) of n;, we have

Re(ni(1)—ni (1)) = Z Re(al)(t,(1)—1p(1)) < ap,(t—1)  Vi=7=0,Viefl,...

peP
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Hence

RO |y (101 )| < bM/ / oRelne, (50) 1—[

(€0sensCi )ECku j=1
(eRe(ncj_l (Sj—l)_ﬂcj_] (Yj))dsj>

i .
< bM / / am Si (eamjil(sjfl_sj)dsj)

(c0sens Cl)eck Li

) ¢j S0 Si—1 :
< Z bﬁwemaxogjsi anm / R / 1_[ de
0 0 o

(0yvs€i)ECk 1.i

S § bl man<J <l amt

(0svr€i ) ECk 1.i

where the last inequality follows partially from the definition (52) of the sets Cy ; ;.
As bﬂwti and maxg << alt are independent of the choice of (co, ..., ¢;) € Cx;; and
the latter is also independent of the choice of i € {1, ...,/ — k}, and the set Cx ;; can
be characterized by the combinations of i — 1 increasing integers fromk + 1 tol — 1,
we have

-k ,
ZeRe(”""”IW(t Coril < (Z (Cerilblyt ) AL < Gt

i=1 i=1

[—k
| —k— 1) - o
— § ] bﬁull>€maxk§1§1amt
(z‘:l < i—1

S (bMt + l)l—k emaxkfjfla;;t’

where the last inequality follows partially from the binomial formula. Hence

n

65Cr, 01 < RO x4 3 (gt + 1 Femerziant ),
1=k+1

Note that the upper bound for |§(’,‘ (x, t)| above is decreasing in k. Indeed, the upper
bound for |§f§_l(x, t)| satisfies
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n .
eRe(ﬂk—l(l))|xk_l| + Z ((bMt + 1)l—k+lemaxk—1g_/51 a,’nt|xl|>
1=k

n
k )
= el + Y ((bur+ DITRem sz )
I=k+1
n

2eRe(T]k(t))|xk|_I_ Z ((bMt+l)l—kemilxkgjslai;1t|xl|).
I=k+1

Hence we obtain (54) by taking the upper bound for |§(} (x, 1)| (recall that we take || - ||
to be the co-norm; see Remark 1).

H Computation of an upper bound for h(U,) using (44) in Example 4
Following (68) in “Appendix E”, we have

alt(t) + a3na(t) = 3n() — 1)

_ {3.6t2k —t, t € [0k, tag41)s

3t — 3.6t2k+1, t € [t2k+1, P2k+2)
(a]2 _ all) () + <a§ — a;) 0(t) = 371 (1) — 473 (1)

|3t =630k, 1€ [tk tak+1),
6.3t 41 — 4t, t € [taks1, taks2)-

Then, a; and d, in (44) satisfy

= 1 1 1
a (T) = T ;g[l(?,);]al T1() + ay2(t)

2.6t /T T € [tok, tak+1 + 812k /3);
3 —3.600k11/T, T € [taks1 + 8121 /3, tis2)

7 1 2 1 2 1
(1) = 5 max (af —al)m(0) + (@ - a}) =0

2.3tk41/T, T € [tak+1, 202k 42 + Stok+1/3);
3—63t42/T, T € [2trk42 + Stak+1/3, tox+3)-

Hence

2591/ T, T € [tak+1, 2k+1 + 812k /3);

6 — 4904 41/T, T € [t2k+1 + 8t2k /3, t2k+2);
49.112441/T, T € [tak+2, 202k+2 + Stak+1/3);
3—11t042/T, T € [tokq2 + S5tax41/3, ti+3).

2a1(T) + do(T) =
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Therefore,
h(Us,) = limsup 2a(T) + (iz(T) = max{2.88, 5.46} = 5.46.
T—o0
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