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A Sharp Estimate on the Transient Time of
Distributed Stochastic Gradient Descent

Shi Pu, Alex Olshevsky, and Ioannis Ch. Paschalidis

Abstract—This paper is concerned with minimizing the av-
erage of n cost functions over a network in which agents
may communicate and exchange information with each other.
We consider the setting where only noisy gradient information
is available. To solve the problem, we study the distributed
stochastic gradient descent (DSGD) method and perform a non-
asymptotic convergence analysis. For strongly convex and smooth
objective functions, in expectation, DSGD asymptotically achieves
the optimal network independent convergence rate compared
to centralized stochastic gradient descent (SGD). Our main
contribution is to characterize the transient time needed for
DSGD to approach the asymptotic convergence rate. Moreover,
we construct a “hard” optimization problem that proves the
sharpness of the obtained result. Numerical experiments demon-
strate the tightness of the theoretical results.

Index Terms—distributed optimization, convex optimization,
stochastic programming, stochastic gradient descent.

I. INTRODUCTION

W E consider the distributed optimization problem where
a group of agents NV = {1,2,...,n} collaboratively
seek an x € RP that minimizes the average of n cost functions:

1 n
min f(z) | = n;fz(w) : (1)
Each local cost function f; : RP — R is strongly convex,
with Lipschitz continuous gradient, and is known by agent 7
only. The agents communicate and exchange information over
a network. Problems in the form of (1) find applications in
multi-agent target seeking [1], distributed machine learning
2], [3], [41, [5], [6], [7], [8], and wireless networks [9], [10],
[5], among other scenarios.

In order to solve (1), we assume that at each iteration k& >
0, the algorithm we study is able to obtain noisy gradient
estimates g;(x;(k),&;(k)), where x;(k) is the input for agent
i, that satisfy the following condition.
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Assumption 1. For all k > 0, each random vector &;(k) €
R™ is independent across i € N. Denote by F(k) the o-
algebra generated by {x;(0),z;(1),...,z;(k) | i € N'}. Then,

Ee, (1 [gi(zi(k), & (k) | F(k)] = V fi(zi(k)),
Ee,(oylllgi(zi(k), & (k) — V fi(zi (k) |* | F (k)] (2
< o? + M|V fi(zi(k)|?,  for some o, M > 0.

Stochastic gradients appear in many machine learning
problems. For example, suppose f;(z) := E¢,p,[Fi(x,&)]
represents the expected loss function for agent i, where
& are independent data samples gathered over time, and
D, represents the data distribution. Then for any z and ¢;
sampled from D;, g¢;(x,&;) := VF;(x,&) is an unbiased
estimator of V f;(x). For another example, suppose f;(z) :=
(1/1S:) che s, F'(x,¢;) denotes an empirical risk function,
where S, is the local dataset for agent . In this setting, the
gradient estimation of f;(x) can incur noise from various
sources such as minibatch random sampling of the local
dataset and discretization for reducing communication cost
[11].

Problem (1) has been studied extensively in the literature
under various distributed algorithms [12], [13], [14], [15],
[16], [17], [18], [19], [20], [21], [22], [23], among which the
distributed gradient descent (DGD) method proposed in [13]
has drawn the greatest attention. Recently, distributed imple-
mentation of stochastic gradient algorithms has received con-
siderable interest. Several works have shown that distributed
methods may compare with their centralized counterparts
under certain conditions. For example, the work in [24], [25],
[26] first showed that, with sufficiently small constant stepsize,
a distributed stochastic gradient method achieves comparable
performance to a centralized method in terms of the steady-
state mean-square-error.

Despite the aforementioned efforts, it is unclear how long, or
how many iterations it takes for a distributed stochastic gradi-
ent method to reach the convergence rate of centralized SGD.
The number of required iterations, called “transient time” of
the algorithm, is a key measurement of the performance of
the distributed implementation. In this work, we perform a
non-asymptotic analysis for the distributed stochastic gradient
descent (DSGD) method adapted from DGD and the diffusion
strategy [1].! In addition to showing that in expectation, the al-
gorithm asymptotically achieves the optimal convergence rate
enjoyed by a centralized scheme, we precisely identify its non-
asymptotic convergence rate as a function of characteristics

Note that in [1] this method was called “Adapt-then-Combine”.
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of the objective functions and the network (e.g., spectral gap
(1 — py) of the mixing matrix). Furthermore, we characterize
the transient time needed for DSGD to achieve the optimal
rate of convergence, which behaves as O (ﬁ assuming
certain conditions on the objective functions, stepsize policy
and initial solutions. Finally, we construct a “hard” optimiza-
tion problem for which we show the transient time needed for
DSGD to approach the asymptotic convergence rate is lower
bounded by 2 (ﬁ , implying the obtained transient time

is sharp. These results are new to the best of our knowledge.

A. Related Works

We briefly discuss the related literature on (distributed)
stochastic optimization. First of all, our work is related to
stochastic approximation (SA) methods dating back to the
seminal works [27] and [28]. For a strongly convex objective
function f with Lipschitz continuous gradients, it has been
shown that the optimal convergence rate for solving problem
(1) is O(z) under a diminishing stepsize policy [29].

Distributed stochastic gradient methods have received much
attention in the recent years. For nonsmooth convex objective
functions, the work in [30] considered distributed constrained
optimization and established asymptotic convergence to the
optimal set using two diminishing stepsizes to account for
communication noise and subgradient errors, respectively. The
paper [31] proposed a distributed dual averaging method
which exhibits a convergence rate of O(%) under
a carefully chosen SA stepsize sequence, where Ao(W) is
the second largest singular value of the mixing matrix W. A
projected stochastic gradient algorithm was considered in [32]
for solving nonconvex optimization problems by combining
a local stochastic gradient update and a gossip step. This
work proved that consensus is asymptotically achieved and
the solutions converge to the set of KKT points with SA
stepsizes. In [33], the authors proposed an adaptive diffusion
algorithm based on penalty methods and showed that the
expected optimization error is bounded by O(«) under a
constant stepsize «. The work in [34] considered distributed
constrained convex optimization under multiple noise terms
in both computation and communication stages. By means
of an augmented Lagrangian framework, almost sure con-
vergence with a diminishing stepsize policy was established.
[35] investigated a subgradient-push method for distributed
optimization over time-varying directed graphs. For strongly
convex objective functions, the method exhibits an O(%)
convergence rate. The work in [36] used a time-dependent
weighted mixing of stochastic subgradient updates to achieve
an O(%) convergence rate for minimizing the sum
of nonsmooth strongly convex functions. [37] presented a new
class of distributed first-order methods for nonsmooth and
stochastic optimization which was shown to exhibit an O(%)
(respectively, O(ﬁ)) convergence rate for minimizing the
sum of strongly convex functions (respectively, convex func-
tions). The work in [38] considered a decentralized algorithm
with delayed gradient information which achieves an O(%@)
rate of convergence for general convex functions. In [39], an
O(%) convergence rate was established for strongly convex

costs and random networks. Recently, the work in [40] pro-
posed a variance-reduced decentralized stochastic optimization
method with gradient tracking.

