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Abstract—The recent emargence of the small cloud (SC), both in concept and in practice, has beaen driven mainly by issues related to
sanice cost and complexity of commercial cloud providers (2.g., Amazon) employing massive data centers. However, the resounce
inelasticity problem faced by the SCs due to their relatively scance resources might lead to a potential degradation of customer QoS and loss
of revenue. A proposed solution to this problem recommends the federated sharing of resources batween competing SCs to alleviate the
resource inelasticity issues that might arise. Based on this idea, a recent effort proposed S5C-Share, a performance-driven static market
modal for competitive small cloud emvironments that results in an efficient market eguilibrium jointly optimizing customer CloS satisfaction
and 5C revenue genaration. However, an important question with a non-obwvious answer still remains to be answerad, without which 5C
sharing markats may not be guaranteed to sustain in the long-run - is it sl possible fo achieve a stable markat efficiant state when the
supply of 5C resources is dynarmic in nature?. In this article, we take a first step to addressing the problem of efficient market design for
single 5C resource shanngin dynamic environments. We answer our previous guestion in the affirmative through the use of Amow and
Hurwicz's disequilibium process in economics, and the gradient play technigue in game theory that allows us o iteratively converge upon

efficient and stable market equilibria,

Index Tarms—=Small cloud, dynamic market, stability

1 INTRODUCTION

LouD computing is becoming increasingly popular

and pervasive in the information technology (IT) mar-
ketplace due to its on-demand resource provisioning,
high availability, and elasticity. These features allow
cloud end users (e.g., individuals, small-scale companies,
world-wide enterprises) to access resources in a pay-
as-you-go manner and to meet varying demands sans
upfront resource commitments [5]. Cloud service pro-
viders (Amazon AWS [6], Google Compute Engine [7],
and Microsoft Azure [8]) allow customers to quickly
deploy their services without a large initial infrastructure
investment.
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1.1 The Rise of Small-Scale Data Centers

There are some non-trivial concerns in obtaining service
from large-scale public clouds, including cost and complex-
ity. Massive cloud environments can be costly and ineffi-
cient for some customers (e.g., Blippex [9]), thus resulting in
more and more customers building their own smaller data
centers [10] for better control of resource usage; for example,
it is hard to guarantee network performance in large-scale
public clouds due to their multi-tenant environments [11].
Muoreover, smaller data center providers exhibit greater flexi-
bility in customizing services for their users, while large-
scale public providers minimize their management overhead
by simplifying their services; e.g., Linode [12] distinguishes
itself by providing clients with easier and more flexible ser-
vice customization. The use of small-scale clouds (5Cs) is one
approach to solving cost and complexity issues.

Despite the potential emergence of small-scale clouds, due
to their moderate sizes, they are likely to suffer from resource
under-provisioning, thus failing to meet peak demand at
times. This leads to a resource provisioning dilemma where
the 5Cs have to make the tradeoff between request loss and
the cost of over-provisioning. One way out of this dilemma is
for such small clouds to cooperate with each other via a feder-
ation to help meet each others” user demand via resource

sharing at low costs?, thereby increasing their individual

1. This approach can be used to share other virtualization based
resouroes like containers, unikernels as well.
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Fig. 1. 5C system overview.

resources when in need without having to significantly
invest in more. Such cooperation is analogous to Business
Clusters described in mainstream economics which emerge
due to, among other factors, shared interests and geographi-
cal proximity [13].

1.2 Research Motivation

Ideally, an SC would want to service all its customers solely
using its own resources. However, the primary barrier to this
goal is its individual resource capacity which might not be
enough to service peak customer demand. In such a case, the
5C can either resort to peer 5Cs for additional resources,
thereby incurring borrowing costs, and/or buy the services
of a big public cloud (e.g., Amazon). An example of this pro-
cedure with three 5Cs is illustrated in Fig, 1. The latter option
is potentially more expensive than the former because a big
public cloud might simply treat an 5C as a customer and it is
harder (or more expensive) to regulate where a big public
cloud places their data, resulting in more privacy threatening.
Thus, from an 5C's viewpoint, its challenge is to satisfy two
conflicting objectives: (i) to serve as many customer demands
to generate more revenue, and (i) to incur as low as possible,
borrowing and/or buying resources from other clouds in
order to reduce costs. Without losing generality, we assume
that buying resources from big clouds (e.g., Google, Amazon}
is the last resort for an 5C in events of low resource availabil-
ity, and in such events it would try its best to get resources
from peer SCs, in order to maximize the profit. Another chal-
lenge is to ensure that at market equilibrium (see below), the
5Cs and their customers ideally operate on parameters (see
Section 2) that allow the market to be gfficient, a condition
commonly characterized in microeconomics by certain popu-
lar functions (see Section 2.3) of market stakeholder utilities,
and one that entails optimal social welfare allocation amongst
the 5Cs and their customers. This is a non-trivial and chal-
lenging task as the existence of a market equilibrium does not
necessarily imply market efficiency [14]. In addition to the
above mentioned challenges, the SC market is dynamic in
nature due to the non-static nature of the supply of 5C resour-
ces, as well as due to the variations in customer demand over
time, and failures. This dynamic nature of the 5C market is
likely to lead to frequent market equilibrium perturbations
and potentially a state of market disequilibrium. Conditioned
on the achievability of a market static efficient equilibrium, a
state of eventual disequilibrium will threaten the long-term
sustainability of 5C markets, i.e,, a deviation from efficient
market equilibria. Here, the term ‘market equilibrium’ refers
to a situation in which all market stakeholders mutually

satisfy their interests, in which case an important challenge
is to design a stable market that is robust to perturbations
and always returns to its equilibrium point(s} when perturba-
tions do occur.

Our Goal. Tn this paper, our goal is to formulate the joint
‘stakeholder satisfaction problem’ in dynamic 5C environ-
ments as an efficient, stable, and sustainable dynamic mar-
ket/ecosystem design task, and propose an effective solution
for it. Here, we consider three different stakeholders: (i) the
5C customers, (ii} profit maximizing autonomous SCs, and
(i) a regulatory agency (e.g., local government or governing
bodies, [151[16]) overseeing certain functioning aspects of
the autonomous SCs (e.g., ensuring customer data privacy).

1.3 Research Contributions
We make the following research contributions in this paper.

» We propose a utility theory based small cloud com-
petitive market model comprising of federated 5C
customers, profit maximizing autonomous 5Cs, and
a regulatory agency overseeing some functionality
aspects of the federated 5Cs, as the market stake-
holders. The model mathematically expresses the
stakeholder interests in terms of utility functions and
paves the path for analyzing 5C markets for market
equilibrium properties (see Section 2).

* Weanalyze our proposed market model via a convex
optimization framework for the existence and unique-
ness of a static market equilibrium at which (i) the
utilitarian social welfare function (see Section 3 for a defi-
nition) is maximized, ie, the market equilibrium is
socially efficient, (i) the market equilibrium is Pareto
efficient (see Section 3 for a definition), (i) the market
is cleared, ie., the 5C supply balances customer
demand, and (iv) no stakeholder has any incentive to
deviate from the equilibrium. We show that there
exists a unique static competitive market equilibrium
jointly satisfying (i), (i), (iii), and (iv), however there
are several static market equilibria jointly satisfying
(i), (iii), and (iv). (see Section 3).

¢ Using the notion of a disequilibrium process proposed
by Arrow and Hurwicz [3], [4], we apply the gradient
play technique in game theory [17] that is based on
the theory of differential equations, to investigate the
dynamic market setting where a static market equi-
librium {conditioned on their existence) is potentially
subject to perturbations that might lead to market dis-
equilibrium. In this regard, we show (in theory) that
static market equilibria achieved in small cloud mar-
kets (see Section 3 for details on static markets) is
asymptotically stable in dynamic market settings (see
Section 4). Our use of the gradient play technique is
motivated by the fact that in many practical market
environments stakeholders (i) find it behaviorally dif-
ficult or computationally expensive to play their best
responses [18], (i) have zero or incomplete knowledge
of the utlities of other stakeholders in the market,
and (iii) cannot even observe the actions of other
stakeholders in the worst case. In such environments,
gradient play is a suitable technique to achieve static
market equilibrium stability iteratively [19], from a
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state of disequilibrium. More specifically, for our
market setting the occurrence of (i)-(iii) is quite likely.
Gradient play also works when issues (i)-(iii) do not
arise (see Section 2.3).

