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INVERSE PROBLEMS FOR THE FRACTIONAL-LAPLACITAN
WITH LOWER ORDER NON-LOCAL PERTURBATIONS

S. BHATTACHARYYA, T. GHOSH, AND G. UHLMANN

ABSTRACT. In this article, we introduce a model featuring a Lévy process in a
bounded domain with semi-transparent boundary, by considering the fractional
Laplacian operator with lower order non-local perturbations. We study the
wellposedness of the model, certain qualitative properties and Runge type
approximation. Furthermore, we consider the inverse problem of determining
the unknown coefficients in our model from the exterior measurements of the
corresponding Cauchy data. We also discuss the recovery of all the unknown
coefficients from a single measurement.

1. INTRODUCTION

1.1. Model problem and motivation. In this article we consider direct and
inverse problems concerning a non-local operator .2 4, consisting of global and re-
gional non-local operators. Let 2 C R™, n > 1, be a non-empty bounded, Lipschitz
domain. Let us consider the operator % , defined by

(1.1) Lra = (=AY + (=D o(-N) P +q, 0<s<t<l,

where the perturbation coefficients b and ¢ are L>° () functions. For the sake of
simplicity, throughout this article we consider all the functions to be real valued.
The principal part of the operator %} , is given by the fractional Laplacian operator
(—A)* of order 2t whose non-locality is over the entire R™. The lower order term
contains another non-local operator, commonly referred to as the regional fractional
Laplacian operator (—A)?{ 2, of order s, whose non-locality is over 2. We also add
a zero-th order local term defined in Q. Observe that we allow any s € (0,t), so
that we can have non-local perturbations of order (2s) as close as we wish to the
order (2t) of the principal part.

Probabilistically, the fractional Laplacian operator (—A)! represents the infini-
tesimal generator of a symmetric 2¢-stable Lévy process in the entire space [App09].
Here we are interested in the restriction of (—A)* to a bounded domain 2. For ex-
ample, one can think of the homogeneous Dirichlet exterior value problem for the
fractional Laplacian operator (e.g. (—A)'v =g in Q and v =0 in R™\ Q) which
represents the infinitesimal generator of a symmetric 2¢-stable Lévy process for
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which particles are killed upon leaving the domain Q (see [BV16, AVMRTM10]).
The fractional Laplacian operator in R™ is defined by

(1.2) (A u=F ")},  ue SR,
Here . denotes the Schwartz space in R™ and % ~! denotes the inverse Fourier
transform, with the Fourier transform defined by u(§) = Zu(§) = [g. e " u(z) dx.

The definition (1.2) is valid for all £ > —%. For 0 < ¢ < 1, the fractional Laplacian
(—A)! has an equivalent integral representation given by

n

u(z) — u(y n
(—A)t’u,(.]?) = Cn,t pV/ % dy7 relR s

where p.v. denotes the principal value and C, ; > 0 is a constant depending only
on the dimension n > 1 and ¢t € (0,1).

Now we define the regional fractional Laplacian, or censored fractional Laplacian
operator, on the domain Q. For 0 < a < 1 we define (—A)% on C°°(Q) functions
as

(—A)du(z) = Chq p.v./Q % dy, z €.
In contrast to the fractional Laplacian, the regional fractional Laplacian (—A)g
represents the infinitesimal generator of a censored 2a-stable process that is ob-
tained from a symmetric 2a-stable Lévy process restricted to the domain 2. The
probabilistic meaning for such a process (and hence the operator) is that it can only
jump within the domain. Such process can be also defined using the Feynman-Kac
formula; see [CZ95, MK00, GM05, GMO06].

We define the operator %, ; to be a weighted combination of the global and
the regional fractional Laplacian operator giving a large class of processes on do-
mains with semi-transparent boundaries. For those processes, after hitting the
boundary of €2, a particle can either go outside the domain €2 or can reflect back
into the domain depending on certain parameters. The coefficient b(z) denotes the
transparency or permeability. The vanishing of b in 2 means that the domain is
transparent/permeable, i.e. if b = 0 in €, then the non-local part of %, ju(z) is
(—A)'u(z), which makes the process a 2t-stable Lévy process in the entire space.
In other words, b = 0 implies that the process can jump anywhere in the space R"
freely.

Finally we mention that the study of the operator %}, is in itself of interest
mathematically, since it contains two different types of non-locality and has various
interesting properties like unique continuation and Runge type approximations. In
the direct problem we prove existence and stability of solutions of % qu = F in Q
having the Dirichlet data u = f defined on €, := R™\ Q. Here we take [' € H*(Q)
and f € H'(,) (cf. Section 2.2). Later in this article we use the direct problem for
the operator (—A)%, which is defined only on €2 and also has a wellposed Dirichlet
exterior value problem on a Lipschitz domain O € € in the scale of Sobolev spaces.
See [BBC03, GM05, GM06] for Dirichlet exterior value problems for the regional
fractional Laplacian operator on other function spaces. In Section 2.5 we discuss
the direct problem in detail and prove existence, uniqueness and stability results
for the operator .%;, , and the regional fractional Laplacian operator (—A)g.

1.2. Inverse problems. We consider the recovery of the coefficients b and ¢ in
2 from the non-local exterior data (f, 4 4(f)) measured in some open subset of
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RECOVERY OF LOWER ORDER NON-LOCAL PERTURBATIONS 3055
Q. x Q.. For f € H'(S.), the non-local Neumann data Np.q(f) on Q. is defined by

ug(z) —ur(y)
i cnt/ﬂ (O dy Yaeq.

where uy € H'(R™) is the unique solution of the problem %, ;uy = 0 in  and

u = f on Q. (see Section 2.6). Let W, W C (1. be any two non-empty open sets.
We define the non-local partial Cauchy data corresponding to the operator %, ; by

(1.3) Co.q(W, W) = {(f, Mg (F)lg): £ € H(W)}.

We assume that b € L>°(Q), ¢ € L*°(Q2) are compactly supported functions and
we also assume throughout this paper that they satisfy the following eigenvalue
condition

(1.4) Zqp=0inQ, ¢©=0in Q. has only the zero solution.

For non-negative functions b and ¢ the above eigenvalue condition is satisfied. Let
W, W C Q. be any two non-empty open subsets of €).. We prove two results
(Theorems 1.1 and 1.2) regarding the recovery of the coefficients b,q in € from
the non-local partial Cauchy data Cp, (W, W) In the first result (Theorem 1.1) we
show that measuring (f, 44,4(f)|7) for all f € H'(W), one can uniquely determine
b and ¢ in Q2. We discuss also how much one can recover from a single measurement
of the non-local Caughy data. We prove that given a single measurement of the
Cauchy data Cp, (W, W) corresponding to a single non-zero f, one can determine b
and ¢ on certain subsets of {2. Moreover, given a single measurement (f, 4 f|3),
we show that the above subsets of 2 (where we can recover b and ¢) are optimal in
the sense that one cannot conclude anything about b and ¢ outside those subsets
from that measurement. We state our results for the inverse problems in Theorems
1.1 and 1.2 and prove them in Section 3.2.

