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Finally, we will show that the complement of W, has the desired proper-
ties. Suppose therefore that v € B, \ Wy. By the definition of W, there is
some first positive integer n so that if g is any rotation, then g(¥%(v)) ¢ Bs.
Note that g,,—1 (¥} (v)) is in By, so Gn—1(PE(v)) is in a small ball By
(by continuity) and, by construction, is also in I'. The hypersurface UE(v)
differs from ¥"(v) by a translation and dilation.

Define the set @ = By, NT \ R(B,) and then let QB C Q be the subset
where the hypersurface satisfies the uniform bound |VA| < Cp. Using
interior estimates for mean curvature flow, we can choose C'z large enough
that any time one flow starting in B, satisfies this bound and continues to
do so even after applying the balancing map +.

Note that g,,—1(¥}(v)) is in QF. To complete the proof, we will show
that there exists d > 0 so that the action of the conformal linear group on
Bs does not intersect Q8. We will argue by contradiction. Suppose, thus,
that there exist v; € By—i, g; € R and h; € G with

(7.19) gz(hz(vz))) € 0k .

Since v; — 0, we have that p(v;) — (0,1). It follows that h; — 0. Since R
is compact, we can pass to a subsequence so that the g;’s converge to some
g. It follows that g;(hi(v;))) = g(0), i.e., they converge to something that

is not in Q. However, QF is compactly contained in Q and, thus, the limit
must be in €. This contradiction completes the proof. U

Appendix A. The rescaled MCF equation

In this appendix, we will prove Lemma 4.3. We will need expressions for
geometric quantities for a graph Y (u) of a function u over a hypersurface X.
Let e,+1 be the gradient of the (signed) distance function to ¥, normalized
so that e,41 equals n on . The geometric quantities are:

e The relative area element v, (p) = ,/det 9i5(p)/+/det g;;(p), where
gij(p) is the metric for ¥ at p and gi5(p) is the pull-back metric
from Y (u).
e The mean curvature Hy(p) of T(u) at (p + u(p) n(p)).
e The support function 7,(p) = (p + u(p) n(p), n,), where n, is the
normal to Y(u).
e The speed function wy(p) = (ent1,n,)"! evaluated at the point
P+ u(p) n(p).
The mean curvature and the support function appear in the rescaled
MCF equation. The speed function enters indirectly when we rewrite the
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equation in graphical form; the speed function adjusts for that the normal
direction and vertical directions may not be the same. The relative area
element is used to compute the mean curvature. See [9], [10] for similar
quantities for graphs over a plane.

The next lemma from [4, Lemma A.3] computes v, 1, and wy:

LEmMMA A.1 ([4]). — There are functions w, v, 7 depending on (p, s, y) €
2 xR xT,X that are smooth for |s| sufficiently small and depend smoothly
on ¥ so that:

° wy(p) = w(p,u(p), Vu(p)), vu(p) = v(p,u(p), Vu(p)) and n,(p) =
1(p, u(p), Vu(p)).
The ratio 2 depends only on p and s. Finally, the functions w, v, and

satisfy:

e w(p,s,0) = 1, dsw(p,s,00 = 0, 9, w(p,s,0) = 0, and
Oy Oysw(p,0,0) = dyp.

e v(p,0,0) = 1; the only non-zero first and second order terms are
857/(]97050) = H(p)) 8pjasl/(p,0,0) = Hj(p)) 8327/(1% 070) = Hz(p) -
|A|%(p), and Oy Oysv(p,0,0) = dop.

® 7(p,0,0) = (p,n), 0sn(p,0,0) = 1, and 8,,7(p,0,0) = —p,.

Using this, Corollary A.30 in [4] computed the mean curvature H,:
COROLLARY A.2 ([4]). — The mean curvature H, of Y(u) is given by
w .
(A.1) Hy(p) = = [Osv — divy (9, V)],
where v and its derivatives are all evaluated at (p,u(p), Vu(p)).

Using this and Lemma A.1 gives the well-known (see, e.g., [18]) formula
for the linearization L of H,:

(A.2) LHqy= i Hy=—-Au—|APu.
dt|,_,

A.1. The rescaled mean curvature flow over a shrinker

Lemma A.44 in [4] computes the graphical rescaled MCF equation:

LEMMA A.3 ([4]). — The graphs Y (u) flow by rescaled MCF if and only
if w satisfies

(A.3) Owu(p,t)

= w0, Vo, 1) (50 lp.0). V(o) ~ Hu ) = M.
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Using this, we can compute the linearization of M:

COROLLARY A.4. — The linearization of Mu at u = 0 is given by

d
(A.4) T

where L is the second variation operator for the F functional from [
Section 4].

