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ABSTRACT

We present a method of Grobner bases with respect to several term
orderings and use it to obtain new results on multivariate dimen-
sion polynomials of inversive difference modules. Then we use the
difference structure of the module of Kahler differentials associated
with a finitely generated inversive difference field extension of a
given difference transcendence degree to describe the form of a
multivariate difference dimension polynomial of the extension.
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1 INTRODUCTION

The role of difference dimension polynomials in difference algebra
is similar to the role of Hilbert polynomials in commutative algebra
and algebraic geometry, as well as to the role of Kolchin differential
dimension polynomials in differential algebra. In particular, as it
is shown in [7] (see also [9, Chapter 7]), the univariate difference
dimension polynomial of a system of algebraic difference equations
expresses the A. Einstein’s strength of the system, that is, the differ-
ence counterpart of the concept of strength of a system of partial
differential equations introduced in [1]. This fact determines the
importance of the study of difference dimension polynomials and
methods of their computation for the qualitative theory of differ-
ence equations. Furthermore, dimension polynomials of finitely
generated difference and inversive difference field extensions carry
certain invariants, i. e., numbers that are independent of a system
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of difference generators and therefore characterize the correspond-
ing difference algebraic structure. Also, properties of difference
dimension polynomials associated with prime reflexive difference
ideals provide a powerful tool in the dimension theory of difference
rings, see [10], [4, Chapter 7] and [9, Sections 3.6 and 4.6]. In 2007
the author proved the existence theorems and found invariants
of multivariate difference and difference-differential polynomials
of difference and difference-differential modules and field exten-
sions associated with given partitions of basic sets of operators
(translations and derivations), see [6] and [7]. Based on these re-
sults, one can associate with a system of algebraic difference (or
difference-differential) equations a family of multivariate dimen-
sional polynomials that carry essentially more characteristics of
the system than their univariate counterpart. Similar results for
inversive difference modules and field extensions were obtained in
[8] and [9, Sections 3.5 and 4.2]. While the theorems on multivariate
difference and difference-differential dimension polynomials were
obtained via the developed technique of Grobner bases with respect
to several term orderings in free modules over rings of difference
and difference-differential operators, the corresponding results in
the inversive difference case were proved by the method of gen-
eralized characteristic sets. Even though this approach allows one
to prove theorems on multivariate dimension polynomials, it does
not give an algorithm for their computation. In this connection,
one should mention a work [12] where the authors introduced the
concept of a relative Grobner bases in a free difference-differential
module with respect to two term orderings and gave a new proof
of the theorem on a difference-differential dimension polynomial
of a finitely generated difference-differential module.

In this paper we present a method of Grobner bases with respect
to several term orderings in a free inversive difference module over
an inversive difference field that allows one to obtain an algorithm
for computing multivariate dimension polynomials of inversive
difference modules and inversive difference field extensions. (In
particular, we extend the algorithmic technique of [12] to the case
of several term orderings associated with partitions of the sets of
translations.) We also present new results on finitely generated
inversive difference modules with certain multivariate dimension
polynomials and prove (using properties of modules of Kéhler differ-
entials) the existence of a special difference transcendence basis of a
finitely generated inversive difference field extension that provides
a nice representation of the multivariate dimension polynomial of
the extension.

2 PRELIMINARIES

Throughout the paper, N, Z, and Q denote the sets of all non-
negative integers, integers, and rational numbers, respectively.
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Q[t1,...,tp] will denote the ring of polynomials in p variables
t1,...,tp over Q. If B= Aj X --- X A is a Cartesian product of or-
dered sets with orders <1, - - - <j, respectively, then by the product
order on B we mean a partial order <p such that (as,...,ap) <p
(af,. ..,a;,) if and only if a; <; alf fori = 1,...,p. This notation
will be used, in particular, in the sets N” and Z”.

By a difference ring we mean a commutative ring R together with
a finite set 0 = {1, ..., am} of mutually commuting injective endo-
morphisms of R. The set ¢ is called a basic set of R and its elements
are called translations. We also say that R is a o-ring. If all trans-
lations of R are automorphisms, we set o* = {1, ..., am, al_l, e,
a;!} and say that R is an inversive difference ring or a o*-ring. If a
difference (respectively, inversive difference) ring R is a field, it is
called a difference (or o-) field (respectively, an inversive difference
(or o*-) field). In what follows all 6*-rings and ¢*-fields will be
considered with the above set of m translations and I will denote
the free commutative group of all power products y = a]fl . alfn"‘
where k; € Z (1 < i < m). All fields are assumed to have character-
istic zero.

If K is an inversive difference (c*-) field and its subfield Kj is
closed with respect to every @ € ¢, then Kj is said to be an in-
versive difference (or o*-) subfield of K or that K is a o*-overfield
of Ky and we have a o*-field extension K/Kj. In this situation, if
S C K, then the smallest o™-subfield of K containing K and S will
be denoted by K(S). If K = K(S), then the set S is called the set
of o*-generators of K over Kj or the set of o*-generators of the
extension K/Kjp. As a field, Ko(S) = Ko(yal|y € T, a € S). If the
set S is finite, we say that K/Kj is a finitely generated inversive
difference (or o*-) field extension.

Let K be an inversive difference field with a basic set of automor-
phisms o = {a1, ..., am}. Suppose that the set o is represented as
the union of p disjoint subsets (p > 1):

g=01U---Uoap (1)
where o1 = {a,. ~~:05m1}, o2 = {am1+1, . ~~:am1+m2}, cees
Op = {O-ml+"'+mp—l+1’ .. .,am} (ml +-- mp = m)

If y= afl ...oc,lfn’" € T (kj € Z) then the order of y with

respect to a set 0; (1 < i < p), denoted by ord; y, is defined
as ZT;;{:T:{MAH |ky|. If i = 1, the last sum is replaced by

Z';lzll |ky|.) The number ordy = Z;.":l |k;j| is called the order of
y- Also, for any ry, .. .,Tp € N, we set

L(ri,....rp) ={ye€T|ordjy <ri (i=1,...,p)}.

