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Abstract We present a new method for performing passive
probe microrheology. Using a simple theoretical frame-
work, we show how probes’ mean-squared displacements
can be extracted by analyzing intensity fluctuations in opti-
cal microscopy videos via differential dynamic microscopy
(DDM). Applying the method to optically dilute probes in
Newtonian and viscoelastic fluids quantitatively reproduces
mean-squared displacements extracted from multiple parti-
cle tracking (MPT), and exposes the relative strengths and
weakness of DDM. Furthermore, DDM can be used to mea-
sure the mean-squared displcement in optically dense fluids
where MPT fails, demonstrating that DDM can extend the
range of microrheology experiments while circumventing
many of the drawbacks of MPT.

Keywords Microrheology · Viscoelasticity · Differential
dynamic microscopy ·Mean squared displacement

Introduction

The mechanical properties of soft materials are typically
measured with macroscopic rheometers. However, recent
decades have seen the development of microrheology, which
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has enabled deeper characterization of the mechanics and
microdynamics of fluids with measurement of smaller sam-
ple volumes, weaker moduli, and extended frequency ranges
(Furst and Squires 2017). Specifically, passive microrheol-
ogy characterizes the linear rheological properties of soft
materials by measuring the Brownian motion of embed-
ded colloidal probes. Thermally fluctuating probes stress the
material, and the material’s frequency-dependent mechani-
cal response can be characterized by measuring the probes’
collective mean-squared displacement

〈
!r2

〉
over a lag time

!t .
Multiple particle tracking (MPT) is the conventional tool

for acquiring probe microrheology data, in which parti-
cles are imaged using video microscopy, and

〈
!r2(!t)

〉
is

extracted by identifying particle positions based on their
intensity profile and linking them to generate trajectories
(Crocker and Grier 1996; Mason et al. 1997; Squires and
Mason 2010). While used extensively, MPT is limited to
optically dilute materials, and requires probe particles with
known intensity profiles. Additionally, MPT requires sev-
eral user inputs that must be adjusted for each experiment,
including intensity profile thresholds and widths, maximum
displacements, and the number of frames a probe can skip in
a long trajectory before it is declared a different probe. Spe-
cific choices for these inputs impact measurement accuracy
in a non-obvious way. Even with judiciously chosen inputs,
MPT discards a significant fraction of particles that do not
meet these criteria that would otherwise contribute to the
ensemble. Overcoming these limitations could dramatically
expand the range of fluids accessible to passive microrhe-
ology, and circumvent the need to tailor fluids toward these
measurements.

Here,we show that differential dynamicmicroscopy (DDM)
can be used to extract

〈
!r2(!t)

〉
and linear viscoelastic

material functions from passive probe video microscopy.
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DDM does not require these user inputs and therefore
overcomes limitations of MPT. We show how the self-
intermediate scattering function obtained by DDM can be
inverted to obtain

〈
!r2(!t)

〉
over length and time scales

comparable to MPT. We then use DDM to perform passive
microrheology of Newtonian fluids, viscoelastic wormlike
micelles, and cross-linked polymer solutions and gels.
These examples include cases where DDM is more robust
than MPT and provides better measures of ensemble statis-
tics, and thus reveal DDM to be a powerful, complementary
and accessible tool for microrheology.

Theory

Differential dynamic microscopy measures the ensemble
dynamics of complex fluids by reconstructing dynamic scat-
tering patterns from video microscopy (Cerbino and Trappe
2008; Giavazzi and Cerbino 2014). The Fourier-based tech-
nique has been applied in a range of imaging systems,
including bright-field (Ferri et al. 2011; He et al. 2012;
Dienerowitz et al. 2013; Gao et al. 2015), fluorescence (He
et al. 2012), confocal (Lu et al. 2012), polarized (Giavazzi
et al. 2014), phase-contrast (Wilson et al. 2011; Martinez
et al. 2012; Reufer et al. 2012) and dark-field (Bayles et al.
2016), making it ideally suited to characterize a broad range
of complex fluids. Notable DDM studies have characterized
the dynamics of concentrated colloidal dispersions and gels
(Ferri et al. 2011; Lu et al. 2012; Gao et al. 2015), active
suspensions (Wilson et al. 2011; Lu et al. 2012; Colin et al.
2014; Martinez et al. 2012), and liquid crystals (Giavazzi
et al. 2014).