2 CompPETITIVE MARKET MODEL

In this section, we propose a utility theory based small cloud
Walrasian competitive market model comprising of profit
maximizing autonomous SCs in a federation, their custom-
ers, and a regulatory agency overseeing some functionality
aspects of the 5Cs. A Walrasian competitive market [14] rep-
resents a pure exchange economy without production, where
there are a finite number of agents, i.e., 5Cs in our work,
endowed with a finite number of commodities, ie., comput-
ing resources in our work, that are traded with 5C customers
and peer SCs. The aim behind proposing the model is to pave the
path for mathematically analyzing SC markets for market equilib-
rium properties, and derive their practical implications.

In this paper, we consider each SC customer to deal with
three job types, where each job comprises multiple tasks: (i)
Type I jobs that need to be serviced wholly/entirely when they
arrive (e.g., a user could invoke a regular MapReduce batch
job that defines a set of Mappers and Reducers to be executed
for the job to complete in its entirety.}, (ii) Type Il jobs that can
be curtailed to fewer tasks (e.g., an approximate computation
job as in [20]), where the curtailment decision primarily aris-
ing from (a) the nature of VM instance prices, (b) the unneces-
sity of the job to continue executing beyond a certain accuracy
already achieved, and (c) the unnecessity of the job to con-
tinue executing beyond a certain deadline, and (iii) Type 11
jobs where certain tasks can be shifted over time for future
processing, the remaining job tasks requiring service as they
arrive (e.g., analyzing a DMNA sequence, re-nmning partially/
entirely a current job later when it gets killed in a spot cloud
environment due to momentary unavailability of resources.).
MNext, we model the stakeholders in the SC market.

2.1 Modeling the SCs

Let there be n autonomous profit maximizing SCs. Each SC
can be geographically distributed. Customer demand for SC
i is a set of processing tasks from its customers (both end-
users and peer SCs) that require the use of virtual machines.
We assume that each 5C i reserves (allocates) a total of 1m]
virtual machines (VMs) in its data center to service demand
from its customers. We term such VMs as reserved VMs. The
value of vm! is pre-determined by 5C i based on the statistics
of customer demand pattemns observed over a period of
time. For simplicity, we will focus on VMs representing a single
resource type in this paper. The case for multi-resources will be
dealt in fulurework. In the event that v} machines are insuffi-
cient to satisfy consumer demand, SC i borrows vm! VMs
from peer SCs. Here, vm! is the number of borrowed VMs
available to SC i from its peers. In the event that both
reserved and borrowed VMs are insufficient to meet cus-
tomer demand, SC i resorts to a public cloud for vm™ VM
instances. We assume here that a public cloud is large
enough to provide any required number of VM instances to
SCs. We do not consider communication network band-
width issues between private clouds to be a bottleneck to

customer service satisfaction in this paper.

Let c{vm]) be the associated operating cost to 5C i for
reserving v} virtual machines to serve its customers. We
define e(vm]) via a separable equation of the following form.

elvm;) = filvmg) + folvm), (1)

where f(:) (a linear function) and fz(-) (a non-linear func-
tion) are functions such that the marginal operating cost for 5C
iis a general decreasing linear function of the number of VM
instances, Le., the additional operating cost, ﬁ, due to a
unit increase in the number of VMs required to service cus-
tomer demand varies in a negative linear fashion with the
number of VMs. Such marginal cost functions are also popu-
lar in economics to model diminishing costs /returns [14].
We approximate the number of VMs as a non-discrete quan-
tity. Specifically, for the purpose of analysis, we assume the
cost function ¢(-) to be concave, quadratic, and fwice contin-
ously differentinble, i.e., the marginal costs become decreasing
linear functions of the number of VM instances. We can
define one such e vm! ) function as follows.
o T ﬁ:' T2

c{vm) = aqum; +?[mi} ' (2)
where ¢ (a positive value) and £, (a negative value) are SC
i's cost coefficients for its reserved resources, ie., virtual
machines, such that the marginal operating cost for SCiis a
negative linear function. The above quadratic form of the
cost function, apart from salisfying the property of negative
linear marginals, not only allows for tractable analysis, but
also serves as a good second-order approximation for the
broader class of concave payoffs [21]. We define o to be the
profit that 5C ¢ makes through its reserved VMs for servic-
ing customers, and define the maximum profit that 5C i can
make, via the following optimization problem.

max 7] = max|p;um] — c(vm])]
vm’T l.'r.rt:'

subject to
Uy, < 0T € 0T

where g, is the per-unit VM instance price charged by SC i to
its customers, and vmy;, and v, are the lower and upper
bounds for the number of VM instances reserved by 5C i for
its customers. We assume that each SC i is small enough not
to be able to exert market power over its peer 5Cs and strate-
gically influence the prices they charge their customers. ie.,
each 5C is a price taker [14]. The prices that individual 5Cs
charge their customers are determined by individual 5Cs in
price competition with one another in the process of maxi-
mizing their own net utilities.

Let c{vm’) be the associated operating cost to SC i for
borrowing vm! virtual machines from peer SCs to serve cus-
tomers, when the reserved VMs are not enough to satisfy
customer service demands. Like in the case of formulating
cfvm] ), we formulate c(vm?) in a manner such that the asso-
ciated marginal operating costs for borrowing an additional
VM instance decreases in a negative linear fashion with the
number of VMs. Mathematically, we represent o{vm!) by
the following equation:



e(vm?) = ejom’ + % (vm?)?, (3

where «, (a positive quantity) and f; (a negative quantity) are
5C i's coefficients for its borrowed virtual machines. We
denote by x! the profit that SC i makes when barrowing VMs
from peer SCs for servicing customers, and define the maxi-
mum profit that 5C i can make, via the following optimization
problem:

Imax
b

.
(1

" — max|prm® — clvm!) — efv
! = max{pyom! — e(vm!) — clom")]

subject to
Vi, S VI S UM

Here, (i) 1.rmf;|mi and i.rm.':’"mcli are the lower and upper bounds
for the number of VM instances borrowed by 5C i for its cus-
tomers, from peer SCs, (ii) e(vm!”) is the cost to SC i to offload
vl VM instances worth of customer demand to a public
cloud in the event that vm! and vm! VM instances together
are not enough to service i's total customer demand. We rep-
resent c(vmd ) in the same manner as c{vm!) and c[vm?), and
express it via the following equation:

e(vm]”) = o om]" +£;E{1:mf’}2, (4

where &' (a positive quantity) and ﬁ:,. {a negative quantity)
are 5C i's coefficients for the resources the public coud uses
to service i's offloaded customer demand portions. We do
not assume any constraints on the resources available to the
public cloud for servicing offloading requests by SCs.

2.2 Modeling SC Customers
For a customer j who has a Type | job, we express this cus-
tomer’s utility for that job as a concave, quadratic, and twice
continuously differentiable separable function, UU;(-), defined
as follows.

Uj(vm?) = aSvm® +5[m*.}“ (5

E ] 7 ¥ 2 L

where vm? is the amount of VM instances required to pro-
cess j's entire job. Similar to the motivation and rationale
behind the concave quadratic cost functions for 5Cs, the
utility function of an SC customer is designed such that the
marginal utility for the customer is a decreasing linear func-
tion of the number of VM instances, i.e., the additional utl-
ity increase due to a unit increase in the number of Vs
varies in a negative linear fashion with the number of VMs.
! (a positive quantity) and f§ (a negative quantity) in the
above equation are j's ulility coefficients.

As in the case of a customer with a Type I job, for a cus-
tomer j who has a Type I job, we express his utility for that
job as a quadratic twice continuously differentiable func-
tion, U;(+), defined as follows:

-

Jom; + ﬁ—;l[im;jz (6)

where vm? is the amount of VM instances required to pro-

cess §'s curtailed job, and is expressed as

Ui{vm;) = a

. 1 e 2 e 1 2
v = koM + kUM, KK € (0,1).
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Here, of (a positive value) and §° (a negative value) are j's
utility coefficients for Type I jobs. ‘&'he interpretation of vn{is
as follows: x;ma_‘f is the number of VMs required to accom-
plish j’scurtaileci task, whereas «vm?, is the additional num-
ber of unused VMs that contribute to §'s extra utility when its
job is curtailed, and provides it with an overall percefved satis-
faction greater than that obtained from the utility derived
solely using x; v used VMs for the curtailed job.

For a customer j who has a Type I job, similar to the
case of Type | and Type Il jobs, we express his utility for
those tasks as a quadratic twice continuously differentiable
funection, U;(-), defined as follows:

£
U(vm3) = ojvm? + -2-1 (vm?), (M

where vin? is the amount of VM instances required to process
J's time-shiftable tasks, and o} (a positive value) and §; (a neg-
ative value) are 's utility coetfidents for time-shiftable jobs.