Let R be an inversive difference (0*-) ring. An expression of the
form ) cr ayy, where ay € R for any y € I' and only finitely many
elements ay are different from 0, is called an inversive difference (or
o*-) operator over R. Two o*-operators Yy cr ayy and Yy cr byy are
considered to be equal if and only if a, = by for any y € T. The set
of all o*-operators over R can be equipped with a ring structure if
one uses the natural structure of a left R-module on this set, and
defines the multiplication by setting ya = y(a)y for any a € R,
y € I and extending the operation by distributivity. The resulting
ring is called the ring of inversive difference (or o*-) operators over R
and is denoted by &.

A left &-module is called an inversive difference R-module (or a
" -R-module). In other words, an R-module M is a ¢**-R-module if

elements of o act on M as mutually commuting endomorphisms of
the additive group of M such that a(ax) = a(a)a(x) and a(a"!x) =
x forany a € R, a € o*.

In what follows K will denote a o*-field of characteristic zero,
& will denote the ring of o*-operators over K, and we will use
the term ”o*-K-module” for a left &-module M. If M is a finitely
generated &-module, then the maximal number of elements of M
that are linearly independent over & is called the o*-dimension of
M; it is denoted by o*-dimg M. We also assume that partition (1)
of o is fixed.

We will consider p orders <y, ..., < ponT (the free commutative

group generated by o) defined as follows: y = afl e (xfn’" <y =

ail . af,’{‘ if and only if (ord; y,ord; y,...,ord;—1 y,0rdjt+1 ¥, ...,
Ofdp Vokmytetmi+1s - - s Kmyteormp K1 - Ky tmy_ g
kmy+-..4m;+1, - - ., km) is less than the corresponding vector for y’
with respect to the lexicographic order on Z™*P. Clearly, T is well-
ordered with respect to each of the orders <y, ..., <p-

For any ry,...,7rp € N, the vector K-subspace of & generated by
['(r1,...,rp) will be denoted by 8,1,._.,@.
Setting &y,...r, = {0} forany (r1,...,rp) € ZP\NP, we get a family
{8,1’__qrp|(r1, < Tp) € ZP} of vector K-subspaces of & which is
called the standard p-dimensional filtration of E. Clearly, &r,,...r, €
Esy,..sp i (71, ., 7p) <p (s1,...,5p) (<p denotes the product order
on ZP) and if (iy,..., ip),

(s, Jp) €NP then &y i,Ejy, . j, = Eirtju,mniptip-

DEFINITION 2.1. IfM is a o™ -K-module, then a family {My,,._r,|
(r1,....rp) € ZP} is said to be a p-dimensional filtration of M if the
following four conditions hold.

() Mr,,...r, € Ms,,..s, for any p-tuples (r1,...,rp),
(s1,.-.,5p) € ZP such that (r1,...,rp) <p (s1,...,p).

@ |J Myo,=M

(F1e-0lp) EZP

(iii) There exists a p-tuple (rl(o), ces r[(,o)) € ZP suchthatMy,, _r, =

0ifr; < ri(o) for at least one indexi (1 < i < p).

(iv) Srl,.,.,rPMsl,...,sP C My+sy,..., rp+sp for any p-tuples
(rt, ..., rp), (s1,...,8p) € ZP.

If every vector K-space My, . r, is finite-dimensional and there
exists an element (hy, .. .,hp) € 7P such that
EripryMuy, by = Myishy,ry+h, for any (r1,....1rp) € NP, the
p-dimensional filtration is called excellent.

Clearly, if z1, . . ., zy is a finite system of generators of a vector o™ -

i=1
p-dimensional filtration of M.

NUMERICAL POLYNOMIALS OF SUBSETS OF Z™

DEFINITION 2.2. A polynomial f(ty,...,tp) € Q[t1,....tp] (p 2
1) is called numerical if f(r1,...,1p) € Z for all sufficiently large
(r1,...,rp) € ZP (i e, there exist (s1,...,sp) € ZP such that the
inclusion f(ry,...,rp) € Z holds for all (ry,...,rp) € ZP such that

(s1,.>8p) <p (r1,...,1p)).



Clearly, a polynomial with integer coefficients is numerical. As
an example of a numerical polynomial in p variables with non-
integer coefficients (p > 1) one can consider [—[f=1 ( ri:,) where
my,...,mp € N. (As usual, (,i) (k = 1) denotes the polynomial
M) 0k 8y = 1 and (f) = 0if k < 0.)

The following theorem proved in [4, Corollary 2.1.5] gives the
“canonical” representation of a numerical polynomial.

THEOREM 2.3. Let f(t1,...,tp) be a numerical polynomial in p
variables t1,. .., tp, and letdegti f=m; (my,...,
mp € N). Then f(t1,...,tp) can be represented in the form

& R t+i ty+i
— o (rTa PP
flt,...tp) = Z Z all._.zp( i )( iy ) )
i1=0 ip=0
with uniquely defined integer coefficients aj, ...i,,-
In what follows (until the end of the section), we deal with subsets
of Z™ (m > 1) and a fixed partition of the set Nj,, = {1,...,m} into
p disjoint subsets (p > 1):

Np=NiU---UN, 3)

where N1 = {1,...,m1},..., Np = {my+---+mp_1+1,...,m}
(my+---+mp=m).
my
Ifa = (a1,...,am) € Z™, we denote the numbers Z lail,
i=1

mi+msy m
Z lail, ..., Z lai|byord; a, ..., ordp a, respectively.
i=mq+1 i=my+--+mp_1+1

Furthermore, Z™ will be considered as the union

m _ (m)
Zm = U A o
1<j<2m
where Zim), .. .,Zgﬁ) are all different Cartesian products of m sets

each of which is either N or Z_ = {a € Z|a < 0}. We assume
that Zim) = N and call Z;m) the jth orthantof Z™,1 < j < 2™,
(Clearly, (0,...,0) belongs to all orthants.)

