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Abstract

The discovery of the Frank-Kasper σ phase in diblock copolymer and tetrablock

terpolymer melts catalyzed a renewed interest over the past decade in understanding

particle-forming phases in block polymer systems. This Perspectives article provides a

concise overview of the Frank-Kasper phases seen to date in block polymers (A15, σ,

and the C14 and C15 Laves phases) and mechanisms known to produce them: confor-

mational asymmetry in neat diblock copolymer melts; interfacial segregation effects in

diblock copolymer blends; particle swelling in diblock copolymer/homopolymer blends;

and matrix segregation effects in neat tetrablock terpolymer melts. While a qualitative

understanding of the emergence of Frank-Kasper phases in block polymer systems has

been achieved, a number of outstanding questions remain, in particular those arising

from the low degree of polymerization used in experiments, non-equilibrium effects dur-

ing thermal processing, and the large design space available in blends and multiblock

systems. This Perspective discusses potential avenues for future research related to

these areas, as well as overarching issues underlying the connections between Frank-

Kasper phase formation in block polymers to other soft matter and metals.

∗To whom correspondence should be addressed

1



Introduction

When a block polymer melt is cooled below its order-disorder transition, it adopts an ordered

structure that balances the entropic cost of chain stretching against the enthalpic penalty

of interfacial tension, subject to the constraint of filling space at a uniform density. Like

many thermodynamic principles, this seemingly simple statement has profound implications.

We are interested here in the manifestation of this principle primarily for compositionally

asymmetric diblock copolymers, where the volume fraction of the minority block is small.

In this case, the optimal balance of chain stretching and interfacial tension is realized by

forming micellar particles, illustrated in Fig. 1, with the minority block in the particle core.

Similar packing is realized as well in (i) “pseudo-diblock” multiblock polymers, 1 where one

block with a small volume fraction is segregated from the other blocks, which themselves

exhibit at most weak segregation in the matrix, and (ii) blends of diblock polymers 2 or

diblock polymer/homopolymer blends3 with appropriate compositions to promote spherical

micelle formation. While the particles formed in such systems would adopt a spherical micelle

conformation in dilute solution, spherical particles cannot fill space in a melt without leaving

gaps. As a result, below the order-disorder transition the micelles adopt a polyhedral shape

that reflects the Wigner-Seitz cells of the underlying lattice (Fig. 1).

The selection of the ordered state can be posed as identifying the least expensive distortion

of the otherwise spherical particle to fill space.5 For decades, there was a general consensus

that the optimal particle packing for diblock copolymers is the body-centered cubic (bcc)

lattice in Fig. 1,6,7 with self-consistent field theory (SCFT) predicting a very narrow region

of close packed spheres (face-centered cubic, fcc, or hexagonally close-packed, hcp) near the

order-disorder transition.8,9 Theory predicts that the close-packed structure predicted in the

mean-field limit is destroyed by fluctuations at finite molecular weights, 10 although close

packing has been observed experimentally.11–13 The consensus surrounding the formation

of a bcc lattice, achieved in the 1980s,14,15 was upended by the theoretical prediction of a

Frank-Kasper A15 phase in a multiply branched block polymer by Grason and coworkers in
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Figure 1: Illustration of the packing of compositionally asymmetric diblock polymer melt
into particles where the minority block forms the particle cores. Owing to the need to fill
space, the particles are polyhedral. The packing illustrated here is bcc, where the particles
have eight nearest neighbors. Adapted with permission from Reddy, A.; Buckley, M. B.;
Arora, A.; Bates, F. S.; Dorfman, K. D.; Grason, G. M. Stable Frank-Kasper phases of
self-assembled, soft matter spheres. Proc. Natl. Acad. Sci. USA 2018, 115, 10233–10238.
Copyright 2018 by the authors.

200316 and the subsequent discovery of a Frank-Kasper σ phase in both a diblock copolymer

and a tetrablock terpolymer by Bates and coworkers in 2010. 17

These discoveries have sparked a renewed interest in examining the particle-forming re-

gion of the diblock phase diagram and related particle-forming phases in multiblock polymers

and block polymer blends. There are three driving factors behind this interest, two funda-

mental and one practical. The first factor is simply the recognition that what appeared

to be a well understood problem is anything but well understood, exposing an unexplored

and fertile area for materials discovery. What drives the formation of Frank-Kasper phases

in block polymers? There are a vast number of packings that satisfy the rules for form-

ing a Frank-Kasper phase;18 how many of these phases exist in block polymers? These

questions, amongst others, form the main focus of this Perspective. The second factor

is potential connections between particle-forming phases across different classes of materi-

als. Frank-Kasper phases have their origins in metallic alloys; the discovery of increasingly

complicated crystal structures ultimately led to the development of general rules governing

tetrahedral packing within these alloys by Frank and Kasper at the end of the 1950s. 19,20
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While Frank-Kasper phases remain most commonly found in such alloys, they also have been

identified in an increasingly wide variety of soft matter in the past 30 years, including liquid

crystals,21–30 dendrimers,31,32 sugar-polyolefins33 and shape amphiphiles.34–38 Is there an un-

derlying mechanism governing the emergence of similar packing across such a wide variety

of soft materials? If so, block polymers should prove to be the ideal system to probe those

connections because block polymer thermodynamics are relatively straightforward and, in

the long chain limit, have universal properties that simplify their description within a sta-

tistical mechanical framework.5 An even more ambitious question is whether Frank-Kasper

phase formation in soft matter, in particular block polymers, can shed any insights into

the general principles governing their appearance in hard matter. 39 The third motivation

concerns applications; both Frank-Kasper phases and related quasicrystals are expected to

exhibit photonic bandgaps40–44 that should be realizable in soft matter.32 Compared to other

soft matter that forms Frank-Kasper phases, block polymers produce the largest unit cell

sizes,45 making them the platform of choice in soft matter to push those band gaps into the

visible range.46 Such materials find applications in photonic systems that use light, rather

than electrons, as the medium for information tranmission. 47 Frank-Kasper phases may also

prove to be effective for enhancing ion transport. 48

This Perspective provides a concise review of the current understanding of Frank-Kasper

phase formation in diblock polymer melts, blends, and related multiblock polymer systems.

This will reveal a few successes, most notably understanding the effects of conformational

asymmetry and blending on the stabilization of Frank-Kasper phases. In many cases, these

successes emerged from a synergistic combination of polymer synthesis, characterization,

and the mean-field theory embodied in SCFT, the latter of which has been reviewed else-

where.49–53 We will also identify many open questions that are fruitful avenues for future

investigation, in particular for cases where theory cannot yet provide anything beyond a

qualitative explanation of some of the observed phenomena. Closing the gap between theory

and experiment would enable rational approaches to both molecular design and processing
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strategies that favor the formation of Frank-Kasper phases.

Frank-Kasper phases in block polymers

Frank-Kasper phases are tetrahedrally close-packed systems, meaning that each particle

forms a tetrahedron with each of its nearest neighbors in the coordination shell. 19 The

tetrahedra are distorted, which is required to make a periodic 3D packing. Tetrahedral

close-packing is distinct from a close-packed structure such as fcc, where planes of spherical

particles are touching, or phases with a compact direction like bcc, where spherical particles

on the (111) direction are in contact. Tetrahedral packing produces Wigner-Seitz cells with

coordination numbers, i.e. the number of faces on the Wigner-Seitz cell, of 12, 14, 15 and

16, which we will denote, for example, as Z12. Laves phases are a subset of Frank-Kasper

phases with only Z12 and Z16 polyhedra.54 The existence of multiple types of Wigner-Seitz

cells contrasts with close-packed phases like fcc (one Z12 particle) and bcc (one Z14 particle;

see Fig. 1).19 Frank-Kasper phases are often found in metallic alloys, where the different

coordination number positions allows the material to accommodate atoms with multiple

preferred coordination numbers and different sizes. For example, the σ phase is found in

binary and ternary systems of transition-group metals, 55 although having an alloy is not a

requirement to form the σ phase, as exemplified by β-uranium56 and β-tantalum.57

There are 27 known Frank-Kasper phases in metallic alloys, and many more proposed

structures satisfy the rules for tetrahedral close-packing. 18 However, only four Frank-Kasper

phases have been identified in block polymer systems: the σ phase,17 the A15 phase,59 and

the Laves phases C14 and C15.60,61 Figure 2 provides the unit cell structures for these phases,

along with the Wyckoff positions of the particles, their space groups (which are often used to

describe these phases, for example, in the liquid crystal literature 21–23,31), and representative

polyhedra formed from each particle type. Wyckoff positions are converted readily to unit

cell coordinates using the Bilbao Crystallographic Server. 62
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Figure 2: Illustration of the four Frank-Kasper phases found in block polymers. For each
phase, the number of distinct particle types are displayed (σ = 5, A15 = 2, C14 = 3,
C15 = 2) according to their Wyckoff positions. The parenthetical information provides the
coordination number for the resulting polyhedron and the volume of that polyhedron relative
to the number-averaged volume of the polyhedra for that phase. The image of the complete
structure includes representative polyhedra for each particle type, along with the space group
name and number. The aspect ratio of the σ phase is a/c = 1.9 and the crystal structure
uses the coordinates in Ref. 55. The hexagonal C14 phase has an aspect ratio c/a = 1.63
and the crystal structure uses the coordinates in Ref. 58. The A15 and C15 structures
can be constructed solely from their Wyckoff positions and space group symmetry without
any additional coordinate information. Additional information about the crystallography of
Frank-Kasper phases is provided in the Supporting Information of Ref. 4.

The σ phase, with a remarkably large unit cell consisting of 30 particles with five differ-

ent particle types, is the most frequently observed Frank-Kasper phase in block polymers,

having been identified experimentally in diblock copolymer melts, 17,39,59,63–68 ABA triblock

copolymers,,66 ABn star copolymers,66 miktoarm copolymers,69,70 ABAC tetrablock ter-

polymers,17,71 coil-bottlebrush polymers,72 diblock copolymer/homopolymer blends with ho-

mopolymer added to the core73 or to the matrix,74,75 and in diblock copolymer blends.76–78 As

a curious historical note, the σ phase was undoubtedly produced by Papadakis and cowork-
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ers79 in a poly(ethylene-alt-propylene)-b-polydimethylsiloxane (PEP-PDMS) system in 1999,

more than a decade before its definitive identification by Lee et al.17 in poly(isoprene)-

b-polylactide (PI-PLA); the confirmation of a σ phase in PEP-PDMS was only achieved

recently.68

The σ phase is a periodic quasicrystal approximant (see Supporting Information), and of-

ten appears in soft materials systems that produce a dodecagonal quasicrystal (DDQC). 31,32,35,80,81

The connection between the σ phase and the DDQC has also been observed in experiments

utilizing diblock copolymers,63,64,67,68 ABAC tetrablock terpolymers,71,82 coil-bottlebrush

copolymers,72 miktoarm copolymers,70 and diblock copolymer blends,76,78 where the σ phase

tends to emerge slowly as the equilibrium state out of a metastable DDQC. 63 In addition to

these three-dimensional realizations of the σ phase, the related 32.4.3.4 Archimedian tiling

of the constituent particles has been seen in a thin film of a triblock star polymer blend 83

and a tetrablock terpolymer,84 as well as via graphoepitaxy of a diblock copolymer. 85 The

related quasicrystalline tiling was also observed in the same triblock star polymer blend. 86