A customer j can have jobs of all three types. Thus,
his aggregate tasks are worth 1.m}"" = T:mj + T.‘m; + v VM
instances. Therefore, customer j's aggregate utility takes a
similar form to his utility for a specific job type, and is given by

5
Uj(vm) = e ®vm?® + EE!— {um:-g}lz. (8}
where r:r;’f' (a positive quantity) and A7 (a negative quantity)
are j's utility coefficients for his job aggregate.

We denote ;™ to be the net utility that customer j gen-
erates through getting service for a given job type = {¢, ¢, 5}
from its contracted SC, and define the maximum net utility
that customer j can generate, via the following optimization
problem:

i 7 = max U (om¥”) — pyom ]
T ‘J {'H!J:
subject to
I .t < tlmj!"’"' < TR e
k) a1
Here, vm_, e and v e arethe lower and upper bounds

for the number of VM ins:tances used up by customer j's job
type (be it whole, curtailed, shifted, or aggregate). p, is the
price paid by customer j to his chosen 5C per VM instance
used.

2.3 Modeling the Regulator

The role of the regulator (eg., the government, a federated
agency) as applicable to our work is to ensure (i) good pri-
vacy practices between 5Cs, (ii) the design of palicies,/ mecha-
nisms that enable autonomous 5Cs to price customers
appropriately without making excessive profits through mar-
ket exploitation, and (iil) an optimum level of sodal welfare
allocation amongst the autonomous SCs at market equilib-
rium. (i} is specific to our problem setting and is one of the
most important motivations for the presence of a regulator
(see Section 1} in the first place.” However, the presence of a
regulator brings in other important benefits through (ii) and

2 In practice, using mechanism design theory, the regulator can
devise efficient economic mechanisms that enable 5Cs to find it incen-
tive compatible in protecting the privacy of their customers. Howewver,
we do not focus on the design of such mechanisms in this paper.
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(iii). (ii} is necessary to prevent any SC from exploiting its cus-
tomers on service costs, In this work we do not focus on the
design of such mechanisms, and assume the existence of
one,” whereas (iii) is important from an economic perspective
as maximizing social welfare is a key objective in welfare eco-
nomics because it leads to (a) a certain level of equitability of
allocations (in resources or in net utility) amongst the stake-
holders, {(b) might guarantee Pareto efficiency at market equi-
librium [14], and (c) an optimal social welfare state denotes
the best possible operating point of an economic system. A
Fareto efficient allocation of utilies amongst a set of stake-
holders ensures that at market equilibrium none of the stake-
holders can increase their net utility without decreasing any
other stakeholder's net utility. The notion of equitability is
important in the context of autonomous SC markets because
they often operate in a decentralized fashion, and ideally, we
would want a social welfare allocation at market equilibrium
that does not result in considerable disparity amongst the
players’ allocations (despite being Pareto efficient).

In this paper, we define the social welfare function of the
regulator to be the sum of the net utilities of the 5Cs and
their customers at market equilibrium. We denote this func-
tion by 5W, and express it as

ie S

W = Z Uj(um3®) — Z (e{em]) + e(vm?b) + e(vm? ).
=
(9)

where ' is the set of consumers, SC is the set of small
clouds, the first term is the sum of the utilities of the con-
sumers, and the second term is the sum of the costs faced by
the 5Cs in SC for servicing customer demands. The afore-
mentioned social welfare expression is the standard Berg-
son-Samuelson wtilifarian social welfare function in economics
[23], [14] whose optimality does not focus on equality of
resource or utility allocations amongst stakeholders, Le., the
5Cs and the customers, but only on Pareto effidency of
resource allocations amongst the stakeholders, and equality
of marginal utility allocations amongst the stakeholders.
Mote that due to our autonomous SC setting, the regulator
in practice might not have enough say in welfare maximiz-
ing resource allocation, and can only expect to have the
social welfare function maximized in the best case because
it cannot directly enforce optimal strategy choices on the
5Cs like in a centralized control setting. The important ques-
tion here is whether the utilitarian social welfare function is
indeed the most appropriate choice for this work.

We choose to work with the utilitarian funchion over two
other popular Bergson-Samuelson social welfare functions
used in economic applications: the egalitarian function, and
the Rawl's ﬁmctimi, for the following reasons:

»  The parameters corresponding to the unique optimal
solution of the maximum utilitarian social welfare
problem coincide with those obtained at the unique
equilibrium of a purely distributed market compris-
ing autonomous S5C°s without the presence of a

3. Bconomists Laffont and Tirole have proposed principal-agent mod-
els in this regard [22] which will enable autonomous SCs to charge
appropriate prices to customers purely out of self-interest.

regulator, and are Pareto optimal. This result is due
to Arrow-Debreu’s first and second fundamental
theorems of welfare economics [14]. In addition, at
market equilibrium, there is equitability in the mar-
ginal utilities of all the autonomous 5Cs (in case of
SCs, the utility is represented by cost and is thus a
negative utility) and their customers. The parameter
coincidence property does not necessarily hold for
non-utilitarian social welfare functions.

# The Rawl's social welfare function focusses on maxi-

izing the minimum resource/utility allocation to
any stakeholder (e.g., SC) within the class of market
stakeholders. A major drawback of adopting this
social welfare function is that it will in general discour-
age SCs from sharing their respurces (even at Pareto
optimal system settings) with other 5Cs (consequently
affecting customer (o5 satisfaction), thereby challeng-
ing the core philosophy behind an SC market, and will
not likely be popular with gither the SCs or the regula-
tor. & maximin utility allocation among 5Cs would
favor, for example, a regime that reduces every 5C to
complete “misery” if it promotes the well-being of the
most “miserable” SCby even a very small amount.

# The egalitarian social welfare function focuses on
equalizing the utilities of all market stakeholders in
the absolute sense. Similar to the case of Rawl's func-
tion, it suffers from the major drawback that it will in
general discourage 5Cs from sharing their resources
(even at Pareto optimal system settings) with other
SCs. Likewise, it is unlikely to be popular amongst
either the regulator or autonomous 5Cs. For example,
if we had to choose between two allocation policies,
one under which all 5Cs would have a cardinal ukility
of 100, but one SC would have a utility of 99; the sec-
ond policy under which every 5C is "miserable” and
will have a cardinal utility of 1 unit. The egalitarian
regulator would prefer the latter because under this
option, every 5C has exactly the same utility level.

3 SrtaTic MARKET ANALYSIS

As a precursor to analyzing dynamic markets, in this section
we first derive and analyze perfectly competitive static 5C
market equilibria. We assume perfect compelition amongst
5Cs due to their lack of economic power in influencing other
SCs based on their quantity of VM availability. Since prices
in perfect competition are strategic complements (in the termi-
nology of Bulow, Geanakoplos and Klemperer [24]), i.e., the
decrease in an 5C's customer price results in the decrease of
customer prices charged by other 5Cs in competition, we are
going to eventually converge to a stage where a single uni-
form customer price will prevail in the SC market [24]. We
are interested to know whether such a price results in social
welfare optimality. Equivalently, if a federated agency were
to centrally impose a customer charging price on all 5Cs
(thereby breaking their autonomy) that would maximize
social welfare, what would be the relationship between such
a price (quantity) and the market equilibrium price (quan-
tity) outcome of the price-quantity competition game? In this
regard, we (a) formulate and solve an optimization problem
for a regulator who wishes to achieve socially optimal
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market equilibria that maximizes utilitarian social welfare
amongst the market stakeholders, (b) characterize market
equilibria in the absence of a regulator and draw compara-
tive relationships between the equilibria obtained, with
socially optimal market equilibria. In practice, the competi-
tion between SC firms is likely to be imperfect in nature, and
Laffont and Tirole have addressed models [25] under such
settings which result in market efficiency.

Owptimization Problem Formulation. Here, we formulate a
regulator’s optimization problem so as to achieve socially
optimal market equilibria. The primary goal of the formula-
tion is to maximize the net utilities for the SC customers, and
minimize the net cost of operation of 5Cs to reach a net maxi-
mum sodal welfare situation amongst the 5Cs and their cus-
tomers. We define this problem mathematically as follows:

OPT: maxSW
subject to

Z v — (v + vm! + vm?®) = 0, ¥i € 5C,
=G

where the objective function is to maximize social welfare
SW (see Equation 9 in main paper) and the constraint is the
supply-demand balance equation, with 3~ T.‘m;y repre-
senting total customer demand, and (vm] + vm! + vm?") rep-
resenting total SC i supply. C is the set of customers served
by 5C i. A potential solution to the above optimization prob-
lem indicates the parameters at which the SC market can ide-
ally operate and (i) make all stakeholders satisfied to a point
that no one has an incentive to deviate, and (ii) maximize the
total satistaction of all the stakeholders together. We denote
such an ideal state of market operation as a static socially effi-
cient market equilibrium.