The set Z™ will be considered as a partially ordered set with

the order < such that (e1,...,em) < (ef,...,ep,) if and only if
(e1,...,em) and (e{, ....e},) belong to the same orthant Z](cm) and
the m-tuple (|e1], ..., |em]) is less than (|e]],.. ., |e;,|) with respect

to the product order on N™.

In what follows, for any set A C Z™, W, will denote the set of all
elements of Z™ that do not exceed any element of A with respect
to the order <. (Thus, w € Wy if and only if there is no a € A such
that a 9 w.) Also, for any ry, ..., rp €N, A(ry, ..., rp) will denote
the set {x = (x1,...,xm) € Al ordijx <rj(i=1,...,p)}.

The above notation can be naturally applied to subsets of N™
(treated as subsets of Z™). If E C N™ and s,. ..,sp € N, then
E(s,..., sp) will denote the set of all m-tuples e = (eq,...,em) € E
such that ord; e < s; fori = 1,..., p. Furthermore, Vg will denote
the set of all m-tuples v = (v1,...,0;,) € N™ that are not greater
than or equal to any m-tuple from E with respect to the product
order on N, (Clearly, an element v = (vy,...,0,) € N belongs
to Vg if and only if for any element (e, ..., ey) € E, there exists
i € N,1<i<m,suchthate; > v;.)

The following two theorems proved in [4, Chapter 2] generalize
the well-known Kolchin’s result on the numerical polynomials as-
sociated with subsets of N™ (see [3, Chapter 0, Lemma 16]) and give
explicit formulas for multivariate numerical polynomials associated
with finite subsets of N'".

THEOREM 2.4. Let E C N™ wherem = my+- - -+my for some non-
negative integers my,...,mp (p 2 1). Then there exists a numerical
polynomial wg(t1,.. ., tp) such that

() wg(ri,...,rp) = CardVg(ry,...,rp) for all sufficiently large
(r1,...,rp) € NP, (As usual, Card M denotes the number of ele-
ments of a finite set M.)

(ii) The total degree deg wg of the polynomial wg does not exceed
m and deg,, wg < m; foralli=1,...,p.

(iii) deg wg = m if and only if E = 0. Then

L ti + m;
| | i i
(L)E(t],...,tp)z ( m )
i

i=1

DEFINITION 2.5. The polynomial wg(ty,...,tp) is called the di-
mension polynomial of the set E C N™ associated with the partition

(ml,...,mp) of m.

THEOREM 2.6. LetE = {e1,...,eq} (q 2 1) be a finite subset of N
and let a partition (3) of the set Ny, into p disjoint subsets N1, ..., Np
be fixed. Let e; = (ej1,...,eim) (1 < i < q)and for anyl € N,
0 <1 < gq, let ©(l,q) denote the set of all I-element subsets of the
setNg = {1,...,q}. Let egj =0 and for any 0 € ©(l,q), 0 # 0, let
egj = max{e;j|i € 0}, 1 < j < m. (Thatis, if 0 = {i1,..., 11}, then
€g; denotes the greatest jth coordinate of the elements e;,, . . ., eil.)
Furthermore, let by = Z éon (k=1,...,p). Then

heNg

L
S e

0ol g) J=1

q
wp(ty,. .. tp) = Z(—l)l
=0

Remark. It is clear that if E C N and E* is the set of all
minimal elements of the set E with respect to the product order on
N, then the set E* is finite and wg(t1,...,tp) = wps(t1,...,tp).
Thus, Theorem 2.6 gives an algorithm that allows one to find a
numerical polynomial associated with any subset of N (and with
a given partition of the set {1, ..., m}): one should first find the set
of all minimal points of the subset and then apply Theorem 2.6.

The following result can be obtained precisely in the same way
as Theorem 3.4 of [5].

THEOREM 2.7. Let A C Z™ and let partition (3) of the set Ny, be
fixed. Then there exists a numerical polynomial ¢ (t1,...,tp) inp
variables such that

(@) ¢a(ri,...,rp) = Card Wa(ry,..
p-tuples (r1,...,rp) € NP.

(i) degda < m and deg, ¢a < m; (1 < i < p). Also, if
Pa(ts,. ... tp) is written in the form (2), then 2™ |am,..m,,-

(iii) IfA = 0, then

da(ty,.. .,l’p) = 1_[ [Z(_l)mj—lzl( i])( Ji )

j=1 li=0

., Tp) for all sufficiently large

.6




THEOREM 2.8. With the notation of Theorem 2.7, take the mapping
p: Z™ — N2™ defined by

p((eq,...,em) = (max{es, 0},..., max{en, 0}, max{—eq, 0},
...,max{—ep, 0}).

Let B = p(A)U{é1,...,ém} wheree; (1 < i < m)isa2m-tuple in
N2™ \whose ith and (m + i)th coordinates are equal to 1 and all other
coordinates are equal to 0. Then

palts, ... tp) = wp(ts,.... tp)
where wp(t1,...,1p) is the dimension polynomial of the set B (see
Definition 2.5) associated with the partition Ny = N U --- U N1/7
where N/ = N;U{j+m|j € N;},1 < i < p (N; is the ith component
of the partition (3)).

The polynomial ¢ (t1,...,tp) is called the dimension polynomial
of the set A C Z™ associated with partition (3).

Note that Theorem 2.8, together with Theorem 2.6, give an algo-
rithm for computing multivariate dimension polynomials of subsets
of Z™ associated with partitions of Ny,.

3 GENERALIZED GROBNER BASES IN
INVERSIVE DIFFERENCE MODULES

Let K be an inversive difference (6*-) field, ¢ = {a1,...,am}, T
the free commutative group generated by o, and & the ring of o*-
operators over K. Furthermore, we assume that a partition (1) of
the set o is fixed.

