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This paper presents a computationally efficient algorithm to find the locations and required reactive power in-
jections for a minimum number of reactive power compensators under a set of considered contingencies. The
problem is formulated and solved in two stages. The first stage solves the security-constrained DC optimal power
flow problem to find the active power generation dispatch. Then, the second stage determines the best locations
for a minimum number of reactive power compensators to assist the reactive power generation dispatch in order

to maintain bus voltages within limits and to ensure voltage stability under the considered set of contingencies.
Effectiveness and computational performance of the proposed method are illustrated by extensive simulations
carried out on PEGASE 2869-bus system.

1. Introduction

Power system operators aim to keep the system operating in the
normal state such that the power balance between loads and generators
is satisfied, bus voltages and power flows are within limits. However,
unexpected disturbances such as rapidly varying generation, line
switching and faults may disrupt the normal operation of the power
system since voltage control parameters such as transformer taps may
not be sufficient to resolve the violations caused by these disturbances.
The system could transition to insecure normal state or to emergency
state due to such unexpected events. Under these scenarios, extreme
measures like load shedding may be necessary to maintain voltages
within limits and/or to avoid voltage collapse (restorative state). Hence,
it is customary to maintain a security margin in order to withstand any
unexpected disturbances and maintain a secure and stable operation.

One way is by strategic placement of reactive power compensators
such as static VAr compensators (SVCs) and static synchronous com-
pensators (STATCOMs) in the power grid based on the anticipated
operating conditions and system contingencies. The benefits of installing
shunt flexible AC transmission system (FACTS) devices are well recog-
nized by several investigators in recent years [1-4]. In [1], a case study
demonstrated that optimally placed SVCs could significantly improve

the economic and reliable operation of power systems with large
penetration of wind generation. Another study [2] investigated how the
first swing stability limit of a power system could be improved by using
FACTS devices such as SVCs and STATCOM:s. In [3], FACTS devices are
used for reducing the financial losses in the network due to voltage sags.
The work presented in [4] used an SVC for controlling voltage in low
voltage grids. In [5] SVC locations are determined by using the partic-
ipation of each load in the critical mode to identify the bus with the
highest involvement in voltage collapse. In [6], SVCs are proposed to be
located using both a genetic algorithm and modal analysis. While they
obtain the same placement results for both methods, the sizing of SVCs
are determined by using genetic algorithm because the optimal size of
SVCs are unknown in modal analysis. In [7], STATCOMs are placed to
enhance the voltage stability based on particle swarm optimization. In
[8], SVCs are placed to maximize the loading margin, which can also be
associated with voltage stability and bus voltage limits. The problem is
formulated as a mixed-integer nonlinear programming problem and
solved using Benders decomposition to improve computational perfor-
mance. The authors of [9] place a predetermined number of SVCs to
maximize the reactive margin of the power system with two recursive
optimization blocks. The study reported in [10] uses a genetic algorithm
to place a predetermined number of SVCs to the grid, but suffers from
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heavy computational load especially when applied to large grids.
Another study [11] linearizes the nonlinear problem and installs SVCs to
maximize photo-voltaic hosting capacity by using mixed-integer linear
programming but without guarantees on voltage stability.

As evident from the work presented in [8], the computational burden
of optimal placement problem presents a practical limitation for
applying it to very large scale systems considering multi-contingency
cases. This paper presents a practical and easily implementable solu-
tion that will address this limitation. The proposed approach is
computationally efficient and applicable to large scale power grids
yielding a secure and stable as well as the most cost-effective reactive
power compensator placement strategy under considered contingencies.

In general, in system simulations voltage magnitude limits should
incorporate a security margin in order to account for numerical ap-
proximations in simulations and for differences between actual and
simulated operating points [12]. Moreover, the margin should be
applied to ensure post-contingency voltage stable solutions.

The proposed approach formulates the problem by first solving only
the real power security constrained optimal dispatch problem followed
by a reactive power compensator placement problem which accounts for
all the considered contingencies. These contingencies may be N-1, N-1-1
or more complex combination of line/generator outages due to fore-
casted extreme events. While the first stage is formulated and solved via
quadratic programming, the second stage places a minimum number of
required reactive power compensators and solves the reactive power
generation dispatch problem as well as voltage stability problem via
mixed-integer linear programming.

