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Abstract: This paper presents injection-shift-factor-based linear modelling for various types of series flexible ac
transmission system (FACTS) devices within the DC power flow framework. The presented models allow FACTS devices to
be properly integrated in current operation and planning software tools, which is key to harnessing the power flow
capabilities provided by FACTS technology. Although recent literature has attempted to develop linear models for FACTS
devices, the existing models do not accurately reflect the actual operating range for many FACTS devices. Compared to the
existing models, the modelling approach presented in this paper reflects the principle of operation of each type of series
FACTS device in adjusting transmission line reactance. Through mathematical derivation, linear constraints for FACTS
operation are formulated, which are used to formulate power system operation models. The formulated problems are then
analysed through simulation studies on various test systems. The results highlight the significant computational efficiency
improvements provided by linear FACTS modelling in DC-based operation models.
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Set of time periods
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injection through transmission line ij (at time
t)

Voltage angle at bus i (at time t)

Effective reactance injection of FACTS
devices on transmission line ij (at time t)
FACTS power injection on transmission line
ij (at time t)

Susceptance change on transmission line ij
Current on transmission line ij

Number of M-FACTS devices installed on
transmission line ij

Voltage phasor of bus i

FACTS series voltage injection phasor for
transmission line ij
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UPFC shunt voltage injection phasor for
transmission bus i

Current phasor of transmission line ij
Phase angle of UPFC voltage injection on
transmission line ij (at time t)

TCSC reactance injection

Binary variable representing flow direction
of transmission line ij (at time t)

Active power output of generator g (at time
t)

Power injection at bus i (at time t)

Unit commitment variable of generator g (at
time t)

Start-up variable of generator g (at time t)

Pre-injection susceptance of transmission
line ij

Minimum and maximum susceptance of
transmission line ij equipped with FACTS
Reactance of transmission line ij
Maximum voltage injection of SSSC or
UPFC devices on transmission line ij
Maximum current on transmission line ij
Minimum current to power up FACTS
devices

Minimum flow to power up FACTS devices
Maximum voltage injection of a single M-
SSSC device

Minimum and maximum reactance injection
of TCSC devices

Marginal cost of generator g

Injection shift factor associating bus n to
transmission line ij

Capacity of transmission line ij

Demand on bus i (at time t)

Maximum number of M-FACTS allowed to



be deployed on transmission line ij

Nmax Total number of available M-FACTS devices
kg No-load cost of generator g

Sg Start-up cost of generator g

R;. R Maximum hourly ramp rate of generator g
UTy, DT, Minimum up and down time of generator g
M A very large positive number

1. Introduction

The transmission system in the United States is
outdated and needs to be upgraded [1]. High congestion costs
in many parts of the US power grid is a strong economic
signal for this need [2]. A robust transmission network is also
central to reliability of the electric power grid [3]. Insufficient
transfer capability leads to congestion in the transmission
network, which may result in violations of network security
limits [4]. Transfer capability enhancement, thus, improves
economic efficiency and reliability of the bulk power network.
Moreover, enhancing transfer capability facilitates
penetration of higher levels of renewable generation in power
systems. Renewable energy penetration is expected to rapidly
grow and reach 42% of the total energy mix in the U.S. by
2050 [5]. However, congestion in the transmission network
hinders the delivery of high levels of renewable generation
[6], causing problems such as wind energy curtailment.

Transfer capability can be enhanced through
construction of new transmission lines. However, the process
of building new lines is lengthy and costly due to social and
environmental issues, as well as new challenges such as
market deregulation [7]. A faster alternative is improving the
utilisation of the existing transmission network, which can be
achieved through power flow control [8]. Note that the
increase in transfer capability over the existing grid can be as
large as 30% [8], [9]. One technology that enables power flow
control is flexible ac transmission systems (FACTS). FACTS
devices facilitate rerouting of power flow to avoid
transmission bottlenecks and congested lines, which results
in enhanced transfer capability and increased dispatch of
cheaper generators. As an example, it is shown in [10] that
the power flow control capabilities of FACTS devices can
effectively reduce wind curtailment and reduce total
generation cost. FACTS devices that are capable of
effectively alter apparent impedance of transmission lines can
be deployed for active power flow control. For the rest of this
paper, the term “FACTS” is used to specifically refer to these
types of devices. The impedance control can be either through
direct addition of a controlled series impedance or injection
of a controlled voltage, which emulates a controllable
variable impedance.

While FACTS technology is a few decades old and
there are numerous studies on a wide range of its benefits, the
benefits can only be fully harnessed if FACTS devices are
properly modelled in power system operation and planning
models. Otherwise, the setpoint of these devices cannot be
adjusted dynamically based on the state of the system, leading
to some level of underperformance. Unfortunately, due to the
computational complexity of including FACTS devices in
operation and planning software tools, this integration has not
yet occurred, resulting in under-materialised benefits of
current FACTS installations [11-13]. Moreover, the widely
used representation of FACTS operating range in DC power

flow in recent studies are inaccurate for many FACTS devices.
In the following subsection, we present a review of the
existing model and the usage of it in the literature.

1.1. Review of existing models for the operating
range of series FACTS in DC-based
operation models

Independent system operators (ISOs) use DC-based
market operations because of its robustness and operators’
confidence in the quality of the solution [14]. Energy and
market management system (EMS/MMS) software tools use
one or another form of DC power flow models [15], [16].
Therefore, to enable integration of FACTS devices in
EMS/MMS software tools, they should be modelled and
integrated in DC-based operation models, often based on DC
optimal power flow (DCOPF) and unit commitment (UC).
The linearisation in DC power flow is mostly on power flow
equations, which results in a computationally tractable
formulation.