In these thin films, the polymers form cylinders oriented perpendicular to the surface, and

the tiling reflects the complex two-dimensional ordering of the cylinders in the film. Theory

predicts that this quasicrystalline tiling in a thin film is metastable. 87

A15 is markedly simpler than σ, consisting of only two different types of particles, a Z12

and a Z14, arranged with a higher symmetry than the σ phase. A useful way to visualize the

A15 phase is through the interstitial 2a sites, which form a bcc lattice, and a set of interlock-

ing columns that enclose the 6j particles on the faces of the unit cell. 88 A15 has attracted

considerable attention in soft matter in the context of foams, as it forms the basis for the

Weaire-Phelan construction of a partition into equal volume cells of minimal surface area, 89

which will become important shortly when we consider the factors giving rise to Frank-Kasper

phases in block polymers.16 While less widespread than the σ phase, A15 has been identified

in diblock copolymers,59,66 ABA triblock copolymers,66 ABn star copolymers,,66 miktoarm

copolymers,69,70,90 ABAC tetrablock terpolymers,,71 coil-bottlebrush copolymers,72 and di-
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block copolymer blends.76–78 Although the DDQC tends to evolve to σ, a DDQC to A15

transition was observed for bottlebush polymers 72 and diblock copolymer blends.76

C14 and C15 Laves phases have a particle stoichiometry of AB2, where the A site is larger

than the B site.20 For this reason, the Wigner-Seitz cells in the C14 and C15 Laves phases in

Fig. 2 have a larger volume asymmetry than the σ and A15 phases. The C14 and C15 phases

correspond to different layerings of the A and B particles (see Supporting Information), and

the similarities between C14 and C15 have analogies to the relationship between fcc and

hcp packing. Compared to σ and A15, the C14 and C15 Laves phases are much harder to

find in block polymers. Both phases are reported as the non-equilibrium phases in diblock

copolymer melts following a deep quench in liquid nitrogen of the disordered liquid and

subsequent heating,60,65,91 and as equilibrium phases in (i) diblock polymer/homopolymer

blends in the dry brush limit for homopolymer in the core 61,73 and (ii) AB/AB′ diblock

copolymer blends.78

Mechanisms producing Frank-Kasper phases

Frank-Kasper phases have considerably lower symmetry than bcc (Im3̄m, Space Group 239).

Indeed, the most commonly observed Frank-Kasper phase in block polymers is the σ phase

(P42/mnm, Space Group 136). In addition to lower lattice symmetry, Frank-Kasper phases

have multiple particles that differ in size and shape. As such, the emergence of Frank-Kasper

phases already violates the maxim that nature prefers states of higher symmetry. 4 In this

section, we review the key factors associated with Frank-Kasper phase formation in block

polymer systems, providing the context for the open questions raised in the following section.

Geometrical models

An early hypothesis on the stability of Frank-Kasper phases is that the system is maximizing

the sphericity of the constituent polyhedra,39 which can be quantified by the isoperimetric
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Figure 3: Dimensionless stretching moment I, interfacial area A and free energy F =
(A2I)1/3 computed from the unconstrained diblock foam model. These data are a subset of
the results reported for 11 Frank-Kasper phases and bcc in Ref. 4.

coefficient

IQ =
36πV 2

A3
(1)

where A is the area of the polyhedron and V is its volume; the prefactor 36π normalizes

IQ such that IQ = 1 for a sphere. The IQ values of each symmetry-inequivalent particle in

the Frank-Kasper phases observed in block polymers, as well as the number-averaged IQ,

are provided in Table S1. The highest number-averaged sphericity (0.7624) is obtained for

σ, followed by A15 (0.7617) and the C14 and C15 Laves phases (0.7613); importantly, all of

these phases have higher number-averaged IQ values than bcc (0.7524). Thus, the sphericity

theory based solely on the geometry of the Wigner-Seitz cells and a preference for forming

the most spherical particles predicts σ as the equilibrium state.39

The principle of sphericity is purely geometric in origin, so it cannot capture in detail

the enthalpic and entropic driving forces for selecting an ordered state in block polymers.

The next level of complexity is the “diblock foam” model, 92,93 which is based on strong-

stretching theory and the geometry of the Wigner-Seitz cells. The diblock foam approach

was first pursued by Grason and coworkers5,16 in the limit where each particle is constrained

to have equal volume. The equal volume construction predicts A15 as a stable phase since
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it makes the minimal area.89 It is also possible to compute the free energy in the strong

stretching limit while fixing the geometry of the Wigner-Seitz cells, 4 which would have

unequal volumes (Fig. 2). Such a calculation expands the idea embedded in the sphericity

theory39 to explicitly account for the chain stretching and interfacial tension. However, the

most illuminating strong stretching theory result considers a model where the particles are

allowed to relax both their shape and size, thereby introducing mass exchange as part of the

equilibration mechanism. Figure 3 reproduces a subset of the results from this unconstrained

diblock foam model for the four Frank-Kasper phases observed in diblock copolymer melts,

as well as bcc.4 The minimal area is obtained by C15, whereas the minimal chain stretching

is realized in bcc. (Note that, in Ref. 4, the minimal area for the unconstrained diblock foam

calculation was incorrectly cited as C14.) The σ phase emerges as the equilibrium phase in

the unconstrained diblock foam model because it provides the optimum balance between

chain stretching and interfacial area.4

Conformational asymmetry

Conformational asymmetry, which quantifies the relative entropic penalty incurred by stretch-

ing two different blocks,94 is a necessary condition for Frank-Kasper phase formation in neat

diblock copolymer melts.95 Generalizing a diblock copolymer to a star copolymer with ni

arms in each block with statistical segment length bi, the conformational asymmetry is given

by96

ε =
nB

nA

× bA
bB

(2)

where the statistical segment lengths are defined based on a common reference volume. (See

Supporting Information for more details.) The first ratio is the architectural asymmetry

that arises by replacing a single block of degree of polymerization Ni by ni blocks with

degree of polymerization Ni/ni, which keeps the total volume fraction occupied by that

moiety unchanged. In order to fill the space, these shorter chains need to stretch further,
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which incurs an entropic penalty. The second ratio is the elastic asymmetry created by the

Gaussian entropy of the blocks, which again reflects the penalty for stretching the chains

from the interface to fill the space, an entropic penalty which is inversely proportional to the

statistical segment length.96,97 If we define A to be the minority block with volume fraction

fA < 1/2, Frank-Kasper phases emerge when ε > 1.5,16,95

Note that the equivalence between changing the statistical segment lengths and changing

the number of arms is only valid in the strong-stretching limit of large χN . For lower

χN , in particular in weakly segregated systems, the differences in elastic and architectural

asymmetry become sensible due to the different ways to pack the linear and branched chains

when they are not making radial trajectories away from the interface; these impacts are well

illustrated in their effects on the diblock phase diagram. 98

Conformational asymmetry favors curvature towards the large bi block, which provides

space on the convex side of the interface for block incurring the larger stretching penalty to

relax.99 Interfacial curvature is also favored by compositional asymmetry, so one can imagine,

to a first approximation, that increasing ε is similar to reducing fA.99 As a result, there is

a right-skew of the overall phase diagram, which is borne out in both strong-stretching the-

ory93,96 and SCFT calculations.100 The Supporting Information provides a relatively simple

way to understand this shift in terms of ε, inspired by the polymer brush model of Milner, 96

which also furnishes a straightforward way to recognize the equivalence of architectural and

elastic asymmetries embodied in Eq. 2. The net effect is to stabilize particle-forming phases

at higher volume fractions fA of the minority A-block, which increases the relative core

volume and interfacial area.

This shift in the phase diagram was a key step to the first prediction of an A15 phase

illustrated in Fig. 4;16 for linear diblock copolymers, A15 overtakes bcc and fcc as the most

stable particle-forming state in the hex cylinder region, and skewing the phase diagram using

a multiply branched polymer allows A15 to become the stable state before the transition

to the cylinder-forming region. Increasing ε for compositionally asymmetric polymers also
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Figure 4: SCFT calculation16 of the phase diagram for (a) linear diblock polymer melt and
(b) a three-generation branched polymer melt. The dashed lines in (a) refer to crossovers in
free energy for metastable particle-forming phases. Gyr = double gyroid, Lam = lamellar,
Dis = disorder. The σ phase was not included as a candidate phase in these calculations since
it was discovered seven years later;17 its inclusion as a candidate phase leads to σ overtaking
A15 at modest conformational asymmetry.59,95 Adapted with permission from Grason, G.
M.; DiDonna, B. A.; Kamien, R. D. Geometric Theory of Diblock Copolymer Phases. Phys.
Rev. Lett. 2003, 91, 058304. Copyright 2003 American Physical Society.

penalizes stretching of the matrix chains. This leads to an imbalance in the chain stretching

energy such that the corona chains, which need to stretch to reach the corners of the Wigner-

Seitz cell, exert a force on the interface that causes the transition in the cylindrical domain

shown in Fig. 5 from a circular shape to a polyhedral shape that reflects the shape of the

Wigner-Seitz cell; the equivalent three-dimensional distortion for a micellar particle is from a
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a b

Figure 5: Effect of conformational asymmetry on the AB interface, illustrated here for
the case of hexagonally-packed cylinders (hex). (a) For ε = 1, the mechanical force due
to stretching is balanced and the system prefers a circular AB interface. (b) Polyhedral
imprinting is preferred for ε > 1 to relieve the chain stretching penalty incurred by corona
chains that need to reach the corners of the Wigner-Seitz cell. The extreme situation of
perfect imprinting illustrated here is the polyhedral interface limit, 5 which would be the
case for large ε and also appears in the straight chain ansatz used in the diblock foam
model.92,93

spherical shape to a polyhedral one,5 although this idea is somewhat more complicated when

the confining shapes are the polyhedra of the Wigner-Sietz cells. 4 In the limit of large ε, we

would expect to realize the polyhedral interface limit illustrated in Fig. 5. The polyhedral

interface limit is also used in the diblock foam model 4,5 because, in the strong-stretching

limit, the chains tend to adopt straight paths away from the interface, 92,93 independent of ε.

Taken together, these two effects of conformational asymmetry lead to an increasing role

of the shapes of the Wigner-Seitz cells on particle packing as the conformational asymmetry

increases.5,16 Frank-Kasper phases are desirable in this respect, since their higher average

sphericity39 provides smaller interfacial areas in the polyhedral interface limit. 4,5,16 SCFT

calculations, reproduced in Fig. 6, illustrate how the Frank-Kasper stability window, and

in particular the A15 stability window, gradually widens with increasing conformational

asymmetry.

The qualitative picture of Fig. 6 is consistent with almost all experiments on diblock

copolymer melts:17,39,59,63–68 an initial emergence of σ with increasing conformational asym-

metry followed by the appearance of A15 at higher fA when the conformational asymmetry

increases further. There are two notable exceptions to this trend. The first are experiments

using linear and miktoarm architectures of discrete oliogomeric dimethylsiloxane and lactic
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Figure 6: SCFT phase diagram59 at χN = 40 as a function of the conformational asymme-
try ε and the compositional asymmetry fA. Adapted with permission from Bates, M. W.;
Lequieu, J.; Barbon, S. M.; Lewis III, R. M.; Delaney, K. T.; Anastasaki, A.; Hawker, C.
J.; Fredrickson, G. H.; Bates, C. M. Stability of the A15 phase in diblock copolymer melts.
Proc. Natl. Acad. Sci. USA 2019, 116, 13194–13199. Copyright 2019 National Academy of
Sciences.

acid, where the compositions were resolved to the single monomer level. 70 The conforma-

tional asymmetry of the linear diblock oligomer is ε = 1.46 but the compositional asymmetry

of the library used in these experiments was insufficient to observe a particle-forming window

at this value of ε. Adding additional arms of the majority block shifts the phase diagram due

to conformational asymmetry and opens up a particle-forming window. The value nB = 2

(ε = 2.92) produces an A15 phase, with the σ phase only emerging when nB = 4 (ε = 5.84).

