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Soluto-inertial (SI) suspension interactions allow colloidal particles to be driven large distances over sustained
periods of time. These interactions involve soluto-inertial “beacons” that establish and maintain solute fluxes
over long times by slowly absorbing or emitting solutes in response to changes in the surrounding solution.
Suspended particles then migrate in response to solute fluxes via diffusiophoresis (DP). Beacon materials must
be chosen to maintain these solute fluxes, with range and duration in mind. Here we present a general strategy
to facilitate qualitative design and quantitative prediction of SI interactions for a given beacon-solute pair.
Specifically, we look at two classes of SI beacons: those that partition solute and those that associate with solute.
We identify the design parameters for these systems to construct a parameter space map, calculate characteristic
timescales over which SI fluxes persist, and generate approximate analytical expressions for solute concentration
profiles. Further, we use these expressions to predict the DP velocity of colloids interacting with beacons,
noting qualitative differences between beacon sources that release solute and beacon sinks that absorb solute.
Proof-of-principle experiments of beacon sources and sinks, of partitioning, and associating types highlight
the basic findings. More broadly, the conceptual approach outlined here can be adapted to treat SI interactions
mediated by other materials such as dissolving solids, gases, evaporating liquids, ion-exchange resins, and others.

DOI: 10.1103/PhysRevE.100.052603

I. INTRODUCTION

The ability to control and tune interactions between sus-
pended particles, drops, and bubbles is crucial for the process-
ing and performance of a number of everyday products such
as shampoo, ink, and paint. However, the range of equilibrium
colloidal interactions (e.g., electrostatic, van der Waals, deple-
tion, and steric) is limited to less than 1 um in deionized, pH
7 water at room temperature, placing fundamental limits on
suspension design and manipulation [1-4]. We recently intro-
duced the concept of soluto-inertial (SI) phenomena, which
can be designed to drive long-ranged and long-lived interac-
tions in suspensions by exploiting SI “beacons” that respond
slowly to changes in the local solution, emitting or absorbing
solute over long times. Our experiments revealed colloidal
attraction or repulsion extending millimeters in range and last-
ing tens of minutes [S]. More recently, we demonstrated the
versatility of the SI concept with experimental demonstrations
of externally triggerable SI beacons, source-sink “dipoles”
formed by SI beacon pairs, and multiple SI beacons that emit
distinct or reacting solutes [6].

These SI interactions have three key ingredients: (i) an
SI beacon that establishes and maintains a solute flux, (ii)
particles that migrate via diffusiophoresis (DP) in response
to the solute flux, and (iii) solute that mediates the interaction
between the beacon and particles. The term “soluto-inertia”
is chosen by analogy with thermal inertia, where high-heat-
capacity materials in poor heat transfer media equilibrate
slowly in response to changes in external temperature while
maintaining long-lasting heat flux.

Designing SI interactions for a particular application re-
quires a solute be chosen to attract or repel colloids of interest
and a beacon that slowly absorbs or releases that solute.
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Here we present a systematic map of the parameter space
available for SI interactions. SI beacons must have a high
solute capacity (e.g., a high partition coefficient or associa-
tion constant) to maintain long-lived solute gradients. Such
gradients may also be established in solution by dissolving
solids [7] and gases [8], by ion-exchange materials [9,10],
as well as by evaporating liquids [11] to drive SI suspension
interactions. Velegol et al. summarized a variety of distinct
physical processes that establish concentration gradients and
drive DP migration of colloids [12]. The strategies and guide-
lines laid out here should facilitate conceptual design and
material selection for such systems more generally.
Moreover, geometric and material parameters must be cho-
sen with duration and range in mind. For example, gradients
in solution can be established both by source beacons that
emit solute and by sink beacons that absorb solute. In both
cases, the solute transport is itself described by the same
equations. However, because DP velocities typically vary with
VInC [13-16], or VC/C, SI velocities remain strong even far
from beacon sources (since C — 0 far from the beacon) but
decay more rapidly away from beacon sinks (where C — Cy
away from the beacon). By contrast, liquid drops migrate
in response to gradients of surface-active solute with soluto-
capillary velocities V o« VC [17], in which case SI sources
and sinks drive similar interactions. These qualitative points
are discussed and experimentally demonstrated below.
Specifically, we illustrate our strategy for two distinct
classes of beacons—beacons that partition solute (e.g., oils)
and beacons that associate with solute (e.g., hydrogels). Our
approach is as follows: First, we identify the governing equa-
tions for a specific beacon material class and isolate the design
parameters. Next, we determine the timescales associated
with various mass-transport processes during solute loading
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and unloading. Comparing the timescales reveals the slowest
rate-limiting step, which is significant conceptually and also
motivates approximations that simplify the governing equa-
tions and solutions. Finally, we predict the DP velocity of
colloidal particles interacting with beacon sources and sinks,
and compare their qualitative features.

In our earlier work [5], we used two-dimensional (2D)
cylindrical posts as beacons. However, since the mass trans-
port in the 2D systems we modeled is inherently unsteady, our
analysis here considers spheres, as will be relevant for freely
suspended SI beacons.

II. SI BEACONS THAT PARTITION SOLUTE

The first class of SI beacons is those that partition solute,
meaning that it is energetically favorable for solute molecules
to dissolve in the beacon phase rather than in the solution
phase. At equilibrium, the solute concentration Cp inside
the beacon exceeds the concentration Cs in solution by the
partition coefficient P [18,19], defined by

=
For example, an organic phase such as octanol partitions

hydrophobic solutes like butanol relative to an aqueous
phase [20]. Solute diffuses within each phase according to

p (D
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where Dg and Dg are solute diffusivities in the beacon and
solution phases, respectively. Imposing flux continuity at the
beacon-solution interface (r = Rp) gives

aCg| 9Cs
Bor Rp 7 or

, “4)

Rp

where Rjp is the radius of the spherical beacon.