The rest of the paper is organized as follows. Formulation and so-
lution of the method are explained in Section 3. Section 4 presents the
placement results and validations obtained by applying the developed
two-stage approach to PEGASE 2869-bus systems. Section 5 concludes
the paper. Before presenting the details of the problem formulation,
voltage stability problem will be discussed and the technical innovation,
derivation of the stability index, will be presented.

2. Voltage stability index

In this work, the so called voltage stability index, L which is devel-
oped and presented in [13] will be used in the problem formulation.
Following the suggestion by Sekine in the discussion section of [13], this
index will be referred as the proximity to voltage existence index in this
paper.

The algorithm presented in [13] computes this L-index in three steps.
The first step involves identifying the load and generator buses and
forming the H-matrix which is built by partitioning and rearranging the
network equations as follows:

HERGRARFA|A "

where:

Vi, Ip: Voltage and injected current vectors at load buses,
Vs, I: Voltage and injected current vectors at generator buses,
Z11,F16,KgL, Ygg: Partitions of H-matrix.

In the sequel, the indices j and i will refer to load and generator buses,
respectively.

The second step involves calculation of Vg; for load buses using the
sub-matrix F in (1) and the voltages at generator buses, V;:

Vo= — ZFﬂ Vi )
i€G
Finally, the voltage stability index L; is calculated for all load buses
as:
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It is shown in [13] that the system will be voltage stable if L; remains
less than 1.0. Smaller values of L; will yield more conservative solutions
with respect to proximity to voltage instability. As an example, consider
Fig. 1 which shows the results obtained by continuation power flow at a
PQ bus for three different power factors where, 1 is the loading factor
that defines the relationship between the load on continuation power
flow and the base case load. While the part above the nose point rep-
resents voltage stable solutions, a stability margin can be established
using the stability index of (3).

Load = Load s, (j' +1 ) @

Note that Fj;, V;,V; and Vi; are complex numbers. Moreover, the
magnitude (the absolute value) of the ratio of Vi to V; is used while
calculating L;, hence, the expression (3) is non-linear. Ensuring voltage
stability for all scenarios makes the reactive power source placement
problem harder to solve. One way to address this challenge is to find a
suitable linearization which will allow its formulation as a mixed-integer
linear programming problem that can be rapidly solved. The proposed
linearization procedure is explained by the following tutorial example.

2.1. Tutorial example

This simple 3-bus example (with system diagram shown in Fig. 2)
will be used to illustrate how the first order linear approximation of the
L-index is obtained. Since there are two generation buses and one load
bus, the size of Fj; and V; will be 1x2 and 2x1, shown in polar form at (5)
and (6), respectively.

F}',’ = [lléga bAQb] 5)
_ V46,
Vi= |: V426, :| (6)

Hence, V; can be calculated using (2) as below. Here the size of Vy;
will be 1x1 because there is only one load bus, i.e. bus 3.

V46, :| %)

Vo= — [azf, b2y {Vzégz

Vo = —aVi1£(0.+61) —bV2£(0, +6,)

Now, Vy; can be incorporated into (3) to find L-index which should be
smaller than one for voltage stability.

L=l1— aVIA(H,, + 01) +bV24(0b + 0,

) )45 )1@ ®)

where, V1, Vs, V3, a and b are real numbers while 6,, 0-, 03,0, and 6, are
angles. Henceforth, (8) can now be readily linearized.

1}=
0
PF 0.9 lagging
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Fig. 1. Continuation power flow example.
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Bus 1 Bus 2
Bus 3 l
Fig. 2. 3-Bus System.
Vi—aV,£(0,+ 60, —0;) —bV,2£(6, + 6, — 6
L= |Vs —aVi£(60, + 6, — 63) 24(0p + 0, 3)|<1 ©)
| Vs !
[V —aVi2p) —bVosfy| < Vs 10)

K

where, K is defined as the left hand side of the inequality, ; and j, are
defined as follows for simplification:

pr=0.,+6,—05 an

P =0,+0,—05
(10) can also be written as a circle inequality:

Re(K)’ +1Im(K)* < V2 12)

where, Re(K) and Im(K) are the real and imaginary parts of the complex
number K, respectively. The inequality is shown with the red circle in
Fig. 3, where the feasible region is inside of the circle.