Several recent works have shown that distributed methods
may compare with centralized algorithms under various con-
ditions. In addition to [24], [25], [26] discussed before, [41],
[42] proved that distributed stochastic approximation performs
asymptotically as well as centralized schemes by means of
a central limit theorem. [43] first showed that a distributed
stochastic gradient algorithm asymptotically achieves compa-
rable convergence rate to a centralized method, but assuming
that all the local functions f; have the same minimum. [44],
[45] demonstrated the advantage of distributively implement-
ing a stochastic gradient method assuming that sampling times
are random and non-negligible. For nonconvex objective func-
tions, [46] proved that decentralized algorithms can achieve a
linear speedup similar to a centralized algorithm when £ is
large enough. This result was generalized to the setting of
directed communication networks in [47] for training deep
neural networks. The work in [48] considered a distributed
stochastic gradient tracking method which performs as well as
centralized stochastic gradient descent under a small enough
constant stepsize. A recent paper [49] discussed an algorithm
that asymptotically performs as well as the best bounds on cen-
tralized stochastic gradient descent subject to possible message
losses, delays, and asynchrony. In a parallel recent work [50],
a similar result was demonstrated with a further compression
technique which allowed nodes to save on communication.
For more discussion on the topic of achieving asymptotic
network independence in distributed stochastic optimization,
the readers are referred to a recent survey [51] .

B. Main Contribution

We next summarize the main contribution of the paper.
First, we begin by performing a non-asymptotic convergence
analysis of the distributed stochastic gradient descent (DSGD)
method. For strongly convex and smooth objective functions,
in expectation, DSGD asymptotically achieves the optimal
network independent convergence rate compared to centralized
stochastic gradient descent (SGD). We explicitly identify the
non-asymptotic convergence rate as a function of characteris-
tics of the objective functions and the network. The relevant
results are established in Corollary 1 and Theorem 1.

Our main contribution is to characterize the transient time
needed for DSGD to approach the asymptotic convergence
rate. On the one hand, we show an upper bound of K =
@ (m), where 1 — p,, denotes the spectral gap of
the mixing matrix of communicating agents. On the other
hand, we construct a “hard” optimization problem for which
we show that the transient time needed for DSGD to ap-
proach the asymptotic convergence rate is lower bounded by
Q m , implying that this upper bound is sharp.

Additionally, we provide numerical experiments that
demonstrate the tightness of the theoretical findings. In particu-
lar, for the ring network topology and the square grid network
topology, simulations are consistent with the transient time
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Kpr=0 ((I*WT)?) for solving the on-line ridge regression
problem.

C. Notation
Vectors are column vectors unless otherwise specified. Each
agent 7 holds a local copy of the decision vector denoted by
x; € RP, and its value at iteration/time k is written as x;(k).
Let
1 n
X = [T1,T,...,T,|T ER™P T := - in,
i=1
where T denotes transpose. Define an aggregate objective
function

F(x):= Zfi(%‘)»

and let
VE(x) = [Vfi(21),Vfa(x2),. ..,V ful(z,)]" € R"P,

_ 1<
F(x):=— E ().
VF(x) n 2 V fi(x;)
In addition, we denote
6 = [517523 oo 75”}1- S Rnxpv

g(X7£) = [gl(x1a§1)592($27£2)’ tee 7gn(mn7€n)]T S Rnxp.

In what follows we write g;(k) = g;(z;(k),&(k)) and
g(k) := g(x(k), &(k)) for short.

The inner product of two vectors a,b is written as (a,b).
For two matrices A, B € R™*?, let (A, B) := Y"1 | (A;, B;),
where A; (respectively, B;) is the i-th row of A (respectively,
B). We use || - || to denote the 2-norm of vectors and the
Frobenius norm of matrices.

A graph G = (N, &) has a set of vertices (nodes) N =
{1,2,...,n} and a set of edges connecting vertices £ C N x
N . Suppose agents interact in an undirected graph, i.e., (4, j) €
£ if and only if (j,7) € £. Each agent 7 has a set of neighbors

Denote the mixing matrix of agents by W = [w;;] € R™"*".
Two agents ¢ and j are connected if and only if w;;, w;; > 0
(w;; = wj; = 0 otherwise). Formally, we make the following
assumption on the communication among agents.

Assumption 2. The graph G is undirected and connected
(there exists a path between any two nodes). The mixing matrix
W is nonnegative and doubly stochastic, i.e, W1 = 1 and
1TW = 17, where 1 denotes the vector of all ones.

From Assumption 2, we have the following contraction
property of W (see [20]).

Lemma 1. Let Assumption 2 hold, and let p,, denote the
spectral norm of the matrix W — %llT. Then, p, < 1 and

[We — 13 < ol — 13
for all w € R" P, where W := %1Tw.

The rest of this paper is organized as follows. We present the
DSGD algorithm and some preliminary results in Section II. In

3

Section III we prove the sublinear convergence rate of the al-
gorithm. Our main convergence results and a comparison with
the centralized stochastic gradient method are in Section IV.
Two numerical example are presented in Section V, and we
conclude the paper in Section VI.

II. DISTRIBUTED STOCHASTIC GRADIENT DESCENT

We consider the following DSGD method adapted from
DGD and the diffusion strategy [1]: at each step k > 0, every
agent ¢ independently performs the update:

ik +1) =D i @5 k) = angi(k) . ()

where {ay} is a sequence of non-increasing stepsizes. The
particular choice of the stepsize sequence will be introduced in
Section IIL. The initial vectors x;(0) are arbitrary for all i € N.
Since w;; = 0 if agent 7 and agent j are not connected in the
network, we can rewrite (3) in the following compact form:

x(k+1) = W (x(k) — arg(k)). 4)

Throughout the paper, we make the following standing
assumption regarding the objective functions f;.> These as-
sumptions are satisfied for many machine learning problems,
such as linear regression, smooth support vector machine
(SVM), logistic regression, and softmax regression.

Assumption 3. Each f; : R? — R is p-strongly convex with
L-Lipschitz continuous gradients, i.e., for any x,z’ € RP,

(VAile) = V@) 2 =) 2 ple =P,
IV£i(a) = V1@ < Lie =],

Under Assumption 3, Problem (1) has a unique optimal
solution x, € RP, and the following result holds (see [20]
Lemma 10).

Lemma 2. For any x € R? and « € (0,2/L), we have
[ —aVf(z) — .| < Mz — .|,

where A = max(]1 — aul, |1 — «Ll).

Denote g(k) := £ 37" | g;(k). The following two results
are useful for our analysis.