In what follows, a free §-module is also called a free o™ -K -module.
If such a module F has a finite family {fi, ..., fn} of free generators,
it is called a finitely generated free o*-K-module. In this case the
elements of the form yf,, (y € I', 1 < v < n) are called terms while
the elements of the group I' are called monomials. The set of all
terms is denoted by I'f; it is easy to see that this set generates F as
a vector space over the field K. By the order of a term u = y f;, with
respect to oj (it is denoted by ord; u, 1 < i < p) we mean the order
of the monomial y with respect to o;.

We shall consider p orderings of the set I'f that correspond to
the orderings of the group I' introduced above. These orderings are
denoted by the same symbols <,..., <p and defined as follows:
if yf,y'fv € Tf, then yf, <; y'fyifand only if y <; y"inT or
y =y’ and p < v. As before, we consider the representation (4) of
the set Z™; it implies that the group I and the set of terms I'f can
be represented as the unions

F:Ul"j and Tf:Uij
j=1 Jj=1

where I; = {a]fl ...a,lil”’|(k1,...,km) € Z;.m)} andTjf = {yfily €
i, 1<i< m}.

Two elements y, y” € T are said to be similar if they belong to the
same set Ij (1 < j < 2™). In this case we write y ~ y’ ory —; y".
Note that - is not a transitive relation on T

Let F be a finitely generated free o*-K-module and let f, ..., fn
be linearly independent generators of F over the ring of ¢*-operators
E.Anelementy e Tandatermy’fi e If (y' € [,1 <i < n) are
called similar if y ~; y’ for some j (1 < j < 2™). It is written
asy « y'fiory «j y'fi. Furthermore, we say that two terms

Yfi.v' fc € Tf (1 < i,k < n) are similar and write yf; -~ y’'fi
oryfi «j ' fe, ify «j y’ for some j = 1,...,2™. It is easy to
see that if y ~ u for some term u € Tf (or y ~ y’ for some
vy’ €T),thenord,(yu) = ord, y+ord, u (respectively, ord, (yy'u) =
ordyy+ord, y/)forv=1,...,p.

DEFINITION 3.1. Lety1,y2 € I'. We say that y; is a transform of
Y2 and write y2 | y1, ify1 ~j y2 (1 < j < 2™) and there existsy € T}

such that y1 = yy2. (In this case we write y = E.) Furthermore, we
Y2
say that a termu = y1 f; is a transform of a term v = y» fi. and write

v|u, ifi =k andyy is a transform of y2. (If u = yv, we write y = 2 )
v

Since the set I'f is a basis of F over K, any nonzero element
h € F has a unique representation in the form

h=ainfi + - +ayfy )

wherey, €T,a, € K,ay, #0(1 <v<I),1<1i...,if <n and
yvfi, # yufi, whenever v # p (1 <v,u <1I).

DEFINITION 3.2. Let h € F be written in the form (7) and k €
{1,...,p}. Then the greatest with respect to <y termy,f; (1 <v<1I)

is called the k-leader of h. It is denoted by u;lk). The coefficient ofu}(lk)
in (7) is called the k-leading coefficient of h and denoted by lcy. (h).

Remark. Let an element h € F be written in the form (7). Then
for every j € {1,...,2™}, there is a unique term v in h (v; = y, fi,
(1)
yh
Indeed, suppose that there are two terms, v; and w; in h such that

(1

Y105 = um)l and yow; = u)(/zlil for some elements y1,y2 € I'j. Then

for some v, 1 < v < [) such that u’,” = yv; for every y € Ij.

y2y1v; is the 1-leader of the element y2y1h and y1y2w; is also the
1-leader of this element. It follows that y2y10; = y1y2w; whence
vj = w;. The term v; with the above property is denoted by 1t;(h).

DEFINITION 3.3. Let f,g € F and let k, iy, ..., be distinct ele-
ments in the set {1,..., p}. Then the element f is said to be (<g, <j,
, -+ <j;)-reduced with respect to g if f does not contain any transform

yu;k) such that ord; , y + ord;, u;iV) < ord;, uj(ciV) (v=1,...,0).

An element f € F is said to be (<g, <j,,--- <j,)-reduced with
respect to a set G C F, if f is (<, <i,," -+ <i;)-reduced with respect
to every element of G.

With the above notation, let us consider p — 1 new symbols

z1,...,2Zp-1 and the free commutative semigroup A of all power
products A = yzi1 ...zjlf__; with y € T;1,...,Ip-1 € N. Let Af =
{AfilA € A1 < j < n}y=AX{fi,..., fu}. Furthermore, for any

element f € F, let d;(f) = ordiu](ci) - ord,-uj(cl) (2 <i<p)andlet

p : F — Af be defined by p(f) = z‘liZ(f) ...ZZ’:({)u](Cl)

DEFINITION 3.4. Let N be a E-submodule of F. A finite set G =

{91, ...,9:} € N will be called a Grébner basis of N with respect to
the orders <i,...,<p if forany f € N, there exists g; € G such that

p(gi) | p(f) in Af. (It means that ul)” |u}1) and d;(g;) < d;(f) for
j=2,...,p.)

Remark. The above condition p(g;) | p(f) means that f is not
(<1,...,<p)-reduced with respect to g;, since the equality d;(g;) <



dj(f) for j = 2,...,p means that uj(vl) = yu(l.l) y -
ord; y+ord; u;{)

u_[(]ll)) and
< ord; uj(cj ). The expression of this property with
the use of the divisibility of elements of Af is convenient because

it also shows that the existence of the Grobner basis in the sense of
Definition 3.4 immediately follows from the Dickson’s lemma.