M(?"U):AU+‘AIQU—%<Z)5VU>+%U:LU,

Proof. — Computing directly and using that L is the linearization of
H, gives

1 1
= w(p,0,0) <§ u0sn(p, 0,0) + iua 0y.1(p,0,0) — pril u)

= n(p,0,0) — Ho> .

Since Lemma A.1 gives dsw(p,0,0) = 9, w(p,0,0) = 0 and w(p,0,0) = 1,
we get

1
+ (u0sw(p, 0,0) + uqy 8y, w(p,0,0)) (—

(A.6) %

M(ru)

r=0
1 1 ‘
= 5 Uasn(p,oy 0) + iua 8ya7l(Pa0:0) o A’LL = IA|2 u

where the last equality used that L uw = —Au — |A|> u by (A.2). Finally,
note that Lemma A.1 gives dsn(p,0,0) =1 and 8,_7(p,0,0) = —p,. O

A.2. Controlling the nonlinearity

The nonlinearity Q(u) is defined by Q(u) = Mu — Lu, where L is the
linearization of M at 0.

PROPOSITION A.5. — The nonlinearity Q can be written as
(A7) Qu) = f(p,u, Vu) + divs (W(p,u, Vu)) + (Vh, V),
where f and h are smooth functions and W and V are smooth vector fields
with:

(P1) f(p,0,0

(P2) W(p,0
(P3) A(p,0,

) =
0) I (p,0,0) = 8,,W(p,0,0) = 0.
) =

sh(p,0,0) = H(p) and 8,_h(p,0,0) = 0.
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(P4) V(p,0,0) = 0.

The point of Proposition A.5 is that Q(u) is essentially quadratic in w.
Namely, if r is a small parameter and v is a fixed function, then Proposi-
tion A.5 gives

(A.8) |Q(ru)| < Cy r )

where (), is a constant depending on u and bounds for the derivatives of
fand W.

Proof of Proposition A.5. — In this proof, w(0) denotes w(p,0,0) and
w denotes w(p, u(p), Vu(p)); we use the same convention for 1(0), (0) and

other functions of (p, s, y).
Using Corollary A.2 and Lemma A.3, the operator M is given by

1 1 2 2
(A.9) Mu:w(Qn H) W= 88V+w7divz;(3ya1/).

Define W = “’7 Oy, V — Ya, SO that

(A.10) Qu — divs(W)
wy  wdv  w?

L w- b
= » e leg(@ v)— Au+<2,Vu>

2
_|A‘2u—§+div2 (ua—%ﬁya V)

2 2
_wn  wi,w w
2 v <VV’8y"V>

1
(p, Vu) — |A|2u- §u

[\le—-\

2

Hence, we define the vector field V by V = dy. v and functions h = 1 — L
and(”

wn  w?dv

1 , 1
+§(p,y)—|A| = ghe

It remains to check the (P1)—(P4) using the following results from Lem-
ma A.l:

Function of (p,s,y) Value at (p,0,0) 9, at (p,0,0) 9,, at (p,0,0)
0
0

(A.11) f=

w 1 0

v 1 H(p)

n <pa n> 1 —Dp
6yaV 0 0 5aﬁ
Osv H(p) H?(p) — |AP(p) 0

(7) We added 1 in the definition of & to make h(0) = 0.
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The first claim in (P1) follows

7o) = WOn(0) _ w(0)0,1(0) _ 1 _
(A12)  flo)= TS - TS = 2 () - Hp) =0,

where the last equality is the shrinker equation. For the second claim
in (P1), we get

(A.13) 9.f(0)
n(00.0(0) | w(0)3n(0)  w?(0)w(0)

2 2 v(0)
w?(0)(9sv(0))2  2w(0) Osw(0)dsv(0) . 1

=0+ 5 = (H2(9) — [P () + H*() 0 - [4P(p) - 3 = 0.

The last claim in (P1) follows from

(A.14) 8,,f(0)
_ 1(0)8y,w(0) n w(0)9y,1(0)  w?(0)d,,5v(0)

2 2 v(0)
w?(0)951(0) 8y, 1(0) _ 2w(0) 9y, w(0)0sv(0) +1
12(0) v(0) 5 P8

1 1
=0—5ps—0+0-0+7ps=0.