Re(K) = V3 —aVcosp, — bV,cosp, (13)

Im(K) = —aV,sinf, — bV,sinp, a4

Also, a polygon can be drawn inside the circle using line segments
whose terminal nodes are on the circle, providing a linear approxima-
tion of the circle equation. A different linear equation for each line

_ v Im(K)

——Linearized Stability Limit
=~~~ -Stability Limit

0.8V, -0.6V, -0.4V, -0.2V,

0.2v, 0.4V, 06V, 0.8V,

0.2V,
0.4V,
0.6V,

-0.8V,

Fig. 3. Polygon approximation of stability limit for the 3-bus system.
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segment of the polygon is derived.

Y1Re(K) + YoIm(K) + Y3V; < 0 (15)

where, the variables are V7, V, and V3, and the coefficient vectors are 11,
Y, and Ys. In Fig. 3, a dodecagon is drawn with twelve blue line seg-
ments (dodecagon is a good trade-off between a sufficiently good
approximation and decreasing the computational burden). Finally, (15)
can be written in the matrix form as below:

v, Jo
ALV |{]: (16)
V3 0

Since the mixed-integer linear programming problem will use the
square of the voltage magnitude as the variable, another approximation
is introduced to replace the voltage magnitude by its square as the un-
known. Considering the voltage magnitudes are limited between 0.9 p.u.
and 1.1 p.u., the below equation can be written:

V:P1V2 +p2 a7)

where, p; and p, are equal to 0.4997 and 0.4987, respectively and the
root mean square error (RMSE) is 0.0015 p.u. Considering the standard
deviation of measurement devices in state estimation is around 0.004 p.
u. [14], the approximation is considered acceptable.

Substituting V matrix in (16) with (17), it can be rewritten again as
below:

2
Vi P2

Apy | Vi |{—A]|p> (18)
Vi D2

3. Problem formulation

Based on the derived L-index in the above section, the reactive power
compensator placement problem can now be formulated. The formula-
tion and solution will be carried out in two stages involving quadratic
programming and mixed-integer linear programming (MILP) solution
tools. The first stage solves the well known security constrained DC
optimal power flow problem in order to determine the optimal active
power dispatch under all considered contingencies. Then, the second
stage minimizes the total number of reactive power compensators
required to solve the optimal reactive generation dispatch problem
while ensuring voltage stability. The details of these two stages are
described in the subsections below.

3.1. Security constrained DC optimal power flow

Security constrained generation dispatch is used in the real-time and
day-ahead markets to generate forward dispatch to have reliable system
operation. While N-1 criteria are the minimum reliability standard for
the grid, much more advanced security constraints can be included
representing loss of multiple lines during extreme events. Those condi-
tions may include possible expected outages (line and/or generator
outages), and/or sudden changes in generator outputs. Also, historical
outage records of utilities can be used to select the contingencies to be
considered for this purpose. In order to reduce unnecessary computa-
tional load associated with secure contingencies, contingency screening
and ranking algorithms can also be used.

While meeting technical and safety requirements, the objective is to
find the most economical generation dispatch. The details of the prob-
lem formulation, including the objective function and the constraint
equations, are described below.

3.1.1. Objective function
The objective is to minimize the total generation cost given by:
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min a, P, + a,Pg + as 19

where, a;, a; and a3 are the quadratic, linear and the constant coefficient
vectors, respectively. Pg is the vector of active power generation.

3.1.2. Constraints
The above objective function will have to be minimized subject to a
number of constraints, which are described next.

3.1.2.1. Active power balance equations. Active power balance equa-
tions need to be included for every bus i:

P (z) y (;) = Z P, (20)
Jj=1

where, np represents the total number of buses, P; is the active power
flow on branch (i,j). Pp is the vector of active power demand.
Active power flow along branch (i,j) can be expressed as:

P; = B;(6;, - 06)) 21)

where, Bj represents the imaginary part of i element of the bus
admittance matrix. §; and 6; are the phase angles for the buses i and j.
Substituting (21) into (20) yields:

Pg—Pp = B0 (22)

Note that the above equation is valid for the base case. Next, consider
multiple contingencies where some of the lines and/or generators are
removed, and/or generation outputs are reduced at certain buses. The
objective is to find an optimal dispatch P; which will remain viable for
all these considered contingencies. This can be accomplished by aug-
menting (22) with new constraints corresponding to all these
contingencies:

Pg — Pp = B'¢'

_ p2p2
Po =P =5 @23)
P; — Pp = B¢

where, superscripts 1, 2, ..., k represent the contingency indices.
In addition, the total generation should match the total demand:

5 (())-5(())

3.1.2.2. Active generator limits. Each generator will have its upper and
lower output limits given by:

P<P; <P (25)

3.1.2.3. Angle limits. Limits on the phase angle separation between
neighboring buses for each contingency will be:

0<A'0'<0
0<A%0* <0
i<

Q<Ak9k

(26)

VA W/
|

where, A', A2, ..., A¥ are the incidence matrices for different contin-
gencies.

Based on the above described equations, the security constrained DC
optimal power flow can be solved using quadratic programming with
quadratic objective function and linear constraints. While quadratic
programming gives an accurate solution on the conservative side, more
complex equations could be used for more realistic simulations, such as
the value point effect. However, they are ignored for computational
efficiency.
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min  a,P% + P +as 27)
0.6 P
subject to:

1. Active Power Balance Equations given by (23), (24)
2. Active Generator Limits given by (25)
3. Angle Limits given by (26)

3.2. Reactive power compensator placement method

The purpose of reactive power compensator placement is to address
the voltage problems, which are caused by the lack of reactive power in
the system. While technical feasibility is the main concern, the problem
is also formulated in order to accomplish this using a small number of
reactive power compensators, hence at minimum overall cost.

The proposed approach exploits the decoupling between the real and
reactive power flows by first solving a security constrained DC optimal
power flow for the active generation dispatch for all the considered
contingencies. Hence, the reactive power compensator placement
problem is formulated assuming a known set of active power injections
and bus voltage phase angles. The set of unknowns will include the
square of bus voltage magnitudes, generator bus reactive power in-
jections, reactive power compensator locations and their reactive power
injections. Objective function and associated constraints are described in
more detail next.

3.2.1. Objective function
The objective is to place a minimum number of reactive power
compensators to minimize the installation cost.

ng

min Z Z (28)
P

where z; is a binary variable which is 1 if a reactive power compensator
is placed at bus i. Also, the objective function is flexible to write a more
complex cost such as cost of reactive power compensator per kVAr.

3.2.2. Constraints

3.2.2.1. Reactive power balance equations. The reactive power flow on
branch (i,j) can be expressed as below [15]:

v:_v?

Q)= —by———L— g0+ Qjrons (29)

2
where, b; and g; are susceptance and conductance of branch (i, ), 6j is
phase angle difference between bus i and bus j, and V? is square of

voltage magnitude at bus i. The reactive power loss on branch (i, j),
Qjj1oss» can be approximated as:

—b;
QijLoss = T/(Gi + Vi) (30)

where, Vj; is voltage magnitude difference between bus i and bus j. Since

V2 will typically be much smaller than 67,
Thus, (29) will be linear in V2.
Considering shunt elements, reactive power balance equations for a

given bus i can be written as below:

Q¢ <,> ) (z) =05+ BV} (31)
J=1 j=1

V7 can be neglected in (30).

where, Qg and Qp are the vectors of reactive power generation and load,
respectively. Lastly, reactive power compensator will inject required
amount of reactive power for the chosen buses. The reactive power
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balance equations will then be modified as:

ng V?_v? b;; ng
Qcli|+0rli|-0n|i]=> —b,-,-Tf—g,jal-,—ife,?j +Y —=BV;
Jj=1 j=1

(32)

where, Qp(i) is the reactive power injection supplied by reactive source
at bus i. If bus i is not chosen for the placement, the corresponding
reactive injection will be zero.

3.2.2.2. Reactive generator limits. The reactive power generation will
have the following limits:

06<06< 00 (33)
where, Qg and Qg are the lower and upper limits for the reactive power
injection vector.

3.2.2.3. Voltage limits. The square of voltage magnitudes will be
bounded as follows:

V2EVIgV? (34

3.2.2.4. Reactive power compensator placement constraints. The binary
placement vector, 2, and the reactive power injection vector Qp will be
combined to enforce limits on reactive injections as shown below:

2 0r<Qp<z0p (35)

where, Qp and Qp are the lower and upper limits for the reactive power
injection vector.