With FACTS devices, line reactance or susceptance
can be controlled. Therefore, susceptance of transmission
lines equipped with FACTS should be represented as a
variable, as is shown in the b-0 DC power flow equation in

(D.
fij = Bij(gj - 9i) (1)

An early study on the representation of FACTS in
DCOPF models the operating range of FACTS devices that
provide series reactance adjustment as a variable with
constant variation bounds [17], as is shown in (2).

bP™ < by < b 2)

In this paper, we refer to such modelling approach as
the variable-susceptance model. It has alternative reactance-
based representations in different studies that are essentially
equivalent. Note that with (2), (1) is a nonlinear equation, due
to the bilinear terms b; ;0; and b; ;0;. The nonlinearity makes
optimisation problems much more computationally
demanding. Additionally, nonlinear models are not
compatible with existing EMS/MMS software tools. Thus,
linearisation of (1) is essential for proper integration of
FACTS devices in operation software tools. A number of
recent research papers have focused on effectively
reformulating (1) and (2) to linear or mixed-integer linear
constraints [11-13], [18-20].

The variable-susceptance model of FACTS operating
range is used in [11-13], where both the thyristor controlled
series compensator (TCSC) and the unified power flow
controller (UPFC) are presented as examples, where the
model can be applied. However, according to the analysis in
this paper, while the variable-susceptance model is an
accurate representation for the TCSC, it cannot accurately
reflect the operating range of UPFC devices because of the
aforementioned difference in the impedance control methods.
In [20], the type of series FACTS device is not clearly
specified, when applying the variable-susceptance model.
Similar issues reside in [21-23], where DC-based models with
the distributed FACTS (D-FACTS) included are studied.
However, the wvariable-susceptance model is used for
modelling the operating range of D-FACTS devices, without
specifying the type of FACTS technology.



In summary, the following gaps exist in the literature:

e Several studies simply apply the variable-susceptance
model on devices, where the model cannot accurately
reflect the impedance control method. As mentioned
previously, depending on the type of FACTS device,
different power electronic circuits are used to alter the
apparent line impedance. The impacts are similar, yet the
operating range of effective reactance injection may vary
significantly, with some being highly nonlinear. The
variable-susceptance model cannot accurately represent
the true operating range of many FACTS devices.

e The variable-susceptance model is used as a general model
in previous research without specifying the type of FACTS
technology.

e The existing literature on the static synchronous series
compensator (SSSC), the magnetic energy recovery switch
(MERS), and the UPFC are by in large AC-based models
[24-26]. Efficient and accurate linear modelling in DC-
based software tools do not exist.

e A linear model for the emerging lightweight and compact
modular FACTS (M-FACTS) devices is desirable.

1.2. Contributions

This paper fills the aforementioned gaps in the
existing literature by making the following contributes.

e This paper derives accurate and computationally efficient
models for various types of series FACTS devices. The
models, developed here, reflect the specific characteristics
of different devices in operation. The models are
formulated as linear or mixed-integer linear constraints, to
enable appropriate integration with DCOPF and UC, while
achieving computational tractability, allowing smooth
integration within the existing operation and planning
software tools. Specifically, this paper models the
following FACTS devices: the SSSC, the MERS, the
UPFC, and the TCSC.

e Operation and planning and models for the emerging
lightweight and compact modular FACTS (M-FACTS)
devices, particularly the modular SSSC (M-SSSC), are
also included.

e The mathematical derivation for each type of device, in
this paper, is based on the usage of injection shift factors
(ISFs). The impact of series compensation is modelled as
power injections, with careful attention to the differences
between each category of devices. ISF-based operation
model formulations with each category of FACTS are
presented at the end of the paper, which can serve as a
reference for power system researchers that are interested
in FACTS modelling, operation, and planning problems.

e The formulated problems are studied through simulations
using the Texas 2000-bus system, the RTS-96 system, and
the IEEE 14-bus system. The results show the
computational efficiency of linear FACTS modelling,
while also providing numerical verification for our
mathematical derivations.

To the best of our knowledge, this is the first
comprehensive study on efficient and accurate modelling of

FACTS devices using ISFs in DC-based operation models.

1.3. Paper layout

The rest of this paper is organised as follows: the
derivation leading to formulation of power flow control
constraints for each type of FACTS is presented in Section 2.
Note that the term “power flow control constraints” is used to
refer to the constraints that are directly related to FACTS
series compensation. They include the constraints reflecting
the operating range of FACTS, as wells the power flow
equation with consideration of FACTS reactance
adjustments. Formulations of DCOPF and UC problems with
both linear and nonlinear FACTS modelling are presented in
Section 3. In Section 4, the results of simulation studies are
provided and analysed. Finally, a conclusion is drawn in
Section 5.

2. Linear FACTS Modelling

In this section, we present the mathematical modelling
of effective reactance injection operating range of FACTS
devices including SSSC, M-SSSC, UPFC, TCSC, and MERS.
The focus of this section is on (i) derivation of accurate
models, based on the principles of operation for each type of
FACTS device to adjust the apparent line reactance and (ii)
discussion of how the models can be efficiently integrated in
operation models. In DC power flow, only the active power
flow is considered. Therefore, modelling in this section is
solely focused on transmission line reactance adjustment, as
well as changes in active power flow caused by FACTS.

2.1. Injection modelling of FACTS compensation

In this section the derivations are based on b-6 power
flow equation. However, due to its superior computational
performance, all industry implementations of operation and
planning problems use the ISF formulation [13]. The ISF for
a transmission line represents the fraction of power injection
at a certain bus that flows through this line. Using an ISF
formulation eliminates the need for calculating bus voltage
angles, thus, improving the scalability of DC-based models
with respect to network size, compared to the b - 0
formulation (1) [13]. This is the main reason that ISF-based
models are widely used in industry practices. Thus, in order
to enable smooth integration with existing energy and market
management systems, this paper includes an injection model
for each FACTS device, where the compensation is modelled
as an injection pair at the two ends of the line, on which the
FACTS device is installed [15]. The injection model, shown
in Fig. 1, preserves the offline calculated ISF matrix of the
system even with FACTS deployment, and enhances
computational tractability.

bus i bus j

| B

Af;; Afij
Fig. 1. Nodal injection model of FACTS

For the transmission line in Fig. 1, the DC power flow
equation is formulated as follows:

fij = (bi; + Aby;) (6; — 6)). 3)
(3) can be further derived to:



fij = bij(6; = 6,) + 8by;(6; — 6;) = fi; + Afyj, (@)
where
fij = bi;(6; — 6:), (5)

In (5), fij only has the original susceptance of the line,
allowing it to be calculated using the ISFs. The calculation is
presented in Section 3 in the problem formulations. The
impact of reactance injection is separated from the original
line susceptance. The impact of FACTS adjustment, thus, can
be modelled as injections, which is Af;;, at end buses of a
transmission line [13].