A likely reason for this behavior is the relatively low degrees of polymerization used in these

experiments, which cuts off the bottom of the SCFT phase diagram with a disordered state,

and the particular values of fA, which may not be low enough for nB = 2 to produce a

σ phase. The second exception is the observation a C14 phase in poly(dimethylsiloxane)-

b-poly(2,2,2-trifluoroethyl acrylate) (PDMS-b-PTFEA) diblock copolymer that is located

between the bcc and σ phases with increasing fA.65 The scattering data reported from the

PDMS-b-PTFEA experiments, which clearly indicates the presence of a C14 phase, produce
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particle sizes, is driven by a tendency to maximize the average
sphericity of the particles with decreasing temperature (13).

In this article, we report the evolution of nanoscale structure in
another IL diblock copolymer specimen, designed to allow rapid
quenches of the disordered melt to temperatures deeply below TODT
while remaining well above the micelle core block glass transition
temperature. Upon supercooling the disordered liquid below a
threshold temperature denoted Terg, ∼25 °C under TODT, we doc-
ument the evolution of DDQC order, using synchrotron small-angle
X-ray scattering (SAXS) measurements. This quasicrystalline phase
persists as a long-lived metastable state that eventually transforms
to the equilibrium Frank–Kasper σ phase, where the lifetime of the
DDQC phase is strongly temperature dependent. Dynamic mechan-
ical spectroscopy (DMS) experiments conducted on the supercooled
liquid reveal a spontaneous stiffening of the material when rapidly
cooled below Terg, without evidence (SAXS) of long-range order,
suggesting the development of an unresolved state of local order that
seeds the growth of the DDQC phase.

Results and Analysis
The experiments discussed in this article document the temperature-
dependent structure and dynamics of a poly(1,4-isoprene-b-DL-lac-
tide) diblock copolymer designated IL-5.1 synthesized by an estab-
lished combination of anionic polymerization and ring-opening
polymerization (12, 15). IL-5.1 has a number-average molecular
weight Mn = 4,600 g/mol (dispersity Mw/Mn = 1.06) divided between
the polyisoprene (PI; 3,540 g/mol) and polylactide (PLA; 1,070 g/mol)
blocks, corresponding to a composition of 18% by volume PLA based
on published densities (16, 17). This asymmetric block copolymer
self-assembles into particles with a PLA core surrounded by a PI
corona, as illustrated in Fig. 1B. The PLA blocks in the particle cores
vitrify on cooling with a broad glass transition temperature Tg,PLA
centered at 0 °C (spanning ∼20 °C to –20 °C as measured by DSC; SI
Appendix, Fig. S1), setting the lower bound of experimental tem-
peratures at which equilibrium can be approached. The corona PI
blocks vitrify at a much lower temperature (Tg,PI = –63 °C). IL-5.1
was designed to have a slightly higher Mn but a similar asymmetric
composition to IL-15 (Mn = 3,890 g/mol; 22% PLA), shown pre-
viously to form the σ phase, to elevate the TODT (TODT = 66 °C as
measured by DMS; SI Appendix, Fig. S2) to enable deeper quenches
while remaining well above Tg,PLA (11).
IL-5.1 exhibits three ordered morphologies and two distinct dis-

ordered states depending on temperature and time, as measured by
DMS and SAXS experiments and summarized in the time–tem-
perature–transformation (TTT) diagram in Fig. 2 (see SI Appendix
for experimental details and DMS data). An equilibrium disordered
state (DIS) exists at temperatures above TODT = 66 °C. Rapidly
cooling the equilibrium disordered melt (T > TODT) to tempera-
tures down to about 40 °C results in a metastable supercooled liquid
that persists until the nucleation and growth of an ordered phase.
Fig. 3 shows SAXS patterns recorded as a function of time following
a quench to 45 °C, demonstrating the nucleation and growth of a
BCC phase from the supercooled disordered state in a matter of

minutes, which remains stable upon extended annealing; the cor-
responding SAXS pattern contains sharp Bragg reflections at rela-
tive peak positions of (q/q*)2 = 1, 2, 3, 4, 5, 6, 7, . . ., where q*
represents the leading order diffraction peak and q = 4πλ−1sin(θ/2)
is the magnitude of the scattering wave vector.
Upon cooling from T > TODT to 40 °C, a BCC phase nucleates

and grows within about 10 min but is subsequently consumed by
nucleation and growth of the Frank–Kasper σ phase over a period of
several hours, also shown in Fig. 3; a significant number (>45) of
closely spaced Bragg peaks are quantitatively accounted for based on
P42/mnm space group symmetry (see SI Appendix, Fig. S3, and ref. 13
for detailed indexing). The ordering of IL-5.1 at 40 °C (TODT – T =
26 °C) mirrors the behavior of specimen IL-15 when quenched to
25 °C (TODT = 48 °C; TODT – T = 23 °C), a nearly equivalent quench
depth below TODT. However, IL-5.1 exhibits about 5× faster ordering
kinetics at comparable undercooling owing to the higher absolute
ordering temperature (11, 13).
Deeper quenches from T > TODT, to 35 °C and 25 °C, lead to

qualitatively different phase transitions as summarized in Fig. 2. At
both temperatures a SAXS pattern containing four strong peaks and
numerous weaker reflections at higher q evolves directly from the
broad peak associated with the supercooled disordered phase (Fig.
3). Complete development of this diffraction pattern takes about 3 h
at 35 °C and 10 d at 25 °C. We believe this scattering pattern reflects
formation of the DDQC phase (see below), an aperiodic structure
that is closely related to the Frank–Kasper σ phase as illustrated in
Fig. 2B. At 35 °C the DDQC persists as a metastable state for
several hours before nucleation and growth of the Frank–Kasper σ
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Fig. 1. Self-assembly of asymmetric diblock copolymers. (A) Chemical
structure of IL diblock copolymers. (B) Asymmetric diblock copolymers
form nearly spherical point particles. (C ) Below TODT, the point particles
form various ordered structures including BCC and the Frank–Kasper σ
phase. Colors in C indicate lattice sites with different local coordination
environments.
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Fig. 2. Time-dependent phase behavior of IL-5.1. (A) Time–temperature–
transformation diagram. In the BCC-forming regions (shaded gray), dotted
lines, dashed lines and half-filled circles, and solid (black) lines indicate
achievement of 5%, 50%, and 95% of the maximum measured value of G′,
respectively. In the complex phase region, open symbols and filled symbols
indicate the first evidence of nucleation and completion of ordering in SAXS,
respectively, with lines connecting these symbols being guides to the eye.
The red dashed line indicates the approximate times during DMS experi-
ments after initiation of a quench when the sample equilibrated at the
target temperature. (B) The BCC, σ, and DDQC phases viewed as decorated
tilings of the x–y plane. The common square and triangle tiles used to
construct the periodic and aperiodic tilings of the σ and DDQC phases, re-
spectively, are also shown.
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Figure 7: Time-temperature-transformation diagram 63 for a poly(isoprene)-b-poly(lactide)
diblock copolymer melt. LLP = liquid-like packing. The temperature Terg denotes the point
at which quenches below Terg produce non-ergodic behavior. Reproduced with permission
from Gillard, T. M.; Lee, S.; Bates, F. S. Dodecagonal quasicrystalline order in a diblock
copolymer melt. Proc. Natl. Acad. Sci. USA 2016, 113, 5167–5172. Copyright 2016
National Academy of Sciences.

a sequence of phases different than those seen in Fig. 6 and other experiments. 17,39,59,63–68

Determining the mechanism by which PDMS-b-PTFEA produces a C14 phases remains an

interesting open question for future work.

Thermal processing

To date, the only equilibrium Frank-Kasper phases reported for neat diblock copolymer

melts are σ and A15. However, through control of the thermal history of the sample, it is

possible to access metastable states.

Figure 7 provides the first illustration of the effect of thermal processing on Frank-Kasper

phase formation, focusing on a block polymer similar to the PI-PLA system used for the

discovery of the σ phase17 but at a molecular weight that provides a larger temperature

window between the order-disorder transition and the glass transition temperature for the

PLA block.63 Modest temperature quenches out of the disordered state produce bcc, but

more complex time-dependent behavior emerges for deeper quenches, producing bcc-to-σ and

DDQC-to-σ order-order transitions. In this case, the DDQC forms from a liquid-like packing

state (LLP), which is characterized by a broad primary peak in the scattering (Fig. 8b) and
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can spontaneously adjust its size by shedding
or absorbing diblock copolymer chains leading
to a distribution of particle volumes; the observed
disordered and ordered structures are formed by
micelles containing 150 to 400 polymer chains.
At equilibrium, the average particle diameter in-
creases with decreasing temperature, <D> ~ c1/6N2/3

(11); hence, rapidly supercooling the disordered
melt to T ≪ TODT (e.g., by immersion in liquid
nitrogen) drives the material far out of equilib-
rium. As the quenched material is heated above
Tg, rearrangement of the particle sizes through
fusion, fission, and chain diffusion stabilizes a
state of local packing that guides nucleation and
growth of long-range order along a path on the
free-energy surface that apparently funnels into
a local minimum associated with one of the low-
symmetry phases. Once formed, free-energy
barriers trap the various Frank-Kasper and quasi-
crystalline phases for long times. Cooling the dis-

ordered melt directly to temperatures where
block copolymer diffusion remains rapid allows
the system to continuously adjust the distribution
of particle sizes, accessing an alternative path on
the free-energy surface leading to the develop-
ment of different states of order.
We and others have suggested that a geomet-

ric principle—denoted sphericity—influences the
optimal array of particle sizes (17, 28, 29). Over-
all sphericity, calculated as the average iso-
perimetric quotient of the constituent polyhedra
(IQ = 36pV2/S3, in which V and S are the par-
ticle volume and surface area, respectively; IQ =
1 for a sphere), is maximized by certain low-
symmetry Frank-Kasper structures, where the
ensemble average particle volume reflects a bal-
ance between minimizing chain-stretching (i.e.,
maximizing entropy) and minimizing the inter-
facial area between the core and corona blocks
(i.e., minimizing enthalpy). Sphericity alone can-

not explain the diversity of structures that emerge
during the thermal processing of block polymers.
Nevertheless, we note that all the Frank-Kasper
phases we have considered in Fig. 1C have similar
isoperimetric quotients (C14 and C15 are equal),
notwithstanding the relatively diverse set of
micelle volumes associated with the respective
complement of polyhedra that make up each
unit cell (table S2). We suspect that molar mass
dispersity contributes to the rich assortment of
phases described here, a feature recently shown
by SCFT to stabilize the s phase (30). In this
regard, the shortness and unavoidable disper-
sity of the micelle core forming PLA blocks, just
seven to nine number-average lactide repeat units,
may be especially pertinent.
These results reinforce fundamental analogies

between the way metals and self-assembled soft
materials break symmetry when subjected to
changes in thermodynamic state variables that
drive phase transitions. Competition between lattice
symmetry and the drive to minimize system free
energy through tailoring of the overall size and
shape of the polyhedral micelles in real space
has intriguing analogies with the competition
between the packing of metal atoms, where the
tendency for the electronic configuration to sup-
port a nearly spherical Fermi surface can induce
transitions to low-symmetry reciprocal space lat-
tices (17, 31, 32). The exquisite control over block
polymer molecular structure afforded by controlled
polymerization offers opportunities to unravel
the basic principles that define order and dis-
order in condensed matter.
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Fig. 3. SAXS patterns obtained from IL-58-15 after different thermal treatments. (A) Direct cooling
from the disordered (DIS) state, where TODT = 99°C for the bcc to DIS transition, and (B) after immersion
in liquid nitrogen and reheating. The data are vertically shifted for clarity.