Dual Problem Fornulation. We will solve OPT using the pri-
mal-dual approach [26]. The advantage of using the primal-
dual approach is that the dual optimization problem of the
primal is always convex [26], and its solution results in global
optima which can be related back to the optimal solution of
the primal problem. Before deriving the dual optimization
problem, we first define the Lagrangian function of OPT as
follows:

L= Z (c(vm ) + c[vmi)) ZU (vmE)
80 FL=ly
> ZM?*’—ﬂaEmHmHm{“),
by £,
where p = (g,...., ) is the vector of Lagrange multipliers

for the constraint in OPT. The dual optimization problem,
DOPT, is then defined as follows.

DOPT : max inf L,
fr={vrn® e o o amn® e o }

where vm®, vm®, and v’ are vectors of customer VM types
and vm",vm’, and wn™ are vectors of 5C VM types. Note
that vm;” for any customer i equals vm§ + vm{ + vm}. Thus,
the goal here is to find an optimal tuple t, that is an optimal solu-
tion to both OPT and its dual.
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Solving the Dual. The dual optimization problem is convex
and its optimal solution is found by applying the Karush-
Kulm-Tucker (KKT) conditions [26] that are stated through
Equations ((10a), (10b), (10c), (10d), (10e), (10f), and (10g)).
Solving these equations, we obtain the optimal solution to
DOPT. The optimal solution to DOPT is the static market
equilibrium. We denote this solution by the tuple {sm™,
™ om™ em™, em™ emP™* | ot} We now state the KKT con-
ditions in the form of Equations ((10a), (10b), (10c), (10d),
(10d}, and (10e)) as follows.

%mﬁ* — pi=0,Vie SC (10a)

%|m€* —p =0,Vie SC (10b)

%Iwﬁ“ gl =0, Vie SC. (10c)

o= wh nt =0, vie . (10d)

ol — %|mr =0,Viel (10e)
;

ot — wmr —0.vieC. (100

> om(1 =) — &) = (vm] +vm + vml*), Vi € SC.
=0

(10g)

Egquilibrium in Autonmnous Settings. The key question is whether
the solution to DOPT can be realized as a market equilibria in a
distributed autonomous setting. Based on the general equilib-
rium theory in microeconomics [14], market equilibria in a
perfectly competitive autonomous setting of firms is known
as Walrasian equilibria. Tt turns out from general equilibrium
results in [14] that the unique optimal solution to DOPT (i)
is a competitive Walrasian equilibrium that is Pareto effi-
cient, (ii} satisfies Arrow-Debreu’s first and second funda-
mental theorems of welfare economics that establishes the if
and only if relation between the existence of a Walrasian equi-
librium and its Pareto efficiency [14], (iii) maximizes utilitar-
ian social welfare (again derived from Arrow-Debreu’s first
and second fundamental theorems), and (iv) clears the mar-
ket by balancing total 5C resource supply with consumer
and 5C resource demand. Thus, in view of points (i) - (iv), a
regulator’s social welfare maximization objective coincides
with the welfare state obtained at market equilibrium in a
distributed autonomous firm setting. We consider this wnigue
equilibrium state to be the benchmark at which the SC market
would be willing to alwmys operate. However, in practice, for a
perfectly competitive market with non-utilitarian social wel-
fare functions, there may be multiple Pareto efficient Walra-
sian market equilbria that are not socially efficient.
Computing Socially Optimal Equilibrium. The optimal solu-
ton to the dual optimization problem, DOPT, can be
obtained in an iterative manner using a gradient approach,
the principle behind which is the Primal-Dual Interior Point
Method [26]. We adopt the Primal-Dual Intedor Point method
in our work because it has a polynomial-time complexity to
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arrive at the optimal solution to convex programs [27]. The
basis of the method is to progressively change the argument
vector of DOPT so that minimal-Lagrange multiplier p satis-
fies the KKT conditions.

Denote by v, DOPT's argument vector sans the Lagrange
multiplier o, {vm®, vm®, vm®, vm’, vm®, vm#* }. Applying the
Interior Point method to DOPT gives us the the following
equations:

(11a)
{111}

vt +e) =vit) — BV . L-e
plt+e)=p(t) + E VL

Here, k, and k, are positive scaling parameters which
control the amount of change in the direction of the gradi-
ent. Letting ¢ — ([, we get

Tr_-'llr‘[t} = _vqu. {123:'

T,p(t) = =V, L, (12b)

where 1, = ¢ for y = v, p. The Interior Point Method con-
verges in polynomial time when the duality gap approaches
zero, due to the linear and super-linear convergence rate of
the method [26].

4 Dynamic SC MARKETS

In this section we describe the notion of dynamic 5C mar-
kets, provide a formalized model to describe such markets,
and finally investigate their stability aspects.

The Notion of Dynamic SC Markets. In practice, an 5C mar-
ket can be dynamic in nature due to the non-static nature of
the supply of SC resources and variability over time of cus-
tomer demand. This dynamic nature of the SC market is
likely to lead to frequent static market equilibrium (see
Section 3 for the analysis of static market equilibria) perturba-
tons, which in turn might (not always) lead to a state
of market disequilibrium. Here, the term ‘disequilibrium’
refers to a state when market supply does not equal market
demand due to perturbations in market parameters (e.g.,
customer prices), and as a result all stakeholders do not
mutually satisfy their interests.

To provide a dear understanding of the stark distinction
between static and dynamic markets, in the former, once a
unique market equilibrium state (a vector characterized by
optimal customer price charged, optimal VM resources allo-
cated between the stakeholders, etc.) is reached (call it A)
there is no deviabon from that system state in inertia, ie, a
stable point, unless the system variables change - but they do
not as the system is assumed to be static. Note that A isin the
set of feasible points the system could operate in. Now con-
sidering the contrary situation of dynamic markets, system
variables change over time due to the intermittent nature of
resources driving them (e.g., variability in the equilibrium
WM resources allocated due to policy constraints of meeting
client Qos as utmost priority). &s a result, the market system
operating at stable operating point 4 will need to exit A once
resource variations are inevitable. Assuming A to be a bench-
marked puoint (as sodal welfare is maximized in this unique
state - see Section 3) The question here is whether the market
system can ideally return to A eventually. Note that if A is
non-unique, the system will be equally willing to be in a wel-
fare maximizing market equilibrium state B.

In such a case, an impartant c'!m”enge is to design a stable mar-
ket that is robust to perturbations and always returns to its equilib-
rium point(s) when market disequilibrium results. Inspired by
the notion of disequilibrium process [3], we propose a dynamic
market mechanism for 5Cs. The concept of disequilibrium
pertains to a situation where a static market equilibrium is
perturbed, potentially to a disequilibrium state, and the
underlying players (stakeholders) work together to re-attain
the equilibrium. The main idea behind the disequilibrinm process
is an iterative sequence of actonand stateprofiles (see below), i.e.,
information exchange between the dominant market stakeholders,
of VM instance supply and demand levels, and per-unit VM
instance prices, fo arrive at a desired static equilibrium. Such an
iterative process essentially implies an overall dynamic
model with feedback. Our proposed dynamic market mecha-
nism can also be used to re-attain a specific preferred equilib-
rium point from a given equilibrium point. We first present
our dynamic market model and then follow itup withits sta-
bility analysis.

4.1 Dynamic Model

Our dynamic model of 5C markets consist of a stafe space,
X CR", where each state, {g;} € X, is the profile of per-
unit VM instance prices at each 5C 4. The state dependent pay-
off, i.e., profit function for each 5C from its reserved resour-
ces is given by

= ppvng — e(vml).

The state dependent payoff for each SC from its borrowed
resources is given by
7} = pvmy — e{vmy).

Similarly, state dependent payoft for each SC from resources
borrowed from a public cloud is given by

A" = pam — cleml®).