2.2. SSSC and M-SSSC

The SSSC is one of the most important FACTS
devices for transmission line series compensation [27] and
has been used as one of the M-FACTS devices in the industry.
The SmartValve™ [28] by Smart Wires Inc. is an M-SSSC
that provides the functionality of a series capacitor or series
reactor. The configuration of the SSSC is presented in Fig. 2,
where the device consists of an inverter, a capacitor, and a
coupling transformer. The SSSC is series connected with a
transmission line through the coupling transformer [29].

busi lij Vlie_ bus j
| VY |
A2

-+

L
Fig. 2. SSSC configuration [29]

Line reactance adjustment is achieved through a series
injected voltage that is in quadrature with and independent of
the line current. For line ij with the SSSC installed, the
quadrature phase is defined as follows [29]:

Re{V3el;;} = 0. (7)

The magnitude of the voltage injection is constrained
by its upper bound V;7#*. The operating range of voltage
injection and effective reactance of the SSSC is shown in Fig.
3. Note that the device requires a minimum line current to be
powered up, since it depends on the line current to power the
converter through a coupling transformer. We can see that the
operating range in Fig. 3 (b) is highly nonlinear.

Ax;;
Vi Ji ij
V_max ‘/il}.ldx [
min max
I v
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151 ] ]
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_ymax . V.l}'IaX
Y [mm
(a) (b)

Fig. 3. The SSSC operating range regarding: (a) voltage-
current (b) reactance-current

The effective reactance injection operating limits of SSSC
devices are functions of the line current. For a transmission
line, from bus i to bus j that is equipped with an SSSC, we
have:

=V < Axy|l| S Vi (®)

The approximate equality between line current and active
power flow in DC power flow is shown in (9) [30].

1] = |£i4] ©)

Using (9), while removing the absolute value sign, (8) can be
reformulated as:

—VA < Axify; < Vi (10)

With the effective reactance injection, we can formulate the
corresponding line susceptance change as:

1
Abij = = ey~ b (11)

Solving Ax;; from (11), we get:

_ Abi]'
Ax;; = IRCTYER (12)
Next, consider the DC power flow equation (3), we can
further derive (12) to get:

Ab;i(0;—86;) Afij
Axy = ——U =—L
YU byj(byj+Ab)(0-60)  byjfij (13)

Thus, (10) can be reformulated as:

max Afij max
VT s SV (14)

Therefore, we can get the following constraints on
Afl j:

_Virjmx|bu| S Afl] Vmax|bij|’ (15)

where variation limits of FACTS power injection are imposed.
The limits are determined by the maximum voltage injection
of the SSSC device and the original line susceptance.

Thus far, we derived (15), which is a linear constraint,
from the highly nonlinear constraint in (8). The linear model
allows the effective reactance injection operating range to be
efficiently included in the ISF-based DC models.

As is shown in Fig. 3 (b), the variation bounds on Ax;;
are dependent on line current (or equivalently active power
flow in DC power flow). Therefore, selecting variation limits
on FACTS reactance/susceptance adjustment to apply the
variable-susceptance model is nearly impossible, and the
consequential inaccuracy in reflecting the power flow
capabilities will be substantial. Furthermore, it is worth
noting that, as mentioned previously, the variation of line
susceptance in the b-0 formulation (1) makes the DCOPF
problem a nonlinear program (NLP). If the variation range of
line susceptance is simply modelled as in (2), assuming
negative line susceptance, the constraint on FACTS nodal
injection can be formulated as follows:

max

(b} l“ bij)
ForfU>0—’ fij S Afi; < ’fu, (16)

bm‘“ (b-“.121 —bij) »

FOI'fL-]- <0: —_fll < Afl] T ij (17)



The corresponding nonconvex feasible region, as well as the
variation limits that are defined in (15), are presented in Fig.
4.

i DP afy - G"hy) 1y
bij 4 \\ b” V[_[jglax ‘b(‘jl
- 7 1
‘fr\
fij
min, _I_I__V[I;mx ‘ bljl
b —b; I) ( bm ax _

(b)

Fig. 4. Feasible region (a) when SSSC operating range is
modelled using the variable-susceptance model and (b) when
considering the actual effective reactance injection operating
range; arrows in the figure indicate the region defined by the
corresponding constraints

The comparison between Fig. 4 (a) and (b) reveals that
the appropriate modelling of the reactance injection operating
range, developed in this paper, is convex. This is contrary to
the nonconvex range that is calculated in the literature [11-
13], [17], [20]. Linear FACTS modelling, thus, shows
substantial superiority in both accuracy and computational
efficiency of the operation models for the SSSC and similar
devices.

The modular nature and lightweight enclosure of M-
FACTS devices allow more efficient deployment and re-
deployment compared to conventional devices, providing
more flexibility in installation and planning [31]. Unlike
conventional FACTS devices, sizing of an M-FACTS project
will determine the number of modules that are deployed at
each location. Therefore, in planning problems that involves
M-FACTS, integer variables should be used to model the size
of the project. Thus, for M-FACTS devices that are based on
the SSSC, (15) can be rewritten as:

_NiI;ACTSV|bi]_| S Aﬁ] NFACTSv|bU | (18)

where an integer variable is added. (18) is, thus, a mixed-
integer linear constraint. Note that (18) should be specified
for planning models. In operation models, (18) is equivalent
to constraint (15) as the values of NE-ACTS will already be
determined.

2.3. MERS

The MERS is an alternative series compensator with
advantages including simple configuration, low losses, low
cost implementation, and zero turn-on current [32], [33]. The
configuration of the MERS, which consists of a capacitor,
four diodes, and four controllable switches, is shown in Fig.
5 [33].