These type of inverse problems are often addressed as Calderén type inverse
problems. In the standard Calderén problem [Cal80] the objective is to determine
the electrical conductivity of a medium from voltage and current measurements
made on its boundary. Study of the inverse boundary value problems has a long
history, in particular, in the context of electrical impedance tomography; it has ap-
plications in seismic and medical imaging, as well as to inverse scattering problems.
We refer to [Uhl14] and the references therein for a survey of this topic.

The study of Calderén type inverse problems for non-local operators began with
the article [GSU20], where the authors address the inverse problem of determining
the potential ¢ in the fractional Schrodinger operator ((—A)! +¢(z)), 0 <t < 1, in
Q from the corresponding Dirichlet to Neumann map in the exterior domain .. In
[AS19] the authors study stability estimates for recovering the potential ¢q. Later
it has been shown that with a single measurement of (f, .4 4(f)) for non zero f,
it is possible to recover and reconstruct the potential ¢ in  (see [GRSU20]). The
problem of recovering ¢ for the anisotropic fractional elliptic operators has been
considered in [GLX17].

1.2.1. All measurements. In this article we are interested in determining two un-
knowns b and ¢ in the perturbed non-local operator %3, where in addition to
the zeroth order perturbation we have a 2s-order non-local perturbation to the
fractional Laplacian operator of order 2¢, 0 < s < t < 1. Our result for all mea-
surements is:
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3056 S. BHATTACHARYYA ET AL.

Theorem 1.1. Let Q C R", n > 1, be a bounded Lipschitz domain. Let by, ba,q1, G2
€ L>®(Q) compactly supported in Q be such that assumption (1.4) is satisfied for
Loras K=1,2. Let W, W c Q. be any two non-empty open subsets.

If Cy, 0 (W, W) = Chy g5 (W, W), then g = gz and by = by in Q.

1.2.2. Single measurement. We also consider the problem of recovering ,\Iz and g on
suitable subsets of 2 subject from the non-local Cauchy data Cp, 4, (W, W) for only
a single non-zero f € H*().). Let us fix a non-zero f € H'(,) and let uy be the
unique solution of the problem %} juy = 0 in Q and uyflg, = f. f b=01in Q, a
single non-zero measurement of the Cauchy data is enough to determine ¢ in  (see
[GRSU20]). If b # 0 in Q and uy = 0 in some non-empty open subset E C {2, then
we cannot conclude anything about ¢ in E. More precisely, if b # 0 in £ and there
exists a non-empty open set E C Q such that uy = 0 in E, then for any ¢ € C,(E)

(1.5) Lqur =0 inQ = gb’(qu(p)Uf =0 in €,

with Cp (W, W) = Cp, g+ (W, W) Therefore, it is impossible to recover ¢ on £ from
the single measurement (f, 43 4(f)l57). Similarly, if (—A)?Z/Quf = 0 in some non-
empty open subset F' C 2, then it is impossible to recover b on F' from the single
measurement (f, 4 4(f)lg7). Therefore, the optimal result would be to recover b
and ¢ on the support of (_A)?z/ 2uf and uy respectively. Our result for a single
measurement is:

Theorem 1.2. Let Q C R™, n > 1, be a bounded Lipschitz domain and by, ba, q1, g2
€ C.(Q2) continuous functions with compact support inside Q. We assume Ly, 4.,
Lby g are such that the assumption (1.4) is satisfied. Let f € H'(Q,) be a fized
non-zero function and (uy); € H'(R™) solves £y, 4, (uy); = 0 in Q with (uy); = f
mn Q. forj=1,2. . .

If M q(f)1 = Moq(f)2 on W, where W C Q. is some non-empty open subset,
then (us)1 = (us)2 in R™. Moreover, we have ¢1 = g2 on the support of (uyg)1 and
by = ba on the support of (—A)gﬂ(uf)l in Q.

The remainder of this paper is organized as follows: In Section 2 we discuss
the direct problem for the regional fractional Laplacian operator (—A)% and the
non-local operator % ,. We first define the fractional order Sobolev spaces on
R™, as well as on a non-empty open domain. Then we study wellposedness of
the Dirichlet exterior value problem for the regional fractional Laplacian operator
acting on fractional order Sobolev spaces. In the rest of the section we discuss
wellposedness of the Dirichlet exterior value problem for the non-local operator .7}, ,
and finally, we finish our discussion on direct problems by defining the non-local
Cauchy data corresponding to the operator % 4. In Section 3 we prove Theorems
1.1 and 1.2. Having the equality of the non-local Cauchy data corresponding to
two non-local operators %, g, , for k = 1,2, and the unique continuation principle
for the fractional Laplacian operator (—A)! (cf. Proposition 3.2), we derive an
integral identity (3.2) relating the perturbation coefficients by and gy, for k = 1, 2.
Next we discuss the unique recovery of the coefficients from the integral identity
(3.2). In order to do that we prove unique continuation (Lemma 3.4) and a Runge
type approximation property (Lemma 3.5) for the regional fractional Laplacian
operator. Using these we complete the proof of Theorem 1.2. Finally we prove a
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RECOVERY OF LOWER ORDER NON-LOCAL PERTURBATIONS 3057

Runge type approximation (Lemma 3.6) for the non-local operator %, ; and using
that we complete the proof of Theorem 1.1.

2. DIRECT PROBLEMS

In this section we study the direct problems for the operators (—A)g and .2, 4.
For simplicity we assume that all functions including b and ¢ to be real valued. Let
us start with recalling the definition of the fractional order Sobolev spaces H" (R™),
for r € R. We define the space H"(R") as

(2.1) H"(R") := {u € ' (R"); (&)"u(€) € L*(R™)}, Vr €R,
equipped with the norm |jul|gr@ny = [[(§)"4(&)||L2®n), Where #/(R™) denotes
the space of tempered distributions, (€) = (1 + [£[2)2 and 7 denotes the Fourier
transform. The space H~"(R"), for r > 0, can also be realized as the dual of the
fractional order Sobolev space H"(R"), i.e. H-"(R") = (H"(R"))".