DDM is performed by computing the change in intensity
of each pixel I (x, t) between two micrographs separated by
a lag time !t . The 2D Fourier transform of the difference
image !Î (q,!t) with the wavevector q is a convolution of
the optical representation of scattering objects and the dis-
placement of their scattering centers over !t . These two
contributions can be decoupled by analyzing the expecta-
tion value of the Fourier power spectrum of the difference
images (Cerbino and Trappe 2008)

D(q,!t) =
〈
|!Î (q,!t)|2

〉
. (1)

As described previously, D(q,!t) contains the same auto-
correlation function measured in dynamic light scattering
(Giavazzi et al. 2009). Traditionally, DDM analysis involves
fitting this autocorrelation function to known models of par-
ticle motion assumed a priori (Wilson et al. 2011; Ferri
et al. 2011; Giavazzi et al. 2016). Instead, we show how
to extract the 2D

〈
!r2(!t)

〉
from D(q,!t) without enforc-

ing particular functional forms. Although this approach has

been anticipated previously (Giavazzi et al. 2009), to our
knowledge it has not yet been demonstrated in experiments.

Consider a series of 2D micrographs of a sample contain-
ing N probes in motion. We will assume that the probes are
relatively dilute, such that the intensity profile of one probe
is insensitive to the locations of other probes. Furthermore,
we will assume that the illumination and imaging optics are
linear space invariant, i.e., the intensity profile is invariant
to linear transforms of the image (Bayles et al. 2016). Under
these assumptions, the intensity profile of a probe does not
vary at different locations within the imaging plane, and the
total micrograph intensity I (x, t) can be written as

I (x, t) =
N∑

i=1

Ii(r − ri (t))+ IB(x, t), (2)

where ri is the position of probe i, IB(x, t) is the back-
ground intensity, and Ii is the generic probe intensity
profile. Substituting Eq. 2 into Eq. 1 and simplifying gives

D(q,!t) = 2
∣∣∣Î (q)

∣∣∣
2
NF(q, 0)

× [1 − F(q,!t)/F (q, 0)]

+
〈∣∣∣!ÎB(q,!t)

∣∣∣
2
〉
,

where F(q,!t) is the intermediate scattering function (ISF).
The ISF is the spatial Fourier transform of the van Hove cor-
relation function, which quantifies the probability of finding
a probe at position r at t + !t given there is a probe at
the origin at t . The ISF can be divided into self and distinct
contributions, F(q,!t) = Fs(q,!t)+ Fd(q,!t) or

Fs(q,!t) =
〈
e−iq·(ri (t+!t)−ri (t))

〉
(3)

Fd(q,!t) =
〈

N∑

i #=j

e−iq·(ri (t+!t)−rj (t))

〉

. (4)

The self-ISF (SISF) reflects the probability that the probe
at the origin has moved to r, and the distinct-ISF prob-
ability that a different probe has moved to r. We note
that F(q, 0) is the static structure function, S(q) = 1 +
Fd(q, 0). The distinct ISF vanishes for hydrodynamically
dilute, non-interacting scatterers (as is the case for tradi-
tional microrheology experiments), so that S(q) = 1 and
F(q,!t) = Fs(q,!t).

The self-ISF Fs(q,!t) encodes the distribution of displa-
cements across an ensemble of probes. This distribution has
been shown to be exactly Gaussian in special cases, including
harmonic solids, ideal gasses, and systems governed by
Langevin’s equation (Rahman et al. 1962). The distribution
of displacements is not necessarily Gaussian in systems
where there is spatial and dynamic heterogeneity as in gels
(Valentine et al. 2001) and glasses (Weeks et al. 2000).
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A more general distribution is captured by expanding
Fs(q,!t) as Nijboer and Rahman (1966)

Fs(q,!t) = e
−q2

〈
!r2(!t)

〉

4

[

1+ α2q
4 〈

!r2(!t)
〉2

32
+ ...

]

,

(5)

where the first order non-Gaussian parameter
α2 =

(
d

〈
!r4(!t)

〉)
/
(
(d + 2)

〈
!r2(!t)

〉2) − 1 (d is
the dimensionality) measures heterogeneity (Weeks et al.
2000).

In principle, a closure approximation is required to com-
pute the higher order terms in Eq. 5 to solve for

〈
!r2(!t)

〉

and higher-order moments of the displacement distribution,
including α2. However, with a sufficiently large sample
of displacements in a homogeneous ensemble, the distri-
bution of thermally driven displacements is expected to
be Gaussian, and higher order moments of Eq. 5 can be
neglected, i.e. α2 = 0. Substituting Eq. 5 into the dilute,
non-interacting version of Eq. 3 allows us to solve for〈
!r2(!t)

〉
directly

〈
!r2(!t)

〉
= 4

q2
ln

[
A(q)

A(q) − D(q,!t)+ B(q)

]
, (6)

where A(q) = 2
∣∣∣Î (q)

∣∣∣
2
N and B(q) =

〈∣∣∣!ÎB(q,!t)
∣∣∣
2
〉
.