Additionally, we assume contact equilibrium between the
solute just outside the drop (r = Ry for the external solution
Cs) and the solute just inside the drop (Cg), which is given
simply by the partition coefficient relationship [Eq. (1)]:

Cg(Rp, 1) = PCs(Rp, 1). ®)

The partition coefficient [Eq. (1)] reflects a thermodynamic
property related to the free-energy cost to dissolve that solute
in one phase relative to the other. The contact equilibrium
boundary condition [Eq. (5)] holds when molecules on ei-
ther side of the boundary are energetically equivalent. This
assumption may be violated when solutes are surface active,
so that a surface-excess concentration I" of adsorbed solutes
takes some time to equilibrate with the concentrations on ei-
ther side of the interface, or alternatively, when finite reaction
kinetics limit the rate at which solutes cross that interface. The
impact of reaction or adsorption kinetic limitations on other-
wise diffusion-controlled systems was explored by Yariv and
Frankel [21], revealing short-time dynamics where adsorptive
quasiequilibrium is attained and then longer time dynamics
akin to those described here. In what follows, we assume any

such interfacial dynamics to proceed very quickly and assume
contact equilibrium to hold.

A beacon source unloading solute obeys the initial condi-
tions

Cp(r < Rp, 1 =0) = PCy, (6)
Cs(r > Rp, t =0)=0, 7
whereas a beacon sink in solution obeys
Cp(r < Rp, 1 =0)=0, ®)
Cs(r > Rg, t =0) = . ©)

Nond}mensionalizing Egs. (2)-(4) with Cs = CyCs, Cp =
PCyCg, r = RpF,and t = rglf (where rgl is as yet undefined)

gives

R, aCs

— = V?Cp, 10
'L'SIDB ot B (10)
R 3Cs -, ~
o — = V’Cs, (1)
TSIDS ot
Cp(1,7) = Cs(1,7), (12)
Dy dC aC
p BBl _ TS (13)
Dg oF |, aF |,

Two nondimensional design parameters emerge: (i) the parti-
tion coefficient P and (ii) the diffusivity ratio D, between the
beacon and solution phases:

D, =L (14)

Three choices arise for the timescale 7J:

(i) Intrabeacon diffusion timescale tp, required for solute
profiles to reach quasisteady state within the beacon, irrespec-
tive of what happens outside in solution:

_ Ry
B 272D B ’
(ii) Solution diffusion timescale g, required for solute profiles

to reach quasisteady state outside the beacon, irrespective of
what happens inside:

T 15)

2
7= B (16)
b DS
(iii) Quasisteady timescale tgs, described in our earlier
work [5], which arises when external mass transport is dif-
fusion limited, yet strong partitioning ensures a slow solute
release:

2
PR
3Dg

We expect the longest of the three timescales to limit the
dynamics of mass transport and thus to set 7).

Qs = (17

A. SI dynamic regimes: Partitioning beacons

For brevity, we will explicitly discuss beacon sources that
release solute, noting that beacon sinks that absorb solute obey
identical governing equations [Egs. (2) and (3)] and boundary
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TABLE I. Design summary of beacons that partition solute.
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FIG. 1. SI time, tg;, required for a partitioning beacon to unload
solute as a function of the partition coefficient P [Eq. (1)] and
diffusivity ratio D, [Eq. (14)]. (a) Computed SI times required for
beacon to unload 63% (1-1/e) of its maximum initial concentration.
Parameter space naturally divides into four qualitatively distinct
solute transport regimes. (b) Scaling ts; in (a) by the combined
SI timescale rg] = 19s + 15 [Eq. (18)] collapses all data, except in
regime II, which holds no interest for SI systems.

conditions [Egs. (5) and (4)], and hence follow similar mass-
transport dynamics. To quantify the extended release property
of beacons, we calculate the time required for them to release
63% (1-1/e) of their initial solute content and define it as
the SI time, tg;. Figure 1 shows the computed SI times and
the four qualitatively distinct regimes for solute transport that
naturally emerge. Most promising for sustained solute release
are strongly partitioning beacons (P >> 1) for which solute
diffusion may be limited externally (D, > 1, regime I) or
internally (D, < 1, regime IV). Antipartitioning (P < 1) may
not seem promising, since solute molecules would prefer to be
dissolved in the solution phase rather than the beacon phase
and hence leave the beacon quickly. However, sustained solute
release is actually possible if intrabeacon diffusion is slow
(D, < 1, regime III). In regime II, beacons antipartition solute
(P <« 1) and intrabeacon diffusion is fast (D, > 1), which
always leads to fast release. Thus, regime II is omitted from
further consideration.

Equations (15)—(17) describe timescales associated with
various solute transport processes, with the longest among
them limiting the dynamics of transport. Anticipating that
systems of interest for SI interactions are limited by either
strong partitioning or slow intrabeacon diffusion, we construct
a combined timescale rgl by combining tgs [Eq. (17)] and 3
[Eq. (15)]:

PR2 R
3DS 27T2DB ’

T =Tos + 15 = (18)

Scaling 71 in Fig. 1(a) by this combined timescale 7 then
collapses all computations, except in regime II [Fig. 1(b)].

In what follows, we derive approximate transport concen-
tration profiles in the various regimes, with results summa-
rized in Table L.

1. Regime I — Strong partitioning, externally limited transport

Regime I corresponds to strongly partitioning beacons
(P > 1), for which internal solute diffusion is fast (D, > 1).