Here we also provide an equivalent definition of the fractional order Sobolev

spaces that does not use the Fourier transform as in (1.2). For r € (0,1) one can
equivalently define the space H"(R") as

(2.2) H"(R") = {u € L*(R"); M e L*(R" x R™)},

with the well-known Aronszajn-Slobodeckij inner product, given for real-valued u, v
by [AF03]:

b = [ tooyies [ HOZHDOG) ),

for all u,v € H"(R™). Following that, we can assign the graph norm on H"(R™) by

2 _ 2
[l 2y = llullz2@n) + z—gF

L2(R™ xR™)

2.1. Fractional Laplacian operator. Let 0 < ¢t < 1, we have defined the frac-
tional Laplacian (—A)* in R™ for Schwartz class functions in (1.2). Note that
(—A)'u is not a Schwartz class function due to its lack of decay near infinity;
in particular, (—A)*u decays at infinity as |z|7"~2! (see [Lan72]). The operator
(—A)? satisfies the following integration by parts formula on R™ in the L? sense
(ie. (—A)u € L2R"), u € S (R") for 0 < t < 1) given by

(2.3) / (—A)'a) vda::/" ((-8)72) ((-8)720) do, Vuv € 7(®).

Therefore,

(2.4) / (—A)'u) vdz = / (—A)v) udz, VYu,ve L (R").

There are several equivalent definitions of the fractional Laplacian; see [Kwal7].
For instance, it can be defined using the principal value integral as (0 < ¢ < 1)

(=A)'u(z) = Cpy p-v. /R” % dy

=Cph lim —r
Y|

e—0t Rn\ B(z,¢) |x
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3058 S. BHATTACHARYYA ET AL.
i%il%(—:)) (see [DNPV12)), and B(z,¢€) is a ball in
R™ centered at x with radius € > 0. The difference u(x) — u(y) in the numerator,
which vanishes at the singularity of the kernel, provides a regularization. This
together with the averaging of positive and negative parts allows the principal
value to exist at least for smooth u with sufficient decay. However, when ¢ € (0, %),
the integral is not singular near x. Indeed, for v € (R"™) and 0 < t < %, we have

[ oo,

x—yl

dy dy
<2 IIVUIILM/_ WHIUHLO@/ =l
B(z1) |z — Y| R™\B(e,1) [T — ]

and both of the integrals on the right hand side are finite. Note that here we have
used only C! regularity and the boundedness of the gradient of u. Moreover, by
using the C? regularity and boundedness of the second order derivatives as well, in
general for ¢ € (0,1) we can write the fractional Laplacian as a standard Lebesgue
integral given by (see [BV16])

() ) = -t [ HEENEEE N S 4y e s a e

Next we extend (—A)! to larger spaces, in particular to Sobolev spaces.

where C,, ; is a constant given by

Proposition 2.1. The fractional Laplacian extends as a bounded map
(2.5) (=A) : H"(R™) — H"?Y(R")
whenever r € R and t € (0,1).

2.2. Fractional Sobolev spaces on domains. Now we briefly discuss about the
fractional order Sobolev spaces defined on any open subset with Lipschitz boundary.
Let O C R™ be any non-empty open set (bounded or unbounded) with Lipschitz
boundary. We define H"(0O), for r € R by

H"(0) :={u|lo;u € H"(R")},
equipped with the norm

- = inf r(R7)-
lullroy = _int . ollrgeo
vlo=u
One can equivalently define the space H"(O) for r € (0,1) by
#7(0) = {ue 12(0): "Wt ¢ 120 < 0,
|z —yl=F"
equipped with the inner product (, ), for real-valued u,v as

[ () —ul) (@) )
(u,U)T—/O d +/(’)><O dz dy.

|.’II _ y|n+2'r

Let C°(O) denote the restriction of all C>°(R™) (compactly supported smooth
functions in R™) functions to O. We note that C°(0) is dense in H"(O).
The dual of H"(O) is

(H"(0))" ={ue H "(R"); suppu C O}.
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RECOVERY OF LOWER ORDER NON-LOCAL PERTURBATIONS 3059

We define

H{(O) := {closure of C*(O) in H"(O)}

H7(0) := {closure of C2°(0) in H"(R™)}.
Then we have the following identifications [McL00]:
(2.6) (ﬁT(O))* — H"(0) and (H'(0))* = H"(0), reR.
Furthermore, one has [McL00]
(2.7)H"(0) = H™(0) = H;(0), r <1/2, and H1/2(0) HW(O),
(2.8) H"(0) = Hj(0), T>—§,T7A{§a§,"'}-

We remark here that the above equivalences require O C R”™ to be a Lipschitz
domain in R".

Remark 2.2. Here we note that the characteristic function on the set O namely
Xo € Hy'*(0) but yo # H'*(0).

Next we define the Lions-Magenes space H&_/g(@) (see [Tar07, Chapter 33]) as

u(z)
d( 00)1/2

where d(z) = d(z, O°) is a smooth positive extension of the distance to boundary
function dist(z, O¢) inside O. We have the following equivalence

H'(0) = Hy(§'(0).
We also mention that (see [Tar07, Lemma 37.1])

Hy/2(0) = {u € HY/*(0); e L*(0)},

(2.9) uwe H"(O) and € L*(0) < uec H'(0), re(0,1).

(d(z,0°))"

2.3. Regional fractional Laplacian operator. Let us consider a Lipschitz do-
main O C R". Let 0 < a < 1, recall the definition of the regional fractional
Laplacian operator (—A)% on the domain O over the class of C2°(O) functions by

(2.10)  (=A)4u(z) = C, 4 lim ulz) = u(y) dy, ueCx0),ze0.

€0t O\ B(x,e€) |J) - y|n+2a

Now we state Proposition 2.3 [GMO06, Theorem 3.3] for the regional fractional Lapla-
cian operator.

Proposition 2.3 ([GMO06][Theorem 3.3]). For all u,v € C2°(O) we have
Cra v(z) —o(y
(2.11) / (—A)Su) vdz / / (nizi W) 4y o,

From the integration by parts formula (2.11) we get Corollary 2.4.

Corollary 2.4.

/((—A)%u)vdm‘:/ (—A)o0) udz, Yu,ve C2(0),
(@) O
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3060 S. BHATTACHARYYA ET AL.

Clearly, when O = R" the regional fractional Laplacian coincides with the defini-
tion of the usual fractional Laplacian (—A)%, (0 < @ < 1). Moreover, for u € C°(O)
the regional fractional Laplacian can be identified with the fractional Schrodinger
operator ((—A)* —,) in O (0<a<1)

(2.12) Ve e O, (—A)pu(z)=(—A)u(z)— p.(x)u(z), Yue Cr(0),

where

1
Pa(r) = Cpa / o 7yl dy.
The potential ¢, € o

1oc (O) is a locally Lipschitz function and for some constant
C > 1 (see [Chel8, Lemma 2.4])

(2.13) % (dist (z,0%)) 72" < g (x) < C (dist (z,09)) ", z€O.

We extend the definition of (—A)¢ over the space H*(O) for 0 < a < 1. Since
C>(0) is dense in H*(0), for u,v € H*(O) we define (—A)4u € H~*(0O) weakly
by

(2.14)

(=8)6u, v)(-e(0).1(0)) = "a// (|:E£Z—v(y)) dy da.

Proposition 2.5. Let 0 < a < 1 and O C R™ be an open subset with Lipschitz
boundary, then

(2.15) (=A% : HY(O) - H™%(O) is continuous.