Lemma 3. Under Assumptions 1 and 3, for all k > 0,

E |[[g(k) — VF (k)| | F (k)]
< 2ML?
= 2

M
(k) = 1272 + =

where
o 2L [V i)

n

2
I,

>The assumption can be generalized to the case where the agents have
different p and L.
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Proof. By definitions of g(k), VF(x(k)) and Assumption 1,
we have

E|[[g(k) - VP&x(k)|[]

n n 2
QI PICCEFPIECC)
= 5 B[l - VI
o MY Hvéfxxz—(k))n%
Notice that [V fi(w: ()P = IV fila(k) — V/i(e.) +

Vii(x)|? < 2V fi(wi(k) = Vi(z)[? + 2 Vil |* <
202z (k) — z.||? + 2|V fi(z,)|? from Assumption 3. We
have

2ML2
”] < 17

E [|lg(k) - VF(x(k)) (k) -
+71L<2Mzz e dCH ).

Lemma 4. Under Assumption 3, for all k > 0,
— L
IV f@(k) = VF(x(k))| < ﬁIIX(k) —1z(k)T). (©
Proof. By definition,
|V f(@(k)) ~
1 n
w2 V@)

(Assumption 3) < — Z |z(k

VF(x(k))|

- ;waxk»H

< —=lx(k

where the last relation follows from Holder’s inequality. [

A. Preliminary Results

In this section, we present some preliminary results con-
cerning E[|Z(k) — .||?] (expected optimization error) and
E[||x(k) — 1Z(k)T||?] (expected consensus error). Specifically,
we bound the two terms by linear combinations of their values
in the last iteration.

For ease of presentation, for all £ we denote

U(k) = E [[[7(k) — 2.]]°] , V (k) := E[[lx(k) — 17(k)T|*].

In the lemma below, we bound the optimization error U (k+1)
by several error terms at iteration &, including the consensus
error V (k). It serves as a starting point for the follow-up
analysis.

4

Lemma 5. Suppose Assumptions 1-3 hold. Under Algorithm
(4), supposing oy, < 1, we have
Uk+1) <

(1 — )20 (k)
+ %u — ax)E[|[7(k) — .|| [x(k) — 13(k)T]]

o2 L? 2ML? M
S () + o (S Bllx(h) 1T+ 5 ).

_|_
)

Proof. By the definitions of Z(k), g(k) and relation (4), we
have T(k + 1) = Z(k) — ay,g(k). Hence,

[Z(k + 1) — .|” = [z(k )—ozw(k)—:c*ll2

= ||Z(k) — axVF(x(k)) — z. + s, VF(x(k)

= |[z(k) — arVE(x(k)) — 2. + o} | VF (x(k)) —
+2au(T(k) — a, VF (x(k)) —

) — gk |
g(k)[I?
v, VF(x(k)) = g(k))-

| 2
|

Noting  that E[ﬁ(k) , x(k)] = VFE(x(k))
and Hg VF(x(k)) H | F(k)] <
QML l|lx(k) — 13:1”2 + 2 from Lemma 3, we obtain

Elz(k+1)—2.|* | F(b)] < [F(k) — axVF (x(k)) — .||

2M L2 M
rat (B I 11+ 1) ®

We next bound the first term on the right-hand-side of (8).

) = 2 +  V f(E(k)) — ar VE(x(k))|?
T(k) — axV f(T(k))
+ 20 |[T(k) — ax V(@(k)) — 2|V f(@(E)) —
+ailIVF (@) = VF(x(k))|?,

where we used the Cauchy-Schwarz inequality. By Lemma 3,

IVF(@(k)) -

Since o < %,

(k) — V£ (@ (k) — 2| <

Then we have

VE(x(k))|

VEx(K)|? < L lx(k) — 17(k)T|.
in light of Lemma 2,

(1 — app)? [T (k) — .||

(k) — ar VE(x(k)) — z.]* < I

(1~ g [7(F) — .
— (1 = arp)[z(k) — 2 |lllx(k) — 12 (k)]
aiL?

+ == x(k) = 2R O
In light of relation (9), taking full expectation on both sides
of relation (8) yields the result. O]

The next result is a corollary of Lemma 5 with an additional
condition on the stepsize ay. We are able to remove the cross
term in relation (7) and obtain a cleaner expression, which
facilitates our later analysis.
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Lemma 6. Suppose Assumptions 1-3 hold. Under Algorithm
(4), supposing oy, < min{ 7, i} then

3OékL2
LV (k)

Ulk+1) < (1 _ 2aku> Uk +

) <2ML2
+a} (Y=

9 M
S Bl ~ 1117+ ) 0

Proof. From Lemma 5,

Uk +1) < (1 —app)?U(k) + (1 — agp)®cU (k)
ofL* 1 aiL?
c

2ML? M
+af (2L Bl - 1077+ 2 )

+

V(k) + V(k)

< (1+e)A —agp)?U(k) + (1 + i) O‘inLQV(k)

2ML? M
+at (2L gl - 107+ 21,

where ¢ > 0 is arbitrary.
Take ¢ = 2oy, Noting that o < i, we have (1+¢)(1—
app)? <1 — %ak,u, and (1 + %)ak < % Thus,

3OékL2
np

Uk+1) < <1 - iaku> U(k)+ V(k)

2ML? M
+a (2Bl - 11+ ).

Since the consensus error term V (k) plays a key role in
the statements of Lemma 5 and Lemma 6, we present the
following lemma that bounds V (k + 1).

Lemma 7. Suppose Assumptions 1-3 hold. Under Algorithm
@), for all k >0,

3+ %)

V(k+1)§( 1 V (k) + aip:no?

+ M> (L*Ellx(k) — 12T]%]

(11

+2aip12u <1 —
HIVE(12D)]?) .

Proof. From relation (4),
x(k+1)—1z(k+ )T
— W (x(k) — arg(k)) — 1(F(k) — (k)

- (W - ”T) (x(k) — 12(K)T) — an (g (k) — 13(K)T)]

n

we have
|x(k+ 1) = 1z(k + 1)7|)?
< p% [|(x(k) — 13(k)T) — on(g(k) — 1g(k)T)|?
= 2, [IIx(k) = 130T + o} llg(k) — 1g(k)T

— 20 (x(k) — 13(k)", g(k) — 1g(k)")].
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Since E[g(k) | F(k)] = VF(x(k)) and E[g(k) | F(k)] =
VF(x(k)),
E [(x(k) —1z(k)T, g(k) — 1g(k)T) | F (k)]
= (x(k) = 1T(K)T, VF (x(k)) — 1VF(x(k))),
and
Elllg(k) — 1g(k)T|1* | F(k)]
=E[|VF(x(k)) — 1VF(x(k)) — VF(x(k)) + 1VF(x(k))
+g(k) — 1g(k)T|1* | F(k)]
= |[VF(x(k)) = 1VF(x(k))
+ E[||[VF(x(k)) — g(k)—
(IVF(x(k)) — 1g(k)")|1? | F(k)]
< |IVF(x(k)) = 1VF (x(k))|?
+ E[|VF(x(k)) — g(k)||* | F(k)]
< | VE(x(k)) = 1VF(x(k))[|” + no? + M|V F(x(k))|]%,

I

where the last inequality follows from Assumption 1. There-
fore (assuming p,, > 0),

p%]E[Hx(k +1) = 13k + DT|2 | F(k)

< [lx(k) = 12(k)T|* + aF [ VF(x(k)) — 1V F (x (k)|
+ af (no? + M||VE(x(k))|?)
— 20y (x(k) — 1Z(k)T, VF(x(k)) — 1VF(x(k)))

< (k) — 1T (E)T + 03 (1 + M)|VFG(R)P + ofno?
+ 2ay [[x(k) = 1z(k)T|| [|[VF (x(k))||

<(1+ ¢) (k) = 12(R)TI|* + af (1 + M) | VF (x(k))||?