Direct measures of A(q), the Fourier transformed probe
intensity profile, and B(q), the incoherent background, are
not required to measure

〈
!r2(!t)

〉
; they can be fit from the

D(q,!t) signal.
We now outline how to obtain

〈
!r2(!t)

〉
from measured

D(q,!t) using Eq. 6. Figure 1 depicts D(q,!t) measured
for dilute Au nanoparticles (AuNPs) dispersed in a New-
tonian sucrose solution. From Eq. 3, it is evident that as
!t → 0, D(q,!t) → B(q). We find that B(q) is well
approximated bymin[D(q,!tmin)] provided that the frame
rate is sufficiently small and that the background noise
is uncorrelated. Though this approximation overestimates
B(q), the uncertainty in A(q) dominates uncertainty in the
MSD. As !t → ∞, D(q,!t → ∞) → A(q) + B(q);
thus, A(q) can be extracted from the long !t plateau. To
ensure that D(q,!t) values at high q and long !t are
not used to calculate large displacements, we truncate the
calculation of

〈
!r2(!t)

〉
at !t where D(q,!t) exceeds

80% of A(q) + B(q). Additionally, we exclude curves for
which D(q,!t) does not approach and sustain an appre-
ciable plateau. Excluded data typically correspond to low-q
regions (large displacements) where the video is too short to
adequately sampleD(q,!t), or high-q regions where video
frame rate and out-of-plane intensity fluctuations introduce
errors. Criteria for excluding q on the basis of standard

Fig. 1 Measuring
〈
!r2(!t)

〉
using DDM. a Radial average of

D(q,!t) of AuNPs in 50wt% sucrose solution.B(q) andA(q)+B(q)
are obtained from short and long !t limits of D(q,!t). b

〈
!r2(!t)

〉

is calculated using Eq. 6. Colors illustrate short !t truncation of〈
!r2(!t)

〉
at high q. Error bars demark propagated error from A(q)

calculation; the majority of error bars are smaller than the markers

deviation in the plateau is given in the SI. The statistical tol-
erance for accepting A(q) is the only user input in DDM
analysis.

Results and discussion

Having established this basic framework, we now demon-
strate its utility for microrheology using three canoni-
cal soft material systems: AuNPs dispersed in Newtonian
sucrose solutions, polystyrene particles dispersed in worm-
like micelle solutions, and polystyrene particles dispersed
in polyacrylamide gels. In each example, we calculate
D(q,!t) using the Matlab software package DDMCalc
described in Bayles et al. (2016).

Newtonian Au nanoparticle dispersions

To demonstrate the accuracy of DDM in measuring〈
!r2(!t)

〉
, we prepared dispersions of AuNPs of diame-

ter 2a = 100 nm in 30, 40 and 50wt% aqueous sucrose
solutions, and recorded their Brownian motion using dark-
field microscopy (see Bayles et al. (2016) for experimental
details). At low concentrations (volume fraction φ = 5 ×
10−8), the dispersions are dilute in both hydrodynamical
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Fig. 2 AuNP
〈
!r2(!t)

〉
measured using DDM (open symbols) agree

well with those measured using MPT (filled symbols) in optically
dilute AuNP dispersions (micrograph pictured in inset a). In optically
dense dispersions (inset b), DDM can be used to measure

〈
!r2(!t)

〉

where MPT fails. Solid line indicates fit (which accounts for static and
dynamic tracking error) used to obtain AuNP self-diffusivity Dself .
Error bars indicate the standard deviation of

〈
!r2(!t)

〉
calculated for

each !t across accepted q values

and optical senses: particle intensity profiles are isolated
enough for traditional MPT to be performed (see micro-
graph in Fig. 2a). In MPT, static and dynamic particle
tracking errors are accounted for during

〈
!r2(!t)

〉
fitting,

as suggested in Fig. 2 and described in detail in Bayles et al.
(2016). In DDM, the contribution of static error (incoherent
image intensity fluctuations) to the MSD is accounted for by
B(q). Dynamic error is manifest in the probe intensity pro-
file encoded in A(q), although its exact contribution to the
MSD requires further analysis. Nevertheless, mean-squared
displacements extracted from videos using both DDM and
MPT algorithms show excellent agreement.