G2 G1

bus i * bus j

G3 G4

Fig. 5. MERS configuration [32]

The MERS provides series compensation by injecting
a capacitive series voltage that lags behind the line current by

90 degrees. The size of the injected voltage can be controlled
from zero to the rated voltage within the device current rating
[32], [33]. Therefore, the operating range shown in Fig. 6 is
the same as the capacitive voltage operating range of the
SSSC [33]. For line ij with MERS devices installed, the
equivalent capacitive series injection provided by the MERS
is subject to the following constraints:

The variation limits of nodal injection of the MERS
are, thus, similar to (15). However, because of the absolute
value sign, they are dependent on flow direction. Combine
(19) with (13), we get the following reformulated constraints.

Afij
For fij 2 0: ~Vf** < " < 0. (20)
For fij < 0:0 < 4 < e 1)
]

The big-M method can used to obtain a mixed-integer
linear reformulation of (20) and (21), which is presented as
follows:

Afij

<%y SV M, 22)

Afij
—Vax 4 (7, —1)M < By = (= z)M, (23)
R TEIVINY RV
z; €{0,1}, (25)
M > max{fi?r”’lx Vl’[]nax . (26)

The binary variable, z;;, is used to represent the power
flow direction. The value of M can be set according to (26).
The inclusion of binary variables adds more computational
burden compared to (15).
AV; fi

max [if]
L

capacitive

__yymax
Vi'

Fig. 6. Voltage-current operating range for MERS
2.4. UPFC
The UPFC provides real-time control and dynamic
compensation of the AC transmission systems [34] and is the

most versatile FACTS device [35]. The configuration of the
UPFC is shown in Fig. 7 [29].

bus i A +Vi§'e_ bus j
AN/ |

~

Fig. 7. UPFC configuration [29]




The series device of the UPFC is series connected with
the transmission line through a coupling transformer. The
shunt-connected transformer couples the shunt device to a
local bus [29]. The series device of a UPFC can be regarded
as a voltage source that is controllable in both magnitude and
phase angle [36], [37]. UPFC devices provide the series
compensation by regulating the series voltage injection to
control the effective reactance of transmission lines [29].
Therefore, UPFC can be modelled as a controllable series
voltage injection in power flow control, which is similar to
the modelling of the SSSC. In addition, when comparing Fig.
7 with Fig. 2 we can see that the SSSC is the UPFC without
the shunt device, which leads to the similarity in modelling.

Suppose a UPFC provides series compensation on a
transmission line ij. Based on the modelling of the UPFC as
a controllable voltage injection, the active power flow on the
line can be formulated as:

fij = Re{ViI'{‘j} = Re

= Re {__V‘(VJ + Vlje)*}

—JXij

V(v = Ve = v
—JXij
27)

where |V;| =|V;| =1 p.u., which is based on the
assumptions in DC power flow [30]. (27) can, then, be
formulated as:

_ -Vi(vjwse)*}
f‘ N Re{ —Jjxij
__ 1 [Vsel .. T\ _
= x”cos(e -0+ ) X, cos(@l gol]+2) =

in(6;-6
20t + elsino; - )
Y

6;) + |V |bijsin(6; — ;). (28)

xi]-

= b;;(6; —

The FACTS power injection in the nodal injection model is,
then, formulated as:

Af;j = |V |bysin(6; — @), (29)
where | | and Sin(Qi - @; j) satisfy the following
constramts

0 < |Vie| < Vi, (30)
—-1<sin(6;, —¢;;) < 1. (31)

The bounds on Af;; are, thus, determined as:

_Virjmx|bu| S Afl] Vmax|bij|’ (32)

which is exactly the same as (15). Therefore, UPFC and SSSC
devices show consistency in flow variation limits for FACTS
power injection. The SSSC operation can be considered as a
specific case for the UPFC where the injected voltage is in
quadrature with the line current. In addition, UPFC devices
have been viewed as combinations of the SSSC and the static
synchronous compensator (STATCOM) [38]. Consider the
case where UPFC injects a voltage that is in quadrature with

line current, with the phase angle of:
_ 6;+6 jiﬂ-'

Pij 2 (33)
Applying this phase angle to (29), we get:

i+6,+m
Afy; = | |b sm( > )
7se gi _Gf
= |Vi]- |bij(+cos( > ))
= +|V5°|by;, (34)

where the FACTS power injection has the same variation
limits as in (15), considering the same operating range for the
magnitude of the voltage injection.

2.5. TCSC

A TCSC module consists of a capacitor that is in
parallel with a thyristor-controlled inductor [29], [39], [40].
The configuration of a TCSC module is shown in Fig. 8.

bus i c bus j

N

' A

Fig. 8. TCSC configuration [29]

The equivalent reactance injection of a single module
TCSC is, thus, controlled by the firing angle of the thyristor.
The operating range is shown in Fig. 9 [41].
A XTCSC

max
XTCsc f

----resonance-------

min [
XTCsc I

,,,,,,,,,,,,,,,,,,,,,

Fig. 9. Reactance injection range of an individual module of
TCSC as a function of the firing angle [41]

In Fig. 9, a is the firing angle and a.e is the
resonance angle. As multiple TCSC modules can be
connected in series and operate independently, the
unavailable band around zero reactance injection can be
covered [41], allowing the TCSC to be modelled, in steady
state, as a variable series reactance with continuous operating
range. The static model of the TCSC is shown in Fig. 10. Note
that line resistance is neglected as it is not considered in DC
power flow.

bus i bus j
| |

| T

. i
JXTcsc JXij
Fig. 10. Static model of TCSC variable series reactance




In several previous studies, the TCSC is considered to
only provide capacitive reactance injection [42-44]. In this
paper, we use a general model, where the TCSC can provide
both inductive and capacitive series reactance compensation
on transmission lines. The maximum inductive and capacitive
series compensation levels of the TCSC on transmission line
ij are, typically, set as follows to avoid overcompensation
[45], [46]:

The variation limits of adjusted line susceptance are, thus,
determined as follows:

i 1
b = - (36)

xij+x¥1ci§'c’
max _ __ 1

bij - xi]'+x¥}:asxc‘ (37)
The constraint on FACTS nodal power injection for TCSC is,
thus, the same as (16) and (17), assuming negative line
susceptance. Using the big-M method and introducing the
binary variable to represent flow directions, the constraint can
be reformulated as:

O™ -biy) @ -biy)
jbij J ﬁ]_ZUMSAﬁ]S]T])fU—}_ZUM’ (38)
1)M G by ¢ Af. < (1 M
(z; — 1) +b—ijfij— fij < (A —z;)M+
(bir?ax_bij)
bij fij» (39)
—z;M < fy; < (1 - z)M, (40)
z; €{0,1} (41)
pmin_, max
M > max{ L-‘j“ax,(”b—ij”) i?ax}. (42)

The reformulation presented in (38)-(42) is equivalent to the
ones in [11-13], [20]. Note that the linearity in the
reformulation allows the DCOPF and UC problems involving
TCSC to be solved more efficiently than problems formulated
with the original nonlinear constraints.

3. Problem formulation

In this section, we incorporate linear FACTS
modelling into power system operation models DCOPF and
UC. In addition, we formulate the DCOPF and UC problems
with nonlinear FACTS modelling. For simplicity, we name
each problem formulation according to the following format:
device type  FACTS modelling (L: linear FACTS modelling;
NL: nonlinear FACTS modelling) operation model (OPF or
UC). The formulated problems are studied through
simulations in Section 4. As the nonlinear power flow control
equations are formulated directly from the operating ranges
of FACTS devices, the results of the problems with nonlinear
formulations can be used for verifying the mathematical
derivation leading to linear FACTS modelling. Moreover, the
solution time are compared to show the computational
efficiency improvement provided by the application of linear
FACTS modelling.

Note that for devices that rely on current as source of
power, an extra constraint may need to be considered:

\fij + Afijl = fmn. (43)

(43) is a not a linear constraint, which is undesirable
for optimisation solvers. It can be reformulated to a mixed-
integer linear constraint, using the big-M method, for which
efficient solvers are available.

fij + Afij + z;M = fmin (44)

fij ¥ Afij < —f™P 4+ (1 —z,;)M (45)
z;; €{0,1} (46)

M > max{fi;-“ax + fmin} (47)

Inclusion of (44)-(47) increases the computational
complexity of power system operation models. However,
power flow reaching the limits of (44) and (45) indicates that
the line is very lightly utilised, which implies that it is an
ineffective location for FACTS deployment in the first place.
Therefore, it is unlikely for (44) and (45) to become active, if
FACTS devices are allocated appropriately. The two
constraints, thus, can usually be removed from the problem
formulation, without affecting the solution.

For modular FACTS devices such as the M-SSSC, the
number of modules deployed on each transmission line needs
to be optimised as well. Therefore, the following constraints
needs to be included in the problem formulation, along with

(18):
NEACTS < Nmax (48)
3] — g
Zi,j Nil;ACTS < Nmax (49)

(48) is the constraint on the maximum number of
devices allowed to be deployed on transmission line ij. Note
that this limit is line specific and depends on a number of
factors, such as physical size and weight of M-FACTS,
distance between transmission towers, etc. (49) specifies the
availability constraint of M-SSSC devices.

3.1. Problem formulation with linear FACTS
modelling

We first present the objective function and the
constraints that are common for ISF-based DCOPF [13] with
FACTS regardless of the choice of FACTS device type. The
DCOPF problem without the power flow control constraints
can be partially formulated as follows:

minimise Y. 56 CoPy (50)
s.t.

fij = Znen Pijin, Yij € K; (51)
fij = Znen @iy, Vij € Kg; (52)
ltbi = ZgEG(i) pg - di + Zj€N+(i) Aﬁ] -_ ZjGN_(i) Aﬁ],

Vi (53)
P < pg < PP, Vg (54)
YgecPg = 2ien dis V9, 1; (55)
—fii ™ < fiy S f7 VY € K (56)
—fmax < fio 4 Afy; < fiR¥X, Vij € K. (57)

(50) is the objective function where the total
generation cost is minimised, assuming linear marginal costs
for generators. Power flows are calculated using ISFs in (51)
and (52). Note that in (52), only the power flow without
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FACTS injection is calculated for lines with FACTS devices
installed. In (53), power injection at each bus is calculated
using generation, demand, and FACTS nodal injection. The
generator operating capacities are specified in (54). (55)
represents the power balance in the network. Thermal
capacity limits of transmission lines are presented in (56) and
(57).

We then need the power flow control constraints to
formulate the full DCOPF problems. These constraints have
been formulated in the mathematical derivations in Section 2.
For each specific DCOPF problem formulation, the power
flow control constraints are listed as follows:

SSSC_L_OPF & UPFC_L_OPF:
(15).

MERS_L_OPF:
(22)-(26).

TCSC_L_OPF:
(38)-(42).

M-SSSC_L_OPF:
(18), (48)-(49).

Linear FACTS modelling preserves the desirable
characteristic of linearity of the original DCOPF problem.
Both SSSC L OPF and UPFC L OPF are linear programs
(LP) because (15) is a linear constraint. The other three
formulations are mixed-integer linear programs (MILP) due
to the presence of integer variables. The DCOPF formulations
can be extended to other operation and planning applications,
for instance, security-constrained optimal power flow
(SCOPF).