Next, we turn to (P2) and W. The first claim is immediate since W (0) =
2

~ (Eg) 9y, v(0) = 0. The second claim follows from

v

(A.15) 0, W(0) = %%f‘i’@ 0y, v(0)
~ ﬂgg(%)”—(o) By, v(0) + %2(8—(;) 85 By, v(0) = 0
since each term vanishes. The last claim follows from
(A.16) 0, W(0) = % Oy, v(0) — ﬂoy)%ﬁ)y—m) d,,, v(0)
+ % By By, v(0) = bap

20—0—}-5&3—5,15:0.
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The first part of (P3) follows since v(p,0,0) = w(p,0,0) = 1. The second
part uses

w?(0) 0sv(0)  2w(0)9sw(0)

(A17)  8,R(0) = = H(p)—0=H(p).

0 v
The last claim in (P3) follows from 9,,v(0) = 9, w(0) = 0.
Finally, (P4) is immediate since V = 9, v vanishes at (p,0,0). O

We will also use the following elementary calculus lemmas:

LEMMA A.6. — Let U be a C' function of (p,s,y). If u and v are C!
functions on ¥, then

(A18)  [U(p, u(p), Vu(p)) — U(p,v(p), Vo (p))|
< Cg (Julp) — v(p)| + [Vu(p) — Vu(p)]) ,
where Cg = sup{|0,U| + (9, U| | s| + [y| < lullcr + [[v]len }-
Proof. — Using the fundamental theorem of calculus and the chain rule
gives

(A.19) U(p,u,Vu) — U(p,v, Vv)

= (u—v) /01 05U (p, t(u — v) +v,t(Vu — Vo) + Vo) dt

+ (Op, (u —v)) /01 Oy U t(u —v) +v,t(Vu — Vo) + Vo) dt,

where u, v, Vu and Vv are all evaluated at p. O

Proof of Lemma 4.3. — To get (Q), use Proposition A.5 to write Q(u) —
Q(v) as
(A.20) Q(u) — Q(v)
= f(p,u, Vu) — f(p, v, Vv) + divy (W(p,u, Vu) — W(p,wv, Vu))
+(Vh(p,u, Vu), V(p,u, Vu)) — (VA(p, v, Vv),V (p,0,Vv)),

where u, v, Vu and Vv are all evaluated at p. Define f(p) = f(p,u, Vu) —
f(p,v, Vo) and W(p) = W(p,u, Vu) — W(p, v, Vwv) and write the remain-
der as
(Vh(p,u, Vu),V(p,u, Vu) = V(p,v, Vv))
+(V (A(p, u, V) = h(p, v, Vv)) , V(p,v, V0)) .
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Finally, define h, = h(p,u, Vu), V, = V(p,v,Vv), V = V(p,u, Vu) —
V(p,v, Vv) and®

(A.21) h = h(p,u, Vu) — h(p,v, Vo) — H(p) (u —v).

It remains to prove the bounds for the quantities.
To bound |f|, use Lemma A.6 and then (P1) to get
(A.22) |f] < Cf (lu—v]+|Vu—Vu|)

C (fluller + lvllcr) (lu= v+ |Vu— Vo)),
where the last inequality used that f is C2 and 0; f(p,0,0) = 8, f(p,0,0) =
0 to bound C by C (|luflcr + [lv]|c1) for a constant C' depending on the sec-
ond derivatives of f. The bound on W follows similarly since 8, W (p, 0,0) =
9ys W (p,0,0) = 0 by (P2). To bound h, apply Lemma A.6 to h — H s and
use (P3) to get Oy, (f_L — Hs) (p,0,0) =0 and
(A.23) 9s (h — H s) (p,0,0) = 5h(p,0, 0)—H:O.

To bound V, use Lemma A.6 to get(® that |V| < Cg (Ju — v| + |Vu — V).

Next, since h(p,0,0) = 0 and V(p,0,0) by (P3) and (P4), we can apply
Lemma A.6 (with one of the functions equal to 0) to get

(A.24) |hu| = |R(p,u, V)| — h(p,0,0)| < Cj, (Ju| +|Vul) ,
(A.25) V| =|V(p,v,Vv)| = V(p,0, 0)| < C% ([v| +|Vvl) .
To bound |Vh,|, use the chain rule to get

(A26) Oy, hu = Op, h(p,u, Vu) + dsh(p, u, Vi) uq + Oy, h(p,u, Vu) tap .
For the first term, we use that h(p,0,0) = 0 by (P3) and, thus also
Op, h(p,0,0) = 0, so we can apply Lemma A.6 to Op,h, u and 0 to get
(A.27) yapah(p,u,Vu)' = fapaﬁ(p,u, Vu) — 8paﬁ(p,0,0)‘

C (lul +|Vul) .
The second term is bounded by C |Vu|. For the third term, we use that
Oy;h(p,0,0) =0 by (P3), so Lemma A.6 gives
(A.28) fayﬁﬁ(p,u, Vu)[ = layﬁﬁ(p,u, Vu) — Byﬁﬁ(p,0,0)‘

C (lul +Vul) .