For any f,g,h € F, with g # 0, we say that the element f

(<k»<iy» ..., <j;)-reduces to h modulo g in one step and write

f :<—g<——> h if and only if u( )|w for some term w in f with
k><ips i

a coefficient a, w = yué ) (yeTl),h=f- a(y(lck(g)))_lyg and
ord;, y + ord;, u;iV) < ord;, uj(ciV) 1 <v<DIff,h e Fand

G C F, then we say that the element f (<g, <j,, ..., <j)-reduces

G
to h modulo G and write f - h if and only if there exist
K<ty <iy

two sequences g(l),g(z),l..,g(q) € G and hl,l..,hq_l € F such

that
g<1) 9(2) g(q-l)

f hy . hg-1

<k><ipse-<ip <k><ipse-<ip <k><ipsee<iy

g(q) A

————
<k <iprn<ig

Let G = {g1,...,9r} be a finite set of elements in the free o*-

K-module F. Then the following algorithm (whose termination is
obvious) shows that for every f € F there exist elements g € F and
r

Q1,...,Qr € &Esuch that f —g = ZQ,-g,- and g is (<1,...,<p)-
i=1
reduced with respect to G.

ALrGorIiTHM 3.5. (f,1,91,..

-9 9 le"sQV)

Input: f € E, a positive integer r, G = {g1, . .
gi#0fori=1,...,r

Output: An element g € F and elements Qj,...,Q, € & such
thatg = f—(Q191+---+Qrgr) and gis (<y,..., <p)-reduced with
respect to G

Begin

01:=0,...,0,:=0,g:=f

While there exist i, 1 < i < r, and a term w, that appears in g

.»gr} € E where

with a nonzero coefficient ¢(w), such that u;l.l) |w and
ord; (% (1) ;J))<ord u(J)for]—Z .,pdo
= the greatest (with respect to <1) of the terms w that satisfies

the above conditions.
= the smallest number i for which ug,

(D is the greatest (with

respect to <) 1-leader of an element g; € G such that u;il) |z and

di(Zug,) < ordul?) forj=2,...p.
or ](u;)ugl) ordjug for j P

-1
Ok = Qk +¢(2) ( & (lcl(gk)) (1) Ik

Ugy " gy
g=9- C(Z) fl) (lcl(gk) (1) Ik
U
78 gy
End
We define the least common multiple of two terms u = yu; f; =
aiﬁ .. .afn’”fi ando =y'fj = ail . ..af,’{l inTf, as follows: lem(u, v) =

Oifeitheri # jori = jandthe m-tuples (ki,...,km)and (I3, ..., 1In)

do not belong to the same orthant Z}m) of Z™. If i = j and the

m-tuples of exponents of u and v belong to the same orthant, then

lem(u,0) = afl max {[k; |, [l |} afm maX{Ika,Ilml}fi where

(€1, ...,€m) is an m-tuple with entries 1 and —1 that belongs to the
same orthant Z;m).

Now, for any nonzero elements f ,g € F, we can define the rth
S-polynomial of f and g ( 1 < r < p) as the element S,(f,g) =

lcm(u](f) (r)) lcm(u(r) (r))
(er () Tf
f “r
lcm(u}r) (r) ) lcm(u}r) (r))
- #(Icr(g)) #9
u u

The following two statements can be obtained by mimicking the
proof of the corresponding statements in [7, Section 4] (Proposition
4.8 and Theorem 4.11).

PROPOSITION 3.6. Let G ={g1,...,9:} be a Grébner basis of an
&E-submodule N of F with respect to the orders <, ..., <p. Then
() f e N ifand only if f —— 0.
<1<z, <p
(i) Iff e Nand f is (<1,<g,- -
then f = 0.

<p)—reduced with respect to G,

ProPOSITION 3.7. Let G = {91, ...,g:} be a Grobner basis of an
&-submodule N of F with respect to each of the following sequences of
orders: <p; <p-1,<p; ...; <rtl,...,<p (1 £r < p—1). Furthermore,
suppose that

G
Sr(9i,g9j) ——— 0 forany gi,g; € G.
<r»<r+1,"'<p

Then G is a Grobner basis of N with respect to the sequence of orders
<rs <r+l;- .., <p-

Clearly, the last proposition, together with Algorithm 3.5, gives
an algorithm for the computation of Grobner bases of a ¢*-K-
submodule of a finitely generated free o*-K-module. This algorithm
(together with Algorithm 3.5) is currently being implemented in
MAPLE and PYTHON.

4 MULTIVARIATE DIMENSION
POLYNOMIALS IN THE INVERSIVE
DIFFERENCE CASE

Using the above results about Grobner bases in finitely generated
free o*-K- (that is, 8-) modules (we keep the above notation and
conventions), one can obtain the following theorem on a multivari-
ate dimension polynomial of a o*-K-submodule that was proved
in [9, Section 3.5] with the use of the characteristic set technique.
The use of Grobner bases has an obvious advantage because we
have an algorithm for their computation, so the theorem gives an
algorithm for computing multivariate dimension polynomials.

THEOREM 4.1. Let M be a finitely generated E-module with a
system of generators {hy, ..., hy}, F a free &-module with a basis
fi..... fu,and w : F — M the natural E-epimorphism of F onto M
(z(fi) =hifori=1,...,n). Let N = Ker w and let G = {91, ...,94}



be a Grébner basis of N with respect to (<1, .. ., <p), Furthermore,

4
foranyry,...,rp €N, let My, .r, = Z 8,1,_,rpfi, and let

i=1
Vii.r, = {u € Tflordju < ri fori = 1,...,p, and u is not a
transform of any uéil) 1<i<d)},

Wry.rp = {ueTf\ Vrlrp|0rd,~u <rjfori=1,...,p and whenever

u= yuél) is a transform of some ugl) (9 € G,y €T), there exists i,

(@)
g
and Ury.ry = Viyrp U Wry.orp- Then
(i) For any (ry,...,rp) € NP, the set 7(Ury...r,) is a basis of the
vector K-space My, ...