The payoff function for the SC customers for a given job type
& {e, e, s}, is given by

Uj{m}m] - pji.m_!r-"“’“.
Each 5C is assigned a state dependent action that permits the
SCs and their customers to change their VM instance genera-
tion and consumpton levels respectively. We assume a per-
fect competition [18] of VM instance prices amongst the 5Cs in
competition, and following that the action for each 5C i con-
sists of commitling a certain amount of VM instances that
influences the market-clearing process. In this paper, we use
the gradient play technique in game theory [17] to derive the
state dependent actions of the SCs and their customers. Our
use of the gradient play technique is motivated by the fact
that in many practical market environments stakeholders (i}
find it behaviorally difficult or computationally expensive to
play their best responses [18], (i} have zero or incomplete
knowledge of the utilities of other stakeholders in the mar-
ket, and (iii) cannot even observe the actons of other stake-
holders in the worst case. In such environments, gradient
play is a suitable technique to achieve static market equilib-
rium stability iteratively [19]. More specifically, for our mar-
ket setting the occurrence of (i)-(iii) is quite likely. Gradient
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play also works when issues (i)-(iii) do not arise. The main idea
behind the gradient play technique is the use of ordinary differential
equations (ODEs) to describe the path of a perturbed system state to
the static market equilibrium state. Using gradient play, the
action for the the ith SC is given by

Tom! = p; — flom’ —al. (13a)
Lomt = p; - from? — ol (13b)
om?® = p; — fem” — . (13c)

Here, the parameters 1/, r/, and !* are time constants that
describe the speed with which the action of VM instance
commitment by SC i can be adjusted, and are free parameters
to be determined. The goal of 5C i's action is to drive the
solution vm?, vm!, and vm!™ to vml*, vm!*, and vm!?”, the
solution to Equations (10a), (10b), and (10c) (see Section 3) at
static market equilibrium. Tt can be seen that the RHSs of
(10a}, (10b), and (10c) (see Section 3) are proportional to the
gradient VL,,":L, V_sL.and VL respectively, where L is

the Lagrangian of OPT. The suite of Equations (10a), (10b),
and (10c) (see Section 3) can be solved independently by SC
i. In a similar fashion, using gradient play, the state depen-
dentacton for any SC customer ¢ € C'is given by
r':”fm’-e.:.’g = fem;” + ol — py. (14)
7.7 is a free parameter to be determined that denotes the
speed with which the consumption action of SC customer i
can be adjusted. The goal of the SC customer action here
is to drive the solution vm® to vm!®, the solution to
Equation (10d) (see Section 3} at static market equilibrium. It
can be seen that the RHS of 15 is proportional to the gradient
Voml, 1 € C, where L is the Lagrangian of OPT. Equa-
Hon'(15) can be solved independently by each SC customer 4.
The dynamics of the pricing mechanism can be expressed
via the following equation.

Tobi = Ztm;‘”"{l —x; —xf] — (vm] 4+ vl + vml), (15)

JECy

where the goal is to drive the solution g, ¥i € 5C to g, the
solution of Equation 10e (see Section 3) at static market equi-
librium. Here, 1, is the free parameter denoting the speed
with which p; can be adjusted. Equations (13), (14), and (15)
represent a dynamic model of the overall SC market. It resem-
bles a repeated negotiation process where 5C i responds with
a commitment of vm?, x € {r. b, pc} to suggested prices p;
received from the regulator; 5C customer { responds with a
consumption amount of m;"“’“, type € {e,c, s}, to the same
prices. The regulator in turn adjusts its prices to these actions
by the 5Cs and their customers, and returns new prices, {g,},
and the process continues till convergence to the static
market equilibrium. A compact representation of the above-
mentioned dynamic SC market is presented in Section 2. This
representation paves the way for analytically analyzing the sta-
bility of such markets.

4.1.1 A Compact Represeniation

We need to compactly represent the above dynamic SC mar-
ket model to pave the way for analyzing the stability of such
markets via the Arrow-Hiurwicz critedon that is based on the

theory of Lyapunov stability (see Section 4.2). Using Equa-
tions (13), (14), and (15), our proposed dynamic market
mechanism can be compactly represented in the matrix form
via the following equation:

[.I‘[I:E}] [AJ-I‘--':‘EA[ Ag:| [m[{1]]+[ 7] :|
:f!z“}l o I'.l “ Iz{t:l fz{:ﬂl.rﬂ_r}.
(16)
Definition of Equation Parameters. We now describe the param-
eters of Equation 16. We have
x1(t) = [VMG, VM, VME, VME VME VME A p]”,

that is a vector of dimension (|SC| + |C] + 2|8C] — 1) = 1.
Here, |5C| = n. We also have

z2(t) = [0],_ 1,1
and

=M, 0 0 My

4| 0 M 0 M,

71 0 o 0 —-M|
—M; M. My 0
Ay =00 = My

We define matrices M; to My as follows: M, = Diag
(<5 8™), type €{rbpc}. We assume that all for a

given type, ,""'s are equal for alli € SC. M; = D:'ag{:b% AL,
type & {r,b,pc}, where Age = Diag(1). M, = Diag[#ﬁf*"'},
type € {e,c s} M4_=Diug[#..‘!£], type € {e.c s}, where

A¢ = Diag(1). My = Diag( AT BA), where A’ is an (n) x (n—
1) matrix of 1’s except for the 0 diagonal elements, Bisann x n
matrix with all entries 1 except for entries of the form By that
take a wvalue of zero, and A4 15 an nxn—1 matrix
M = Dfﬂﬂ{:ﬂl_%ﬂ.i?]— type € {r,bpc}. M;= Dﬂﬂﬂ{:&#ﬂc}-

type € {e,c,5}. My = ang{?}ﬁAT'ﬂA'}, where A is an (n—
1) % nmatrix. My = [1] ... °
The expression fs(x,a2) is a projection function onto the
non-negative orthant, and is given by
fz{.r]_, :I!'z} = [GI']_ — V:Hr’f"ml-'-

I

(17)

where ¢ = BA'R, R being a rotating matrix. of dimensionality
((|SC| =1} = |5C| +|C| + 2|5C] = 1) = 1,and VM™= denotes
a vector of maximum VM instances committed by each indi-
vidual SC. The nth row of the projection [ — erf““‘]j; is
denoted as

max(0, [exy |, — VM, if [z], = 0
[e],, = VM, ifzs], = 0
(18)

A4, in Equation (16) represents the resource availability
perturbations due to dynamics of the SC market. The value
lies in a perturbation set E, where E'is given by

[le = var==;, ] = {

E={As=Ag — Aplhse € Egoy Ap € Eo ). (19)
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Here,
My

Il

o
cooo
[=JR-=1= =]
=229 9

My

where matrix M is given by Diag(—= B (Ase)”), type €
{r.bpc}, and Age = Diag(A¥). Ms;trix My is given by
.Dtﬁgl:ﬂﬁﬂm{f ..*.i?]} and Asge = Diag(1). We also have
Egp exprl:ssed via the following:

8sell = \/Ame(MLpAse) < m-}:

where w3z is a finite constant. Similar to the expression for
Az, we have

0
0
Ap = 0

0
0
0
0 M

0
0
0
0

o T e T e e

where the matrix M5 is given by .Dmgl[—..*lé{f — r — K:‘:}]
We also have

Eo = {Acllel] = y/dne(aZ8c) < 7).

where 7o is a finite constant. Finally, we express bas

T
- 1 1 1
b= [Dmg(;u‘fw') +D£ag(Fu'f)ﬁ§(“f Déag(r—”af“") {]] ,

where = € {r b pc}, and y € {e,c,5}. We assume that for
given x,y, the values of o7 and «! are equal for all 4.

4.2 Stability Analysis of Dynamic Markets

In this section, we derive results regarding the stability of
static market equilibria in a dynamic SC market setting. Spe-
cifically, (i) we derive the d ynamic market equilibria obtained
through gradient play mechanics and compare it with the
socially effident static market equilibria, and (i) study the
region of attracHon around dynamic market equilibria to
derive stability connotations. The outcome of our study pro-
vides insights into operating zones for the federated cloud
sharing markets sharing a single resource type, that will
result in market stability in the presence of resource varia-
tions. We also emphasize here that our notion of stability is
with respect to operating at the static equilibrium, as com-
pared to the notion of forming stable coalitions in a fed erated
cloud as very recently studied in [28].

Case - 1: We first consider stability aspects when «!, &2
equals zero, i.e., there are no curtailed jobs. In this case, the
equilibra of the dynamic 5C market described through
Equations (10a), (10b), and (10¢) (see Section 3) (via the use
of the gradient play technique), lies in the set

E= {I:T], $2::||J1.1I1 =+ ..-121:2 +a@=10n fz{f]_: 9’.‘2:] = l]}

Let (x}, z3) be an equilibrium point in set £, We then have the
following theorem stating the relationship between [y, 1)

493

and the unique static SC market equilibrium obtained
through Equations (10a), (10b), (10c), (10d), and (10e) (see
Section 3).