3.2.2.5. Line flow limits. The apparent power flow limits constitute a
circular inequality where the radius of the limit circle, Sjmq, will
represent the line flow limit as given below.

P+ 0;<S; (36)

ij,max

Note that it is possible to use a polygon based linearization as shown
in [15] to approximate the area of the circle by a polygon:

v P+ y,05+y; <0 37)

where, y;,y, and y; are the coefficient matrices that form straight line
segments of the polygon. The dimensions of the matrices y,,y, and 5
are equal to the product of the total number of straight line segments and
the total number of branches.

Py is a constant which can be calculated and substituted into (37)
using (21) with known B;; and 6. On the other hand, since Q; is a function
of V2, Q; can be replaced by (29).

The reactive power compensator placement problem can now be
formulated and solved as a mixed integer programming problem. Since
the problem has linear constraints, it is possible to obtain a fast solution
even for very large power grids. The problem formulation is shown in
compact form below:

. ng

M 06v2.00)' ,;Z"
. (38)

(06, V%, 00)",2
subject to:

1. Reactive Power Balance Equations given by (32)

2. Reactive Generator Limits given by (33)

3. Voltage Limits given by (34)

4. Reactive Power Compensator Placement Constraints given by (35)
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5. Line Flow Limits given by (37)
6. Voltage Stability Limits given by (18)

Note that, each contingency case will contribute a corresponding set
of constraints and the problem will be solved subject to all of the con-
tingency constraints. The final solution should yield a solution within
the limits for all considered contingencies. A block diagram of the pro-
posed strategy is shown in Fig. 4.

4. Simulation results

The proposed method is implemented and tested on PEGASE 2869-
bus system [16,17] to verify its applicability for realistic large scale
power grids. Both the quadratic programming and mixed-integer linear
programming (MILP) problems are solved using the Gurobi Optimizer
[18].

Simulation-1:

In order to effectively illustrate the value of the algorithm, outage
cases which result in the largest increase in the stability index, L, is
determined and used for simulations. While most of the outages do not
have a remarkable effect on voltage profiles and voltage instability, a
few were found to have significant impact. Therefore, to find the most
effective (worst) outage, N-1 contingencies are analyzed for all of 4582
branches and 510 generators using the high-performance computing
center facilities. The analysis showed that the outage of the line
1534-100 would have a significant effect on voltage instability (biggest
L observed), among all considered N-1 contingencies.

Matpower ACOPF solver [19] failed to yield a converged solution
under this contingency when the minimum voltage magnitude is limited
to 0.9 p.u. In order to find a feasible solution within the voltage limits,
minimum bus voltage limits are decreased by 0.01 p.u. at a time until it
gives a feasible solution. In this example, a feasible solution is reached
when the limit for minimum voltage is reduced to 0.84 p.u. Table 1
summarizes the minimum voltages for a feasible solution with different
loading factors, 1. Also, the biggest voltage stability index and objective
function is calculated using the Matpower solutions and placed into
Table 1.

Then, the proposed algorithm is executed without stability con-
straints while minimum bus voltage limits are set as 0.9 p.u. and
maximum reactive power injection limits of placed reactive power
compensators are set as 400 MVAr. Table 2 summarizes the algorithm
results with different loading factors. As expected, the required number
of reactive power compensators increases with increasing loading
factors.

Table 3 summarizes the algorithm results with different stability
margins to guarantee post-contingency voltage stable solutions. As ex-
pected, the required number of reactive power compensators are

Reactive
Generator
Limits

Contingency

Cases Voltage Limits

Reactive Power Location

Compensator
Placement Method

Phase Angles

Security Constrained

DCOPF Compensator

Injection Amount

Reactive
Power Line Flow

Compensator Limits

Limits

Active
Generator
Limits

Voltage
Stability Limits

Fig. 4. Block diagram of the proposed strategy.
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Table 1
Matpower solutions.