(8) We subtracted H(p) (v — v) to kill off the non-zero term in the first order Taylor
series of h.

(9 We do not get the smallness in the C! norms of v and v since the y derivative of V
is not 0 at 0.
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Putting these three bounds back into (A.26) gives
(A.29) |Vhy| < C (Jul + [Vul) (1 + |Hess,|) .

The bound on divs, V, follows similarly from the chain rule.

It now remains only to prove (4.8) and (4.9). Since W (p) = W(p, u, Vu)—

W (p, v, Vv), we have
(A'3O) ’apa Wl g )Wpa (p’ u? VU’) - Wpa (p7 U? V/U)’
S5 ’Ws (p, Uu, vu)ua - WS (p7 v, V’U)Ua‘
+ lWy;a (p, u, Vu)uas — Wy, (p,v, Vv)vagl .

Using Lemma A.6 and, by (P2), W, (p,0,0) = W,_,,(p,0,0) = 0, we get
(A31)  |Wo, (p,u, Vu) — W, (p,v, Vo)
<O (Jluller +lvller) (lu = vl + [Vu = Vo)) .
To bound the second term in (A.30), we start with the triangle inequality
(A.32) ‘Ws(p,u, Vu)ug, — Ws(p,v, Vv)fua‘
< ‘WS(p,u, Vu) — Ws(p,v,Vv)’ lua| + |W_/s(p,v,Vv)’ e — Vo -
We use that W, is locally Lipschitz to get
(A.33) ’W_/s(p,u, Vu) — Ws(p,v,Vv)| [t ]
< C|Vul (Ju — v| + |Vu = Vo) .
Similarly, using also that W,(p,0,0) by (P2), we get
(A.34) |Ws(p,v, V0)| |ua — val < C (Jv] + [V0]) [Vu — Vo.
For the last term in (A.30), we begin with the triangle inequality
(A.35)  |Wy,(p,u, Vi)uas — Wy, (p,v, Vo)vag]
< [Wys (0,4, Vi) = Wy, (9,0, V0)| [tag]
+ |Wy, (0,0, V)| [tiag — vag] -
Since W, is locally Lipschitz, we get
(A.36) ‘Wyﬁ (p,u, Vu) — Wyﬁ (p,v, V”)’ uasl
< C (Ju—v|+ |Vu = Vv)|) |uag|-
Similarly, using also that W, (p,0,0) by (P2), we get
(A3T) [ Wyu(2,0,V0)| Jtap — vas] < C (o] + Vo) ftias — Vs -
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Substituting these bounds into (A.30) gives the desired bound on |[VW/|
in (4.8). ) )

To prove (4.9), first use that h = h(p,u, Vu) — h(p,v, Vo) — H(p) (u—v)
to get

(A.38) |0p h| < |VH||u -]
+ [ﬁs(p,u, Vu)ug — ﬁs(p,v,Vv) Vo — H(to — v5)|
£ |}_lpa (p,u, Vu) — }_lpa (p;v, V)|
+ [ﬁyﬁ (p, u, Vu)uag — ]_lyg (p,v, Vo)vag| .
The first and third terms on the right in (A.38) are clearly bounded by

C'|u — v| and, since hy,, is locally Lipschitz, C (ju — v| + |Vu — Vu|). To
bound the last term in (A.38), we use the triangle inequality to get

(A.39)  |hy, (p, u, Va)uag — hy, (p, v, V0)vag|
< Iﬁyﬁ (p’ u, V’U,) - ’_lyﬁ (pv v, V’U)I Iuaﬁ|

+ hys (0, u, Vt)| [tap — vagl
< C|Hessy| (Ju —v| + |Vu — Vo) + C (Ju| + |Vul) |Hess,, — Hess, |,

where the last inequality uses that Eyﬁ is locally Lipschitz and l_zyB (p;,0,0) =
0. Finally, to bound the second term on the right in (A.38), we use the
triangle inequality to get

(A.40)  |hs(p,u, V) ug — hs(p,v, Vo) vy
< |hs(p,u, V) = hy(p, v, V0)| [ua| + |hs(p, u, Vu)| |[Vu — Vol |

which we bound similarly. Combining the various bounds gives (4.9). O
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