Regime  Condition 9 Cp Cs
I PD, > 1 o e ad
[Eq. (19)]  [Eq. (17)] [Eq. (23)] (Eq. (24)]
I PD, <1 R Zsin@Re ™ 2D,
[Eq. 25)]  [Eq. (15)] (Eq. (28)] (Eq. (30)]
PR R% _7 e
v PD, > 1 ﬁ + 2712[;)3 e’

PD, <1 [Eq. (18)] 2 sin(rF)e 2 2PD, <L

Comparing the timescales from Egs. (15)—(17) reveals the
quasisteady timescale to be the slowest in this regime:
Qs _ PR2/3Ds
tp R3/2m2Dp
Qs PR% /3Dy

= =" P>, 20
e (20)

~ PD, > 1, (19)

and therefore we assume 7 & tgs. Here, the beacon concen-
tration changes so slowly that concentration profiles within
and outside the beacon reach quasisteady state, and concentra-
tion gradients within the beacon can be neglected, Cg(r, 1) ~
Cp(t). Steady-state diffusion in spherical coordinates further
implies that solute profiles outside the beacon decay like 1/r:

Cy(t) Ry
L2

Balancing the diffusion-limited outflux to the loss of solute
from the beacon gives

Cs(r,t) =

2n

47 RgDsCg(t) df4
e — | ZaRC() |, 22
P 77| 37 Rs B(1) (22)
from which
g
Cp(t) = PCye "5 = Cp = exp(—7), (23)

g 7
Csrni) = 2o ¢ = SPTD oy
r
Computed concentration profiles (points) agree well with
the analytical approximations [Eqs. (23) and (24), lines], as
shown in Fig. 2.

2. Regime III — Antipartitioning, internally limited transport

Regime I1I involves slow solute diffusion within the beacon
(D, < 1) and antipartitioning between the beacon and solu-
tion (P <« 1). The beacon diffusion timescale 7z is the slowest
among the three timescales [Eqgs. (15)-(17)] and is expected
to limit ST unloading:

tgs _ PR3/3Ds
B - Ré/Z]‘[zDB
Ts R%/T[zDS

= =_B" " ~p, 1. 26
B R§/2712DB < (26)

~ PD, <1, (25)

We therefore assume 7, ~ t5. Since the beacon antipartitions
solute, we expect Cs < Cg. Moreover, intrabeacon diffusion
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FIG. 2. Partitioning beacons, regime I: Strong partitioning and
fast internal diffusion. Concentration profiles inside (Cg) and outside
(Cs) the beacon vs radial distance from the center of the beacon
at different times. (a) In this regime, solute concentrations inside
the beacon are spatially uniform, with strong gradients outside in
solution. (b) Computed profiles (points) and approximate analyt-
ical solutions [Eqs. (23) and (24), lines] show no gradients in
solute concentration inside the beacon and steep gradients outside.
Computations performed with P = 1000 and D, = 1000. Time is
nondimensionalized by &, ~ tqs = PR3/3D5s [Eq. (17)].

is slow, which implies that almost the entire concentration
drop occurs within the beacon. Thus, solving Eq. (2) with an
approximate boundary condition Cg(Rp, t) = 0 gives

X 1y 27
CB(f,f)=—3§ ( ,IT) sin(n7 ) exp (—%’) 27)
r n

n=1

which can be simplified at long times (t > t;) by simply
retaining the slowest decaying eigenmode (n = 1) to yield

~ . 2 t
Cp(F, 1) ~ — sin w7 exp (—E) (28)

Although the solution concentration Cs is small, DP mi-
gration is driven by solute gradients in solution. Therefore,
to predict the DP velocity of particles generated by beacons
in this regime, we must determine an approximate expression
for Cs. The concentration profile outside the beacon evolves
quasisteadily as 1/r, since internal mass transport is slow. The
flux balance condition [Eq. (4)] then gives

. PD, 3C,
Cs(r, )= ——~ 2| . (29)
Fooor |
From Egs. (28) and (29), we obtain
. i
Cs(r.7) ~ 2pD, SPE2), (30)
r

Since P and D, are both small in this regime, Cg o< PD, is
even smaller. Figure 3 shows good agreement between the
approximate analytical solution [Egs. (27) and (30), lines] and
the full computed solution [points].

The DP migration velocity of
predicted [13,22] to obey

upp = DppV InCs, 3D

particles  are

where Dpp is the DP mobility of the particles. Equation (31)
implies that even when VCs is small, the DP velocity can
be appreciable if Cy is also small. Therefore, observable DP

(a (b) 1

0.8
0

t/ r§|

®
®

o+ o+
I 1
N =)
o+ e+
Il 1
- =
O
n
B,C
I o
S [e2]
Lt |
. .
A N = O

FIG. 3. Partitioning beacons, regime III: Antipartitioning and
slow internal diffusion. Concentration profiles inside (Cy) and out-
side (Cs) the beacon vs radial distance from the center of the
beacon at different times. (a) In this regime, solute concentration
drops significantly within the beacon itself, with relatively weak
gradients in solution. (b) Computations (points) and approximate
analytical solutions [Eqgs. (27) and (30), lines] show the large concen-
tration gradients within the beacon and the weak gradients outside.
Computations performed with P = 0.001 and D, = 0.001. Time is
nondimensionalized by tg ~ 13 = R% /272Dy [Eq. (15)].

colloidal migration may still be driven by SI beacons in this
regime.

3. Regime IV — Strong partitioning, slow intrabeacon diffusion

In regime IV, solute partitioning in the beacon is strong like
in regime I; however, internal diffusion is slow like in regime
II. Mass-transport limitations depend upon which process
is the slowest. A flux balance across the beacon-solution
interface reveals the timescale for SI unloading in this regime.