Fig. 4. SAXS patterns obtained from IL-52-20 after different thermal treatments. (A and B) Data
were obtained using the same procedures identified in Fig. 3, where TODT = 132°C for the HEXC to DIS
transition. The data are vertically shifted for clarity.
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Figure 8: Illustration of the effect of thermal processing on ordered state selection in a
poly(isoprene)-b-poly(lactide) diblock copolymer melt with fA = 0.15.60 (a) Cooling the
sample slowly. (b) Deep quenching in liquid N2 followed by heating to a target temperature.
Reproduced with permission from Kim, K.; Schulze, M. W.; Arora, A.; Lewis III, R. M.;
Hillmyer, A.; Dorfman, K. D.; Bates, F. S. Thermal Processing of Diblock Copolymer Melts
Mimics Metallurgy. Science 2017, 356, 520–523. Copyright 2017 American Association for
the Advancement of Science.

likely arises due to kinetic trapping. The details of LLP remain a poorly understood aspect of

block polymer assembly, and a later part of this discourse will highlight several open questions

related to LLP that are worth further investigation. The emergence of a DDQC prior to σ

may bear some similarities to simulations of colloidal quasicrystals. 101,102 Since the DDQC

is created from the same square and triangular tiles as σ (see Supporting Information), it

is plausible that the DDQC represents a way for the system to first form the requisite tiles,

which then reorganize themselves into the equilibrium, periodic σ phase.102

Thermal processing also provides a route for accessing the C14 and C15 Laves phases as

metastable states.60 As illustrated in Fig. 8, cooling a PI-PLA diblock copolymer melt with

fA = 0.15 from disorder produces bcc and then σ, behavior that would be anticipated from

the SCFT phase diagram.95 However, if the system is quenched from the disordered state in

liquid nitrogen and then reheated, different morphologies are selected based on the degree of

heating, including C14, without accessing bcc or σ.60 A similar processing strategy, using a
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higher value of fA = 0.20, produces C15 instead of C14.60 Presumably, the deep quenching

traps the distribution of micelles from the disordered state (or some related state achieved

during the cooling process), which then templates the formation of the ordered state within

a rough free energy landscape after heating.60 The appearance of Laves phases via thermal

processing may be related to their large volume asymmetry that must achieved from an

initially more narrow distribution of particle sizes via mass transfer. 4

The thermal processing conditions connected to Laves phase formation are even more

complicated than the “simple” deep quench process illustrated in Fig. 8. Subsequent exper-

iments91 demonstrated that these systems retain memory of the metastable ordered state

after crossing the order-disorder transition. In other words, after a thermal processing path

that leads to the C14 state in Fig. 8b, returning the material to the disordered state does

not recover the processing path of Fig. 8a. Rather, after disordering a metastable C14 (or

C15) state, subsequent cooling will reform the same metastable ordered state, even though

the relaxation times, measured by rheology, are much faster than the thermal processing

time.91

Blending

Neat diblock copolymer melts already exhibit a rich picture of Frank-Kasper phase formation,

especially in light of the simplicity of the molecules, producing equilibrium σ and A15 phases

and permitting the formation of metastable Laves phases and a DDQC through thermal pro-

cessing. To access more equilibrium Frank-Kasper phases, as well as widen their stability

windows, it is necessary to introduce additional complexity to the system. In a sense, the

examples we have seen before are the polymer equivalents to the few cases where single com-

ponent metals form Frank-Kasper phases.56,57 In hard materials, Frank-Kasper phases are

observed more broadly in alloys that readily permit multiple particle sizes. Blending, using

either mixtures of block copolymers76,77,103 or doping the system with homopolymer,73,104–107

is an analogous “alloying” approach for block polymers.
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of SB1 resulting in disorder at low ϕ2. Nonetheless, in line with
predictions from SCFT, we can rationalize the stabilization of
the FK A15 and σ phases over BCC in the blends as stemming
primarily from increased interfacial curvature and preferential
segregation of diblock copolymers.35

As can be seen in Figure 6, the sphere-cylinder OOT occurs
at a higher composition than occurs in the nominally single-
component melt,26 shifting from f B ≈ 0.20 to ⟨f B⟩ ≈ 0.31 due
to the high asymmetry of SB1, which drives interfacial
curvature in the studied blends. At higher minority block
compositions, the core is larger and thus the enthalpic benefit
of the more spherical FK phases stabilizes them over BCC.25

However, even without this increased curvature, preferential
segregation of SB1 and SB2 to regions of higher and lower
curvature, respectively, as predicted by SCFT, reduces the
chain stretching penalties associated with the variations in
particle size and geometry required by FK phases.35 When
coupled with the constraint of constant corona block length,

this effect likely also drives increased polyhedral warping of the
core due to the need to maintain constant coronal density and
the shorter length of SB1, again increasing interfacial area. We
note that, aside from this reduction in chain stretching afforded
by blending, these effects are analogous to what is anticipated
at high conformational asymmetry, where differences in the
pervaded volume of each block drive interfacial curvature and
an imbalance in block stretching penalties drive polyhedral
warping at finite N.25,47 However, notably, the blending
approach taken here is presumably applicable over a much
wider range of length scales and polymer chemistries. Lastly,
we rationalize the emergence of the A15 phase at ⟨f B⟩ greater
than σ as a consequence of the higher chain stretching
penalties associated with the σ phase, which we anticipate are
further exacerbated as the core begins to impinge on the
corona.25

In summary, we have shown that blending asymmetric and
symmetric SB diblock copolymers with constant Ncorona and
variable Ncore affords access to the FK σ and A15 phases, in
addition to a QC. Notably, this represents the first report of
FK and QC packings in a diblock copolymer system with M >
10 kg/mol. Further, this approach does not require high χ, or
highly conformationally asymmetric diblock copolymers, and
could potentially facilitate access to complex particle packings
in a substantially wider range of polymers and over a wider
range of length scales. We note that the upper length scale at
which these phases can be produced will be limited by the
ordering kinetics at high N, potentially explaining the LLP
(referred to as a mesh phase) observed in past SI blends.31,33

However, we anticipate that this upper limit can be expanded
by blending diblock copolymers with more facile kinetics such
as those with bottlebrush architectures,48 making the

Figure 5. Vertically shifted 1D SAXS patterns collected at 180 °C as a
function of time for samples with ϕ2 = 0.31 (a) and 0.36 (b).
Diamonds and inverted triangles denote scattering reflections
corresponding to A15 and QC packings, respectively. The dashed
lines in (a) and (b) denote the QC (00002) scattering reflection.
Note that the 62 h patterns were collected from separate specimens
prepared from the same blend batch.

Figure 6. Experimental phase diagram for blends of SB1 and SB2.
DIS, LLP, QC, HEXC, and LAM denote disorder, liquid-like packing,
a dodecagonal quasicrystal, hexagonally packed cylinders, and
lamellae, respectively. Phase assignments at 120, 150, and 180 °C
reflect the phase behavior observed after long annealing times with
intermediate assignments determined from scattering patterns
collected on a temperature ramp with 30 min of annealing at each
temperature, as shown in Figure S4. A striped background indicates
phase coexistence, with the phase listed first being the dominant
phase. The schematic in the upper left corner displays the difference
in the lengths of SB1 and SB2.
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Figure 9: Formation of Frank-Kasper phase in diblock/diblock copolymer blends. 76,103 (a)
Different size diblock copolymers preferentially segregate to different faces of the polyhedra
in the σ phase. (b) SCFT predictions of the location of the AB junction points for the diblock
copolymer with the shorter A-block on a plane. (c) Same as (b) but in three dimensions. (d)
Experimental phase diagram for a blend of poly(styrene)-b-1,4-polybutadiene (SB) where
the corona blocks are identical but the core blocks differ (1 = smaller core block). The
quantity 〈fB〉 refers to the volume fraction of the minority butadiene block in the mixture.
Panels (a)-(c) reproduced with permission from Liu, M.; Qiang, Y.; Li, W.; Qiu, F.; Shi,
A.-C. Stabilizing the Frank-Kasper phases via binary blends of AB diblock copolymers. ACS
Macro Lett. 2016, 5, 1167–1171. Copyright 2016 American Chemical Society. Panel (d)
reproduced with permission from Lindsay, A. P.; Lewis III, R. M.; Lee, B.; Peterson, A. J.;
Lodge, T. P.; Bates, F. S. A15, σ, and a Quasicrystal: Access to Complex Particle Packings
via Bidisperse Diblock Copolymer Blends. ACS Macro Lett. 2020, 9, 197–203. Copyright
2020 American Chemical Society.

The proposed mechanism for stabilizing Frank-Kasper phases in diblock polymer blends,

illustrated in Fig. 9a, involves forming a core-shell structure with the core comprised primar-

ily by the longer blocks, which can more easily stretch to the center of the particle, while

the short blocks form the shell.103 Only a small amount of long copolymer was sufficient to
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produce a σ to bcc transition in SCFT, and wide σ and A15 windows were predicted for

the blended systems even when the block polymers are conformationally symmetric. 103 In

addition to allowing for different amounts of polymer per particle, SCFT predicts a segrega-

tion of the different polymers along the interface, with the more compositionally symmetric

molecules preferring the flatter interfaces and vice versa. 103

The key predictions of SCFT were realized experimentally as shown in Fig. 9d, where

binary blends of poly(styrene)-b-1,4-polybutadiene (SB) with one component containing a

short B core block (which is disordered as a single-component melt) and a second polymer

with a longer core block (which forms lamellae as single-component melt) produce all of the

phases seen in neat diblock copolymer melts: A15, σ and DDQC.76 The qualitative behavior

observed in Fig. 9d has also been reproduced in a polystyrene-b-poly(methyl acrylate) sys-

tem.77 Subsequent work with the SB system, using higher molecular weight polymers such

that the short core block now forms bcc as a single-component melt, yielded not only A15, σ

and DDQC, but also produced a C14 phase when a small amount of lamellar-forming SB was

blended into the bcc-forming polymer.78 Related experiments using three different blends,

using the same strategy of keeping the majority block lengths fixed and varying the ratio of

the core block length, revealed that the Frank-Kasper phase window widens as the spread

in the relative lengths of the core blocks increases. 78

Blending of block polymers with homopolymers, where the homopolymer is chemically

identical to one of the blocks, is another way to stabilize new phases in block polymers.

In many cases, the effect of homopolymer is to relieve packing frustration by allowing the

homopolymer to segregate to the most frustrated regions. 108 Homopolymer blending is gen-

erally classified into two regimes. In the wet brush regime, 109 the added homopolymer has

a degree of polymerization that is smaller than the chemically identical block, which allows

the homopolymer to interpenetrate the block and wet the interface. In contrast, a dry brush

regime109 is realized when the homopolymer is at least of similar length to the block. The

homopolymer then tends to be segregated from the homologous block.
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Figure 10: SCFT predictions106 for the extent of homopolymer partitioning into different
particles for volume fractions φ1 of block polymer where the indicated phase is stable in
SCFT. Reproduced with permission from Cheong, G. K.; Bates, F. S.; Dorfman, K. D.
Symmetry breaking in particle-forming diblock polymer/homopolymer blends. Proc. Natl.
Acad. Sci. USA 2020, 117, 16764–16769. Copyright 2020 National Academy of Sciences.