2
+aino? + L | VE(x(k)]*,

2
where ¢ > 0 is arbitrary. Letting ¢ = % and noting that by
Assumption 3,

IVE(x(K)|I? < 2|VF(x(k)) — VF(12D)|* + 2| VF(12])|?
< 2L%||x(k) — 1a]|* + 2||[VF(12])|?,
we have

piQE[Hx(k +1) —1Z(k + 1)7||? | F(k)] — a2no?

w

< (3522 1t - 130

3
w20t (2 00 (Plx(8) = 1T+ [VF (D)

w

Notice that p?, % < %. In light of Lemma 8, taking
full expectation on both sides of the above inequality leads to

Ellx(k +1) = 1z(k + 1)T|*] - agpyno

< B gy - 13(y7)

3
20t (= 4 00) (B[ - a7

w

+HIVFaT)|?) -
O
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III. ANALYSIS

We are now ready to derive some preliminary convergence
results for Algorithm (4). First, we provide a uniform bound on
the iterates generated by Algorithm (4) (in expectation) for all
k > 0. Then based on the lemmas established in Section II-A,
we prove the sublinear convergence rate for Algorithm (4), i.e.,
U(k) = O(3) and V (k) = O(75). These results provide the
foundation for our main convergence theorems in Section IV.

From now on we consider the following stepsize policy:

0
= —— ) VEk, 12
a w(k + K) (12)
where constant @ > 1, and
2
K = {%(H'QM)L-‘ , (13)
1

with [-] denoting the ceiling function.

A. Uniform Bound

We first derive a uniform bound on the iterates generated
by Algorithm (4) (in expectation) for all £ > 0. Such a result
is helpful for bounding the error terms on the right hand sides
of (7), (10) and (11).

Lemma 8. Suppose Assumptions 1-3 hold. Under Algorithm
(4) with stepsize policy (12), for all k > 0, we have

E[x(k) — 12T|] < X
9| VF(12])| no’
o— - T 2
: maX{IX(O) 12|15, 12 * (14+M)L2 [~

(14)

Proof. The following arguments are inspired by those in [35].
First, we bound E [||z;(k) — ayg;(k)|?] for all i € A" and
k > 0. By Assumption 1,

E [Hﬁfi(k’) - Oékgi(k)Hz | ]'—(k)]

= [|lzi(k) — oV fi(zi(K))|?
+ RE [V fizi(k)) — g:(k)|[* | F(k)]

< i (R)I? = 200 (V fi(wi(k)), 2i (k) + o ||V fi(a: (k)]
+ai (o + M|V fi(ai(k)]?).

From the strong convexity and Lipschitz continuity of f;, we
know that

(Vfi(zi(k)), xi(k))
= (Vfi(zi(k)) — Vi(0),2;(k) — 0) + (V fi(0), z:(k))
> pllzi(k)1? 4 (V £:(0), zi(k)),

and

IV fixi ()P = IV filwi(k)) = V f(0) + V f3(0)]|?
< 2L2||2i (k)|1* + 2/ V £:(0) 1.
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Hence,
E [[|zi(k) — argi(k)[I* | F(k)]
< [lwi (B)1* = 200 [llzi (k)| + (V fi(0), z:(k))]
+ 207 (1 + M) (L?||lzi (k)| + IV £:(0)[]*) + oo
< Nlzi(B)? = 2ampllas (k)1 + 20k ][V fi(O) [z (k) |
+2a3(1+ M) (L2||lz:(K)|1* + [V £:(0)[|*) + ago?
< [1 = 2app + 203 (1 + M) L?]||2: (k)|
+ 200 |V £ (O)[[|xi (K) | + o [2(1 + M)V £:(0)|* + 0?] .
Taking full expectation on both sides, it follows that
E [||lzi(k) — angi(k)]?]
< [1— 2041 + 203 (1 + M)L2E[||a; (k) )
+ 20|V i (O) |V E[|l2: (R)][?]
+ai [2(1+ M)|V£(0)|? + 07 .

From the definition of K in (13), oy < W
k > 0. Hence,

E [||2:(k) — angi(k)])?]

< (1= app)E[]|zi(k)|*] + 20k |V £:(0) |V Ell|: (k) |1?]
+ag 20+ M)IVA©O) + 07

< Bl ()] — o[l (]2] — 209 £, 0))/ETT R
~5z (29501 + 7557 )|

Let us define the following set:

for all

5)

%= {a>0: g —2V£0)lva

[ o’
5z (29RO + 7 555) <0} a0

which is non-empty and compact. If E[||z;(k)||?] ¢ X;, we
know from inequality (15) that E [||z;(k) — argi(k)[|?] <
E[||z;(k)||?]. Otherwise,

I

E [llz:(k) = cugi(k)|*] < max {q T o1+ M2 iz

0.2

=2|IVf:(0)[lvg — % (QVfi(O)”Q + (1+M)ﬂ }

_ i 4 |
—mc{ (1~ 5 mm ) 1+ rnzE VOV
2

1 g’
T (2||Vfi<o>||2 n (1+M))}'

Define the last term above as R;. The previous arguments
imply that for all £ > 0,

E [[l2i(k) — argi(k)|*] < max{E [[|lz:(k)|*], R:}.
Note that from relation (4),
Ix(k + D> < W2 ||x(k) — carg (k)|
< [[x(k) — arg(k)||*.
We have
E[||x(k)|]?] < max {[[x(0)|%, 327, Ri} (17)
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We further bound R; as follows. From the definition of Xj,

L _SIVEO | 80°
gex 1= T2 A1+ M)L2

Hence,
R = maxyex, {4 = iz [1na = 219 (0l
L 0'2
st (2AVEOIP + 55| }
< maXgex, ¢ — srpinzz Milgex, {/M] =2[IV/fi(0)llv/a

~35 CIVAEOI? + 7%m) }
8|V £: (0)|* o
= P + 4(1iM)L22
. 2
oz | A + g (2VAOI + )|

9|V £:(0)1 2
= 2 + (1+(ITW)L2 :

(18)
In light of inequality (18), further noticing that the choice of 0
is arbitrary in the proof of (17), we obtain the uniform bound
for E[||x(k) — 12I||?] in (14). O

The uniform bound provided in Lemma 8 is critical for
deriving the sublinear convergence rates of U(k) and V (k),
as it holds for all £ > 0.