Under the quasi-steady-state approximation, the solute
concentration profile outside the beacon can be expressed as

Cy; Rp
Cs=—-5—" (32)
where Cj is solute concentration at the beacon interface. The
diffusive solute flux leaving the beacon,

Ci
Js = Dg—2- 33
s SPRy (33)
is balanced by a flux within the beacon,
CO _ Ci
Jp ~ Dp—E—L, (34)
Rp

where CJ) is the concentration at the center of the beacon.
Equating these two fluxes yields
PD,
. (35)

Cp~Cpl ———

B B( 1 + PD,

Balancing the loss of solute to the diffusion-limited outflux
from the beacon [Eq. (33)] gives

4 ,dC) DsCi
“aRITB v _4gR2ZSTB. 36
37 "5 PRy ()
Approximating C9 o< e~/™! leads to
R;Cy  DsCi
2= 8, (37)

3t P
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FIG. 4. Partitioning beacons, regime I'V: Strong partitioning and
slow internal diffusion. Concentration profiles inside (Cz) and out-
side (Cs) the beacon vs radial distance from the center of the beacon
at different time steps. (a) When PD, > 1, concentration profiles
resemble those of regime I (Fig. 2), where diffusion is externally
limited. (b) However, when PD, < 1, internal transport is limiting
and profiles look like those of regime III (Fig. 3). Time is scaled by
rsol = 1gs + 73. Computations in (a) performed with P = 1000 and
D, = 0.01, whereas computations in (b) performed with P = 100
and D, = 0.001. Time is nondimensionalized by tJ = PR3/3Ds +
R%/27%Dg [Eq. (18)].

which ultimately results in

>
0~ PR (4
SU~ 3D

PD,) = 105 + 8272 (38)

Two extremes of rgl then emerge from Eq. (38). Internal solute
diffusion is rate limiting when PD, < 1, in which case
PR 1 R2
0 B B
T N — — X — X 13, 39
S 3pgPD, Dy ° (39)
as in regime III. Very strong partitioning (PD, > 1), on the
other hand, gives the quasisteady timescale as in regime I,
PR},
0 B
Tg N —— = TQs- 40
S17% 3p, T s (40)
Intermediate examples (i.e., regions with PD, < 1 or PD, >
1) are shown in Fig. 4.

B. Particle velocity near beacon sources and sinks

Solute gradients can be generated in solution by both bea-
con sources that release solute and beacon sinks that absorb
solute. Because sources and sinks are governed by the same
mass-transport equations, rgl does not discriminate between
solute loading or unloading. The resulting DP velocities in
suspension, however, differ dramatically for these two situa-
tions, because DP velocities do not vary linearly in VCs but
instead scale with V In Cg.

Regime I beacons that strongly partitioned solute highlight
these differences. The concentration outside a beacon source
evolves according to [Eq. (24)]

gy — ST (1)
7
yet beacon sinks establish
o 1 -
Sk — 1 — —exp(—1). (42)
r
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FIG. 5. Diffusiophoretic velocity of particles driven by beacon
(a) sources vs (b) sinks in regime 1. (a) The SI migration driven by
sources decays like 7! [Eq. (43)]. By contrast, velocities generated
by SI sinks decay more rapidly in space (7#~2) and exponentially in
time [Eq. (45)].

The particle DP velocities driven by regime I beacon
sources and sinks can then be evaluated using Eq. (31). SI
sources drive DP velocities

1
fipp* (F) = —% (43)

whereas beacon sinks drive
exp(—7)

1-— %exp(—f)' “4)

. - 1
A (7, 1) = =
In both cases, upp is nondimensionalized by Dpp/Rjp.

One can immediately draw a striking contrast between the
upp expressions for sources [Eq. (43)] and sinks [Eq. (44)].
At large times (¢ > rSOI), SI migration around SI sinks decays
exponentially [Fig. 5(b)] via

BT > 1) = %, (45)
whereas SI interactions around SI source beacons show no
apparent temporal dependence [Fig. 5(a), Eq. (43)]. Moreover,
DP velocities for SI beacon sinks decay more quickly in space
[#72, Fig. 5(b)] than beacon sources [#~!, Fig. 5(a)].

In regime III, where mass transport is limited internally,
upp decays even faster for beacon sinks because most of the
solute concentration drops across the beacon. Thus, gradi-
ents in solution are weak while background concentrations
are high. Since upp scales as VCs/Cs, DP velocities for
such sinks become vanishingly small. On the other hand,
strong velocities can still be obtained with beacon sources in
this regime, since small gradients are accompanied by small
concentrations in solution, and ratios of VCs to Cs remain
appreciable. A greater flexibility in material selection can
hence be achieved with beacon sources (either regimes I, III
or IV), whereas materials for effective beacon sinks require
rapid internal mass transport that is only realized in regime 1.

III. SIBEACONS THAT ASSOCIATE WITH SOLUTE

The second class of beacons involves materials with high
surface-to-volume ratio that associate with particular solutes
and therefore can store solute via adsorption. These ma-
terials include polymer hydrogels [23], mesoporous silica
particles [24], and supraparticles [25]. The solute molecules
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associate with the beacon material with association constant
K; the greater the value of K, the higher the beacon’s solute
capacity.

Here we model the mass transport within these porous
beacon materials assuming linear adsorption-desorption ki-
netics, Cree <=> [k1][k_1]Cags, Where Cgee and C,qs are the
concentrations of the free (unbound) and adsorbed species,
respectively. k; and k_; are the rates of adsorption and desorp-
tion, respectively, and the association constant is defined as

K=K (46)
koy

The concentration of free and adsorbed solute species
within the beacon evolves according to

ACus _ f Coe — k\C. A7)
dt — K1l free —1Lads»
bl Cfree D free 3 Cfree
k_1Cags — k1Cree- 48
R 8r< ar ) G lt %)

The adsorbed molecules are bound to the beacon material and
hence do not diffuse, while the free solute molecules diffuse
with a diffusivity Dgee. The solute transport in solution obeys
Eq. (3). Diffusion of solute within these porous materials is
usually slower than the diffusion in bulk solution due to the
tortuous diffusion path [26,27]. To that end, and to reduce the
complexity of the design space, the ratio of free solute diffu-
sivity in the beacon and in solution is assumed to be small,

D free

S

D, =

< L (49)