Wet brush blending is tends to stabilize the same Frank-Kasper phases seen in neat block

polymer melts.73,104 In contrast, dry brush blending of core block homopolymer produces not

only a σ phase, but also equilibrium C14 and C15 phases. 73 The initial rationale for this

sequence was a relief of core-block packing frustration and the ability of the homopolymer to

facilitate formation of particles of different sizes. 73 Subsequent SCFT calculations106,107 have

revealed a more nuanced picture of the stabilization mechanism. As illustrated in Fig. 10, the

homopolymer tends to partition into the larger (higher coordination number) particles within

a given phase. The Laves phases emerge at the higher homopolymer loading because they

possess greater volume asymmetry than σ, and thus can accommodate more homopolymer

without separating into two phases. Likewise, the absence of A15 was explained by its

minimal volume asymmetry,106 although there is speculation107 that a higher conformational

asymmetry would drive the formation of A15 in this system as well.

The SB system that produces the Laves phases in a homopolymer/block polymer blend 73

has a conformational asymmetry ε = 1.3, which is too low to form any Frank-Kasper phases

as a neat melt (Fig. 6). SCFT predicts the bcc-σ-C14-C15 phase sequence for both ε = 1.3

and for the conformationally symmetric case ε = 1,106,107 demonstrating that this volume
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asymmetry mechanism is not predicated on any additional stabilization of the Frank-Kasper

phases by conformational asymmetry. However, SCFT predicts that dry brush homopoly-

mer loading can be combined with the high conformational asymmetry embodied in AB4

miktoarms to force systems that would otherwise form σ or A15 to transition to a Laves

phase.105

Matrix segregation in multiblock polymers

Multiblock polymers provide another route to introduce additional complexity beyond the

neat diblock copolymer melt, maintaining the single component nature and thereby suppress-

ing the complication of macroscopic phase separation in multicomponent systems. In this

context, the poly(styrene)-b-poly(isoprene)-b-poly(styrene)-b-poly(ethylene oxide) (SIS′O)

tetrablock terpolymer system has been at the vanguard of Frank-Kasper phase discovery

in block polymers, appearing in the first report of the σ phase,17 the first DDQC observed

in block polymers,82 and the first A15 phase.71 Manipulating the relative degree of polymer-

ization between the terminal S-block (NS) and the interior S′-block (NS′) provides a way to

tune the phase behavior, with experiments using the asymmetry τ = NS/(NS +NS′) = 0.73

unveiling a cornucopia of sphere-forming phases, including A15, σ, a DDQC, and two still

unexplained phases, one with rhombohedral symmetry and an apparent hexagonal packing

of spheres.71

The SIS′O system can be described as a pseudo-diblock system,1 where the relatively

strong segregation embodied in χSO and χIO compared to the modest segregation captured by

χIS leads to the I- and S-blocks to form a relatively well mixed matrix with strong segregation

with the O-block. By making the volume fraction of the O-block small, the system forms

spheres of O whose interactions are tuned by the details of the matrix interactions. 71,82

Figure 11a illustrates how those interactions promote the formation of an A15 phase, with

SCFT calculations revealing how the interior S′-block forming a core around the particles

and the terminal S-block segregating within the matrix to guide the O-spheres onto the
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a bphases.22,25We identified the molecular symmetryparameterτ
=NS/(NS +NS′) asaprimecandidatefor investigation.SCFT
calculations indicated that the window of sphere-forming
morphologieswas highly sensitive to τand anticipated new
modes of ordering. Guided by these calculations, we
synthesized a series of eight SIS′O polymers using anionic
polymerization; Figure 1 depicts the molecular structure and

c

Figure 11: Formation of the A15 phase in an SIS′O tetrablock terpolymer.71 (a) SCFT
predictions for the distribution of the different blocks on the xy plane at z = 1/2 for τ =
0.73. (b) TEM image of the A15 phase for τ = 0.70. The inset is the Fourier transform of the
image. (c) Looping and bridging configurations of the multiblock polymer. Reproduced with
permission from Chanpuriya, S.; Kim, K.; Zhang, J.; Lee, S.; Arora, A.; Dorfman, K. D.;
Delaney, K. T.; Fredrickson, G. H.; Bates, F. S. Cornucopia of Nanoscale Ordered Phases in
Sphere-Forming Tetrablock Terpolymers. ACS Nano 2016, 10, 4961–4972. Copyright 2016
American Chemical Society.

A15 lattice. Figure 11b further illustrates an important advantage of the SIS′O system in

practice; the staining contrast of the blocks makes it well suited to TEM imaging, allowing

an unambiguous identification of the A15 tiling pattern. The key to the phase behavior is the

terminal S-block (Fig. 11c), which can directly link two particles via a bridge, dangle within

the matrix (leading to the matrix segregation effect in Fig. 11a), or loop back to swell the

S-shell around the O-spheres.110 The looping effect is responsible for the formation of σ in

this class of tetrablock terpolymers in the absence of any conformation asymmetry because

it increases the interfacial area and accentuates the tendency to favor the more spherical

interface, and thus the σ phase.110

While the SIS′O tetrablock terpolymer has been the focus of experimental studies of

Frank-Kasper phase formation in multiblock polymers, 17,71,82 other promising multiblock

architectures have been proposed and studied by SCFT. 111–115 A particularly intriguing
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candidate is the B1AB2CB3 pentablock terpolymer, where the subscripts indicate the B-

blocks are all of different degrees of polymerization. This system has been analyzed by SCFT

for the case where the Flory-Huggins parameters between chemically dissimilar blocks are

equal and large (χN = 80).111 It is predicted to form a large number of particle-forming

phases, include many low-coordination number phases that mimic metallic crystals, as well

as the high-coordination number A15 phase. An important characteristic of this pentablock

system is that, since all blocks are equally incompatible, using relatively low volume fractions

of the A and C blocks forces the formation of two different sized particles, a key element of

Frank-Kasper phases.

Key outstanding questions

Clearly, there has been substantial progress in the past decade towards understanding the

mechanisms underlying Frank-Kasper formation. For neat diblock copolymer melts, confor-

mational asymmetry proves to be the key element in stabilizing the σ and A15 phases,5,16,59,95

and metastable DDQC and Laves phases can be accessed via thermal processing routes. 60,63,91

The additional complexity afforded by blending and multiblock polymers can be used to

widen the σ and A15 windows71,76,77 via spatial segregation between chemically similar

blocks,71,103 and can produce stable C14 and C15 phases73 by swelling the particle cores

in an analogy with the same mechanism operative in lyotropic liquid crystals. 26 There are,

as always, technical details that need to be addressed within the context of these results and

arguments that would be sharpened by additional experimental or theoretical evidence. In

the interest of conciseness, we eschew these issues here to focus instead on several substantial

questions, some of which have been raised elsewhere,116 that should prove to be fruitful areas

of future work.
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The conformational asymmetry conundrum

There is no doubt that conformational asymmetry is a prerequisite for Frank-Kasper phase

formation in neat diblock copolymer melts, and the trend in the phase progression in Fig. 6

agrees qualitatively with experiments. However, the degree of conformational asymmetry

anticipated by SCFT is markedly higher than that needed in experiments and this difference

remains an important unresolved issue. Figure 12 provides a particularly compelling compar-

ison between experiments and SCFT predictions. In the experimental data of Fig. 12a, the

σ phase window is sensible already at ε = 1.15 and but only achieves a similar width in the

SCFT data of Fig. 12b at ε = 2.0. There are also qualitative differences between the exper-

iment and SCFT that are anticipated from fluctuation effects that are not captured by the

mean field theory, most notably the cutoff of the lower part of the phase diagram. 117,118 This

is not an isolated example; similar quantitative disagreements between the requisite confor-

mational asymmetry predicted by SCFT and experiments have been observed for the A15

phase in both diblock copolymers59 and ABn radial star polymers.66 For example, the A15

phase for volume fractions fA between 0.25 to 0.33 in a poly(dodecyl acrylate)-b-poly(lactide)

(DL) melt emerges at ε = 1.85, well below the SCFT prediction in Fig. 6.59

A possible explanation for this disagreement may come from the propensity to form

Frank-Kasper phases as the invariant degree of polymerization N̄ = Nb6/v2 decreases, where

v is the segmental volume. This phenomenon was exposed by experiments using a SB

system119 with a conformational asymmetry ε = 1.30 that is the same, to within experimental

uncertainty, to the PEE-PLA system64 in Fig. 12a, but at a higher N̄ . In contrast to the

results in Fig. 12a, experiments at a higher N̄ failed to produce a σ phase, consistent with

SCFT predictions (Fig. 6), which assume N̄ → ∞.119 Indeed, even blending of two SB

diblock polymers with modestly different degrees of compositional asymmetry did not lead

to a σ phase in this SB system.119 Interestingly, the mean-field behavior is achieved when

the invariant degree of polymerization of the individual blocks is above N̄x ≈ 400,119 which

is approximately the degree of polymerization at the entanglement crossover that produces a
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ε with similar values of N and χ. For PEP-PLA (ε ¼ 1.06),
the two blocks fill space nearly symmetrically, while sub-
stituting PEP with smaller statistical segment length blocks
PI (ε ¼ 1.32) and PEE (ε ¼ 1.68) increases the degree of
conformational asymmetry; specification of the individual
statistical segment lengths relies on an imperfect but con-
venient treatment of short diblocks as random coils as
summarized in the Supplemental Material [20].

We synthesized a series of PEP-PLA, PI-PLA, and
PEE-PLA polymers with low molar mass dispersity
(Ð < 1.1) and fL ≤ 0.37 using established procedures
(see Supplemental Material [20], section on Materials).
Order-disorder transition temperatures (TODT’s) were posi-
tioned within the experimentally accessible temperature
window Tg;L < T < 200 °C, where Tg;L is the glass tran-
sition temperature of the PLA block, which lies far above
that of the majority hydrocarbon blocks (Supplemental
Material, Tables S1–3 [20]). Dynamic mechanical thermal
analysis (DMTA) was used to measure the TODT of each
sample by monitoring the dynamic elastic shear modulus
on slow heating (1-2 °C=min) at a fixed low frequency. The
interaction parameters χ ¼ α=T þ β for PEP-PLA [28]
and PI-PLA [29] were obtained from the literature and
normalized to a common segment volume of 118 Å3.

For PEE-PLA, α and β were estimated using a series of
compositionally symmetric samples (fL ¼ 0.5) and the
associated order-disorder transition temperatures (TODT’s)
under the mean-field assumption ðχNÞODT ¼ 10.5 [20].
Small-angle x-ray scattering (SAXS) experiments, con-
ducted at the Advanced Photon Source (APS) at Argonne
National Laboratory, were used to identify the TODT and
establish ordered-state symmetries as a function of temper-
ature and thermal history. Scattering patterns were recorded
on an area detector and reduced to the one-dimensional
form of relative intensity versus the magnitude of the
scattering wave vector, q ¼ 4πλ−1 sinðθ=2Þ, where λ is the
radiation wavelength and θ is the scattering angle.