Proof. From the integration by parts formula (2.11) we get the duality inner-
product as (2.14), satisfying

o (u(z) —u() |’ (v(@) — o) ||
|<(_A)Ouav>(H*“(O),Ha(O))| < ‘ T 1 Zxa N
|z —y[2 L2(Ox0) [z —y|2 L2(Ox0)
< llull e o) llvll e (0)-
([
Moreover, from (2.14) it is also clear that for 0 < § < a,
(2.16) (=A)% - HH(O) — H=*9(O) is continuous.

Next we examine for u € H*(0) (0 < a < 1) whether (—A)a/Qu € L*(0).
Lemma 2.6. For all O' € O and for all u € H*(O), 0 < a < 1 we have
(2.17) (—A)Y?u e LX(O").

Proof. Let us extend the function v € H %(0) by 0 in R™ and denote the extension
by u also, u € H*(R"). Therefore, we have (—A)*2u € L*(R™) (see (2.5)), in
particular (—A)%/?u € L?(0). Now, from (2.12), in O we have

(2.18) (~A)F%u+ Pajala)u = (~2)**ulo € L*(0).
Since O’ € O implies @, /2(x)ulor € L*(O’) and hence we get (2.17). O
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RECOVERY OF LOWER ORDER NON-LOCAL PERTURBATIONS 3061

Lemma 2.7. Let O be a bounded Lipschitz domain in R™. Let u € H*(O) for
0<a<1l, then (—A)%/Qu € L*(0) and

a/2
(2.19) lull 20y + 1(=2)8 ull 20) < 1l ga o)

Remark 2.8. Note that the above estimate (2.19) holds for H(;’/OQ(O) space, whereas,

for u € Hé/Q(O), (—A)g4u might not be in L?(0). See the counterexample in
[Dyd04, Section 2].

Proof of Lemma 2.7. From (2.18) it is enough to show that ¢, /s(x)u € L*(0).

Note that from (2.13) we have @, /() ~ (dist (¢,0°)) * for z € O and 0 < a < 1.
We recall the following fractional Hardy inequalities from [Dyd04] as follows:

1
For 0 <a < 2 Yu € Hi(O),

(2.20) A%dwﬁ@'(/ |u|2dx+// n+2a2dydx>,

. Yue Hy (0),

DN | =

for a =

lu

(2.21) /(d@stg)i)c dx<C’</ |u|2dx+// n+1 2dydx>,

1
for§<a<1 Yu € Hi(O),

(2.22) / (dwllzi )(fc v < C / / nm " dyda,

where C' = C(O,n,a).
Then for u € H*(O), in all cases, we have that (—A)a/zu € L?(0). Moreover,
from (2.18) we conclude

a/2
(=)l 120 < a2l 20) + 1(=A)*2ul| 2 (0)
(2.23) < Cllull gaoy + [(=A)2u] L2 gy
We also have that

1(=2)"2ulF2 gy

_Cna/n /n _ "+2a)2 dy dz
/ / n+2a dy dr (since u =0 in R™\ O)
+2cn,a/ l(u(a:))2 (/RH\O Wdyﬂ do  (see(2.13))

2
<Cna/ / 7+2 d d +O/ L))de
e dist (z,0c)™"

< NullFa(o)-

Therefore, |[ul| L2 (o) + [|(—A) Y *ul 20y < Cllu e (0)- O
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3062 S. BHATTACHARYYA ET AL.

Lemma 2.9. Let u € H"(O) for 0 < a <r. Then (—A)‘é/zu e H(0).

Proof. Let us write

(2.24) (—A)?g/2u _ (—A)a/2u — Pa o

for u € I:V(O). Thanks to (2.5), we already know that ((—A)a/2u) |O~€ H™=(0).
I@09E € H™%(O) for v € H"(O). Since
Pas2 ~ d(x,0°)7%, therefore from (2.24) it follows (—A)a/zu € H—%(0). 0

Moreover, from [Gruld] we have that

Let 0 < a < min{1, §}, the well-known Hardy-Littlewood-Sobolev inequality
follows as (see [Ponl6, Proposition 15.5])

(2.25) I < C(=A)" 2l ), Vu € CZ(RY),

L% (Re) =
where C depends on n and a. Let O C R™ be a bounded Lipschitz domain. For
u € H*(O) with 0 < a < min{1, §} we have the following inequality

a/2
Ln 2a (Rn) S CH( ) / UHL2(]R")-

Proposition 2.10 ([HSV13,DIV16]). For0 < a < 1 we have the following Poincaré-

Wirtinger inequality
<c<// n+2a "y dx) . Yue HYO),

(2.27)
51,
u—— [ u
0] Jo
Lemma 2.11 (Poincaré inequality). Let O C R™, n > 1 be a bounded open set
with Lipschitz boundary and w € H*(O); then for some C = C(O,n,a) we have

(2.26) llull 220y < Collul

where C = C(O,n, a).

1
2
1
2.28 ul| 20y < C dy dx whenever — < a < 1.
(0) n+2a 2

Proof. We have for u € H%( )

u(y)?
=8 sy = [ [ SO ez [ [ OB e
( —y"" "o yl -

Using (2.13) and (2.22) on the second term of the above 1dent1ty for 2 <a<1,we
get (2.28). O

Remark 2.12. The above inequality is not true for 0 < a <

3 (see [Dyd04]). For
) an

example, the characteristic function xo € H*(O) for a € (0, 3) and (2.28) does not

hold in this case. For a = % see Remark 2.2.

2.4. Direct problem for the regional fractional Laplacian operator. In this
article we discuss two direct problems corresponding to the non-local operators
(—A)g and % 4. Let us start with the regional fractional Laplacian operator
(—A)E. Let0<a< 1,0 €, ie. Oiscompactly contained in 2 and f € H=%(0),
g € H*(Q\ O); we solve the Dirichlet problem

(2.29) (~A)u=f inO, andu=g onQ\O.
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We define the corresponding bilinear form Bg : H*(Q2) x H*(Q) — R by
Bty = [ [ B ADCD=06)
Jo

‘I _ y|n+2a
We say u € H*(f) is a weak solution of (2.29) if Ba(u,) = (f,¢), for all ¢ €
H*(O) with u =g on Q\ O.

Theorem 2.13. Let Q) C R™, bounded Lipschitz domain, and O C  be a non-
empty open Lipschitz domain compactly contained in Q. Let f € H™%(O) and
G € HY(Q) with G =g in Q\ O, 0 < a < 1. There exists a unique weak solution
v € H*(Q) solving (2.29). Moreover, it satisfies the following stability estimate
(2.30) [vlle) < C (1 flla-a(0) + |Gllze0)) -

Proof of Theorem 2.13.