The boundary conditions at the beacon-solution interface
(r = Rp) are

Cfree(RBa t) =Cs (RBv l), (50)
0Cee aC.
Driee L = S_S (51)
or g, or |g,

For a beacon source unloading solute, the following initial
conditions hold:

Ctree(r RB, t= 0) CO’ (52)

Caas(r < Rp, t =0) =KCy, (53)

while for a beacon sink loading solute, the initial conditions
are

Cfree(r < RB5 = O) = 0, (54)

Caas(r < Rp, 1 =0)=0. (55)

The initial condition for solute concentration in solution is
given by Egs. (7) and (9) for solute unloading (source) and
loading (sink), respectively. Nondimensionalizing Eqs. (47)-

(51) with Cfree - C()Cfree» Cdds = KCOCddSﬂ CS C()Cs, r=
Rp?, and t = tSIt gives
K 3Cus = .
0_# = Ciree — Cadss (56)
‘L'SIk] ot
R%; ac~‘free =0 X kl Mg =
— =V free T (Cads Cfree)’ (57)
‘[SIDfree ot free

Cfree(]s f):CS(lvf)» (58)
Dfree aC‘fjee — 3_6:5 (59)
Dgs o7 |; o7

Two nondimensional design parameters emerge: (i) the asso-
ciation constant K, and (ii) the Damkohler number,
2
Da = kl—RB, (60)
Dfree
which expresses the relative rates of solute adsorption k; and
diffusion Dy;ee / RIZ;.

Three timescales (t&) are relevant in these systems:

(i) An effective diffusion timescale 75, required for so-
lute profiles inside the beacon to reach steady state when
adsorption-desorption equilibration is rapid, such that C,gs =
KCiee. Adding Eqs. (47) and (48), and using this equilibrium

condition reveals
ac ree D ree 1 8 3C ree
OCfree i ( 2 8_f > (61)
-

9t 1+ Kr2ar

which implies that solute diffuses within the beacon with an
effective diffusion coefficient [28]:

Dfree
Degr =

(62)

The effective diffusion timescale 75" is therefore given by:

off _ R; _ Rz(1 +K)
B 2772Deff 2772Dfree

=1 +K)g. (63)

(ii) The adsorption timescale t,qs, required for free solute
molecules to adsorb onto the beacon:

1

E; (64)

Tads =
(iii) The desorption time tg4e, required for the adsorbed
solute species to desorb from the beacon:

Tdes = ki_l (65)

Since solute diffusion in the bulk is considered to be fast

compared to diffusion and desorption of solute within the

beacon, we do not include the solution diffusion timescale,

75 = R%/7Ds, in our analysis. We expect the longest of the

three timescales [Eqs. (63)—(65)] to limit the dynamics of
solute transport and therefore to set 'Cé)l.

A. SI dynamic regimes: Associating beacons

We calculate the SI unloading time tg; for an associating
beacon source that unloads solute as a function of the as-
sociation constant K [Eq. (46)] and the Damkdhler number
Da [Eq. (60)]. Four distinct regimes for mass transport nat-
urally emerge, with qualitatively distinct transport properties
as shown in Fig. 6(a). Most promising for sustained solute
release are beacons that strongly associate with solute (K >
1), for which solute diffusion may be slow (regime I, Da >> 1)
or fast (regime IV, Da « 1). Although weakly associating

052603-6



DESIGN STRATEGIES FOR ENGINEERING ...

PHYSICAL REVIEW E 100, 052603 (2019)

log,(7s1) 3 Ts1/781
10 (b) 2
Regime II: 2 7_0 B M 1.0
Weak Association SI— "or2p
Slow Diffusion : — a free
1 5 a; I 0.8
= v/ o
e 0 20
Weak Association t o) 1
Fast Diffusion — - 0.4
k_1
: -5 0.2
3 2 3

FIG. 6. SItime, 75, required for an associating beacon to unload
solute as a function of the association constant, K [Eq. (46)] and the
Damkohler number Da [Eq. (60)]. (a) Computed SI times required
for beacon to unload 63% (1-1/e) of its maximum initial concentra-
tion. Parameter space naturally divides into four qualitatively distinct
solute transport regimes. (b) Scaling tg; in (a) by the combined
SI timescale ©9 = Tes + 75" [Eq. (66)] collapses all data except in
regime III, which holds no interest for SI systems.

beacons may not seem promising for sustained solute fluxes,
long t5; may also be achieved when intrabeacon diffusion is
slow (regime II, Da >> 1). Regime III corresponds to weakly
associating beacons (K < 1), for which solute diffusion is
fast, giving beacons with low solute capacity. We therefore
omit them from further consideration.

In each of these regimes, the longest of the three timescales
rgff [Eq. (63)], Tads [Eq. (64)], and 74es [Eq. (65)] should gov-
ern the rate of solute transport. However, since SI unloading
in the regimes considered here is either limited by internal
diffusion or solute desorption from the beacon, and never by
solute adsorption, we combine Egs. (63) and (65) to obtain a
general expression for the longest SI unloading timescale:

R2(1+K)

—_— 66
2 szree (66)

Tgl = Tges + Tgff = L
k_
Scaling 7g1 in Fig. 6(a) by this combined timescale collapses
all data, except in regime III, as shown in Fig. 6(b).

In what follows, we derive approximate solute concentra-
tion profiles in the various regimes, with results summarized
in Table II.