Theorem 1. The equilibrium (x}, 23) is identical to the wnigue
static market equilibrivum obtained from the solution of OPT.
Proof. The equilibrium (2], 23) when setting x}_, x_? to zero,
is a solution of the following.

gl — flom!” —al =0, ¥i € SDC. (20a)
— Bom!” — o =0, Vi € SDC. (20h)
g — freml™ — ol =10, Vi € SDC. (20c)

B ym 4 ol gt =0, Wi € C, type € {e,c,s,ag}.
(20d)

D emP(1 = kj = «5) = (vm] +vm] + vml”), ¥i € SDC.
JEC;
(20)

Using Theorem 3 in [29], strong duality implies that equi-
librium (=}, r5 exists is identical to the solution of the KKT
conditions in Equations (10a), (10b), (10c), (10d), and (10e)). It
can be seen that Equation (20a) follows by replacing the cost
function for SDCs in Equations ((2), (3), and (4)) (see main
paper) in (10a). Similarly, Equation (20b) follows by replacing
the utility function of SDC customers in Equations ((5), (6),
(7). and B) {(see main paper) in Equation (10d). Furthermore
Equation (20c) is identical to Equation (10g). Thus, [z}, 2} is
identical to the equilibrium in Equations (10a), (10b), (10c),
{(10d), and (10e). Hence, we proved Theorem 1.

Theorem Implications. The theorem suggests that in the
absence of curtailed jobs, the equilibrium in a dynamic mar-
ket setting is unique, and converges to the static market equi-
librium in which the market existed initially before it was
perturbed. Intuitively, when the SC market is perturbed from
its equilibrium setting, a disequilibrium state might result,
which will get resolved due to our proposed gradient-play
based approach that rolls back the disequilibrium state to
the original sodally optimal static equilibrium state. In this
paper, we are able to roll back to the original state in theory
because of our assumphions regarding the nature of ufility
functions. In practice, gradient play will guarantee a roll back of a
disequilibrivm market state to an equilibrium state not necessarily
the original equilibrium state from which it was perturbed.

We now investigate the stability of the dynamic market
equilibrium to find the region of attraction around itself. We
introduce a few definitions in this regard. Let y, = a2y — a7,
iy = o2 — x5. Denote by V(y,y2) a scalar, positive definite
Lyapunov function expressed as

Vi, ye) = 1 1 + 4 P, (21)
where F, and B are diagonal matrices. We use Lyapunov
functions from control theory [30] as a standard to prove the
stability of an equilibrium of a system represented via ordi-
nary differential equations (ODEs). Let d be expressed as

Z%rtm{ﬂ}ﬂrnﬁn}lmm{'?] )

i = _ﬂ"’

(22)
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where Ay, (-] denotes the minimum eigenvalue of 2,
B = ||PiAz + RT1], Plls,

where R is a rotating matrix, and v, = min(y;), ¥, being
the coeffident of the orthogonal vector aw; to express V™
as 3, ¥,uy. We now have the following theorem charac-
terizing stability of the dynamic market equilibrium. The
proof of the theorem is in Section 3.

Theorem 2. Let Ay be Hurwitz. Then the equilibrivm [z}, x}) is
asymptotically stable for all initial conditions in

0w = 1L w) V(. 12) < Cuee } foT Gee > 0,

such that
s CD = {2 > Ol < ).

Proof. Since strong duality holds, it follows from Theorem 1
that equilibrium (2], 2} € E exists. We first prove the
stability of this equilibrium point and then proceed to
its asymptotic stability. Differentiating the positive defi-
nite Lyapunov function V{yy, 1) = i Piy1 + v3 Py, with
respect to time where 3, = o, — ) and y2 = @2 — 3, and
by using the non-expansive property of the projection
operation, we have

Wi, w) < o (PLA + AT P + y) Prdsis + 1245 Pan.
(23

If A; is Hurwitz, for any > (), there exists a positive
definite matrix P such that BA; + A] P = —(). Let
Amin (@) denote the minimum eigenvalue of ). Since P, is
a symmetric positive definite matrix with a set n orthogo-
nal, real, and non-zero eigenvectors r;,..., %, can be
written as

P = i}lfiﬂ,ﬂ!?,
i=1

where A; = 0is the eigenvalue corresponding to x;. We
can expand the vector VIM™* using the orthogonal vector
w; as

VM [ Pz = Aamin (P2 )W i || 92|25 (24)

where 1, = min(f,),¥i = 1,. .. n. Now let
Bz ||PA2+ R[], Pollo-

Using Equation (23) and (24), we obtain

RS
)
- ||w||(mmtﬂzw.r.i.. —%@”yz”)-

Ve, p) < —A{Q](Ilylllz -

For all {1y, C I, it follows that for all solutions beginning
infl,.., V < 0. Hence, the equilibrium is stable and £},
is the region of atiraction.

Since the inital conditions start in {24 and the latter is a
strict subset of Dy, y» cannot be equal to 2 (P, hﬁ,jﬁ
This in turn implies that (||y:]],[|12|| = (0,0) is the only
invariant set. Hence, all solutions starting in {3, converge
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to the equilibrium point () = (z7,23). Thus, we
proved Theorem 2. O

Theorem Implications. Intuitively, the theorem states that
irrespective of any initial state the market is in, on being
perturbed, it will always come back to an equilibrium state
from a disequilibrium state. The Hurwitz (not the same as
Hurwicz) nature of matrix A4, is determined from the dime
constants in Equations (13), (14}, and (15). Most real systems
satisfy the Hurwitz criterion in that A, will be a real square
wrtrix constructed with coefficients of a real polynomial.

Case 2: We now consider stability aspects when x}, nf does
not equal zero. In this case, the equilibria of the dynamic 5C
market described through Equations (13a), (13b), and (13c),
also lies in the set E. We define ., y=, and V(i 1) as before
but define d, as

dy =d— dﬁ&.{_. + dﬁ_{._., (25)

where d is the same as in Equation (22}, Ag- and Ago repre-
sent the supply demand perburbation matrices, and d,
and dy . are given by
_ i Po) Woin || P2 [ 7 | € SC
Amin (Po) ¥rin| | P ||oes15 € ©
7 ;

We now have the following theorem characterizing mar-
ket stability. The proof of the theorem is in Section 3.

Theorem 3. Let A, be Hurwitz, and let

dy

(26a)

dap =

(26Db)

(27)

Then the equilibrium (x},23) is asymptotically stable for all
initial conditions in

Qe = {00, 12)||Vys, 12) < mac} for tnas = 0,

such that Q... D = {ys 2 0||lyalls < da}.

Criis —=

Proof. Differentiating the Lyapunov function V{y,ya)
along the trajectories of 16 (see main paper), we get

’ s

_ B % Jie
Vin, ) = —as | sl = ——=llwell ) —llwell{ e ———llwll ).
A fiy
(28)

where ay = Auin(@) — 2|| Pt ||snc + 2| Pi||rc, and e = 2\,
[Pﬂwmiu'

From Equation (27) (see main paper) it follows that
as > 0. Therefore, (20) implies that for all £}, ¢ Dy, for all
solutions beginning in {1y, V' < (. Hence, the market equi-
librium state is stable, and £, is the region of attraction.

The asymptotic stability of the perturbed market can be
shown via the following argument: since the initial condi-
tions start in {1, and the latter is a strict subset of Dy, 1 can-
not be equal to 2 yin( Py )V, %L This in turn implies
that (||wl]. |lw2l| = (0, 0) is the only invariant set. Hence, all
solutions starting in {}y converge to the equilibrium point
(&1, x2) = (x], 23). Thus, we have proved Theorem 3.
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TABLE 1 TABLE 2
Parameters of Cost Functions for SCs Parameters of Uility Functions for Customers

SCH | 1% VA== s [ ¥ Customer{C)# 1 %07 |01 o [ I

SC1 0 200 [LX -3 90 1, C2 60 100 0.1 -5 168

SC2 0 200 02 -6 102 C3,C4 6l 100 01 —0.15 140

SC3 0 250 0.6 —0.25 &0 5 Ca 70 80 0.2 —0.35 140

SC4 0 250 0.6 —0.25 &0 C7,C8 20 a0 0.2 —0.2 100

SC5 0 200 02 — 00 20 8, C10 30 ] 0.2 -0.3 120
C11,C12 20 40 02 —0.1 125
C13,C14, C15 30 i) 02 —0.5 135

Theorem Implications. Similar to the implications of Theo-
rem 2, this theorem states that irrespective of any initial state
the market is in, on being perturbed, it will always come
back to an equilibrium state from a disequilibrium state.