The linear power flow control constrains can be
utilised in ISF-based UC problems as well. Similarly, ISF-
based UC problems can first be partially formulated as
follows:

minimise dec eer(c CgPgt + kg + SqVgt) (58)
S.t.
flj t — ZnEN CD lpnta Vl] e KF' > (59)
fijt = Znen Dy, Vij € Kp, t; (60)
VYir = Ygea Pge — die + Djen+@) Aije —
ZjeN—(i) Afij ¢ Vi, t; (61)
gtpgt < pgt gtpg}taxa Vg. t; (62)
Ygec Pgt = Zien di» VE; (63)
_fi;pax = fij,t = irjnax’ Vij € Kg, t; (64)
—f7* < fije + Afi]-t < fi;?lax Vij € K, t; (65)
—Ry < Pgt —Pgr-1 = g ,Vg,t; (66)
Zgzt—UTg 1Vgr < Ugp, Vg, t= UT 5 (67)
t+DT,
ZT t+‘? agr S 1 gr> Vglt < |T| (68)
ugt Uge 1 < Vg, VG, L5 (69)
. €{0,1},vg,t; (70)
O Svg <1,vg,t. (71)

As is shown in (58), the objective of the UC problem
is to minimise the summation of production cost, start-up cost,
and no-load cost of the generators [47]. (59)-(65) are
interpreted similarly to (51)-(57), with differences being the
added time index and binary commitment variables in (62).
(66) specifies the ramping constraints of generators.
Minimum up and down time constraints are represented by
(67)-(68) [48]. (69) represents the relationship between
commitment variables and start-up variables. (70) specifies
that commitment variables are binary. (71) defines the upper
and lower bounds of start-up variables. Note that start-up
variables can be relaxed from being binary to being
continuous as they will be forced to the extremes in the UC
solutions.

Again, the power flow control constraints are needed
to complete the UC problem formulations. Power flow
control constraints with linear FACTS modelling for each
specific problem formulation are presented as follows:

SSSC_L UC & UPFC_L_UC:

—ViaX| b | < Afy;, < VE¥|by|, Vij € Ky (72)
MERS_L UC:
(26),
2 M < f”f < VI 4 2,5, M, Vij € Ke; (73)
J
—Vi® 4+ (2, — 1M < m:<(1 Zije )M, Vij €
K; (74)
(zij.e = DM < Afyje + fije < 21 M, Vij € Ke: (75)
z;; €{0,1}, Vij € K; (76)
TCSC L UC:
(42), (76),
(bmax_bl ) (bmln bl_ )
4 fljt 'j,tM < Afij,t = : fl]t
ij,tMa VL] € KF> (77)
(bmm bl])
( 1)M+—fl]t Afut (1 ij)M+
(B =byj)
B—ﬁj s Vl] € KF’ (78)
- l],tM < fl],t = (1 L},t)M7 Vij € KF; (79)
M-SSSC_L_UC:
(48)-(49),

—NfACTSV by < Afije < NEACTSV by, Vij € K.

(80)

The complete problems are then formulated by
selecting the power flow control constraints based on the
device type. As each of the formulations involves linear
FACTS modelling as well as integer variables, all the
problems are MILPs. We can expand the UC formulations to
a variety of other more complicated models as well, including
security-constrained unit commitment (SCUC) and stochastic
unit commitment (SUC).

3.2. Problem formulation with nonlinear FACTS
modelling



The formulated problems, as mentioned previously,
are solved in simulations for verification and exploring
computational efficiency gains provided by linear FACTS
modelling. Therefore, we need to formulate the DCOPF and
UC problems using the nonlinear power flow control
constraints as well. For these formulations, we use the
original DCOPF formulations without shift factors because of
the direct modelling of FACTS compensation in nonlinear
power flow control constraints. Following a similar approach,
we first present the partial formulation of DCOPF without
power flow control constraints.

The objective function is, still, (50), and the operating
capacity constraints for generators are specified in (54). The
rest of the constraints, except for the power flow control
constraints, are presented as follows:

—fii ™ < fiy < fif Vi (81)
Ygec)Pg T Ljen+ fij — Ljen- fij = di» Vi (82)
0.-0; ..
fij = ———Vij & K; (83)
ij
6, =0. (84)

(81) imposes the thermal capacity limits on
transmission line ij. (82) is the power balance constraint at
bus i. (83) is the DC power flow equation for lines without
FACTS. (84) ensures that the voltage angle at the reference
bus is equal to zero.

The power flow control constraints with nonlinear
FACTS modelling, along with the partial formulation
discussed previously, are used to formulated complete
DCOPF problems. The power flow control constraints
involving each type of FACTS devices for DCOPF problems
are presented as follows:

SSSC_NL_OPF:
(10),

9;-
fij ==

Xij +AxU

, Vij € Kg; (85)

MERS NL OPF:
(10), (85),

Ax;; <0, Vij € K; (86)
UPFC _NL OPF:

(30)-(31),

0:-0; |V}
fij= - | cl sm(9 — ;) Vij € K; (87)
TCSC NL_OPF:
(35), (85).

M-SSSC_NL_OPF:
(48)-(49), (85),
—NfACTSY < Axjfy; < NFACTSV, vij € K. (88)

Compared to (80), (85) has Ax;; to represent the
reactance injection by FACTS devices. The combination of
(10) and (85) is equivalent to (19), thus allowing a more
efficient formulation for the solver to compute with the
removal of the absolute sign. In (87), as ¢;; is a free variable,
we can simply regard sin(Bi - @; j) as a continuous variable
with limits being 1 and —1 when implementing the problem

| is regarded as a

continuous variable as well, with variation limits specified in
(30). In (88), the inclusion of NE-ACTS shows that the voltage

injection limits are dependent on the number of modules
installed on the transmission line, which is different from that
in (10).

Nonlinearity in the constraints makes the DCOPF
problems with nonlinear FACTS modelling NLPs except for
M-SSSC NL OPF, which is a mixed-integer nonlinear
program (MINLP) as it contains integer variables.

We then formulate the UC problems with nonlinear
FACTS modelling, starting with the partial formulation. The
objective function is (58). Constraints (62)-(71) are the same
as in the UC problems with linear FACTS modelling. The rest
of the constraints, except for the power flow control
constraints, are formulated as follows:

involving UPFC in the solver. |V5e

—fier < fije S fie S YLt (89)

Ygec) Pge T Ljen+) fijr — jen- fije = die» Vi, t; (90)
01

fije =— ”] L, Vij & K, t; O1)

6, = 0, Vt. 92)

The interpretation of (89)-(92) is the same as that of
(81)-(84), except for the added time index.