The phase portraits constructed for each block polymer
map the equilibrium morphologies onto the coordinates χN
and fL using χðTÞ as shown in Fig. 2. Three ordered
structures [bcc, the FK σ phase, and hexagonally-close
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FIG. 1. (a) Molecular structure and (b) schematic representation
of PEP-PLA, PI-PLA, and PEE-PLA diblock copolymers. The
thickness and length of each block in (b) represents a common
molecular volume (fL ¼ ½) to accentuate the differences in
space-filling characteristics imaged in cross section (∼R2

g). For
PEP-PLA (ε ¼ 1.06), the blocks fill space nearly symmetrically.
However, for PI-PLA (ε ¼ 1.32) and PEE-PLA (ε ¼ 1.68),
conformational asymmetry becomes increasingly significant,
driving concave interfacial curvature toward the PLA block.
(c) Depiction of a spherical micelle and the resulting polyhedral
shaped domain associated with the ordered structure of composi-
tionally asymmetric diblocks [13].
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FIG. 2. Experimental phase portraits for compositionally asym-
metric PEP-PLA, PI-PLA, and PEE-PLA block polymers. Points
examined by SAXS are marked by open circles and ðχNÞODT
identified by DMTA based on the mean-field theory is indicated
by filled circles. The behavior of the PI-PLA samples has been
previously reported [11–13,29,34].
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Figure 12: Comparison between experimental data 64 and SCFT calculations95 for the emer-
gence of the σ phase with increasing elastic asymmetry. (a) Experimental data 64 for three
different block polymers where the minority block is poly[(±)]-lactide and the majority blocks
are poly(ethylene-alt -polypropylene) (PEP), poly(isoprene) (PI) or poly(ethylethylene)
(PEE). The values of ε appearing in Ref. 64 have been converted to the convention in
Eq. 2. N̄ values range from 130 to 510. (b) SCFT calculations 95 at ε = 1.5 (top) and ε = 2.0
(bottom). Panel (a) adapted with permission from Schulze, M. W.; Lewis III, R. M.; Lettow,
J. H.; Hickey, R. J.; Gillard, T. M.; Hillmyer, M. A.; Bates, F. S. Conformational Asymmetry
and Quasicrystal Approximants in Linear Diblock Copolymers. Phys. Rev. Lett. 2017, 118,
207801. Copyright 2017 American Physical Society. Panel (b) reproduced with permission
from Xie, N.; Li, W.; Qiu, F.; Shi, A.-C. σ phase formed in conformationally asymmetric
AB-type block copolymers. ACS Macro Lett. 2014, 3, 906–910. Copyright 2014 American
Chemical Society.

shift from Rouse to reptation dynamics, and also the value of N̄ where renormalized one-loop

theory fails to capture simulation data for the order-disorder transition temperature. 120–122
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One issue that has been posed at low N̄ is that polydispersity might play a role in

stabilizing Frank-Kasper phases.91 For example, the PI-PLA system used to discover the

Laves phases60 has a PLA block that is between 7-9 repeat units. As a result, differences

in one repeat unit would create substantially different compositional asymmetries, which

ultimately would look like a (relatively complicated) blend. 91 However, it is worth recalling

that experiments using discrete oligomers70 laid to rest the question of whether polydispersity

is a necessary condition for Frank-Kasper phase formation at low N̄ ; it is not.

It is not clear yet whether the strong fluctuation effects that become manifest at small

N̄ can also explain the conformational asymmetry conundrum. A systematic study of the

effect of N̄ is needed here, either experimentally or computationally. For the latter, field

theoretic simulations123–132 should prove useful provided that a sufficiently large system can

be studied and sufficiently low N̄ values can be reached. More generally, it is worthwhile

to understand more deeply the implications (if any) of this intriguing connection between

self-concentration, the crossover point of entanglement dynamics and the onset of mean-field

behavior,119 which remains relatively unexplored both in the context of Frank-Kasper phase

formation or as a more general principle in polymer physics.

In addition to conformational asymmetry, the detailed packing of pendant side chains in

bottlebrush architectures poses another open question related to conformational asymmetry

and Frank-Kasper phase formation. In particular, the A15 phase in neat diblock copolymer

melts requires a large conformational asymmetry, which has been achieved using the afor-

mentioned DL system59 and polynorbene-based polymers.72 Both of these systems produce

a coil-brush type architecture due to the pendant alkyl chain on one of the blocks. The

modeling of the DL system treated the brush block as a Gaussian chain with a higher sta-

tistical segment length,59 which captures the stiffness of the block but does not provide any

details of the way the pendant chain is organized in space. While the increased stiffness is

certainly the leading-order effect caused by the brush-like architecture, one should be care-

ful in discounting the packing effect when the free energies of different competing phases
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are very close,59,60 and this may be one of the factors contributing to the need for SCFT

to use a value of ε = 3 to capture experimental data for ε = 1.85.59 From an applications

standpoint, understanding Frank-Kasper phase formation in coil-brush architectures is es-

pecially important because bottlebrushes enable larger domain sizes that would be useful

for optical applications, as has already been shown for lamellar phases in bottlebrush block

polymers.133–136

What is liquid-like packing?

The thermal processing methods for stabilizing Frank-Kasper phases offer tremendous op-

portunities for discovery,60,91 but further advances in this direction are not low hanging fruit.

From a modeling standpoint, there exist powerful tools for understanding the pathways be-

tween ordered states.137,138 A substantial challenge in applying these tools to Frank-Kasper

phase formation are the enormous unit cells characterizing these phases, which require very

large simulation cells. However, in the absence of any theoretical guidance, even at the

qualitative level that we saw previously in the context of sphericity and conformational

asymmetry, it is not clear how to proceed experimentally either.

Perhaps the most attractive entry point to addressing thermal processing is to understand

the structure of the liquid-like packing (LLP) state that is produced by rapid quenching

of the disordered material, although this likely requires a computational approach versus

more experimentation due to the inherent challenges of inferring the micelle distribution

from scattering. It is plausible that the LLP state has local tetrahedral packing within its

structure.39 This local structure could spawn either a DDQC or a Frank-Kasper phase by

serving as a nucleation seed that grows to reach increasingly longer length scales. Simulating

this behavior akin to what has been done for quasicrystal growth from a σ phase seed in

colloids102 would allow one to determine whether layers form first followed by tiling with

rotational symmetry, or if a different pathway is selected. Another important question is

whether the local tetrahedral ordering is already present in the disordered state, in particular
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for details). C14 and C15 occur as equilibrium phases within the
mean-field limit and are stabilized over a wide region of the phase
space. We have only considered conformationally symmetric (e = 1)
systems in Fig. 2B, but further calculations suggest that conforma-
tionally asymmetric diblocks (e > 1) will stabilize C14 and C15 at
more modest blend compositions than in Fig. 2B (Fig. S1). We also
computed the relative stability of the different phases at a fixed
blend composition in Fig. 2C. Consistent with previous results for
single-component systems (35), the free energies of different
Frank–Kasper phases differ marginally, i.e., by only the order of
10−3 kBT per chain.

Experiments with Finite-Length Diblock Copolymers. We have ex-
tended our recently reported work with PI-PLA diblock copol-
ymers, which revealed the formation of the C14 and C15 phases,
to include heating and cooling these materials above and below
TODT. Samples IL-58-15 (number-average molar mass Mn =
5,010 g/mol, lactide volume fraction fL = 0.15, dispersity Ð =
1.08) and IL-52-20 (Mn = 4,830 g/mol, fL = 0.20, Ð = 1.07) were
freeze-dried, hermetically sealed in aluminum DSC pans, and
thermally treated as described earlier (35). Directly cooling the
disordered melt to temperatures just below TODT produced
states of BCC (IL-58-15) and HEXC (IL-52-20) order as con-
firmed by SAXS patterns nearly identical to those shown in Figs.
3A and 4A, respectively. Immersing the disordered specimens in
liquid nitrogen followed by reheating to approximately the same
temperatures accessed during direct cooling led to the formation
of the C14 (IL-58-15) and C15 (IL-52-20) phases, also confirmed
by SAXS data that are virtually indistinguishable from the scat-
tering patterns presented in Figs. 3B and 4B, respectively. These
results mirror what we reported previously (35). Then we heated
each DSC pan above the TODT to melt the ordered structures
and cooled them back directly (at about 2 °C/s) to T < TODT.
These experiments produced two sets of surprising results.
Heating the four ordered specimens to T > TODT generated

SAXS patterns characterized by a single broad peak (Figs. 3 and 4)
consistent with a disordered state. However, a striking feature of
each pair of scattering patterns is that they are characterized by
significantly different peak positions, q*, where q = 4πλ−1sin(θ/2)

is the magnitude of the scattering wave vector and θ is the angle
between the incident and scattered X-ray beams. Heating the
BCC version of sample IL-58-15 leads to q* = 0.0633 Å−1 at 95 °C,
whereas the C14 morphology generates a peak at q* = 0.0538 Å−1

upon heating to 110 °C. This 15% variation far exceeds the small
change in q* (ca. 1–2%) associated with the difference in tem-
perature (Fig. S2). Similarly, heating sample IL-52-20 from the
HEXC state to 140 °C produces q* = 0.0657 Å−1, whereas the
C15 ordered material when melted generates q* = 0.0506 Å−1 at
140 °C, a 23% difference. These sizable variations in the disor-
dered state peak positions signal corresponding differences in the
average particle density in the disordered state. Here we note that
these disordered diblock copolymers are relatively low-viscosity
(<10 Pa·s) liquids (5). Moreover, these differences survive heating
to as much as 30 °C above TODT for 5 min (Fig. S3).
Remarkably, all four disordered fluids retain a memory of the

ordered state from which they came. Cooling the disordered
versions of sample IL-58-15 that began as BCC and C14 returns
each specimen to the original state as shown in Fig. 3. This be-
havior can be repeated multiple times by heating and cooling
through TODT (Figs. S3–S5). The BCC and C14 versions of sample
IL-58-15 are characterized by different TODT values as determined
by SAXS: TODT,BCC = 95–99 °C and TODT,C14 = 105–110 °C.
Similar behavior was obtained with sample IL-52-20 (Fig. 4).

Following disordering, the HEXC and C15 structures return
upon slowly cooling as shown in Fig. 4. However, recrystallization of
C15 does not appear to be as perfect as with C14. SAXS patterns
corresponding to a C15 structure obtained upon slow cooling and
annealing appear to have a noticeable content of stacking faults
(Fig. S6). Nevertheless, the disordered liquid recovers the
general structure formed by quenching the freeze-dried ma-
terial in liquid nitrogen followed by reheating. In this case
both ordered morphologies, HEXC and C15, have a similar
TODT of 135–140 °C. We also note that the microdomains
associated with the HEXC symmetry are assumed to be cy-
lindrical (Fig. 1) based on established diblock copolymer
phase behavior (44–46). The apparent TODT values obtained
from the SAXS experiments for both the IL-58-15 and IL-52-
20 samples are summarized in Table S1.