2 < i < p, such that ord; y + ordju,”’ > ri},

rp~
(ii) There exist numerical polynomials Yy (t1, ..., tp) and
xm(ti, ..., tp) such that Yip(r1,...,rp) = Card Viy..rp and

xm(ry,...,rp) = Card Wy, for all sufficiently large (r1...1p) €
NP, so that the polynomial ®py(t1, ..., tp) = Yp(t1, .. .. tp) +
xm(t1,...,tp) has the property that ®pr(ry, ..., rp) = dimg My, .r,
for all sufficiently large (r1,...,rp) € NP.

(iii) deg;, @y < m; (1 < i < p), so that deg dp < m and the
polynomial ®pr(t1,. .., tp) can be represented as

oA t+i th+i
_ 1 1 P
Op(ty, ..., tp) = aij. i 8
et = 3o a0 (71F) @
i1=0 zP:O
whereail._,ip € Zforalliy, ..., ip, andaml_"mp =d2™ whered = o*-

dimg M.

(iv) Let Ej = {(k1,....km) € Z™|a¥ .. akm f; is the 1-leader of
m

some element of G} (1 < j < n). Thenypr = Z ¢Ej where ¢Ej is the

Jj=1

dimension polynomial of E; (see Theorem 2.7). Clearly, the coefficient

of(tl;rn':“) e (tl’;;lr:f’) in the canonical representation of Yy (formula

(2)) is equal to the number of empty sets among Eq, ..., Ey.

) xm(t1, ..., tp) is an alternating sum of polynomials of the form

. :(t1+m1—b1j) (tk1—1+mk1—1_bk1—1,j)
:

)(j;kl ,,,,, m mk1—1
(tkl T My, — akl,j) _ (tkl T My, — bli)] .
mk1 mkl
(tk1+1 + Mgy41 — bk1+1,j) (tqu + M1~ bkqfl,j).
My +1 Miq—1
(tkq + mkq - akq,j) _ (tkq + mkq - bkq,j) o
mkq mkq
tp +mp —byj
(‘D P ‘D]), so that deg yp < m.
mp

DEFINITION 4.2. The polynomial ®ps(t1,. .., tp) is called a o*-
dimension polynomial of the o*-K-module M associated with the
given excellent p-dimensional filtration {Mrl.,.rp | (r1,

..., rp) € NP} of this module.

Remark. The last theorem combines several results from [9,
Section 3.5] (as we have mentioned, one can use Grobner bases
with respect to p orderings instead of generalized characteristic sets
used in [9, Section 3.5]). The only exception is part (iv) that follows

from the description of the sets V;, . » -, and Theorem 2.7. (Therefore,
Proposition 3.7, together with Theorems 2.8 and 2.6, give a method
of computation of multivariate o*-dimension polynomials.) Also,
as it is shown in [9, Theorem 3.5.38], ®p(t1, .. ., tp) carries several
invariants of the o*-K-module M, i. e., integers that are independent
of the set of finite generators of M over & (in what follows we will
use only one of such invariants, d = o*-dimg M).

Example. Let K be an inversive (¢*-) field with o = {a1, a2},
& the ring of o*-operators over K, and M a ¢*-K-module with
one generator y and one defining relation wy = 0 where v =
c1(oy +a1_1) +co(ay +a2_1) € & (c1 and ¢y are constants in K, that is,
ai(cj) =cj, 1 <i,j < 2). Thus, M can be treated as a factor module
of a free &-module F with free generator f by its &-submodule N =
Ewf.Then {g1 = wf,g2 = al_lgl} is an (<1, <2)-Grobner basis of

N. (In this case uéll ) = a1f and uézl ) = al 2, the fact that for every
h € N, there is i € {1, 2} such that p(g;) | p(h) (see Definition 3.4)
follows from [4, Corollary 6.5.4].) With the notation of Theorems
4.1and 2.7, for any r1,r2 € N, Viyr, = W(1,0).(-2,0)) @and Wr,p, =
{(i,j) € Z®|1 < |i| < r1,j € {r2,—r2} }. Using Theorems 2.8 and
2.6 we obtain that Card V;,, = 4r; and Card W;,,, = 4rq, so the
o*-dimension polynomial of M associated with the generator y is
O(t1, t2) = 41 + 4ty.

The next theorem gives a property of a multivariate filtration of
a finitely generated ¢*-K-module whose ¢*-dimension polynomial
has the simplest possible form.

THEOREM 4.3. Let K be an inversive difference field with a basic set
of automorphisms o = {a1, ..., am} and let the partition (1) of o be
fixed. Let M be a finitely generated o*-K-module with o*-generators
X1,...,%Xn and let {M;, rp |
(r1,....rp) € NP} be the standard filtration of M associated with this

n

system, that is, My, ., = Z ST rpXi forevery (ry,...,rp) € NP.
i=1

Let ®pr(ty, ..., tp) be the o*-dimension polynomial associated with

this filtration be of the form

P [my ' L
Dpr(ty,....tp) =d ]_l [Z(_l)m;‘—izi(”l’_J) (tj ,+ l)
j=1 liz0

where d = o*-dimg M. Without loss of generality we can assume
that x1, ..., x4 are o*-linearly independent over K, that is, linearly

d
independent over &. Let N = Z Ex; and for any (r1,...,rp) €

i=1

seenst = AV e,

(rl,...,rp) e NP,

Proor. Clearly, the statement is true for m = 0, so we can assume
that m > 0 and p > 1. By part (iv) of Theorem 4.1 and part (iii) of
Theorem 2.7 (see formula (6)),

m;

p .
; iifmiY [t ti
dlmer,‘__’rP = dl_! [Z(;(_l)mj 121( i])( Ji )
Jj= i=

dim My, ., for all sufficiently large (ri,....rp) € NP,

Let r(® = (rl(o, e rl(,o)) € NP be a minimal with respect to the



product order <p on N? element such that the last equality holds
for all p-tuples r € NP with r(© <p r (we use the fact that every
subset of N contains finitely many elements minimal with respect
to the product order). We should prove that @ =(o,...,0).
Assume for contradiction that this is not true. Without loss of

generality we can assume that rl(,o) > 0. Then the last equality

does not hold for the p-tuple s(0 = (rl(o, el rl(,o) — 1), so there
exists yox; € Mgy € M,0) = N, such that yox; € N . Since
Yoxi € N, \ N0, we can write

d ¢
Yoxi = Z Z ajkY k%) )

J=1k=1

where 0 # ajr € K, yjk € F(r(o)) (1<j<d 1<k<ej Also,
the last sum contains a term ajjyjpxj such that ajr # 0 and
Yir € TrO)\T(s).