Nonlinear power flow control constraints are needed
to complete the UC problem formulations. These constraints
can be formulated by simply adding the time index to the
previously formulated constraints. Nonlinear power flow
control constraints for each specific UC problem formulation
are presented as follows:

SSSC _NL UC:

_Vl;ntax = Axlj th] t = Vzr]nl?xa Vij € KF' t; (93)

fo m Vl] € KF! (94)

MERS NL UC:

(93), (94),

Ax;j, < 0, Vij € Kg, t; 9%5)

UPFC _NL UC:

0 < V55| < VP, vij € K, t; (96)

—1 < sin(0;; — ¢;) < 1, Vij € Kg, t; 97)
0it—0; Vi . ..

ﬁ] = txl] L + _l x;jtl Sln(git - (pij,l’)9 Vl] € KF' t’ (98)

TCSC _NL _UC:

94),

M-SSSC NL UC:
(48)-(49), (94),
NFACTSV < Axgjofije < NFACTSV Vij € K, t. (100)

|Vl§et| and sin(8;, — ¢; j't) are regarded as continuous
variables when the problems involving UPFC is implemented
in the solver. Because of the nonlinear constraints and integer
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Fig. 11. Incorporation of series FACTS into power system operation using linear FACTS models

variables, all UC problems with nonlinear FACTS modelling
are MINLPs.

3.3. Incorporation of series FACTS into power
system operation models using linear FACTS
modelling

With the problem formulations using linear FACTS
modelling, we can now summarise how series FACTS can be
incorporated into DC-based operation models. Note that, as
mentioned previously, the DCOPF and UC problem
formulations can be further extended to more complicated
models. The process of incorporating series FACTS devices
into power system operation models using linear FACTS
models is presented in Fig. 11.

4. Simulation studies

Simulation studies are conducted to evaluate the
effectiveness of the proposed modelling in improving
computational efficiency. At the same time, the simulation
results provide numerical verification for the mathematical
derivations in Section 2. For the problems formulated in the
previous section, we select prominent solvers that are well-
suited for their problem types. Our solver selection is
summarised in Table 1.

Table 1 Solver selection in simulation studies

Problem type | Solver

LP .

MILP IBM ILOG CPLEX Studio 12.8 [49]
NLP IPOPT 3.11.1 [50]

MINLP BARON 20.4.14 [51]

For MILPs and MINLPs, the optimality gap for both
CPLEX and BARON solvers are set as 0.01%. Details of
these parameters can be found in [52], [53]. Simulations are
performed on a Windows Server with an Intel Xeon Gold
6136 CPU. The Texas 2000-bus system (ACTIVSg2000)
[54] is used for DCOPF problems. The data for the test system
is available at [55]. For UC problems, we use a smaller
system, as the computational burden of UC plus the
complexity of FACTS devices may lead to computational
intractability with a large system. The system we use for UC
is area 1 of the RTS-96 system [56], which is equivalent to a
24-bus test system. The test systems are modified to increase
congestions, allowing them to be more suitable for studying
operation models with FACTS included. The modifications
are presented in the Appendix.

In the 2000-bus system, the ten lines are utilised the
most are selected as locations for FACTS deployment. In the
RTS-96 system, FACTS devices are deployed on each of the
five lines with the largest reactance in the system, thus
allowing diversity in FACTS allocation policy in the
simulation studies. Note that optimal FACTS allocation is
beyond the scope of this work. However, it is a key topic to
be further studied in future work with the proposed modelling
approach.

The sizing of FACTS at each location also needs to be
specified. For the SSSC, we consider that each location has
three SmartValve 10-3600 [57] devices installed, providing a
maximum nominal voltage injection of 12006.67 V (0.087
p.u. for the RTS-96 system and 0.104 p.u. for the 2000-bus
system). This value is used as the maximum voltage injection
for MERS and UPFC devices as well. The maximum voltage
injection for these three types of devices can be altered
depending on the different need for power flow control
capabilities in various scenarios. The setting for TCSC
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devices is the same as in (35), which, as mentioned previously,
is a typical setting for TCSC operating range of series
reactance adjustment.

Note that problem formulations involving M-SSSC
has nonbinary integer variables, making them
computationally more demanding than other mixed-integer
programs (MIP) in this paper. In addition, as mentioned
previously, they are planning models, which is beyond the
main focus of this paper which are operation models.
Therefore, these problems are not studied through
simulations in this paper and will be further explored in future
research.

4.1. DCOPF

The results of DCOPF problems with linear FACTS
modelling are summarised in Table 2. Each problem is solved
for 5 times and the results are used to obtain the average and
standard deviation of solution time. The SSSC and the UPFC
share the same linear modelling, thus their related problem
formulations share the same results in Table 2.

Table 2 Solutions and computational results of DCOPF with
linear FACTS modelling

Obj. value Solution Solution
DCOPF (cost) ($) time avg. time std.
(s) (s)
SSSC L OPF
UPFC_L_OPF 882782 2.508 0.164
MERS L OPF 887295 1.826 0.140
TCSC_L_OPF 886134 1.722 0.122

The results of DCOPF problems with nonlinear
formulations are presented in Table 3.

Table 3 Solutions and computational results of DCOPF with
nonlinear FACTS modelling

Obj. value Solution Solution
DCOPF (cost) () time avg. time std.
(s) (s)
SSSC_NL OPF 882782 4.423 0.193
UPFC_NL_OPF 882782 3.681 0.143
MERS _NL_OPF 887295 2.829 0.132
TCSC_NL OPF 886134 3.070 0.151

By comparing the objective function value results in
Table 2 and Table 3, we can see that both the linear and
nonlinear formulations result in the same optima for every
type of FACTS device discussed in this paper. The results,
thus, provide a numerical verification the mathematical
derivation leading to linear FACTS modelling.

We use the average solution time as the measurement
for computational efficiency. Table 4 presents the

comparison regarding computational efficiency between
linear and nonlinear FACTS modelling for DCOPF problems.