Homogeneous case. Let us begin with the homogeneous boundary value problem,
i.e. when g =0in Q\ O. Let f € H-%(0); we say v; € H*(0), 0 < a < 1, is the
weak solution of

(2.31) (-A)v=f inO, v=0 inQ\O,
if for all w € C(0O)
(2'32) BQ(Ufaw) = <fa w>(H—a(@)’ﬁa(@))-

A straightforward calculation shows that the bilinear form B(-,-) is continuous over
H*(Q) x H*(2). Next we show that Bq(:,-) is coercive over H*(O) for O € Q i.e.

T) — 2 ~
(2.33) Bn(w,w)=/Q/Q(‘iiing?dydsz||<p||%a(o), Vo € H*(O).

Let p € C2°(0), using the Poincaré-Wirtinger inequality (2.27) over 2, we get

1
x) — 2 : 1
() g
alJao |z -y 12 Ja "l r2 (o
> lellsaion - oy [ 19l
Z |PllL2(0) |Q|% Q<P
1

2 o)~ iy / xo ol

0]
> 1- .
=z ( \Q|% lllz20)
Hence, we have (2.33).

Therefore, using the Lax-Milligram theorem, for a given f € H~*(0), we have
a unique weak solution of (2.31) in H*(O) satisfying the stability estimate

107l g < 1ll—(0).

Remark 2.14. Here we remark that, in establishing the coercivity of the bilinear
form Bq(-, ) over the H*(O) space, the assumption O € Q is crucial. For example,
Bq(-,-) fails to become coercive over the space H®(2) while 0 < a < 3.
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Inhomogeneous case. Let G € H*(Q2) then from (2.15) we know (—A)4G € H (),
0 < a < 1. Now we are interested in the following inhomogeneous problem
(~A)bv=f in0O, (v—G)eHYO).
Then w = (v — G) € H*(O) solves
(~A)w = f — (~A)4G € H(0),

and by the previous discussion we have a unique weak solution in H 2(Q), where as
the stability estimate (2.30) follows from Proposition 2.5. O

Corollary 2.15. The operator
(=)~ H™(0) = H*(0)
is one-one, onto and bounded.

2.5. Direct problem for .%}, ;. Here we study the direct problem for the oper-
ator % 4. Let © be an open, bounded Lipschitz domain in R™. We consider the

inhomogeneous problem
s/2 s/2 .
(2.34) Lpqui= ((—A) + (~AR(-2)* +q)u=F g,
u=f in Q,,

where F € H-1(Q), f € H'(Q,) and b, ¢ € L>®(1).
The bilinear form associated to the operator %}, 4 is

Byt H'(R™) x H'(R") — R

given by
(2.35)
Bualot) = [ (=8)"0(@) (=8)" (o) do

+ [ ) (%) (@) ((~8)*0) @) o+ [ ala)ola) vie) de

Q

We define u € H!(R™) to be a weak solution of (2.34) if for every ¢ € C2°(Q2) we
have

By,q(u, ) = (F,p), withu= fin Q..
We state Theorem 2.16 for wellposedness of the Dirichlet problem (2.34)

Theorem 2.16. Let Q C R™, n > 1, be a Lipschitz domain and b,q € L>°(Q). Let

0<t<1l, forany F€ HYQ) and f € fNIt(Qe) there exist a unique weak solution
u € HY(R™) solving the Dirichlet problem (2.34). It satisfies the following stability
estimate

lull gty < C (HFHH—t(Q) + 1 fllEe ) -

Proof. By extending f € H'(Q.) by 0 in Q as a H*(R") function, we observe that
the theorem is equivalent to considering the following homogeneous problem for
v=(u—f)€ H(Q) and F := F — (-A)'f,

L gV = F inQ,

2.36
( ) v=0 1in Q.
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Equivalently, in terms of the bilinear form we seek v € H t(Q) solving
(237) Bb,q(U7 (P) = <ﬁ7 90>7 VSD € ﬁt(Q)7

where (-,-) denotes the usual duality between the spaces H~*(€2) and H*(2). Let
us note that,

<F,90> H-t(Q),Ht(Q) = (”F”H tQ) + ”fHHf(Q )) ||90||Ht(Q
In order to prove the existence of the solution of (2.34), now, we will show the

existence of a solution v € H*(Q) solving (2.36).

Continuity of the bilinear form B 4(-,-). Let ¢, ¢ € H'(Q), first note that due
to (2.17) for 0 < s <t < 1 with s # § we have

||( A)Q 90HL2(Q <C||90‘|Hs(g < ||<P|‘Ht Q)
For s = 5 and ¢ € Ht(Q) with 1 <t <1, we find that ¢ € HO’/OQ(Q) satisfying

1/4
1=8)g*¢llz2@) < Cligll 20y < el

To see this, let ¢ € H™() for some 1 < r <1, we claim that ¢ € H&/OQ(Q),
e 1/4 :

satisfying H(—A)Q/ ollr2) < CH@”Hé/f(Q) < llellgr(q)- By using (2.9) we have

€ L*(Q2), where d(z, Q°) is a smooth positive extension into  of dist(x, Q)

+ € L*(Q). Hence ¢ € Hé/g(ﬂ)

d(z,Q°)2

Y
d(z,Qe)"
near J{2. Now since % < r < 1, we have that

and using (2.19) the above estimate follows.
Therefore, we have

1Bb.q (0, )| < [[(=A)"20|| L2y [| (= A)/?4)| L2y
s/2 2
+ 1Bl 2= o 1= A)e 0l 20 | ()8 |2 (0
+ gl 2o @ llel |2 @) 19| L2 (2 »
< OH@HIT[t(Q)HwH[—NIt(Q)'

(2.38)

Coercivity of the bilinear form B,, on H'(Q). Let 0 < s < t < 1 and

¢ € H'(Q). Then for o > llgll o< () we obtain
(2.39)

Boq(ps ) +0(p,0)r2(0) > H(—A)t/z@H%%Rn) +alelFzq

s/2
Ve 2 ol22 ) — llall= o llel22q)

— [1bll o= @[ 1(=A
> [[(=8)"2 |2 @) + (0 I\qIILoo(Q>)IIs0|I2Lz(Q>
—[bl] Lo @ [I(=A )Q <P||L2 ()
> Cllell%.

() - Hb”L‘”(Q)H@H%r(Q)a
1
29

where 7 = s when s # %, and for s = 35, we take some fixed r € (%,t).

Given the compact inclusions
HY(Q) < H"(Q) — L*(Q), for0<r<t<1,
we have for A > 0 (see [Tem77 Lemma 2.1])

el o) < —HSOIIH,(Q +Cillelfa),  for o € H'(Q).
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3066 S. BHATTACHARYYA ET AL.

Therefore, combining the above estimates we get for A > 26”1Hb||Loo(Q)

C ~
(240)  Buglp,9) + (0 + Ol9lEey = lely gy, for o€ HU(Q).