Let =’ be the sum of all terms a iy jxx; in (9) such that ordy y 3 =

ri(,o) let 3" be the sum of the remaining terms. Let a1y X be

a term in 3’ such that if we write it as y ;s = y;,llz, e Y]('Il)c)’ where
(p) _

yj(.,i/)c, (1 < i < p)is apower product of elements ¢; and Yip =

Amy+-+my_1+1 qm

m1+~~~+rrfp,1+1 <. ", then the mp-tuple (qm,+-+mp_+15 - - > Gm)
is the largest possible one with respect to the following order <
onZ™Mr: (iy,..., imp) < (j1s- -, jm,,) if and only if the 2m,-tuple
(li1l, - - - |im1,|, i, im[,) is less than the 2m,-tuple
(l7ls - ->» |jmp L, J1s -+ s jm[)) with respect to the lexicographic order
on Z>™» _ Since ordp yjrp > 0, we can choose the smallest index
v >mp+---+mp_1+1suchthat g, # 0. Let & denote ay if g > 0
and ;! if gy < 0. Then

d €
ayoxi = ) Y alajp)yjxx)s (10)

j=1 k=1

ayoxi € M, = N, and ordp(ayjp) = r}(,o) + 1. Since aypx; €
N,.0), ayox; can be written as a linear combination of elements of
the set {yx; |y € T(r®),1 < j < d} with coefficients in K. If we
write the equality of such a linear combination and expression (10),
then the term a(a )y cannot be cancelled. This contradicts
the o*-linear independence of elements x1,...,x; over K. Thus,
r(0 = (0,...,0) and the theorem is proved. m]

The following result gives an intersection property of a finitely
generated o*-K-module.

THEOREM 4.4. Let K be an inversive difference (c*-) field with a
basic set 0 = {1, ..., am} and M a finitely generated o*-K-module,
with o*-generators xi, ...,xp (that is, generators of M as a mod-
ule over the ring & of o™ -operators over K). Let d = ¢o*-dimg M.
Then there exist iy,...,iqg € {1,...,n} withiy < --- < ig such
that x;,, ..., xi, are c*-linearly independent over K and if N is the

.....

k=1

=
er,._,!rp = Mrl,.‘.,rp ﬂN forall ry,. s Tp € N.

PRrOOF. Let F be the free &-module of rank n with free generators
fi.. ... fn.-Let ¢ : F — M be the homomorphism of &-modules such
that ¢ (f;) = x;fori=1,...,n.Let W = Ker ¢ and let G be a Grobner
basis of W with respect to (<1,...,<p). Forevery j=1,...,n,let

Ej ={e=(e1,...,em) € Z™| 5;1 ...0e s a 1-leader of some ele-
ment of G}.

Then there exists a polynomial ®(ty,...,tp) € Qlty,...,tp]
such that ®(ry,...,rp) = dimg My,,....r, for all sufficiently large

(ri,..., rp) € N? and this polynomial can be written as
O fo+i by +i
1+1i1 p +ip
O(ty,....tp)= > - > aj
(AL I I o B L
i1=0 1[,=O

where aiy,..ip € Z for all p-tuples (iy, ..., ip) € NP with (ig, ..., ip)
<p (mi,...,mp), and 2m|am1,u_mp. Furthermore,

O(t1,....tp) = 27:1 ¢, (t1,...,tp)+ a polynomial of degree less
than m,

where ¢g; (t1,. .., tp) is the dimension polynomial of the set E;
associated with the partition of the set Ny, = {1,..., m} that corre-
sponds to the given partition of o.

Since deg ¢g; = m if and only iij = 0 and then ¢g; (t1,. .. tp) =
H‘;’:l Z;Z{)(—l)mj‘izi (":J) (tj;rl)], there are exactly d indices j for
which E; = 0. Without loss of generality we can assume that these
indices are 1,...,d. It means that the leaders of elements of G con-

tain only generators f; of F with indicesk € {d +1,...,n}.
Suppose that there exists r = (r1,...,7p) € NP such that Nry, oy )]

M. rp (N N. Then there exists an element A € (Mr1 ,,,,, » N N) \

Np,,...r, of the lowest (with respect to (<1,...,<p)) possible rank
d n

among all such elements. Then A = Z Djxj = Z D{x; where
j=1 i=1

Dje&(1<j<d)and D] € &y, s, (1 <i < n) It follows that if

d n
we set P = ZDjfj —ZD;ﬁ, then P € W.
=1 i=1

Let g = (q1, - - -, qp) be the smallest with respect to the product
order element of N” such thatr <p q,Dj,D] € Eq,,_q, (1< j<d,
1 < i < n) and let q be the smallest such p-tuple with respect to the
lexicographic order on N”.