B. Sublinear Rate

With the help of Lemma 6 and Lemma 7 from Section II-A
and Lemma 8, we show in Lemma 10 below that Algorithm
(4) enjoys the sublinear convergence rate, i.c., U(k) = O(3)
and V (k) = O(s%). For the ease of analysis, we define two

auxiliary variables:

Uk) :=Uk—K),V(k) = V(k—K),Vk > K. (19)

We first derive uniform upper bounds for U(k) and V (k)
respectively for all £ > 0 based on Lemma 8. With these
bounds, we are able to characterize the constants appearing in
the sublinear convergence rates for U (k) and V (k) in Lemma
10 and Lemma 12 respectively.

Lemma 9. Suppose Assumptions 1-3 hold. Under Algorithm
4), we have
Uk) <

L V(k) < X, VE>0.

X 20)
n

Proof. By definitions of U(k), V(k), and Lemma 8, we have
U(k) = E[l[z(k) — z.]|*)

1 X
Efllx(k) — 1aT|"] < =,

n n

IN

V (k) = E[|x(k) — 17(k)T|]
< E[|x(k) - 12]*] < X.
O
Denote an auxiliary counter
ki=k+K, Vk>O0. Q1)

Our strategy is to first show that the consensus error of
Algorithm (4) decays as V (k) = O(;%) based on Lemma
7, since U(k) does not appear explicitly in relation (11).

7

Lemma 10. Suppose Assumptions 1-3 hold. Let

K, = {max{?K7 16 }-‘
1—p2

Under Algorithm (4) with stepsize (12), for all k > K1 — K,
we have

(22)

Vb < =,
where 92,2
V := max {Kff(, /;3(1”_1";%)} , 23)
with

e =2 ( 5 >+ M) (L2X + ||VF(1x1)||2) + no?.
1 — Pw (24)

Proof. From Lemma 7 and Lemma 8§, for k£ > 0,

e 812

V (k) + aipier, (25)
with ¢; defined in (24). From the definitions of oy, and V (k)
in (12) and (19) respectively, we know that when k > K,

- B+r) 7

02 2
Vik+1) < =P () + Lo

1
p2 \k2)’
We now prove the lemma by induction. For k = K, we
know V (k) = KiV(K1)
A Ki
V(k) < k% for some k£ > K, then

> B+p2)V | pie (1
< .
V(k+1) < == n + Rl b

< 2/—2 from Lemma 9. Now suppose

To show that f/(k‘ +1)< V__ it is sufficient to show

(k+1)2°
BHp) V. P (1Y V
k2 \B) S k)

or equivalently,

- 0%p2 ¢y E\° 3+ 02 -
V> v — E 26
- P (k’ + 1> 4 (26)
Since k > K; > %, we have
kN2 3402 2 L1 +1—pfu
k+1 4 k+1 (k+1)? 4
> 1-— p1211
- 8
Hence relation (26) is satisfied with 1% > %. We then
have for all k > K, !

- 1 2% 892[)2 c1
V(k)SkaaX{KlX,uz(l_wp%)) .
Recalling the connection of V (k) and V (k), we conclude that
V(k) < % forall k> K; — K. O
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To prove the sublinear convergence of U (k), we start with a
useful lemma which provides lower and upper bounds for the
product of a decreasing sequence. Such products arise in the
convergence proof for U (k) and our main convergence results
in Section IV.

Lemma 11. Forany 1l <a <k (a € N)and 1 <y < a/2,

a®y

k%f—tll(l_)gzz

Proof. Denote G(k) := T[/=} (1 —2). We first show that
Gk) < Z—: Suppose G(k) < 24 for some M; > 0 and
k > a. Then,

G(k+1):(1—%)G(k)s(1—%)%l s(kj_‘film.

To see why the last inequality holds, note that ( )
1 — . Taking M; = a7, we have G(a) = 1 < %
desired relation then holds for all £ > a.

Now suppose G(k) > 242 for some M >0 and k > a. It
follows that

('D

Y 7\ Mo My
G+ =(1-D)ah) = (1-2) 2 >
(k+1) k (k) = k/ k2 — (k+ 1)
2y
where the last inequality follows from (%_H <1-7

(noting that v < a/2 < k/2). Taking My = a*”, we have
Gla)=1< (11‘473 The desired relation then holds for all £ >
a. O

In light of Lemma 6 and the other supporting lemmas, we
establish the O() convergence rate of U(k) in the following
lemma.

Lemma 12. Suppose Assumptions 1-3 hold. Under Algorithm
(4) with stepsize (12), suppose 0 > 2. We have

92 K150 X
Uk) < 2 A A
(1.50 — 1)nu2k k159 n

362(1.50 — 1)c, 60L2V 1

(1.50 — 2)nu? ~ (1.50 — 2)nu2 | k2’

for all k > K1 — K, where
2ML?
Co 1= X + M. 27

Proof. In light of Lemma 6 and Lemma 8, for all £k > 0, we
have
L2 2
SOk LT gy 4 OkC2
nu n

Uk +1) < (1 _ 3aku> Uk) +

Recalling the definitions of U(k) and V (k), for all k > K,

30

Uk+1) < (1 - Qk) U(k) + 0LV (k)

nu? k

9282 i
nu? k2’

rmission. See http://www.ieee.or|

8
Therefore,
k—1
~ 36 ~
< 1-—— K
o =< I (1% ) 000

k—1 k—1
36 9202 1
) (e

j=t+1

3012 V(t))

np? t

From Lemma 11,

- 150
O(k) < g U ()
k—1 ~
t+ 1150 [ p2¢ 30L% V(t
L (e a0
k15 np?t? - np? ¢
t=K;
1 62¢, k-1 (t+1)150 K150
= 156 i R 12 1.50 U(K1)
k—1
(t+ 1) 3002 V
o3 et
k 50 TL,LLQ t
t=K,

In light of Lemma 10, when k& > K7, f/(k) < klz Hence,
~ 1 62¢ k-1 (t+1)150 K150
U(k) — 150 2 S 2 T g150 U(Ky)

’“Zl (t+1)150 3912 7
= T 1150 2 43
oy k nu? t
1 3012V ’“i (t+ 1)1
T 1.1.50 2 3 ’
k o t
However, we have for any b > a > K,
b (t+1)1'59
Z t2
b—2 1.56 1.50 1.50
Z t + 1 (t +1) b
~ (t+1)3 (b—1)2
b 1 1.560
N Hi>
B2
b 1.50
_ _ 2(b+1)
1.50—2 1.50—3
g/ (t + 3t ) dt + —
pl-50—1 3p1.50—2
< 3pL-50—2
_15(9—14_159—2+ ’

where the last 1nequal1ty comes from the fact that (bJrl )1'50 <
(46511150 < exp(2) < 2 (given that b > K > 46), and

b b b+1
(t + 3 1.50-3 _ 3 1.50—3
E < 5 Ea t < 5 j t dt

a

159

1.50—-2 1.560—-2
30+ 1) 2b .
=2 150-2 ~ 150—2
Hence, for all £ > K,
- 62 362(1.50 — 1)cy 1
(k) < “ ( e 1
(1.50 — D)np?k  (1.50 — 2)nu? k2
1.50 60L2V 1
UK + 575
e UK + (1.560 — 2)npu? k2

estrictions apply.
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Recalling Lemma 9 and the definition of U (k) yields the
desired result. O

Remark 1. Notice that the convergence rate established in
Lemma 12 is not asymptotically the same as centralized
stochastic gradient descent, since the constant cy contains
information about the initial solutions. In the next section,
we will improve the convergence result and show that DSGD
indeed performs as well as centralized SGD asymptotically.