By the Riesz-representation theorem there exists a unique w = Gu(ﬁ ) € H HQ),
where G, : H™'(Q2) — H'*(Q) is a bounded map, such that

Byg(w, )+ p(w,0) = (F,0),  Voe H(Q), n=>(oc+Ch).
Hence, we have unique w € H t(Q) satisfying

(Lpq+pl)w = F, inq,
where I : H'(Q) — H~'(Q) is the identity map.
Observe that, v € H'(2) satisfies .%, ;v = F if and only if
(.i”b)q—l-,ul)v—,ulvzﬁ = U—M(GMOI)szM(ﬁ).
Now, using the Rellich-Kondrachov compact embedding theorem we have
I:HYQ) —» HH(Q)

is compact and consequently (G, o) : H'(Q) — H'() is a compact operator.
Hence, by the Fredholm alternative theorem, existence of a solution v € H*(Q) of
v—u(Gy o Iv=G,(F) in Q follows from the uniqueness of the trivial solution of
w(Gpol)v =wvin Q in the function space H'(2) (c.f. assumption (1.4)). Therefore,

we get a unique solution v € H L) of L v = F , in Q, and consequently a unique
solution u = (v + f) € H*(R™) solving

Zpqu=F inQ,
u=f in Q,
for F = (F + (—A)f) € H () and f € HY(Q.).

Stability estimate. Now we will show that if « is the unique solution of (2.34)
then the following stability estimate is true:

lullszecery < € (IFl-vcoy + 1l e ) -
In order to show that, observe that from (2.40) we get

[[o]] < CllvllZz ) + B.g(v,0).

2
(%)
Now as v solves (2.36) we get By 4(v,v) = (F,v). Hence,
00 g < Cllol oy + (F.v)
<C (||”HL2(Q) + ||F||H*f<ﬂ)) 10l 7+ (q)
or,
1ol 7y < € (I0llz2@) + 1 Fllr-eqo) -
Now by putting © = v + f and F=F-— (—A)!f with Hﬁ”Hft(Q) S| g-+0) +

| fll ¢y One gets
(Qe)

lll ey < € (lullzacy + 1 F - + 1 eca) -

Licensed to Univ of Washington. Prepared on Tue Nov 16 14:29:50 EST 2021 for download from IP 128.95.104.109.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RECOVERY OF LOWER ORDER NON-LOCAL PERTURBATIONS 3067

Moreover, by using the compactness of the inverse operator (G, o I) we obtain

lullzecaey < C (IFl-+c0) + 1 fll7ece,)) -

Hence, the stability estimate follows. (]

Remark 2.17. In this remark, we will discuss the case where f € H'({,.) instead
of f € H'(,) in (2.34). In this case, we also assume b € H* () N L(Q), and we
will see how the higher regularity of b helps to solve the forward problem (2.34)
with more general exterior data f € H'(,). Let us call f € H(R™) be a non-zero
extension of f € H'(Q,), i.e. flo, = f satisfying Hf”Hf(Rn) < CHfHHf(Q . Now
let us consider the modified (w.r.t. (2.37)) homogeneous problem in this case, as
o =u— f e H(R") solves

(2.41)

B (3, 0) = (F = (=8)'F.0) = (=D)L [, (-8)5¢) = {af 0), W € H'(Q).

Let’s consider the r.h.s. of (2.41). It’s easy to observe that

<CIfa o) r2@) < llallze @l fll2) lell 2 )
and <F ( )f 90> t(Q),Ht(Q) < (HF”H tQ) Hf”H’(Q ) ”‘p”f]t(g)-

In the second term, we will use H"-duality instead of the L?-inner product as done
earlier. We get that, due to (2.16) (—A )3/2(f|g) € H3/**9(Q), for any 0 < 6 < £
and flo € H'(Q) such that £+ < ¢ < 1. On the other hand, (—A)S/ng € H'™*(Q)

for p € ﬁt(ﬂ) By choosing ¢ € [0, §) close to 3, for given 0 < s <t < 1t is always
possible to have some § = §; such that t—s 2 —6p. Therefore, for that g € [0, 5)

we have (—A)S/ng € H*/27%(Q). Now by using the regularity of b € H'(Q), we
have b(—A)$/%p € H¥/2=%(Q) as well. Thus

(=A) 2 FLb(=A)e > 0) fr—<r2es0 (). 1107250 (@)

s/2 s/2
< (1Bl 1 (—2)e > Fllz-r250 (@ 1 (A 2@l 1127250 52)-

. . 27 Y iy
Again by using (2.16), we have ||(—A);/ Flla-sr250) < W fller2vs0 ) < N fllme (),
since § + dp < s < t. By Lemma 2.9, ||(—A);/2¢‘|Hs/2760(9) < C'HL,OHgsS/gf,;D(Q) <
C’||<,0||ﬁt(ﬂ), since by our choice t > 3% — §y. Hence,

s/2 7 s/2 irY
(=) FLb(=A)e 2 @) pr—er2es0 (). o250y < Cllbll e oy I 1oy @l e -

So from (2.41) we get |Byq(v,9)| < (IFll-+(0) + 1l (0) I2ll7:q)-
Then following the same procedure as we did before, one can solve the homo-

geneous problem (2.41) in ﬁt(Q), and consequently the inhomogeneous problem
(2.34) in HY(R™) with the exterior data in H*(.).

2.6. Non-local Cauchy data. Let 2 C R™ be a bounded Lipschitz domain, n > 1.
Let us consider uy € H*(R™) be a solution of the Dirichlet exterior value problem
(2.34). Let us introduce the operator 45 4(f), we will call it as Neumann data,
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using the “non-local normal derivative” (see [DROV17]) of uy given

—u
(2.42) Noa(f =Cht /Q = |n+f2t y) dy, x¢€Qe,
where uy € H*(R™) is a unique weak solution of (2.34).

Let us now define the non-local Dirichlet to Neumann map for 0 < ¢t < 1. Under
the assumption (1.4) we get a unique solution uy € H*(R™) of the Dirichlet exterior
value problem (2.34). We define the Dirichlet to Neumann map Ay, : flt(Qe) —
H™H(Qe) by

<Ab,qf7¢> = <Zb,qufa77[}>ﬂ VZZJ € ﬁt(Q€)7

where uy is the unique solution of %} qur =0 in Q and uy = f on Q.
Using the integration by parts formula (2.11) and the fact that ¥|q = 0, we get,

(2.43)

Wnafo)= [ (=8 ur) o+ [ b(8%0) (CR)= [ (a)u)w.
Therefore,

(2.44) Apof == (=A)'uy, in Q..

Next we state the relation between Ay 4(f) and the non-local Neumann derivative
Nb,q(f) in Proposition 2.18.

Proposition 2.18 ([GSU20]). We have

Nogf = Mog(f) =mf + (D) (Eof)la., | H (),
where, for v > —1/2, A is the map
(2.45) N HY(RY) = HYL(Qe), A u=mulg, + (=) (xou)la.
where m € COO(Qe) 18 given by m(;p) =Cnyt fQ W dy, X %8 the characteristic
function of Q and Ey is extension by zero in Q. Ifu € L*(R™), then ¥ u € L3 ()
is given a.e. by the formula (2.42).