Then (ry,...,7p) <p (q1,...,qp) (if r = g, then A € Nryoorp)-
Let v = 61 f; be the 1-leader of P. Then ord; 61 = q; and 1 < k < d.
Indeed, if v appears in one of D, then (ord; 61,...,0rd, 61) <p
(r1,....7p) <p (q1,...,qp) while some D; (1 < j < d) contains a
term 6’ f, with (ord; €’,...,0rdy 0") = (q1,...,qp)-

Let P’ be the result of the (<1, ..., <p)-reduction of P with re-
spect to G, so P’ is reduced with respect to G. Since the reduction
uses transforms of leaders of elements of G and these leaders con-
tain only f; with d+1 < i < n, P’ must contain v. Therefore, P’ # 0.
On the other hand, P’ € W and P’ is (<,..., <p)-reduced with



respect to G. This contradiction (see Proposition 3.6) shows that
rp = Mry,. 1, (N forallry,...,rp €N. |

The last theorem allows one to obtain an interesting result
about o*-dimension polynomials of o*-field extensions (see Theo-
rem 4.5 below) that is a difference version of [2, Theorem 3.1].
Recall (see [9, Theorem 4.2.17]) that if L = K{(n1,....n,) is a
o*-field extension (Char K = 0) with a finite set of generators
n =A{n1,...,nn}, then (given that the partition (1) of o is fixed) there
exists a polynomial in p variables ¥y |x € Q[t1,...,p] such that
¥y k11, rp) = tr.degg K({yni |z € T(ry,...,1p), 1 < j < n})
for all sufficiently large (r1,...,rp) € NP. This polynomial, which
is called the o*-dimension polynomial of the extension L/K associ-
ated with the set of o*-generators 7, carries a number of invariants
of the extension. In particular, if it is written in the canonical form
(2), then d = amy...my, /2™ is the o*-transcendence degree of L/K
(denoted by o*-tr. deg L), that is, the maximal number of elements
X1,..., X of L such that the set {y(x;) |y € I, 1 < i < k} is alge-
braically independent over K. (In this case we say that xi, ..., xg
are o -algebraically independent over K. Any maximal set of such
elements has d elements; it is called a ¢*-transcendence basis of
L/K. As in the classical field theory, every set of o*-generators of
L/K contains a o*-transcendence basis of this extension.) Proper-
ties of o*-dimension polynomials of o*-field extensions and their
applications to the analysis of systems of algebraic difference equa-
tions can be found in [9, Chapters 4 and 7]. In this connection, in
the future research we plan to develop and implement an algorithm
for computing multivariate o*-dimension polynomials of systems
of algebraic difference equations and apply the obtained results to
the computation of a difference analog of the Einstein’s strength of
concrete such systems.

THEOREM 4.5. Let L = K(n1,...,nn) be a c*-field extension gen-
erated by a finite setn = {n1, ..., N} and letd = o*-tr. degg L. Then
the setn contains a o™ -transcendence basis B = {n;,, ... ni, } of L over
K (1 <iy <---<ig < n)suchthat ifn’ denotes the setn \ B, then

‘I’n/u«B)(tl, o tp) = ‘I’”‘K(tl, e Z’p)—

By
j=1 Li=0 i i
Moreover, tr. degg K({yni |t € T(r1,...,7p), 1 < j < n})
p |mj .
cAmi\(ri+i
=d (_1)mj—121( ])( J ] )
(T[S evm ()

tr. degg gy K(BY({yni |t € [(r1,...,1rp), 1 < j < n})
forall (ry,...,rp) € NP.

(11)

ProoF. Clearly we can assume m = Cardo > 0 (form = 0
the statement is obvious). Let Q7 | denote the module of Kahler
differentials associated with the extension L/K. Then Qg can be
treated as a o*-L-module where the action of the elements of o™ is
defined in such a way that a(d{) = da({) for any { € L, « € ¢*
(see [9, Lemma 4.2.8]). Furthermore, by [9, Theorem 4.2.9], we have
o*-dimy Qg = o"-tr. degg L.

Let M = Qp g and for any (r1,...,rp) € NP, let My, de-

?
note the vector L-space generated by all elements d{ where { €

n
K(U ['(r1,...,7p)n;). It is easy to check that
i=1

My oy | (11, 1p) € ZPY (Myy, oy, = 0if (r1,...,1p) € ZP \NP)
is an excellent p-dimensional filtration of the o*-L-module M. Also,
dimg My,,...r, = tr.degg K({ynilz € T(r1,...,1p), 1 < j < n})
for all (ry,...,rp) € NP (see[11, Proposition 23.17]).

By Theorem 4.4, there exists a set B” = {dn;,,...dni;} € M (1 <
i1 < --- < ig < n)such that the elements of B’ are linearly indepen-

d d
dent over & and if N = Z &dn;, and Nryrp = Z 8,1,._,,rpd77iv,

v=1 v=1
then Ny, _», = Mr,_.r, (N for all (ry,...,rp) € NP. Therefore,
the elements of the set B = {n;,,...n;,} are c*-algebraically inde-
pendent over K and ¢*-tr. degg gy L = 0. Now we can repeat the
arguments of the proof of [2, Theorem 3.2] to show that if we set

Lrl,..‘,rp = K({Y’]Z | T € r(rb . ..,rp), 1 S ] S n})) F = K<B>> and
Fry,...r, = K{yni, |7 € T(r1,...,7p), 1 < v < d}), then for any
(r1,...,rp) € NP there is an exact sequence of o*-L-modules
0— L ®Fr1,4..,rp QF’l:---:r[J ‘K - L ®Lr1,4..,rp Lrl ----- 15 |K
—L ®Lrl,,_,,,1, QL Py = 0
dimL L ®Lr1 yyyyy o QLrl,A..,rp K = tr. degK Lrl,...,rp,
dimp L, Ok, K=
Ly ii(ni\ [t
d[ 1> om2i{"7)(7 77|, and
j=1 Li=0 ! !
dlmLL@Lrl ----- p QLH:—-»’rp Fryrp =

tr.degp F({ynily € T(r1,...,1p), 1 < j < n}).
Since dimy is an additive function for exact sequences, we obtain
the statement of our theorem. O
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