IV. MAIN RESULTS

In this section, we perform a non-asymptotic analysis of
network independence for Algorithm (4). Specifically, in The-
orem 1, we show that

1o 0 0?M
- ZEHIxi(k) — 7] = 20— )k

+0 (=) 77

where the first term is network independent and the second
and third (higher-order) terms depends on (1 — p,,). Then
we compare the result with centralized stochastic gradient
descent and show that asymptotlcally, the two methods have
the same convergence rate OCM__ addition, it takes

(20-1)np
Kr =0 (ﬁ) time for Algorlthm (4) to reach this

asymptotic rate of convergence. Finally, we construct a “hard”
optimization problem for which we show the transient time
K is sharp.

Our first step is to simplify the presentation of the con-
vergence results in Lemma 10 and Lemma 12, so that we
can utilize them for deriving improved convergence rates
conveniently. For this purpose, we first estimate the con-
stants X, V, ¢; and ¢y appearing in the two lemmas and
derive their dependency on the network size n, the spectral
gap (1 — py), the summation of initial optimization errors
S lzi(0) — x4]|%, and 37, ||V fi(2.)]|?, where the last
term can be seen as a measure of the difference among each
agent’s individual cost functions.

Y1 2:(0) = .]|* and B :=

Lemma 13. Denote A =
S IV fila) % Then,

) A+ B

X = O(A+B+n), c1=o<1+p+”>,

5 A+ B A+ B

Veo(Lf2tn) L _op(4f8tn)
(1*/)11))2 n

Proof. We first estimate the constant X which appears in the
definition (23) for V. From Lemma 8,

. 9|IVF(1z])|? no?
< _ 2
X < [|x(0) — 1a.]]” + 2 + TESYIVE
=0O(A+ B+n).

9

From the definition of ¢; in (24),

3
01:2<1p

Noting that K1 = O(

+ M) (LQX + ||VF(1x1)||2) + no?
-0 (M) _
1 - pw
ﬁ) by definition,

. . 86%p? A+ B
vzmm{mx,pr;}:o(*-+§)

p*(1 = p3,) (1= puw)
From the definition of ¢y in (27), we have

QM L2 _ (A—l—B—!—n)

X+M=0

Cy —

n n

O

In light of Lemma 13, the convergence result of V' (k) given
in Lemma 10 can be easily simplified since V is the only
constant. Regarding the optimization error U(k), in light of
Lemma 8, Lemma 10, Lemma 12 and Lemma 13, we have
the following corollary which simplifies the presentation of
the convergence result in Lemma 12.

Corollary 1. Suppose Assumptions 1-3 hold. Under Algorithm
(4) with stepsize (12) and assuming 0 > 2, when k > K1 — K,

P B
T (1.50 — Dnp2k k2’
"

where
ceo(ATrBEnY
n(1— pw)?

Proof. From Theorem 12 and Lemma 13, when £ > K; —
K =0(1=-),

0%cy K1%0-2 X K2
(150 — D2k k-50-2 n 2
[392(1.59 — ey 60L2V
(1.50 — 2)nu?  (1.50 — 2)nu?
0%cy 1 <A+B+n>1

“as-vmer T C\na—pz) 2 @

U(k) <

1
2

O

t L5 E[||ai(k) — x.]/%], the average optimization
error for each agent to measure the performance of DSGD. In
the following theorem, we improve the result of Corollary 1
with further analysis and derive the main convergence result
for Algorithm (4).

Theorem 1. Suppose Assumptions 1-3 hold. Under Algorithm
(4) with stepsize (12) and assuming 0 > 2, when k > K1 — K,

S Bl - ol <

— (20 — )nu2k
Lo (VAEBEnY L 5 (AfBAnY 1 o
(1= pw) k1.5 n(1—pw)?) k2
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10
Proof. For k > K; — K, in light of Lemma 2 and Lemma 5, Hence, by Corollary 1,
U(k + 1) _ 1 02M k=1 t+1 20 K20 -
) 2akL _ _ U(k) B W n;U/2 ( t2 ) - T%U(Kl)
< (1= app)°U(k) + Ell[z(k) — . |llx(k) — 12(k)T|] t=K
272 v 2 y 025 S~ (t+1)% 6%c c
a; L 2ML M < 3 2
+ L=V (k) + aj (ME[IIX(k) — 1271 + n) SR {(1.59 "Dzt t2]
9 2a L aiL2 k—1 20 A
<(1—app)?U(k) + N VUKV (k) + - V(k) N 1 20L Z (t+1) 0%cy 1 c |V
5 - k20 \/nu t (1.50 — Dnp? t 2\ ¢2
9 [2ML M t=K,
+ (073 72(nU(k) + V(k)) + — 279 k—1 20 75
n n N 1 6%L%¢y Z t+1)°V
IMIL? 1.20 2 2 12
=(1 — 2au)U(k) + o3 (/f + ) U(k) R N t
20 L oziL2 2M ai]\z Since
Uk)V(k 1+ — | V(k
F VIRV + S (1455 ) Vi + S

02%cy 1 ¢ |V 02c5V 1 VeV
where the second inequality follows from the Cauchy-Schwarz (1560 — Dnp? ¢ + 2\ 2 < (1.56 — 1)nu? fsJF 2
inequality (see [52], page 62) and the fact that ||x(k) —

Lal|f? =[x (k) — 1z(B)[* + nllz(k) — 2.*.