5 NUMERICAL EVALUATION

In this section, we provide a numerical example of our
dynamic market model to lightly illustrate system aspects not
covered in the theory of this paper: (a) static market effidency
and average stakeholder utility under different Samuelson-
Bergson welfare metrics, and (b) stability behavior of dynamic
markets, and the corresponding speed at which markets reach
stability. In the absence of a theoretical study (not our focus in
this paper), {a) is important to get an approximate idea of the
gaps in net stakeholder utility achieved via different welfare
functions. (b) is important to characterize the speed of conver-
gence of an 5C market to go from a state of disequilibrium to a
state of equilibrium. The first part of this section describes the
example setting, and the second part analyzes the results.

5.1 Evaluation Setup

Asan example evaluation setting, we consider five 5Cs and 15
customers (not including other SCs). Each 5C has five custom-
ers each and they are locked in to the 5Cs throughout the
entire duration of the experiment. Each customer requests a
job and waits for it to complete before requesting another.
Peer SCs are assumed to be albistic wor.t. VM borrowing. A
reasonable set of market parameters for the 5Cs and the cus-
tomers are shown in Tables 1 and 2 respectively. We note here
that the rationale behind pur parameter selection (specifically
the t values} follows directly from parameter explanations in
Section 4, and also noted below. We also note that Tables 1
and 2 are just one table instance, i.e., representative example,
in the set of parameter instances used for our evaluations.
Our results for other table instances are very similar to those
reported in the paper. We simulate a perfect price competition

game between the 5Cs, and use the tatonnement process (TP)
[31] to converge to a static market equilibrium in practice for a
distributed setting. Tatonmement is a trial-and-error process
similar to the hill climbing approach in local search theory by
which equilibrium is reached in competitive markets via a
distributed fashion. As a measure of static market efficiency
we investigate and compare the utilitarian SW function values
at market equilibrium for wtilitarian, egalitarian, and Rawlsian
(see Section 2.3 in paper for more details) regulators, Note that the
utilitarian SW function reflects the net stakeholder utility, and our
goal is to study the net stakeholder wtility at smarket equilibrium for
regulators with different utility equitability mindsefs, For the
parameter values in Tables 1 and 2, we run numerical evalua-
tions for all pessible permutations (instances) of values that are
applicable to 5Cs and their customers, and report the mean
95 percent confidence value of the results obtained (with the
exception of Fig. 2c which reports (without loss of generality) on
individual permutations). Note that each permutation of values
can be considered as a different market setting. To experiment
with dynamic markets, as a representative example, we fix 1,
to be the same for all 5Cs and wlog. vary it in the interval
[0, 5]. Similarly we fix t to be the same for all 15 customers
and vary it in the interval [.05, .2]. We also make «' and «* to
be equal for all customers and vary it in the interval [0, 0.05].
To provide a rationale behind the values for the time constant,
1., first note that it represents the market time scale for the
update of prices. Small values of 7, imply a fast update in
real-time price, which can introduce volatility. On the other
hand, high values of 7, contribute to reduced volatility. The
time constant, 7., represents the reciprocal of consumer
demand elasticity.

5.2 Analysis of Evaluation Results
In the first part of this section, we analyze 5C cost and cus-
tomer utility allocations at market equilibrium under the
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Fig. 3. Market Stability Performance when (a) k; = &2 = 0, (b) &,
utilitarian, egalitarian, and Rawlsian SW paradigms. In the
second part, we analyze the stability of various dynamic
market settings, and also how fast a dynamic market con-
verges to a stable equilibrium.

Static Market Equilibrium Performance. Using TP and in the
presence of a regulator with different social welfare (SW)
mindsets, we arrive at a different single market equilibrium
(ME}) maximizing 5W. Note here that ME might not be
unique, and in this case TP will converge locally toa ME in a
distributed manner. The regulator will then have the option
to work upon the ME to maximize SW. We observe (as a
mean of multiple instances) from Figs. 2a and 2b that with
respect to 5C and customer allocation ratio equitability, Egal-
itarian MEs are the best as they ensure nearly identical cost
and utility allocation ratios across all autonomous 5Cs and
customers respectively, followed closely by Rawlsian MEs,
and utilitarian MEs that are not very fair (equitable) in the
utility allocation sense. Here, we define allocation ratio as the
ratio of the cost {utility) of SC (customer) i to the maximum
cost (utility) of any SC (customer) at ME, for each given mar-
ket type. On the other hand, we see that market equilibrium
in utilitarian markets, MEs lead to a considerably greater
additive stakeholder satisfaction (utility) (see Fig. 2¢.) when
compared toegalitarian and Rawlsian markets., i.e., the utili-
tarian SW metric is highest in utilitarian markets. This is true
from theory as marginal stakeholder utility at utilitarian ME
is equal across all stakeholders. In addition, from theory, SW
maximizing ME in utilitarian competitive markets are aluays
Pareto optimal. In Fig. 2¢c, I — SWapr,, t € {U, E, R}, denotes
the utilitarian social we "&f" value at the optimal market situ-
ation of type f, and 1"11::;”% is the ratio of the utilitarian
social welfare value at the optimal market situation of type ¢
to the optimal utilitarian social welfare at utilitarian ME.

Dhymamic Market Stability Performance. Through Figs. 3, 4,
and 5, we study dynamic markets for three different instan-
ces of [k, k) pairs, for utilitarian, Rawlsian, and egalitarian
market types, respectively. For each instance, and for any
market type, we observe that low values of 7, for a given

=k = 002, and (g) &) = &3 = (.05 [Utilitarian].

instance correspond to market instability, ie., a state of dis-
equilibrium, because they imply a fast update in 5C prices
charged to customers, indicating market volatility in supply
and demand as well. Here, stability is indicated through
the maximum of the eigenvalues of Hurwitz matrix A, (see
Section 3) formed from the market instance, which are nega-
tive in the stable zone, and positive in the unstable zone. Itis
logical to expect that market instability can be reduced if the
price update is slower, i.e., if 7, is larger. In this regard, we
observe that the reduction in market instability takes place
the slowest for egalitarian market types because in such
markets a stable condition needs to satisfy a strict require-
ment of absolute stakeholder utilities to be equal at an effi-
cient ME (see Section 2.3), and this condition is quite hard
for the system to re-satisfy once market parameters are sub-
ject to variations - hence the slow pace of converging to mar-
ket stability. On a similar note, the Rawlsian market type
is relatively faster to market stability in events of system
parameter variations because at an efficient ME a max/min
utility allocation is the indicator of stability, and this infui-
tively is faster to achieve than a strict absolute equality of
stakeholder utiliies as in the egalitarian case. Finally, the
reducton in market instability is the fastest for utilitarian
market types, as the system needs to only guarantee equal
marginal (and not absolute) utilities at an efficient ME, and
this state is comparatively faster to attain in events of system
parameter variations compared to the egalitarian and Rawl-
sian paradigms.

We also observe from Figs. 3, 4, and 5 that market volatil-
ity is increased due to a decrease in 19 values because the
latter trend corresponds to the increase in demand elasticity
{and hence price variations) that contributes to a market
being volatile. We infer from the plots that it is possible to
design an 5C market where volatility (arising due to either
low t, or low ™ values) can be contained by increasing
market latency, ie., increasing t, values. An increase in the
market latency reflects the situation of a market of relatively
low demand elasticity on variations in systems parameters

0.2 F W=teofty " T T T T 0.2 [ Thexability e e 0.2 Retablfy L U
Fon N [ Zane 'r”Tlﬁ 0.2 Zone T;I.':_—D.Z
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= = =01 —=— = =01 —=—
= = g — =L =
2 o : 01 b - =005 —&— z o1 =005 —— |
= = ’ = o
® 005 ® 005 - = 005 S -
F £ Wat-ut-.h Stability Zone E Volatilings Stabllity Zone
o o Zone o Zone 1
-0.05 - -0.05 L L 005
o1 2 3 4 5 & 7 o 1 2 4 5 B 7 o 1 2 3 4 5 & 7
To Ta TP
Fig. 4. Market Stability Performance when (a) k1 = ko =0, (B) k1 = ko = 0,02, and (g) k; = &2 = 0.05 [Rawlsian].
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Fig. 5. Market Stability Performance when (a) &y = & = 0, (b) &, = &2 = 0.02, and {c) &, = &, = 0.05 [Egalitarian].