A B

Fig. 3. Small-angle X-ray scattering (SAXS) results obtained from IL-58-15 (Mn = 5,010 g/mol, fL = 0.15, Ð = 1.08). (A) Specimen was freeze-dried and heated
to 95 °C, followed by cooling to 85 °C. Subsequent heating and cooling to these temperatures produced scattering patterns consistent with states of disorder
and BCC symmetry. (B) A freeze-dried specimen was heated to 95 °C then immersed in liquid nitrogen and reheated to 95 °C. Heating to 110 °C and cooling to
95 °C produced SAXS patterns that correspond to a disordered fluid and the Laves C14 phase, respectively. Data are shifted vertically for clarity. These SAXS
results were duplicated during multiple heating and cooling cycles. The slight hump in the disordered states at q > q* can be coming from the liquid-like
packing arrangement of the disordered micelles (i.e., the structure factor) or from the form factor of the micelles themselves. A direct comparison of the
disordered state scattering patterns with that obtained immediately after heating the freeze-dried material is presented in Fig. S7. Vertical marks identify the
predicted peak positions for the ordered states (35).
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Figure 13: Memory effect of processing across the order-disorder transition for a PI-PLA
system with fA = 0.15.91 (a) Freeze-drying, heating to 95 ◦C and the repeatedly cycling
between 85 ◦C and 95 ◦C leads to bcc-disorder transitions. (b) Freeze-drying, heating to 95
◦C, immersing in liquid nitrogen, heating to 95 ◦C, and then repeatedly heating to 110 ◦C
and cooling to 95 ◦C produces C14-disorder transitions. Similar behavior using a polymer
with fA = 0.20 produces C15. Reproduced with permission from Kim, K.; Arora, A.; Lewis,
R. M.; Liu, M.; Li, W.; Shi, A.-C.; Dorfman, K. D.; Bates, F. S. Origins of low-symmetry
phases in asymmetric diblock copolymer melts. Proc. Natl. Acad. Sci. USA 2018, 115,
847–854. Copyright 2018 National Academy of Sciences.

for conformationally asymmetric systems, or whether it is formed as part of the quenching

process. The former question does seem tractable from a simulation standpoint, either

using coarse-grained molecular dynamics of a calibrated model 120,122,139,140 or through field

theoretic simulations,123–132 again provided that a sufficiently large system can be studied.

A second entry point of interest from the theory side is the memory of the metastable

disordered state after processing across the order-disorder transition seen in Fig. 13. The

memory effect appears in the scattering data in Fig. 13 as a shift in the primary peak of

the disordered micellar liquid, but the underlying structure of that liquid is unknown. A

hypothesis about the path-dependent structure formation is that there is a hierarchy of time

scales as the system relaxes towards the equilibrium disordered state, with the single peak

observed in the scattering of the disordered state91 masking some local ordering that favors

re-formation of the metastable Laves phase, rather than bcc. There must be a time scale at
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which the material completely disorders, restoring the presumably equilibrium pathway in

Fig. 8a. It is relatively straightforward to prepare a simulation in the metastable Laves phase;

if the free energy landscape is as rough as postulated from the experimental dynamics, 60 the

metastable state should be persistent. One could then impose an instantaneous temperature

jump in the simulation and observe the resulting structural evolution. The computational

challenges outlined in the context of LLP remain an issue here, with the need to simulate

a large system. Indeed, this pathway problem is likely even more challenging than solely

trying to interrogate the structure of the disordered state since it also requires temporal data

on the order-disorder transition and may require long simulation times.

Given these computational limits, there is also merit in revisiting the experimental ap-

proach91 and determining the time scale over which the micellar liquid primary peak in

Fig. 13b evolves to that in Fig. 13a. There is already evidence that the ordering kinetics

are very slow upon cooling, although the origin of the slowdown is not clear. 68 These slow

dynamics may also extend to the transitions of LLP in the disordered state.

Panacea or Pandora’s box revisited

Blending and multiblock polymers have proven already to be powerful platforms for expand-

ing the palette of Frank-Kasper phases, both for theoretical predictions 71,103,105–107,110–115

and experimental realization.17,71,73–77,82,104 The compositional and architectural complexity

of multiblock polymers grows rapidly with the number of blocks and number of monomer

chemistries, which has been referred to as a possible Pandora’s box 1 because it makes system-

atic exploration of the phase diagrams infeasible experimentally and, most often, computa-

tionally as well. Even the case of an ABC triblock terpolymer involves three χij parameters,

two conformational asymmetry parameters, and two volume fractions, and this system is

known to produce a large array of different morphologies. 141,142 A similar level of combinato-

rial complexity is introduced by blending, along with the additional challenge of macroscopic

phase separation in the multicomponent mixture.

29



Although the additional complexity is a possible Pandora’s box, it also may offer a

panacea for the design of increasingly complex nanostructures. 1 In the context of Frank-

Kasper phases, the balance between the Pandora’s box challenge of increasing complexity

is far outweighed by its potential to increase both the stability windows and the number

of Frank-Kasper phases produced by block polymers. We have already seen evidence in

support of this claim, with the first stable Laves phases appearing in homopolymer/block

polymer blends73,106,107 and the importance of the SIS′O system in experiments.17,71,82 Com-

paring blending to multiblock polymers, the blended systems should be the more powerful

approach due to the reduced synthetic load; a much wider range of average compositions can

be realized by blending versus multiblocks, as illustrated by comparing the diblock blend-

ing study of Lindsay et al.76 to the SIS′O multiblock work of Chanpuriya et al.71 From a

computational standpoint, a particular challenge here is the potential for missing a possible

candidate phase amongst the many possible morphologies possible in complex systems. This

is a reason for some caution if one attempts a brute-force exploration of the state space

or some type of guided exploration.143,144 However, if an SCFT calculation can produce a

reasonable free energy difference for a new Frank-Kasper phase, say at least 10−3kBT per

chain where kB is Boltzmann’s constant and T is the absolute temperature,60 and produces

a qualitative explanation underlying the selection of the ordered state, akin to what we saw

for diblock polymer blends in Fig. 9, the prediction should provide motivation to pursue

it experimentally. Indeed, even if a candidate phase that ultimately proves to be the sta-

ble state was missing in the SCFT calculations, its serendipitous emergence in the ensuing

experiment would be an interesting result nonetheless.

One salient challenge in computational modeling of systems with more than two monomer

types is the accuracy of the underlying parameters, in particular how the χ parameters de-

pend on temperature. Since the Frank-Kasper phases often emerge from a subtle balance

between the interfacial tension and chain stretching, 4 and normally have nearly degenerate

free energies,4,60,91 small changes in χ can dramatically affect the phase diagram. Using the
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Figure 14: SCFT predictions for an SIS′O tetrablock terpolymer with τ = 0.73, fI/(fS +
fS′) = 0.50 with the O-block added to a parent SIS′ triblock terpolymer with degree of
polymerization N = 298.145 (a) χ parameters obtained from the mean-field order-disorder
transition. (b) χ parameters obtained from fitting to molecular dynamics simulations. (c) χ
parameters obtained from renormalized one-loop theory. Reproduced with permission from
Arora, A.; Pillai, N.; Bates, F. S.; Dorfman, K. D. Predicting the phase behavior of ABAC
tetrablock terpolymers: Sensitivity to Flory–Huggins interaction parameters. Polymer 2018,
154, 305–314. Copyright 2018 Elsevier.

SIS′O system as a representative example, Fig. 14 reproduces the results of SCFT calculations

using χ parameters obtained by fitting (a) the mean-field order-disorder transition, 146–148 (b)
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Figure 15: Frank-Kasper Z phase. (a) Structure of the Z phase. The notation is the same
as Fig. 2. Coordinates from Ref. 152. Additional information available in the Supporting
Information of Ref. 4. (b) Comparison of all known Frank-Kasper phases in terms of the
average coordination number and fraction of Z15 polyhedra. The labeled red dots are the
Frank-Kasper phases found to date in block polymers. Panel (b) adapted with permission
from Su, Z.; Hsu, C.-h.; Gong, Z.; Feng, X.; Huang, J.; Zhang, R.; Wang, Y.; Mao, J.;
Wesdemiotis, C.; Li, T.; Seifert, S.; Zhang, W.; Aida, T.; Huang, M.; Cheng, S. Z. D.
Identification of a Frank-Kasper Z phase from shape amphiphile self-assembly. Nat. Chem.
2019, 11, 899–905. Copyright 2019 Springer Nature.

the order-disorder transition from molecular dynamics simulations, 120,140 and (c) renormal-

ized one-loop theory.149,150 Each of these approaches produced qualitatively different SCFT

phase diagrams.145 Moreover, none of the SCFT predictions for this system 71,110,145 correctly

predict the phase sequence with temperature. There is, however, reason for optimism go-

ing forward in this vein, owing to a recent breakthrough in the methods for estimating χ

parameters from experimental data.151

If we are willing to risk opening Pandora’s box for this problem, it is important to push

the boundaries of the known Frank-Kasper phases in block polymers. A particularly attrac-

tive material target is the Z phase illustrated in Fig. 15a. The Z phase is more spherical than

σ (number-averaged IQ = 0.7634, see Table S-1), but also possesses more volume asymmetry
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than even C14 and C15. Moreover, in contrast to the AB2 particle stoichiometry that char-

acterizes the Laves phases,20 the Z phase has three particles of distinctly different volumes.

Stabilizing the Z phase thus requires simultaneously achieving high average sphericity and

large volume asymmetry. The reason for pursuing Z as the target is illustrated by Figure 15b,

which depicts all of the known Frank-Kasper phases in terms of their average coordination

number and the fraction of particles with 15-fold coordination. 37 Each of the Frank-Kasper

phases can be constructed from linear combinations of the building blocks on the corners of

Fig. 15b.153 Inasmuch as the corners created by A15 and the Laves C14 and C15 have been

observed in block polymers, Z remains as the unrealized cornerstone. 154

There is reason to be optimistic that a Z phase can be realized in a block polymer

material. The Z phase was found in a giant shape amphiphile, 37 which demonstrates that

there is nothing intrinsic about soft matter that precludes it. A block polymer Z phase

cannot emerge from the same mechanism as the giant shape amphiphile; 37,154 the latter

system produces the large volume asymmetry through a very low aggregation number of 3

or 4 molecules. However, allowing for blends of different block polymers could stabilize a

large volume asymmetry as well if the core blocks of each polymer were also incompatible.

The real challenge here does not seem to be finding a Z phase (although its emergence would

still be a significant breakthrough), but rather determining the minimum requirements to

form Z in a block polymer system. In this respect, it would be very interesting to produce

the Z phase in an appropriately designed multiblock polymer, since this would be a single

component material. A possible direction here is to combine the macromolecular metallurgy

concept,111 which can generate different particle sizes, with a matrix segregation effect 71

similar to what we saw in Fig. 11 to control the particle-particle interactions to position

them onto the Z-phase lattice.
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Fluctuation effects and the limits of mean-field theory

Self-consistent field theory has been the workhorse method for the study of Frank-Kasper

phase formation in block polymers. There are good reasons for this methodological choice,

since the calculations are (relatively) fast compared to coarse-grained molecular dynamic

simulations and field theoretic methods, and SCFT provides direct access to the free en-

ergy. In most of the cases described so far, SCFT was also used to obtain a qualitative

understanding of the mechanisms stabilizing Frank-Kasper phases, including the need for

conformational asymmetry,16,95 the segregation effects in block polymer blends,103 selective

partitioning of homopolymer in block polymer/homopolymer blends, 106,107 matrix segrega-

tion effects in multiblock polymers,71 and the looping and bridging mechanisms in multiblock

polymers.71,110 So long as the goal in using SCFT is to gain these types of qualitative mech-

anistic insights, it is surely the preferred methodology. For example, the search for the Z

phase (and any other target phase) in blends and multiblock polymers, where the parameter

space is high dimensional, should be pursued via SCFT, probably in conjunction with an

automated searching method.143,144

The key issue going forward are accurate predictions of free energies to compare the rela-

tive stability of different phases once a promising region of the phase space has been identified

via SCFT. This is a subtle point since SCFT is generally regarded as a reasonable predic-

tor of order-order transitions (but qualitatively incorrect near the order-disorder transition).