1. Regimes I and II: Intrabeacon solute diffusion slower than
adsorption-desorption kinetics

Regimes I and II correspond to slow intrabeacon diffusion
relative to adsorption-desorption. The Damkohler number is
large in these systems (Da > 1), and the effective diffusion

timescale [Eq. (63)] is much greater than the adsorption
[Eq. (64)] and desorption [Eq. (65)] timescales,

% _ R+ K)/27" D Dal+K) (o
Tes 1/k_y K ’

eff R2 1 K)/2 2Dr
B _ KUK Diee ik 1L (68)
Tads 1/kl

We therefore expect 75" to limit the dynamics of SI unload-
ing and assume 9 ~ 5. Since mass transport is diffusion
limited, adsorption-desorption is in quasiequilibrium in these
regimes, i.e., Cas = Chiee. Moreover, the rate-limiting process
of intrabeacon diffusion suggests that almost all concentration
drops within the beacon. We therefore impose Cee, Cags = 0
at the beacon boundary (r = Rp), in which case Cpree and Cigs
are given by

CN‘free - Cads = C‘lotal(’7 s r )
2 e [(=1) ’f
= Z <( ) > sin(nm7) exp <_n_> (69)
o nmw 2

Ciotal 18 the total beacon solute concentration, Ciga) = Cree +
Cags, Which is normalized by Cy + KC to give

(70)

Equation (69) can be further simplified at long times by
keeping the slowest decaying eigenmode (n = 1) to obtain

~ ~ ~ ~ 2 t
Ciree = Cads = Ciotal (7, 1) & — sinm ¥ exp <__>' (71)
7 2

Although solute concentration in solution Cg is small,
because most of the concentration drops within the beacon,
an approximate expression for Cy is required to predict DP
velocity of particles. We therefore estimate Cg by assuming
quasisteady decay and balancing the diffusive solute flux
across the beacon interface (r = Rg) according to Eq. (51) to
obtain

exp(—7/2)

Cs(F, ) ~ 2D, (72)

Figure 7 compares the full computed concentration profiles
(points) with the approximate analytical solutions [Egs. (69)
and (72), lines].

2. Regime IV: Strong association, desorption-limited transport

Regime IV involves strongly associating beacons (K > 1),
for which intrabeacon diffusion is fast relative to adsorption-

TABLE II. Design summary of SI beacons that associate with solutes.

Regime Condition T Ciree Cags Cootal Cs
1& 11 Dulik) s, e 2 sin(7)e /2 Cee Cire 2D, <L
[Eq. (67)] [Eq. (63)] [Eq. (7TD)] [Eq. (72)]
Da(1+K) ~ i ~ D,Da e7
v R =t ~0 e’ Caas e
[Eq. (73)] [Eq. (65)] [Eq. (75)] [Eq. (77)]
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FIG. 7. Associating beacons, regimes I and II: Internal solute diffusion is slower than adsorption-desorption kinetics. Concentration profiles
inside (Co1) and outside (Cs) the beacon vs radial distance from the center of the beacon at different time steps. (a) In these regimes, solute
concentration drops significantly within the beacon itself, with relatively weak gradients in solution. (b), (c) Concentration profiles computed
numerically (points) and analytical approximations [Egs. (69) and (72), lines] show the strong gradients within the beacon and weak gradients
outside in regimes I and II, respectively. Computations in (b) performed with K = 100, Da = 100, and D, = 0.01, while computations in
(c) performed with K = 0.01, Da = 1000, and D, = 0.01. Time is nondimensionalized by tg; ~ rgff = Ré(l + K) /27Dy [Eq. (63)].

desorption (Da <« 1). In this regime, the solute desorption
timescale is rate limiting:
iff _ R3(1+K)/27*Dgee _ Da(l 4 K) <
Tdes B 1/k_ K
Tads _ 1/kl 1

_ Mk 1y 74)
e 1k, K (

I, (73)

and therefore we assume rgl ~ T4es- Rapid solute diffusion
renders concentration profiles inside the beacon to be spatially
uniform, Gy (7, ) ~ Ciora (). In fact, Cgee ~ 0 in this regime,
since any solute molecule that desorbs from the beacon mate-
rial quickly diffuses away. Equation (47) then gives

CM‘ads(f) = Ctotal(f) = eXP(—f)~ (75)

Since solute transport is limited by internal desorption,
solution concentration profiles Cs outside the beacon evolve
quasisteadily. Balancing the diffusive outflux to the loss of
solute from the beacon gives

aC. 9 (ke
ArRADs—| = — / A7 r* Coqal (r, )d'r, (76)
Br Ry 8t 0
from which
- D,Da exp(—7
Cy = _& (77)

3 7
Figure 8 compares the approximate analytical solutions
[Egs. (75) and (77), lines] with numerical computations
(points).

IV. EXPERIMENTAL REALIZATIONS

Any SI application requires beacons to sustain solute
fluxes. In the discussions above, we examined two classes of
beacon materials that achieve such sustained release, either
through solute partitioning or association. While theoretical
analysis and numerical computations enabled prediction of
the range and duration of SI migration, we now turn to
experimental realizations of these systems.

Our previous demonstration of the SI effect used SI beacon
sources made out of polyethylene-glycol diacrylate (PEG-
DA) to sustain sodium dodecyl sulfate (SDS) gradients and

drive SI particle migration over tens of minutes (Fig. 9) [5].
Although we couched the hydrogel as a partitioning beacon,
it is more appropriate to use the adsorption-desorption model
presented here in Sec. IIl. In fact, PEG-DA hydrogels are
known to strongly associate with SDS (K > 1) [29] as well as
retard internal diffusion of SDS molecules (Da > 1), thereby
placing this system in regime I of the parameter map shown
in Fig. 6. The solution concentration profile Cs [Eq. (72)]
exhibits the same 1/r quasisteady decay in position and ex-
ponential decay in time as for partitioning beacons [Eq. (24)].
We therefore expect SI velocities driven by associating and
partitioning beacon sources in regime I to behave in a similar
manner [Eq. (43)].