4 & we have
Recalling the definitions of U(k) and V'(k), when k > K, i
~ 1 QQM -1 t+1 20 K29 N
2 2 Uk) = 725 — ( 2) - 219 U(Ky)
~ 20\ -~ 0 2M L\ - k2% np t k
Uk+1)<(1-=—)Uk)+ 1+ U(k) =K1
k k2 np? 2 k-1 20 2
S <003 (t+1) 0%co l_i_c
20L \JUK)V (k) 6212 oM\ V(k) 62M 1 = 20 12 (150 — D)np2 t = 2
+ + 14+ = ) =+ ——. 1=K
Vi k nu? n k2 nu? k2 1 - _
L LWL 1 \/ Pl 1 Ve
Therefore, by denoting c3 := 1 + 2%22 and ¢q := 1+ 21, k20 \/np uy~4 t (1.50 — 1)nu> t3 t2
we have s k—1
1 022,V K22 ¢ 1)
. Rl 20\ \ -~ * nu? Z t4
ok < | ] (1 — 7) U(K1) t=K:
k—1 tzil 1 — i 20 Lo v CQV kil (t + 1)29
+> ( 1T (1 - 29)) RO\ VLE) —Tnp? ) S 2P
— = v ~ —
P e S— N 1 0%czez N 20LV cV kzl (t+1)%
(M, Pl 200 VUOVE) | 6212 V() k20 \ (1.50 — 1)nu? vap ) g P
nu?t? t2 N t nu?  t? N bt !
1 0?L%c,V | = (t+1)%
o | Peset — o 27( 4) :
From Lemma 11, k T =K, t
- K29 k-1 (t+1)%0 [ 0°M 9203[7@) Notice that ¢y = O(W) and c3,cqy = O(1). Following a
U(k) < 120 U(K1) + Z 120 np2t? 12 discussion similar to those in the proofs for Theorem 12 and
t=Ky Corollary 1, we have
VIOV 2126, ¥ _
L 200 (t) ()+6L204Vt(2t) b < i o (VAT BT 1
Vg i S0 = Dk 21— p) ) K15
1 e2nr ! (t+1)2 K. (A+B+n> 1 (A+B+n> 1
_ +O( 5 | 5 +0( 5 |
- W TL,MZ Z 12 + k29 U(Kl) Tl(l - Pw)Q k2 Tl(l - Pw)Q k3
= +O(A+B+n) 1
L (@eiw) 200 TOTE) n(1—pu)? ) 7
+ t; 120 FoR NG P 0’ M 0 VA+B+n\ 1
ot (20 — V)np2k n(l—py) ) kX5
02L%c, V(1) ' Lo A+B+n\ 1
nu? 2 n(l—pw)?) k2
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Noting that

and U(k) = U(k 4+ K), in light of the bound on V() in
Lemma 10 and the estimate of V' in Lemma 13, we obtain the
desired result. O

A. Comparison with Centralized Implementation

We compare the performance of DSGD and centralized
stochastic gradient descent (SGD) stated below:

z(k+1) = z(k) — arg(k), (30)
where Qp = k (9 > 1) and g( ) =1 Zz 19( ( )7€z(k))
First, we derlve the convergence rate for SGD which

matches the optimal rate for such stochastic gradient methods
(see [29], [53]). Our result relies on an analysis different
from the literature that considered a compact feasible set and
uniformly bounded stochastic gradients in expectation.

Theorem 2. Under the centralized stochastic gradient descent
of (30), suppose k > K5 := [%—‘ We have
62M

1\ 1
(20 — )npu2k +0 (n) k2

1/L when k > K, we have from

Efllz(k) — z.]|*) <

Proof. Noting that o <
Lemma 3 that

Efl|lz(k +1) — z.|* | F(k)]

= Efllz(k) — axg(k) — z.[* | F(k)]

= llo(k) — arVf(x(k)) — w.|® + oRE[|V £ (2(k)) — g(k)[%]
< (1 - app)?||lo(k) — 2.

2M L? M
ot (P2 (k) — el + 2 )
20
= (1= %) et - .
2M L2 1 02M 1
62 ( 1+ 2 — .
02 (1020 ) L) - ol + o
(3D
It can be shown first that E[||z(k) — 2.[]*] < S for k > Ko,
where ¢; = O(L).3 Denote &5 := (1 + 2ML ) . Then from

relation (31), when & > Ko,

k-1
Elllo(k) — . ] < ( IT (1~ 2f)> Ell2(Kz) - o. )

t=Ko
92

k=1 [/ k-1 - _
20 M 6%
+Z<H (1_i>> (n/ﬂt2+ tg)'
t=K» \i=t+1

3The argument here is similar to that in the proof for Lemma 12.

11

From Lemma 11,

K20
E[|[z(k) — 2. < 7 E[||z(K2) — .||
k—1 _
(t+1)% [ 02M  6%cs
+t;2 520 nut? + 3
1 020 2 t+1 K
— Elllz(K2) — z.|?]
1.20 Z 20
T k20 g2 oyl T
G5 e (t+1)2
k2 3
=Ko
92M

1\ 1
o(2)

Comparing the results of Theorem 1 and Theorem 2, we
can see that asymptotically, DSGD and SGD have the same
0% M . .
convergence rate gy, 27 The next corollary identifies the
time needed for DSGD to achieve this rate.

- (20 — Vnu2k *
O

Corollary 2 (Transient Time). Suppose Assumptions 1-3 hold.
Assume in addition that Y ;_, ||z;(0) — z.||*> = O(n) and
SV Ei@)|? = On). It takes Ky = O (ﬁ
for Algorithm (4) to reach the asymptotic rate of convergence,
i.e, when k > Krp, we have =37 | Elllz;(k) — z.?] <

62 M
(2071)nu2k0(1)'
Proof. From (29),

=3 El ()

o) aeo

Let K7 be such that

time

— @] <

Vn ) 1 ( n ) 1
O| —— | —==+0 — =0().
(@%5) = +o (o) w00
We then obtain that
n
Kpr=0|——).
! ((1—pw>2>
O
Remark 2. By assuming the additional conditions
izt [2:(0) = 2.* = O(n) and 357, [V fi(@.)]|* = O(n).

motivated by the observation that each of these expression
is the sum of n terms, we obtain a cleaner expression

of the transient time. In general, we would obtain
_ A+B+n
Kr =0 ({e25)

Remark 3. For general connected networks such as line
graphs, if we adopt the Lazy Metropolis rule for choosing
the weights [ww] (see [54]), then 5 = O(n?), and hence
K7 = O(n®). The transient time can “be improved for net-
works with special structures. For example, 7 —L— is constant
with high probability for a random Erd6s- Renyl random graph,
and consequently K7 = O(n) on such a graph.
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The next theorem states that the transient time for DSGD
to reach the asymptotic convergence rate is lower bounded by

Q ﬁ , that is, under Assumptions 1-3 and assuming
Yic1 12:(0) = 2.]* = O(n) and 370, [V fi(z.)]|* = O(n),
there exists an optimization problem whose transient time
under DSGD is lower bounded by 2 ((1)22

the result in Corollary 2 is sharp and can not be improved in
general.