In contrast, MPT is generally impossible in optically
dense suspensions, whereas DDM retains accuracy. This
is evident in a suspension of 100 nm AuNPs dispersed in
50 wt% aqueous sucrose solutions at φ = 3× 10−5. At this
volume fraction, probes are hydrodynamically dilute, yet
their particle intensity profiles overlap significantly across
the image (Fig. 2b). While MPT fails in these suspen-
sions, DDM continues to successfully extract

〈
!r2(!t)

〉
. As

expected for a purely viscous solution, measured
〈
!r2(!t)

〉

scales linearly with !t , and the sucrose solution viscosity
can be accurately measured via the probe self-diffusivity.

We note that in optically dilute experiments, MPT can
be used to measure

〈
!r2(!t)

〉
for lag times up to the entire

length of the video. However, these values are typically
averaged from such small ensembles (< 1000 displace-
ments) that they are statistically dubious, as evidenced by
the scatter of the values. These displacements are usually

excluded when fitting
〈
!r2(!t)

〉
to measure fluid proper-

ties. In the model-free method of DDM analysis presented
here, including only q values that decorrelate over the
course of the experiment effectively excludes large displace-
ments that are statistically indeterminate. In principle, this
statistical limit could be circumvented and

〈
!r2(!t)

〉
mea-

sured by assuming a functional form for the ISF, and fitting
D(q,!t). This, however, would require a priori knowledge
of the viscoeastic properties of the material being character-
ized, which highlights the need for a model-free approach
as illustrated in the following example.

Viscoelastic wormlike micelles

A wormlike micelle solution (12.5 mM sodium salicy-
late (NaSal) and 15 mM cetylpyridinium chloride (CPyCl))
forms an entangled network with an average mesh size of
∼ 300 nm based on the plateau modulus (Rehage and Hoff-
mann 1991). Polystyrene probes of diameter 2a = 860 nm
were dispersed in the solution at an optically dilute φ =
3 × 10−4, the solution was sealed in capillary tubes, and
probe motion was imaged using fluorescent microscopy
on a temperature-controlled stage. A CCD Andor CLARA
camera was used to acquire 512x512 pixel videos at 10 Hz
with an exposure time of 40 ms.

Figure 3a shows the mean-squared displacement of probe
particles in the WLM solution. As with the viscous sucrose
solutions, DDM and MPT show excellent agreement in
their measured

〈
!r2(!t)

〉
. DDM measurements show less

noise in
〈
!r2(!t)

〉
for long !t . Because DDM retains all

dynamic information encoded in the video images, statis-
tics are improved. Unlike MPT, no probe displacements are
rejected in DDM, causing more displacements to contribute
to the ensemble, and ultimately yielding higher precision.

In various forms of microrheology, viscoelastic moduli
can be determined from the SISF (Dasgupta et al. 2002;
Papagiannopoulos et al. 2005) or from the probe

〈
!r2(!t)

〉
.

The Generalized Stokes-Einstein relation relates the com-
plex shear modulus G∗(ω) to

〈
!r2(!t)

〉

G∗(ω) = 2kBT
3πaiωF

[〈
!r2(!t)

〉] . (7)

The mean-square displacement exhibits a power law depen-
dence on lag time,

〈
!r2(!t)

〉
∼ !tα , where the !t

dependence of the logaritmic slope α reflects the frequency
dependent moduli of the fluid. At short!t , α < 0.5, reflect-
ing the elastic response of the micelles at high ω. At long
!t , α approaches unity, reflecting the viscous domination at
low ω. Figure 3b shows the agreement between moduli mea-
sured by MPT, DDM and bulk rheology measurements on
an ARG2 stress-controlled rheometer with a cone and plate
geometry. Some discrepancy in G′′ is evident between the
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Fig. 3 a Mean-squared displacement of polystyrene probes in a vis-
coelastic WLM solution at 25 ◦C measured using DDM and MPT.
Error bars indicate the standard deviation of

〈
!r2(!t)

〉
calculated for

each !t across accepted q values. b Storage (closed symbols) and loss
(open symbols) moduli measured extracted from

〈
!r2(!t)

〉
agree well

with those measured using macroscopic oscillatory rheometry

microrheology methods (both MPT and DDM) at ω > 0.2
rad/s, possibly due to non-continuum effects related to the
similarity of the probe and micelle mesh size.