Note, however, that Eq. (43) is valid only for DP veloc-
ities generated by three-dimensional (3D), spherical beacon
sources. By contrast, the experiment shown in Fig. 9(a) is
2D in nature, with DP migration driven by a cylindrical

=
@ t=0 t=0.1 ®) Leesoo!
|
. @ 0.8 | e
©n 1 0
~ ZD (-
Cs| =06 .04
- = 2 [ 0.5
t=05 t=1 0.4
@) | 1
@O |
|
I
O et fovewofee o}
0 2 4 6 8 10

FIG. 8. Associating beacons, regime IV: Fast internal diffusion,
mass transport is solute desorption limited. Concentration profiles
inside (Cio) and outside (Cs) the beacon vs radial distance from
the center of the beacon at different times. (a) In regime IV, solute
concentration profiles are spatially uniform within the beacon, while
concentrations outside in solution are small. (b) Profiles calcu-
lated numerically (points) and analytical approximations [Egs. (75)
and (77), lines] show the spatially uniform nature of the concentra-
tions inside and small concentrations outside the beacon. Computa-
tions performed with K = 1000, Da = 0.01, and D, = 0.01. Time is
nondimensionalized by & & t4es = 1/k_; [Eq. (65)].
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FIG. 9. DP migration of colloids driven by an SI source. (a) A
PEG-DA beacon source that strongly associates with SDS, estab-
lishes an SDS gradient, and induces DP migration of neighboring
colloids. Negatively charged polystyrene particles move down the
SDS gradient, away from the source. (b) Comparing the experimen-
tally measured velocities to the DP migration velocity computed
using Eq. (31) in polar coordinates shows good agreement. Since
the DP mobility of colloids is not known a priori, measured and
computed velocities are normalized by the maximum measured and
computed values, respectively, to enable direct comparison. Inset
shows the raw experimentally tracked particle velocities. Data for
(b) is adapted from [5].

beacon post. We therefore do not expect DP velocities in this
case to be independent of time and evolve as 1/r according
to Eq. (43). Nevertheless, velocities can be predicted using
upp x VInCs [Eq. (31)] in polar coordinates, predictions
from which agree well with previously published measure-
ments [5], adapted in Fig. 9(b).

Figure 10 shows an SI beacon that partitions solute instead
of associating with the solute. Here, octanol serves as the
beacon phase and partitions butanol, with an octanol-water
partition coefficient Py, &~ 8 [20]. The beacon therefore es-
tablishes long-lasting butanol gradients, driving long-range
migration of decane drops over tens of minutes.

Rather than DP, decane drops migrate in butanol gradients
via soluto-capillary migration [17]. Butanol reduces the sur-
face tension of the suspended oil drops in water. Therefore,
the side of the oil drop directly facing the butanol source has
a lower surface tension than the side facing away from the
source. The surface tension gradient along the droplet surface
drives a Marangoni flow towards the high-surface-tension
side, which in turn propels the drop to move in the opposite
direction. Oil drops thus migrate up butanol gradients, i.e.,
towards beacon sources [Fig. 10(a)], or away from beacon
sinks [Fig. 10(c)].

Soluto-capillary migration velocities (usc) scale with
VCs [17] instead of the VInCs in DP. We therefore use
usc = DscVCs to model the velocities observed in Figs. 10(a)
and 10(c). Assuming Dgc to be a constant that does not depend
on Cy and normalizing all data by the maximum measured and
computed values reveals good agreement between the mea-
sured and computed velocities, for both the source [Fig. 10(b)]
and the sink [Fig. 10(d)].

Although soluto-capillary velocity profiles driven by SI
source and sink beacons look quite similar (Fig. 10), DP ve-
locity profiles do not, as noted in Sec. II B [Egs. (43) and (44)].
Figure 11(a) shows a PEG-DA beacon sink absorbing SDS
from solution, yet suspended particles exhibit no observable
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FIG. 10. Soluto-capillary migration of decane drops driven by an
octanol beacon that partitions butanol. (a) A beacon source unloads
butanol and attracts decane drops. (b) Migration velocities (usc)
follow a VCs scaling, predictions from which (lines) agree well with
experimentally measured data (points). The measured and computed
velocities are normalized by the maximum measured and computed
values, respectively, to facilitate direct comparison between the
two. Inset shows the raw experimentally tracked particle velocities.
(c) Decane drops are repelled by a beacon sink that absorbs butanol
from solution. (d) Points represent the measured velocities, while
lines show computations based on usc x VCs scaling. Inset shows
the raw experimental data.

DP migration, in striking contrast to the long-range migration
driven by source beacons that emit SDS (Fig. 9).

Figures 9-11 highlight important distinctions between
drops driven by soluto-capillary migration and particles driven
by DP. Soluto-capillary velocities depend on VCs, whereas

FIG. 11. Ineffective SI strategies: high background concentra-
tions suppress DP migration. (a) A PEG-DA beacon sink absorbing
SDS shows no observable SI particle migration. (b) A PEG-DA
beacon source unloading SDS into a 20-mM salt solution also fails to
induce colloidal motion. In both cases, the absence of any detectable
particle migration is evidenced by the streak lines that show only
thermal fluctuations.
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DP velocities scale with VCs/Cs. Thus, high background
solute concentrations typically give weak DP velocities, as
seen for SI sinks.

In fact, high background concentrations can also sup-
press SI migration driven by beacon sources. For example,
Fig. 11(b) shows a PEG-DA beacon source unloading SDS
into a 20-mM NaCl solution. Although negatively charged
polystyrene (PS) particles are expected to migrate away from
SDS sources, as in Fig. 9 [5,30], the added background salt
suppresses the DP migration. Therefore, while long SI times
Tg1 are necessary for effective SI interactions over sustained
durations, appreciable DP mobilities are also required.