Loading Factor Voltage Limit Stability Index Objective function

2 Vi L (8/hr)
0 0.84 0.805 7038207
0.05 0.76 1.0092 8033623
0.1 N/A N/A N/A
Table 2

Without stability constraints

Loading Voltage Stability Objective Number of Reactive
Factor 1 Limit V;, Index L function Power Compensator
($/hr) Placements
0 0.9 0.5606 6976539 1
0.05 0.9 0.6992 7509578 1
0.1 0.9 0.7284 8127704 1
0.15 0.9 0.7513 8764173 1
0.2 0.9 0.7352 9439621 3
Table 3
With stability constraints.
INPUT OUTPUT
Loading Stability Stability Objective Number of Reactive
Factor 1 Index Limit Index L function Power Compensator
($/hr) Placements
0.05 1 0.6992 7509578 1
0.9 0.6992 7509578 1
0.8 0.6992 7509578 1
0.75 0.6983 7507936 1
0.7 0.6641 7508668 21
0.1 1 0.7284 8127704 1
0.9 0.7284 8127704 1
0.8 0.7284 8127704 1
0.75 0.7164 8086343 1
0.7 0.6299 8090264 22
0.15 1 0.7551 8934912 1
0.9 0.7551 8934912 1
0.8 0.7552 8938517 1
0.75 0.7201 8726098 1
0.7 0.6558 8730264 24
0.2 1 0.7352 9439621 3
0.9 0.7352 9439621 3
0.8 0.7352 9439621 3
0.75 0.6829 9430906 3
0.7 N/A N/A N/A

increasing with tightened stability index. Note that as the allowable
stability index L is reduced, the stability margin i.e. the distance to the
voltage collapse point (critical point) on the nose curve will increase.
An alternative corrective action to reactive power compensator
placement is intentional load shedding which improves voltage stability
and system voltage profile. In order to quantify the relative advantages
of the two approaches, consider the results reported in [20] where the
required load shedding amount is found for a feasible solution without
placing any reactive power compensators. Table 4 summarizes the load
shedding results for different loading factors. The cost of load shedding
for a given utility can be comparatively evaluated with the cost of

Table 4
Load shedding results

Loading Factor 4 Load Shedding Amount (MW)

0 47.93
0.05 82.43
0.1 117.73
0.15 153.73
0.2 190.54
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reactive power compensator placement in order to make investment
decisions, though such analysis is beyond the scope of this work.

Simulation-2:

The second case involves a set of 10 single line outage scenarios. In
order to force the system to operate closer to its operating limits, active
and reactive loads are increased by 25%. The minimum and maximum
voltage magnitude limits are set at 0.9 p.u. and 1.1 p.u., respectively for
all buses. Lastly, maximum reactive power injection limits of placed
reactive power compensators are set as 400 MVAr. The objective of this
case is to illustrate how a minimum number of strategically placed
reactive power compensators can facilitate a secure and stable operation
under all of the considered contingency cases.

The computational performance of the developed approach is eval-
uated by recording the CPU time (in seconds) for the solution of the
reactive power compensator placement problem as shown in Table 5.
The optimization problems are solved using Gurobi with Intel i7-8750H
2.20 GHz processor and 16 GB of RAM. It is assumed that the reported
CPU times in [8] are obtained on similar computers used in this work.
Furthermore, the reported timings are for only the base case without
accounting for any contingencies and for a system which is significantly
smaller in size than the one used in this paper. Hence, it is concluded
that there is sufficient evidence implying proposed algorithm’s higher
computational efficiency over that of [8].

The placement results are also experimentally validated by using the
Matpower optimization software [19]. It is observed that Matpower
failed to yield a converged solution before placing the reactive power
compensators in the system. Repeating the Matpower execution after
placing reactive power compensators at the identified locations by the
proposed approach, Matpower converged and yield a solution where the
placed reactive power compensators provided the required reactive
power to maintain voltage stability under all contingencies.

5. Conclusion

This paper is concerned about maintaining large power grids robust
against a set of anticipated contingencies which may be due to extreme
events or unexpected changes in generation, load or equipment failures.
A two stage approach is proposed where the loose coupling between the
real and reactive power problems is exploited to formulate a practical
and effective method to strategically place a minimum number of
reactive power compensators in the system. The proposed method is
tested on a large power grid and results are validated by solving the
cases using an ACOPF. The method introduces voltage profile im-
provements and strengthens voltage stability with modest CPU re-
quirements even for large power grids. Future work will extend these
results to more dynamic scenarios where topology and load changes in
time are taken into account during an extreme event which impacts a
power grid for an extended period.
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