Proof. Since the operators Ay 4 (c.f. (2.44)) and A (c.f. (2.42)) do not involve any
regional non-locality from 2, the proof is the same as in [GSU20, Lemma 3.2]. O

This result shows that knowing Ay o f is equivalent to knowing 43 4(f) for f €
H t(Q.), since they differ by known quantities which are independent of b and q.

Let W, W c Q. be any non-empty open subsets. We define the non-local Cauchy
data Cp (W, W) (c.f. (1.3)) corresponding to the operator Lb.q by

(2.46) Cod(W, W) = {(f, Ma(Plip); £ € H' (W)}
Hence, Cp 4(W, W) is determined by the non-local DN map Ay 4|5 applied on
HY(W).

The main resemblance of the non-local normal derivative with the local nor-
mal derivative can be explained using the following integration by-parts formula
[GLX17,DROV17]

(2.47) /Qv(—A)twdx—l—/Qe vﬂ(w)z/szw(—A)tvdH/Qe w A (v)

Licensed to Univ of Washington. Prepared on Tue Nov 16 14:29:50 EST 2021 for download from IP 128.95.104.109.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



RECOVERY OF LOWER ORDER NON-LOCAL PERTURBATIONS 3069

together with the following limiting equivalence as (see [DROV17])
lim v A (w)de = / v do
t=1 Jrm\Q a0 Ov

for all v,w € #(R™); where .4 (w) as in (2.45) and v, do denote the boundary
normal vector and the surface measure respectively.

Here we end our discussion on the direct problems for the regional fractional
Laplacian operator (—A)g and the non-local operator .2, ,. Next we move into
studying the inverse problems of recovering the coefficients b, ¢ from the associated
non-local Cauchy data Cp (W, w).

3. INVERSE PROBLEMS

Here we address the inverse problem:
Does Cp o(W, W) (c.f. (2.46)) uniquely determine b and q in 7?

We will answer this question by proving Theorem 1.1 and Theorem 1.2.
To start with, let us consider the operators

L = (D) + () (2)* + @), k=12,

where by, qi are L*°(Q) functions satisfying (1.4). Let Cp, 4, (W, W)= Chy.q0 (W, w).
Then for any f € H*(W) we have

N (ug)lgp = A (w1l
where
(3.1) Lotk =0 inQ, and uglo, =f¢€ H'(Q,), for k=1,2.
Lemma 3.1 (Integral identity). Let f € H*(Q.) and u, € H*(R™) be solutions of
(3.1) for k=1,2. Let W C Q. be a non-empty open set such that

f/V(Ul)|W = «/V(u2)|w~
Then u; = ug in R™.

Moreover, we have the following integral identity

3:2) [ (br-b) (-20%u) (-20%)+ [ (@-amhous =0, ¥ e C2(@),
Q Q
where uy = u; = ug in R”.

Next we prove Lemma 3.1 which follows from the unique continuation property
for the fractional Laplacian operator (see [GSU20, Theorem 1.2]).

Proposition 3.2. Letu € H™"(R"), r > 0. Ifu = (—A)'u = 0 in some non-empty
open set O C R"™, then u =0 in R".

Proof of Lemma 3.1. By using Proposition 2.18 and (2.44) from A ,(f)l5 =
Noq(F)lg, we obtain (=A)ulip = (—A)'uslyp. Since up = ug = f in Q, so
we have

(=A) (uy — ug)lgr = 0 = (w1 — u2)|-

Therefore, from Proposition 3.2 it follows that u; = us on R™.
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Let us now denote uy = u; = up in R™ and observe that
((—a) + (=2)Po(-2)% + @) up =0, @,
((—A)t + (=) oo (—A)% + qg) up=0. inQ,
which implies

(3.3) (=) (by = b2)(— D) g + (a1 — q2)uy =0, in Q.

One can equivalently write the above equation as

J =) (=0) (C21%) + [ (@ = @ous 0. Voecz(@),
O

Now our goal is to show b; = by and g1 = ¢o from the integral identity (3.2). In

order to do that we derive a unique continuation property for the regional fractional

Laplacian and Runge approximation property for the non-local operators (—A)g

and zb,q-

3.1. Unique continuation and Runge approximation. As a consequence of
Proposition 3.2 we get the following Runge approximation property (see [GSU20,
Theorem 1.3]). Let us consider the set

X(f)_’W = {’U|o; (—A)t’U = 0, in O, ’U|(’)e = f, Vf € CSO(W)},
where W is some open bounded subset of O, := R" \ O.
Proposition 3.3. The set Xow is dense in L*(O).

For the regional fractional Laplacian (—A)%, 0 < a < 1, first we prove the
following unique continuation property.

Lemma 3.4. Let Q C R"™, be a bounded Lipschitz domain. Let v € H*(2), 0 <
a <l Ifv=(—A)4v =0 on a non-empty open subset O € (2, then v =10 in Q.

Proof.
Case 1. Let us take v € H*(2) and extend it by zero in Q.. From (2.12) with using
the fact v = (—A)4v = 0 in O we simply obtain
v=(-A)v=0in O.
Consequently, from Proposition 3.2 we obtain v =0, or v = 0 in €.

Case 2. Let v € H*(2), and 0 < @ < %. Then using the fact that H(Q) = H*(Q)

for 0 < a < i (see (2.7), (2.8)) we get v € H(9) and using Case 1 we prove the
lemma.

Case 3. Now if v € H*(Q), and a > 3, then we define ¥ = yqu in R™ to have at
least 7 € L*(R"). Note that, (~A)dv = (—=A)47 = 0 in Q. Now, from (2.12) we
obtain (—A)% = 0 in O. Since Proposition 3.2 is also valid for L?(R") functions,
so from v = (—A)0 =01in O € , implies v = 0, or v = 0 in . O

Using the unique continuation Lemma 3.4, we prove the following Runge ap-
proximation result for the regional fractional Laplacian.
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Lemma 3.5. Let Q be a bounded Lipschitz domain in R™, and O € Q be a non-
empty open subset, with Lipschitz boundary, compactly contained in Q2. Then for
0<a<1, we have

Xo = {v|o;v € HY(Q), (—A)4v =0 in O}
is dense in L*(O).
Proof. 1t is enough to show that
(3.4) if (w,v)r20) =0 Vv € Xp, thenw=0inO.

Let us assume that, there is a w € L*(0) such that (w,v) 20y = 0 for all v € Xo.

Then we consider the function ¢ € H %(O) as the unique weak solution of
(-A)p=w inO

(3.5) . _

=0 inQ\O.