(e.g., number of available VMs) thereby leading to the sys-
tem spending more time in a ‘stable’ state, and being less
volatile in terms of exiting and entering such ‘stable’ states.
With respect to the speed of convergence, from Figs. 3, 4,
and 5, we observe in general that 5C markets converge fast
(approximately exponentially, based on our model) to the
stable zome, i,e., even at low values of t,, - this irrespective
of the social welfare paradigm type, and the speed of con-
vergence increases with increasing k', k2 values. The latter
is because increasing « values indicate more demand cur-
tailment by SC customers, thereby leading to system states
where there are lesser chances of scarcity of resources. This
lack of scarcity sustains an efficient static market equilib-
rium for comparatively longer periods of ime when com-
pared to the case when there is a lesser resource demand
curtailment by the 5C customers - consequently leading to

increasing non-volatility in resource supply and prices.

6 ReLATED WORK

We give an overview of efforts related to ours and highlight
the relevant differences. Works on hybrid clouds [32], [33]
are related as they allow private (or smaller-scale) clouds to
outsource their requests to large-scale public providers.
However, since that can potentially be costly for a small-scale
provider, our work differs in that it focuses on a sharing
framework, while minimizing cost of using public clouds.
Earlier efforts also study the competition and cooperation
within a federated cloud. For instance, authors in [34], [35]
characterize the cloud federation to help cloud providers
maximize their profits via dynamic pricing models. Earlier
efforts [36], [37], [38], [39] also study the competition and
cooperation among cloud providers, but assume that each
cloud provider has sufficient resources to serve all users’
requests, while [37] incorporates a penalty function to
address the service delay penalty. Authors in [40] propose a
hierarchical cooperative game theoretic model for better
resources integration and achieving a higher profit in the fed-
eration. Earlier efforts [28], [41] proposed coalitional games
to form a federation among highly reputed providers to
achieve high individual profits and high reputation while
maintaining the level of committed QoS To completely
remove costly financial transactions, [42] prioritizes the most
urgent requests in a new multi-agent based Cloud Resource
Bartering System (CRBS) to maintain consistent service deliv-
ery. Similarly to our work, [43] studies a federation formation
game but assumes that cloud providers share everything
with others, while [44] adopts cooperative game theoretic
approaches to model a doud federation and study the moti-
vation for cloud providers to participate in a federation.
Another line of work focuses on designing sharing polides in

the federation to obtain higher profit. For instance, [45] pro-
poses a decentralized cloud platform SpotClond [46], a real-
world system allowing customers or 5Cs to sell idle compute
resources at specified prices, and presents a resource pricing
scheme (resulting from a repeated seller game) plus an opti-
mal resource provisioning algorithm. [47] employs various
cooperation strategies under varying workloads, to reduce
the request rejection rate (i.e., the effidency metric in [47]).
Another effort [48] combines resource outsourcing and rejec-
tion of less profitable requests in order to increase resource
utilization and profit. [49], [50] proposes to efficiently deploy
distributed applications on federated clouds by considering
security requirements, the cost of computing power, data
storage and inter-cloud communication. [51] groups resour-
ces of various 5Cs into computational units, in order to serve
customers’ requests. [52] proposes to incorporate both histor-
ical and expected future revenue into VM sharing decisions
in order to maximize an 5C's profit. [53] designs a reinsur-
ance-emulated collaboration mechanism to maximize the
shared resource utilization.

Diﬁzrmc‘es and Drawbacks. Our work is a necessarily
important theoretical extension of a very recent analytical
work in [2] that was the first of its kind in the analysis of
small cloud markets. There, the authors considered conse-
quences of performance (i.e., queueing theory) driven non-
cooperative game-theoretic (with no SC willing to share its
utility and capacity information with others, i.e., an incom-
plete information game-theoretic setting) resource sharing
on the resulting performance delivered to customers at static
market equilibrium, something not considered by any of the
above-mentioned efforts.In this regard, the authors in [2] show the
existence of SC market equilibrium for their game setting through
numerical simulations, and do not provide a general theory for
equilibrium existence. In addition, [2] does not consider the
important problem of analyzing equilibrium stability under
variations in SC resource availability, in a non-cooperative
game-theoretic SC environment. A major drawback of our pre-
vious work is that Without showing the existence of a stable SC
market (conservatively assuming that the resowrce allocation com-
petition has atleast one market equilibria, and that one would
locally or globally encounter such equilibria via simulations), can-
not not say much regarding the sustainability of SC markets in the
future. Without certain guarantees on the sustainability of
such markets, cloud firms will not be encouraged to be in the
respurce sharing business. A characterization of this scenario
is an important contribution of this work. A major difference
of our work with the one in [2], is the lack of a queuing-driven
performance model to reduce the equilibrium search space.
However, our work is orthogonal in the sense that, given the
existence of (efficient) market equilibria, we investigate
whether such a state is sustainable in the long run. In contrast
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to the work in [2], we also mathematically characterize equi-
librium in market competition. In a very recent effort [28], the
authors study stability of a market coalitional equilibrium in
a strategically cooperative federated setting. With respect to
stability, our work is different from theirs on two counts: (i}
we study stability of staying at an efficient static market equi-
librium in the presence of resource variations, whereas the
authors in [28] study stability of a coaliion formation
between the members of a doud sharing federation, and (ii)
our notion of a federation is a strategically noncooperative
setting where autonomous and selfish coud providers do
business by being competitors to other cloud providers but at
the same time think of the overarching interests of the federa-
tion in sharing their resources ‘non-altruistically” when feasi-
ble. With respect to the work in [28], while stable coalition
formation is definitely a relevant area for research in feder-
ated cloud settings, we are not quite certain about coopera-
tive behavior between profit maximizing 5Cs in practice, and
would argue in favor of a co-opetitive resource sharing set-
ting when compared to a cooperative one.

7 DiScusSION AND SUMMARY
Discussion. The model presented in this paper is quite general

for resource allocation settings where (a) resources influenc-
ing the Qo5 of an engineering system (e.g., renewable energy
in the smart grid) are not owned in enough quantities at all
times by any of the service providing firms and (b) the firms
form a competitive market, and need to mutually rely on one
another at imes of resource deficiency, rather than resorting
to expensive third party (eg., commercial public cloud.
energy utility, etc.) buyouts. On top of this, our model is also
extensible to a graphical setiing where a particular firm can
only have access to resources from a certain set of firms based
on geographical proximity. Another important thing to note
about our model is the single resource economics, which in
practice can be multi-resourced (e.g., #VMs, energy con-
sumption amounts with an eye towards a greener environ-
ment). In order to extend our model to such settings, we
need to resort to general equilibrium theory in microeconomics
{unlike our analysis that is based on partial equilibrivm theory
of a single commaodity type, ie., VMs in our case) to capture
(a) the tradeoffs between allocating different commodities,
using indifference curves, and (b} optimize social welfare
over a mulb-variate functon of individual firm utilities.
Consequently, one needs to shudy the existential nature of
respurce sharing market equilibria using Arrow-Debreu the-
orems [14], according to which at an equilibrium point, the
marginal rate of substitution (MRS} [14] between different
commodities for the different firms are equal.

Swmmary. In this paper, we addressed the problem of effec-
tive resource sharing between small clouds (SCs), We mod-
eled the problem as an efficent supply-demand market
design task consisting of (i) autonomous SCs, (i) their cus-
tomers, and (iii) a regulator, as the market stakeholders. We
first showed that a welfare allocation policy for the stakehold-
ers by the regulator maximizes utilitarian social welfare at the
static market equilibrium and results in the best/most etfi-
cient state at which the SC markets could operate. Fortunately,
courtesy Arroiw-Debren welfare theorems in welfare econom-
ics, this unique optimal operating point is also achieved in a

distributed manner by the autonomous SCs in perfect price
competition with one another, thereby guaranteeing no effi-
ciency loss in a non-centralized market setting, The optimal
market equilibrium point is prone to perturbations due to the
dynamic nature of the SC market, thereby potentially leading
to market disequilibrium. Tn this context, we designed a
dynamic market mechanism based on Arrow and Hurwicz's
disequilibrium process that uses the gradient play technique
in game theory to converge upon the optimal static market
efficient equilibrium from a disequilibrium state caused due
to supply-demand perturbations, and results in market stabil-
ity. As part of future work, we plan to design provably fast
distributed algorithms to allow markets to roll back to effi-
cient equilibria when perturbed from an equilibrium state,
and study dynamic 5C markets under (i) a setting of imperfect
{multi-resource) competition between 5Cs and (ii) under het-
erogeneous VM profiles.
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