Indeed, direct comparisons of the free energy predicted by SCFT for compositionally asym-

metric systems and similar calculations made from well-tempered metadynamics simulations

of a calibrated coarse-grained molecular dynamics model generally yield good agreement. 155

If the goal is to predict, say, the bcc-hex transition with increasing fA then the accuracy of

SCFT is sufficient because the free energies of these distinctly different phases vary quickly

with fA near the order-order transition, even at modest values of N̄ .

The situation is more challenging for order-order transitions between Frank-Kasper phases.

As illustrated in Fig. 2, the Frank-Kasper phases all comprise particles that are organized
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differently in space and with somewhat different volumes. There is a free energy difference

between these different configurations, but it is small. This issue of near degeneracy of the

free energies was known at the outset of the SCFT studies of Frank-Kasper phases, with

the seminal calculations reporting a stable A15 phase in multiply branched diblock polymers

noting that fcc, bcc and A15 only differed to within 1% throughout the phase diagram. 16

Subsequent work has continued to produce similar degeneracies in other systems. 59,60,91,110

Figure 16a shows one particular example for the σ to A15 transition for a very conforma-

tionally asymmetric system ε = 3.59 The free energy differences here are within 10−4kBT per

chain. These nearly degenerate free energies are consistent with those reported along with

the discovery of the Laves phases, where C14 and C15 are nearly degenerate throughout the

entire state space.60 The diblock foam model also furnished qualitatively similar results over

a set of 11 different Frank-Kasper phases, with the free energies the same to within 0.08%. 4

The near degeneracy of Frank-Kasper phases suggests that fluctuation effects may play

an important role for order-order transitions. To date, there is only a single study of these

effects,59 which is reproduced in Fig. 16b. Fluctuations indeed play a critical role in this case,

stabilizing A15 relative to σ over the full range of compositions and thus correctly predicting

the disorder-to-A15 transition observed in experiments. 59 Importantly, the fully fluctuating

calculations produce a relative free energy difference near 10−2kBT per chain, two orders of

magnitude larger than that predicted by SCFT in Fig. 16a. Although fluctuation effects

may be small compared to other the contributions to the free energy already captured by

SCFT,156 they are sensible relative to the SCFT free energy differences between phases.

Clearly, there is the opportunity to do more with fluctuation effects beyond the pio-

neering results59 reproduced in Fig. 16. Since these are expensive calculations, one needs

to be judicious in selecting appropriate problems where the cost is worthwhile. We have

already alluded to the potential for fluctuation effects to resolve the conformational asym-

metry conundrum, and that calculation seems like a reasonable next step for incorporating

fluctuations. An arguably more important takeaway message is that SCFT phase diagrams
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Figure 16: Comparison between (a) SCFT and (b) complex Langevin field theoretic sim-
ulations for the relative free energy of A15 and σ.59 The parameter α is related to χN .59
Reproduced with permission from Bates, M. W.; Lequieu, J.; Barbon, S. M.; Lewis III, R.
M.; Delaney, K. T.; Anastasaki, A.; Hawker, C. J.; Fredrickson, G. H.; Bates, C. M. Stabil-
ity of the A15 phase in diblock copolymer melts. Proc. Natl. Acad. Sci. USA 2019, 116,
13194–13199. Copyright 2019 National Academy of Sciences.

for Frank-Kasper phases need to be treated with a certain degree of skepticism, and that

the results appearing in those diagrams need to be accompanied by explicit statements of

the magnitude of the free energy differences between phases. Likewise, the most promising

avenues for SCFT-inspired experiments should be those cases where the prediction of a new

phase is accompanied by a qualitative mechanistic basis rather than solely the prediction of

a (slightly) lower free energy.

36



Frank-Kasper phase formation in soft matter

While the primary focus of this Perspective is on Frank-Kasper phase formation in block

polymers, these phases have been reported in a variety of other forms of soft matter, often in

advance of their discovery in block polymers. For example, both the A15 phase 21 and C15

phase22,23 were reported in lyotropic liquid crystals three decades ago, and the first σ phase31

and DDQC32 were observed in dedrimers almost two decades ago. Other important examples

of Frank-Kasper phase discovery in non-polymeric soft matter include the more recent reports

of σ 157 and C14 in liquid crystals,26 as well as work in giant shape amphiphiles34,35,38 that

produced all of the Frank-Kasper phases discussed here and, as noted previously, the first

example of a soft matter Z phase.37

Given the ubiquity of Frank-Kasper phases across different forms of soft matter, it is

worthwhile to consider whether any of the principles underlying their emergence can be

translated between different types of soft matter. There are already several exemplary cases

of translation. For example, the miktoarm architecture, which was key to establishing the

importance of conformational asymmetry in the formation of the σ phase,95 is an analog

of multi-tailed surfactants.96 Likewise, dendrimeric polymer architectures that mimic their

small molecule counterparts31,32 led to the first prediction of A1516 and have been predicted

by SCFT to provide wide Frank-Kasper phase windows, in particular for A15. 158,159 Similarly,

the idea for using core-block homopolymer to produce Laves phases 73 came from previous

experiments on particle swelling in oil-water-surfactant mixtures. 26 Looking in the reverse

direction, the principle of maximizing particle sphericity to produce σ in block polymers39

inspired a similar principle of ionic sphericity to explain the σ phase in in ionic surfactants.157

One particularly intriguing question of translation is whether electrostatic effects in ionic

surfactants, as highlighted by the aforementioned ionic sphericity concept, 26 can be exploited

to drive Frank-Kasper phase formation in polymer systems. While it seems unlikely that the

ion-specific effects that drive some low-symmetry phases in ionic surfactants 28 will be acces-

sible in polymeric systems, electrostatic effects can be realized using either charged blocks or
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Figure 17: Average particle diameters observed for different Frank-Kasper phases in soft
matter. Reproduced with permission from Su, Z.; Huang, M.; Cheng, S. Z. D. Complex
self-assembled lattices from simple polymer blends. Proc. Natl. Acad. Sci. USA 2020, 117,
19618–19620. Copyright 2020 National Academy of Sciences.

blending with ionic liquids. The latter strategy was used to produce a giant C15 phase with

a 121 nm unit cell in a blend of poly(styrene)-b-poly(ethylene oxide) with homopolymers of

both blocks and the ionic liquid LiTFSI.46 A route to an A15 phase also was reported by

first randomly sulfonating the styrene block in a PS-b-PMB (PMB = polymethylbutylene)

diblock copolymer and then blending the product with the ionic liquid 2E4MIm/HTFSI. 48

From a simulation standpoint, it will be interesting to see whether emerging field theoretic

methods for incorporating electrostatic effects160 will be able to motivate future experiments.

While there are certainly similarities between different forms of soft matter, it is impor-

tant to recognize their intrinsic differences as well. Figure 17 illustrates the most salient

difference between polymers and small molecules — the average size of their micellar par-

ticles.45 The larger particle sizes is both a blessing and a curse for polymer systems. From

the standpoint of applications, if one wants to realize potential optical applications of these

materials40–44 into visible wavelengths, the longer length scales accessed by block polymer

micelles is a significant benefit. However, these larger length scales are achieved by cor-
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respondingly larger aggregation numbers. For example, a typical block polymer melt that

forms a Frank-Kasper phase has an aggregation number of hundreds of chains per particle, 60

whereas the corresponding surfactant157 or dendrimer31 system has an aggregation number

of tens of molecules. Lower aggregation numbers should be connected to the ability to stabi-

lize larger volume asymmetries between particles since the exchange of one chain has a larger

effect on the particle volume. Indeed, the giant shape amphiphile system that produced the

Z phase had 3 or 4 molecules per particle,37 which leads to large volume fluctuations due to

single molecule exchange. The effect is a digitization of the particle sizes, 154 which can have

profound impacts on the phase selection. Indeed, while A15 produces the minimum area

Wigner-Seitz cells for equal sized particles,89 the Z phase becomes the minimum area for a

4:3 volume ratio.154

The level of digitization achieved by giant shape amphiphiles 37,154 clearly is inaccessible

in polymer systems. However, there is certainly merit to understanding how Frank-Kasper

phase formation in block polymers is impacted as N̄ decreases; this question has been a

persistent theme of this Perspective and is clearly at the forefront of research in this area.

There may be some merit to accounting for the finite extensibility of a shorter polymer but

staying within the mean-field approximation, 161–163 which has proven useful164 in modeling

the domain spacing in discrete block oligomers70 and comes at a relatively low computational

cost since it is still an SCFT calculation. However, in light of the significant changes in free

energy due to fluctuation effects exposed in the analysis of the A15 phase 59 reproduced in

Fig. 16, solely correcting for the finite extensibility is unlikely to be sufficient to capture all

of the key physics of finite-length polymers.

Frank-Kasper phase formation in metals

The grand challenge in this area is to understand the connections (or lack thereof) between

Frank-Kasper phase formation in soft matter, using block polymers as the model system,

and the formation of similar phases in metallic alloys. This goal is very ambitious, but there
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has been some progress. For example, many low coordination number packings that mimic

metallurgy have been predicted in SCFT by tuning the structure of multiblock polymers, 111

and the experimental thermal processing routes60,63,91 illustrated in Figs. 7-8 have clear

analogies to metallurgy. The most notable connection between metals and soft matter in the

context of Frank-Kasper phase formation dealt with the principle of sphericity. 39 In their

development of the sphericity theory, Lee et al.39 made a remarkably deep connection between

their argument for a preference towards high sphericity in real space for soft matter particles,

which equilibrate through exchange of mass, and an analogous argument for sphericity in

reciprocal space for metals, which equilibrate through exchange of charge. The preference

towards higher sphericity of the Wigner-Sietz cells (in block polymers) and the Jones zone

(in metals) suggests that these two effects may be related. 39 As pointed out by Lifshitz,165

perhaps the most interesting potential application of this analogy is to use polymers to

provide insights into the formation of 12-fold coordinated quasicrystals in metals and, if

we think in the opposite direction, to use the principles that produce 5-fold and 10-fold

symmetric quasicrystals in metals to discover the same structures in soft matter.

Concluding remarks

The prediction of an A15 Frank-Kasper phase in 2003 16 and the subsequent discovery of

the σ phase in experiments in 201017 have led to a renewed interest in understanding the

particle-forming region of the block polymer phase diagram. Subsequent work reviewed

here has uncovered a number of principles guiding the formation of Frank-Kasper phases in

diblock polymers, blends, and multiblock polymers, leading to a qualitative picture of the

factors that stabilize Frank-Kasper phases over classical packings such as bcc. However, a

comprehensive understanding of the quantitative factors giving rise to Frank-Kasper phases,

let alone the exploitation of those principles to discover new phases, remain open questions.

The most interesting avenues for future work outlined here are not trivial pursuits; they are
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predicated on fluctuation effects, non-equilibrium processing, and the efficient exploration

of large design spaces that pose challenges for both experiments and theory. Although

these new directions may appear daunting at first glance, the rewards for pursuing them are

potentially very high. From a myopic perspective, these research directions would resolve

the unanswered questions related to Frank-Kasper phases in block polymers that have been

outlined here. Looking more broadly, understanding the roles of fluctuations and processing

or discovering new Frank-Kasper phases in block polymers may provide the needed insights

required to elucidate the unifying mechanisms (or lack thereof) for Frank-Kasper phase

formation across disparate forms of soft matter, or even make a stronger connection between

their formation in soft and hard matter. Such a unification, or the demonstration that no

such unification exists, would represent a significant intellectual achievement. Block polymer

systems have already proven to be a powerful platform for making the first inroads in these

directions, and should continue to be a productive model system for many years to come.
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