Table 4 Computational efficiency gain provided by linear
FACTS modelling in DCOPF problems
FACTS device Comp. efficiency gain

SSSC 176 %

MERS 155 %
UPFC 147 %
TCSC 178 %

The results reveal that linear FACTS modelling
provides computational efficiency gains for DCOPF models
involving different types of FACTS devices. It is worth
noting that DCOPF problems are inherently less
computationally challenging and, thus, we expect more
computational efficiency improvement from linear FACTS
modelling in more complicated models. Computational
efficiency improvement is further discussed with the results
of UC problems, which are presented in the next subsection.

4.2. UC
The results of UC problems with linear FACTS
modelling are summarised in Table 5. Table 6 presents the

results of UC problems with nonlinear formulations.

Table S Solutions and computational results of UC with
linear FACTS modelling

. Solution Solution
Obj. value . .
UC (cost) ($) time avg. time std.
(s) (s)
SSSC_L UC
UPFC_L,_UC 973049 1.044 0.087
MERS L UC 973170 1.100 0.066
TCSC_L _UC 973464 16.858 0.549

Table 6 Solutions and computational results of UC with
nonlinear FACTS modelling

. Solution Solution
Ob;. value . .
UucC (cost) ($) time avg. time std.
(s) (s)
SSSC_NL UC 973049 141.328 17.525
UPFC_NL UC 973049 123.916 6.553
MERS NL UC 973170 615.432 52.830
TCSC NL UC Failed to converge after 100000
- = seconds

As is shown in Table 6, the solver failed to provide a
solution for TCSC NL UC after the maximum time limit of
100,000 seconds. This emphasises the importance of linear
FACTS modelling as the nonconvexity and nonlinearity of
nonlinear TCSC modelling leads to computational
intractability for the basic UC problem implemented with a
small test system. For the intuitiveness and explicitness of the
results, we implemented TCSC NL UC and TCSC L UC
with the smaller IEEE 14-bus test system [58]. The system
data for the simulation studies is available in [59], and line
thermal capacity data is obtained from [60]. Five lines with
the largest reactance are selected as locations for FACTS
deployment in the system. Again, we made modifications to
the system to increase the congestion. The modifications are
presented in the Appendix. The results are shown in Table 7.

Table 7 Solutions and computational results of UC with
TCSC using the 14-bus system
UC Obj. value

Solution Solution
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(cost) ($) time avg. time std.
(s) (s)
TCSC_NL UC 187092 32.670 0.989
TCSC_L UC 187092 0.620 0.040

The objective function value results in Tables 5-7
confirmed that both the linear and nonlinear FACTS
modelling achieve the same optima for UC models across all
types of FACTS devices studied in this paper. The UC results,
thus, provide verification for linear FACTS modelling as
well.

We again use the average solution time as the
measurement for computational efficiency. Table 8 presents
the comparison regarding computational efficiency between
linear and nonlinear FACTS modelling.

Table 8 Computational efficiency gain provided by linear
FACTS modelling in UC problems

FACTS device Comp. efficiency gain
SSSC 13537 %
MERS 55948 %
UPFC 11869 %
TCSC 5269 %

The results in Table 8 show that the linear FACTS
modelling provides significant computational efficiency
improvement over nonlinear FACTS modelling in UC
problems. Note that for UC problems involving the TCSC,
the result in Table 8 is calculated using the results presented
in Table 7. The computational efficiency gain is, thus,
expected to be even more significant with a larger system.

The results of UC problems reveal that linear FACTS
modelling will be valuable for a variety of related power
system optimisation models, including previously mentioned
SCUC and SUC, as well as planning models. These models
inherently bear significant computationally burdens even
without FACTS deployment. Therefore, linear FACTS
modelling will be important for ensuring computational
tractability for complex power system optimisation models
involving FACTS deployment.

5. Conclusions

This paper presents the linear modelling of series
FACTS devices in power system operation models.
Compared to the existing literature, the models presented here
accurately captures the operating range of FACTS devices. In
addition, this paper enables integration of FACTS devices
within linear DC power flow models through derivation of an
equivalent linear operating range. Finally, the paper shows
how the constraints can be applied in injection-shift-factor-
based DCOPF and UC, which are widely used in industry
implementations of operation and planning software tools.

Simulation results verifies the mathematical
derivation that leads to the proposed modelling. Moreover,
linear FACTS modelling shows significant superiority in
computational efficiency. The results underline the
importance of linear FACTS modelling in combating the
challenge of increased computational complexity due to
FACTS deployment in the already computationally heavy
optimisation models. Furthermore, linear FACTS modelling
will be vital in facilitating FACTS technology deployment in

the power gird. Linear FACTS modelling will be important
for incorporating series FACTS into various operation and
planning models, including SUC, SCOPF, and SCUC,
allowing the utilization of power flow control capabilities of
FACTS devices. The models presented in this paper is also
vital for developing FACTS planning tools for optimal
placement that are based on DC power flow models.
Moreover, M-FACTS deployment problems, including
optimal allocation, reinstallation scheduling, etc., will be
important topics as well. Studying these problems and models
will be included in our future research.
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8. Appendix

Our method to increase the congestion level in the test
systems is through reducing the capacity of lines. The
modifications in the 2000-bus system are summarised in

Table 9.

Table 9 Modifications of line capacities in the 2000-bus

https://coin-

system
. ] Modified
Line number Capacity (MW) capacity (MW)
g 149 112
58 170 128
7 145 109




74
364
435
439
765
1038
1380
1381
2136
2382
2389
2449
2450
2803
2911
2912
2913
2993
2994
2995

149
82
143.8
83
168
150
1450
1450
217.8
1233
220
1600
1600
198
280.8
280.8
280.8
213
213
213

112
62
108
62
145
113
1088
1088
190
925
165
1200
1200
180
220
220
220
180
180
180

In the RTS-96 system, the capacity of line 23, which
is the most utilised line in the system, is altered from 500 MW
to 315 MW. For the rest of the lines in the system, the

capacity is reduced by 10%.

Similarly, in the 14-bus system, the capacity of line 15
is reduced by 40%. For the rest of the lines in the system, the

capacity is reduced by 10%.
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