Now from (3.4) and (3.5) we have
0 = (w,v)2(0) = (=A)hp, V) L2(0)
= ((=A)ap, v)r2(0) — <(—A)?2<P=U>L2(Q\5)'
Thus for all v € X, we conclude
(3.6) ((—A)?z%v>L2(Q\6) = ((=A)e,v)2(0) = (@, (=A)GV) 2 (0) = 0.
Since v|g\5 € H*(Q2 \ O) can be chosen arbitrarily, (3.6) implies
(3.7 (=A)2e=0 nQ\O.
Therefore, we obtain that
o= (A =0m 0\,

which implies that ¢ = 0 in Q due to the unique continuation (cf. Lemma 3.4) and
hence w = 0 in O. This proves (3.4) and Lemma 3.5. O

Now we prove a Runge approximation type property for the operator % 4. Let
us recall the operator .%, , introduced in (1.1). Let O € Q be a non-empty open
set, compactly contained in 2, with Lipschitz boundary and consider the sets

X = {(-A)*v]o; Lv=0,inQ, vl =f VfeC W)}

and
Yi={vlg; ZLqev=0,1nQ vlg =f VfeCTW)}

where W is some non-empty open bounded subset of €.

Lemma 3.6. Let %, ., X,Y are as above. Then
(1) For any F € L*(O) and any € > 0 there exists u € X such that

||F— UHLQ(O) < €.

(2) The setY is dense in L*(9).
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Proof. (1) We observe that, it is enough to prove the result for F € H*(O) for
some 0 < s < 1, since H*(O) is dense in L?(0). Let F € H*(O) such that
(F,0) 20y = 0, for all v € X, then we show F' = 0in O. Since 0 < s < t, therefore

U= (—A)‘Q/2v\@ € L%*(O) for some v € HY(R") solving %, ,o = 0 in Q. Thus we
get that

(F,(~A)g/*v) 120y = 0.

Now extending F' by 0 outside O we have F' € H*(£2) and consequently (—A)?{QF
€ L*(Q) thanks to Lemma 2.6. Next we write

0= (P (~8)4" v)12(0) = <((_A)?’/2 F) ’U>L2(sz) '
Since (—A)gﬂF € L?(Q), there is w € HY(R"), 0 < t < 1 such that
Zyqw = (—A)?F inQ, with w=0in Q..
Therefore, we get
0= (L qw,v)12(0) = (W, LbqV) 12(0) — ((—A)'w,v) 12(0,)-
Since £ qv = 0 in Q, thus
(=A)'w, flo, =0, Yfe€CX(W).

Hence, (—A)w = 0 = w in W C .. Consequently, by the unique continua-

tion given by Proposition 3.2 we conclude that w = 0, that (—A)?Z/ZF =0 in Q.
Using the unique continuation for the regional fractional Laplacian operator since
(—A)’F=0=FinQ\O, we get F=0inQ (c.f. Lemma 3.4). Hence, part (1)
follows.

(2) The proof is similar to part (1). Let G € L*(Q) and (G, v)2(q) = 0, for all
v €'Y, then we will show that G = 0 in € to prove our claim.

Let w € HY(R™) solves %, qw = G in Q and w = 0 in Q. Then we have

0= <$b’qw,v>Lz(Q) = (w,$b7qv>,;2(g) — <(—A)tw,v>L2(Qe).
Since £ v = 0 in Q, we get
(=A)'w, o, = (=A)'w,v)q, =0, forall fe CXW).

Hence, (—A)tw =0 =w in W C .. Consequently, by the unique continuation in
Proposition 3.2 we have w = 0 and therefore G = 0 in 2. O

3.2. Proof of Theorems 1.1 and 1.2. Let us recall the integral identity from
Lemma 3.1, given by

33) [ 1=t (=0)0s) (%) + [ (@=whous =0, Ve CZ(@),

where uy € H'(R™) is the unique solution of the Dirichlet exterior value problem
Loty =01in Q and uy = f in Q, for k =1,2.

Since by, qr are compactly supported in €2, let us consider a non-empty open
subset O € 2, with Lipschitz boundary, containing the compact supports of by, gx
in Q, for £k = 1,2. Now, using Lemma 3.5 we know that

Xo={plo: ¢ e H'?Q); (~A)*0=0in 0}
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is dense in L%(0O). Hence, from the L2-density of C°(2) in X and the integral
identity (3.8), we conclude

/ (1 — @urp =0, Vye€ Xo,
o

or equivalently

(3.9) (1 —g2)uy =0 in O.

Plugging (3.9) in the integral identity (3.8) we have
1oy [ =) (28)) (2)%) =0, W e (@)

Note that O & €2 contains the compact supports of by, by in 2 and (bl—bg)(—A);/QUf
€ L*(0). Hence, take ¢ € H*/?(Q) to be the weak solution of (see Theorem 2.13)

(~8) %6 =(b1 = ba)(~A)*uy O
=0 onQ\O.
Then plugging this ¢ in (3.10), we obtain
(3.11) (b1 — bo)(—=A)up =0 in Q.
Observe the relations obtained in (3.9) and (3.11), that is
(3.12) (b1 — bo)(—A)Pup =0 = (g1 — g2)us in Q.

Note that the above identity (3.12) is true for each f € H!(€,) (and the corre-

sponding solution uy € H'(R™)) satisfying A5 4(f)|57 = Ab,q(f) |5

Proof of Theorem 1.2. Let us assume that the operators %, g, , for k = 1, 2 satisfies
the assumption (1.4). Fix a nonzero f € H'(Q.) such that

(Abhql - AbQ,ZI’z) (f)|w =0.
Since (by — b2), (g1 — ¢2) € C.(Q), then

(313) B={zx e (b —by)(x) #0} and C={zec(qn—q)@) #0}
are open subsets in . If B, C are non-empty, then from (3.12), we get (—A)g/zuf
and uy are zero on the open sets B and C respectively.

From Lemma 3.4, it is clear that B and C are disjoint open sets. If BN C # (),
it will lead to uy = 0 in £2. We also observe that B, C' cannot be complementary
in Q, that if C = Q\ B then the following exterior value problem

(—A)?{QU:OinB, v=0in Q\ B

has only v = 0 solution in Q (cf. Proposition 2.13). This completes the proof of
Theorem 1.2. (]
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Proof of Theorem 1.1. Let A, o(f)lsz = Mq(f)lg, for all f € H'(W), where
W, W cC Q. are any non-empty open sets. Then we have the identity (3.12):

(by — b)) (—A) up =0= (g1 — @)uy InQ, VfeCS(W).

Now let us recall the approximation result of Lemma 3.6. Since, (by — by) is com-

pactly supported inside €2, using the density result concerning (—A)f—l/ 2uf in the

Part (1) of Lemma 3.6 and varying f € C° (W) we obtain by = by in Q. Similarly
by using Part (2) of Lemma 3.6 we get g1 = g2 in Q. This completes the proof of
Theorem 1.1. (]
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