Crosslinked polyacrylamide solutions and gels

Finally, we use bothMPT and DDM to determine
〈
!r2(!t)

〉

for polystyrene probes of diameter 2a = 1.05 µm dis-
persed in crosslinked polyacrylamide solutions and gels
from fluorescent video microscopy obtained by Larsen and
Furst (2008). The extent of crosslinking in these materials
is controlled by the amount of bis-acrylamide. The mate-
rial transitions from a purely viscous polymer solution to
a percolated, elastic gel as the bis-acrylamide concentra-
tion increases from 0.0 to 0.08 wt%, corresponding with a
decrease in α. The rheological properties of the gels, as well
as the sol-gel transition can be quantitatively mapped via〈
!r2(!t)

〉
.

We focus on the differences in measuring
〈
!r2(!t)

〉

using DDM andMPT. At low bis-acrylamide concentrations
where probe displacements are large,

〈
!r2(!t)

〉
is success-

fully extracted from DDM, and the results agree well with

Fig. 4
〈
!r2(!t)

〉
of polystyrene probes dispersed in polyacrylamide

gels with bis-acrylamide crosslinker ranging in concentration from
0.00wt% (dark blue) to 0.08wt% (green).

〈
!r2(!t)

〉
measured using

DDM agree well with those measured via MPT for sufficiently
large displacements where the concentration of bis-acrylamide is <
0.055wt%. Error bars indicate the standard deviation of

〈
!r2(!t)

〉

calculated for each !t across accepted q values

MPT (Fig. 4). At higher concentrations, however, the probes
move, on average, less than the decay length of Ii(r) during
the 30 s video. Consequently, D(q,!t) does not decorre-
late for length scales smaller than the decay of Î (q). In such
cases, A(q) cannot be accurately fit, and

〈
!r2(!t)

〉
can-

not be measured via DDM using a model-free approach.
Although

〈
!r2(!t)

〉
could be extracted in principle using

the highest q values, we find thatD(q,!t) does not sustain
a plateau at these high q values (see SI Fig. S5), limiting
their utility. We speculate that at high q values, out-of-plane
intensity fluctuations are on the same order of magnitude
as the in-plane intensity fluctuations, limiting measurement
of

〈
!r2(!t)

〉
. Excursions of probes outside the boundaries

of the image also limit analysis of the highest q values as
described by Giavazzi et al. (2017).

As illustrated by this example, the lowest measurable〈
!r2(!t)

〉
is set by the maximum q value for which A(q)

and B(q) can be adequately resolved. The theoretical upper
limit of this q value is set by the absolute size of the
imaging system. Provided the total particle displacement is
greater than the pixel size,D(q,!t) should decorrelate, and
subpixel displacements can be measured at small !t . Prac-
tically, out-of-plane probe motion and excursions of outside
the image boundaries limit resolvable q values further, and
subsequently reduce

〈
!r2(!t)

〉
resolution.

Conclusions

To summarize, we have shown how to invert the SISF obta-
ined by DDM to obtain the real-space

〈
!r2(!t)

〉
without
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imposing particular functional forms, thus enabling the
use of DDM for passive microrheology measurements. As
demonstrative examples, we applied DDM to videos of
dilute probes in Newtonian fluids, viscoelastic wormlike
micelles, and crosslinking polymer gels. For sufficiently
large displacements, the

〈
!r2(!t)

〉
obtained by DDM is

nearly indistinguishable from that obtained by MPT. Suc-
cessful extraction of

〈
!r2(!t)

〉
from optically dense dis-

persions of AuNPs in sucrose solutions demonstrate the
robustness of DDM compared to MPT. WLM experiments
demonstrate that DDM microrheological data compares
well with mechanical rheological data vis-à-vis the Gener-
alized Stokes-Einstein Relation, and additionally illustrates
the improved ensemble sampling of DDM compared to
MPT. Conversely, in the limit of small displacements, the
sub-pixel tracking algorithms of MPT provide more accu-
rate measurements of

〈
!r2(!t)

〉
than DDM. Although these

examples help to identify the relative strengths of DDM
and MPT in various limits, a more systematic analysis of
these limits, how they can be overcome, and the effect
of static and dynamic error requires further study. Never-
theless, our results show that DDM can extend the range
of probe microrheology experiments to fluids inaccessible
to MPT, while circumventing many of the drawbacks of
MPT.
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During press of this publication, Edera et al. (2017) posted a
manuscript under review that also uses DDM to extract the MSD and
thus perform microrheology. Our two approaches share much in com-
mon, differing in the materials that are studied, and the generality with
which different aspects and features are discussed and derived. Of par-
ticular note is their optimization-based method to determine A(q) and
B(q), which may extend the useful range of DDM microrheology.
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