Our experimental systems naturally introduce additional
surfaces—the top and bottom of each microfluidic device—
potentially complicating the results beyond the difference be-
tween the 2D cylindrical SI beacon posts studied experimen-
tally and the 3D spherical beacons studied computationally.
In addition to driving suspended particles diffusiophoretically,
SI solute fluxes also drive diffusio-osmotic flows along the
top and bottom surfaces of the device, as reported by Ibele
et al. [31], Niu et al. [10,32], and Palacci et al. [33]. In
the present experiments, however, this diffusio-osmotic flow
is radially symmetric and directed towards or away from
the cylindrical beacon, depending on the properties of those
surfaces. Simple mass conservation does not allow any depth-
averaged fluid flow in the radial direction, meaning that
diffusio-osmotic flows do not affect depth-averaged particle
trajectories. The experiments described here were designed to
be very shallow (~60-um-tall channels) specifically to ensure
that our microscopy effectively collected particles throughout
the entire channel depth.

Based on the arguments presented here, we further envision
freely suspended SI beacons that not only generate solute gra-
dients but that may also migrate in response to solute fluxes,
suggesting new possibilities for active matter [10,32,34-36].
For small, freely suspended beacons, however, one might
expect t&, which typically scales as R2, to be small and hence
SI effects to decay quickly. To design such systems and tackle
this size limitation on TSOI’ we predict the ideal beacon to be
the one that strongly associates with solute and belongs to
regime IV in the parameter map (Fig. 6). Our results suggest
that solute outflux time in this regime should be limited only
by the rate of solute desorption from the beacon surface and
therefore be independent of the beacon size.

V. CONCLUSION

Selecting an appropriate beacon-solute combination is crit-
ical for designing soluto-inertial suspension interactions that
extend over long range and that last for sustained durations.
Here, we carefully examined the design space for two such
beacon material choices: beacons that partition solute or
that associate with solute. By mapping parameter space, we
identified the limiting mass-transport processes in the distinct
regimes from which we derived simple analytical expressions
for the evolution of solute concentration profiles in solution.
These expressions led to intuitive yet predictive approxima-
tions for the diffusiophoretic velocity profiles of particles
driven by such beacons. The strategy outlined here yields a
general framework that will allow users to navigate parameter

space for particular systems of interest and therefore to select
appropriate materials to design these interactions.
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APPENDIX: MATERIALS AND METHODS
1. coMSOL modeling

The transport of diluted species module in COMSOL MUL-
TIPHYSICS is used to numerically solve the solute mass con-
servation equations. The equations are converted from a 3D
coordinate system to a one-dimensional (1D) coordinate sys-
tem via the following transformation:

-~

C,' = rC,~, (A])
where C; = Cp, Cs. The conservation equation for a,
oC; D, o aC;
=D (), (A2)
ot r2 or ar
then becomes
86’,- =D 826‘,» (A3)
ar a2’
A similar transformation for C,gs and Cye. gives
dc, . -
*® = k1Criee — k-1Cuas. (Ad)
dt
el 6free ad 2 6free o~ -~
= Tee +k_ Cas_kcrem A5
Y free 3 1Cags — k1 Gy (AS)

where @ds = rCygs and aree = rCree-

Transforming the variables in this manner and using the 1D
solver on COMSOL enables finer mesh resolution, improving
accuracy of the results, and reducing the computation time.
The parametric sweep option in COMSOL is used to perform
computations for several permutations and combinations of
the design parameters. Results from computations are ex-
ported in matrix form and postprocessed, analyzed, and plot-
ted on MATHEMATICA.

2. Experiments

Microfluidic devices for SI experiments are prepared as de-
scribed previously [5], although partitioning beacons (octanol,
Sigma Aldrich) are held in place differently than adsorbing
beacons (PEG-DA). PEG-DA beacons are photopolymerized
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FIG. 12. Octanol beacons are held in place within a microfluidic
channel by four hydrophobic gel posts surrounded by water.

in situ from precursor solution, as described in detail previ-
ously [5]. The octanol beacon, on the other hand, is trapped
in the channel using four hydrophobic gel posts (Fig. 12). The
posts are fabricated from a 95% vol/vol polymer (trimethylol-
propane triacrylate, Polysciences) and 5% vol/vol photoinitia-
tor (2-hydroxy-2-methylpropiophenone, Sigma Aldrich) pre-
cursor solution via the projection lithography technique used
previously to fabricate the PEG-DA beacons [5]. Octanol is
presaturated overnight with deionized (DI) water and then
flowed into the channel. Octanol is subsequently driven out

of the channel using pressurized air, leaving an octanol drop
trapped between the four hydrophobic posts. This trapped
octanol then serves as the beacon.

The SI source beacons are loaded with butanol by filling
channels with 0.5 M butanol (Sigma Aldrich) solution in
DI water, which is left in contact with the octanol beacon
for 20 min. SI experiments are initiated by introducing a
suspension of surfactant-free decane drops (2% vol/vol in DI
water, Sigma Aldrich). The flow is then stopped and the image
series is recorded (Andor iXon 885 fluorescence camera) with
a4x objective at 1 frame per second with an exposure time of
0.1s.

SI sink experiments are performed by preparing an
“empty” octanol beacon and then injecting a suspension of
decane drops dispersed in 0.5 M butanol solution in DI water.
The flow is then stopped, and the image series is recorded. The
recorded images are subsequently imported in R program-
ming language and analyzed via the same particle tracking
routine used in our previous work [5] to obtain the particle
velocity profiles.

The PEG-DA beacon in Fig. 11(a) for SI sink experi-
ments is fabricated following the same protocol as before [5].
5 mM SDS solution in DI water with 0.25% vol/vol neg-
atively charged, sulfonated PS particles (1 um diameter,
FSO03F; Bangs Laboratories) is injected into the device, and
then flow is stopped. Images are recorded at 1 frame per
second with 0.1 s exposure time. The PEG-DA beacon source
in Fig. 11(b), on the other hand, is first loaded with 5 mM
SDS solution in DI water for 20 min. The SDS solution is
then displaced by the PS particles dispersed in 20 mM NaCl
solution, after which flow is stopped and the image series
recorded.
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