. This implies

Theorem 3. Suppose Assumptions 1-3 hold. Assume
in addition that Y. | ||z;(0) — z.]*> = O(n) and
St IV fi(x)||? = O(n). Then there exists a py € (0,1)
such that if py, > po, then the time needed for DSGD to
reach the asymptotic convergence rate is lower bounded by
Proof. We construct a ‘“hard” optimization to prove the
claimed result, inspired by [31]. Consider quadratic objective
functions f;(z) := 3|lz —z}||?, where 2, z} € R. The optimal

solution to Problem (1) is given by z, = 23" ¥ The
DSGD algorithm implements:

X(k+1) = W (x(k) — ar(x(k) = x.) + axn(k)),  (32)
where x, := [z}, 25,...,2%]7, and n(k) denotes the vector of

gradient noise terms. From (12), we use stepsize oy = ,HLK
(0 > 2), where K = [20] since y = L = 1. We rewrite (32)
as

x(k+1) =
It follows that

(1 — ar)Wx(k) + ar Wx, + o, Wn(k).

x(k+1)—12(k+1)T = (1 — ax) W(x(k) — 1Z(k)T)
+ oy W (x, — 1z,) + ax W(n(k) — 17(k)).

By induction, we have for all £ > 0,

k-1
x(k) —1z(k)T = <H(1 - at)) W (x(0) - 1(0))
t=0
k—1 k—1
+> | I @-ay) | aW*
t=0 | \j=t+1

[ = 122) + (n(2) — 17(2))]
(33)

Assume that: (i) the matrix W is symmetric; (ii)) Wx, =
PwXx, 1.€6., X, is an eigenvector of W w.r.t. eigenvalue p,,
(hence z, = 11Tx, = 0); (iii) |[VF(12])|? = |1z, —
%)% = [|x]|? = Q(n); (iv) x(0) = x..* Then Z(0) = z, =
0, and from relation (33) it follows

k—1
XW—MMV=<HG—%O%&
t=0
k—1 k—1
-+ H (]. — ij) atpzft Xy + f(k); 34
t=0 j=t+1

#Assumptions (iii) and (iv) correspond to the conditions ||x(0) — 1z ||? =
O(n) and |[VF(1z])||> = O(n) assumed in the main results such as

Theorem 1 and Corollary 2.

rmission. See http://www.ieee.or|
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where €(k) captures the random perturbation caused by gra-
dient noise that has mean zero. Therefore,
E[llx(k) — 1z(k)T|*] >

k—1 k—1

S TT =) ) aurk | .

t=0 j=t+1

— E[x(k) — 17(k)T|]? and

2

Recalling the definition V' (k)

V (k) = V(k — K), and noticing that a, = 7T e have
2
) k—1 k—1 Y
v =S | T1(1-9) ) 3k | 1l
t=K | \j=t+1 J
k—1 2
(t+1)206 ,_
> {Z [k%tpli ! 1.2,
t=K

where we invoked Lemma 11 for the second inequality. Then,

k—
~ 0oy t+1)29 1
wm[wg (R ol P
t=K
2
T A G Vi
> [kp% / %dt %% (35
t=K-—1 Pw
Note that when k& > 1 ,
np )
/k—l (t+1)2071dt>g (t+1)20-1 k-1
t=K—1 pfu B (_ lnpw)pfu t=K—1
2k29—1 2K29—1 k.29—1
— — >
3(—Inpuw)pt ' B(—=Inpw)ps ' T 2=Inpy)pl
From (35),

O Pppoo(—2 )L
2 wpk] T T

where the equality is obtained from the Taylor expansion of
In p,, when p,, — 1. Since

=3 Elll (4

setting this to be at most %, we obtain that the transient time
for DSGD to reach the asymptotic convergence rate is lower
bounded by (ﬁ), based on an argument similar to
that of Corollary 2. O

V(k) > {(

] = s V) Loy
=vw+ e (o) L

V. NUMERICAL EXAMPLES

In this section, we provide two numerical example to verify
and complement our theoretical findings.

A. Ridge Regression

Consider the on-line ridge regression problem, i.e.,

(36)

min f(z) =

estrictions apply.
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where p > 0 is a penalty parameter. Each agent 7 collects data
samples in the form of (u;,v;) continuously where u; € RP
represent the features and v; € R are the observed outputs.
Assume each u; € [—0.5,0.5]P is uniformly distributed, and v;
is drawn according to v; = uffl +¢;, where z; are predefined
parameters evenly located in [0, 10]?, and ¢; are independent
Gaussian random variables (noise) with mean 0 and variance
0.01. Given a pair (u;,v;), agent 4 can compute an estimated
(unbiased) gradient of f;(z): gi(x, w;, v;) = 2(u]x — v;)u; +
2px. Problem (36) has a unique solution x, given by

-1,
Ty = ZE“7 U U ZE"’ [uu] |Z;
=1
1/1 1S
=3 (g*p) w27

Suppose p = 10 and p = 1. We compare the performance
of DSGD (3) and the centralized implementation (30) for
solving problem (36) with the same stepsize policy ai =
20/(k+20),Vk, and the same initial solutions: z;(0) = 0, Vi,
(DSGD) and z(0) = 0 (SGD). It can be seen from (37)
and the definition of Z; that Y i, [|:(0) — z.]|* = O(n).
Moreover, Vfi(z.) = 2E,, ., [(u]x. —vi)u;] + 2pz, =
2By, [ugu] ) (. — %;) 4+ 2pz, = 2 (x4 — ;) + 2px,. Therefore,
we have Y7 | [|[Vfi(z,)]|* = O(n).

In Fig. 1, we provide an illustration example that compares
the performance of DSGD and SGD, assuming n = 25.
For DSGD, we consider two different network topologies:
ring network topology as shown in Fig. 2(a) and square grid
network topology as shown in Fig. 2(a). For both network
topologies, we use Metropolis weights for constructing the
maxing matrix W (see [55]). It can be seen that DSGD
performs asymptotically as well as SGD, while the time it
takes for DSGD to catch up with SGD depends on the network
topology. For grid networks which are better connected than
rings, the corresponding transient time is shorter.

| + npl

(37

102

E HT(k) - . ] (SGD)
>y Elllzi(k) — . |[}] (DSGD, grid)
Zl  Ela,(k) — 2.]?] (DSGD. ring)

. \_.

0 1 2 3 4 5
k x10°

Fig. 1. The performance comparison between DSGD and SGD for online
Ridge regression (n = 25). The results are averaged over 200 Monte Carlo
simulation.

To further verify the conclusions of Corollary 2 and The-
orem 3, we define the transient time for DSGD as inf{k :
& i Elllzi(k) — 2.|%] < 2E[|x(k) — 2.*]}. For DSGD,

rmission. See http://www.ieee.or|
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we first assume a ring network topology and plot the transient
times for DSGD and % as a function of the network
size n in Fig. 2(b). We then consider a square grid network
topology as shown in Fig. 2(a) and plot the transient times
for DSGD and Tp)? ™ _ in Fig. 2 (b). It can be seen that the
two curves in Fig. 2(b) and Fig. 3(b) are close to each other,

respectively. This verifies the sharpness of Corollary 2.

(a) Ring network topology.

x10°

T T T

—o- Transient Time for DSGD
4n

6F 0=pu)” 1

0 5 10 15 20 25 30
Network size n

(b) Transient times for the ring network topology.

4n

Fig. 2. Comparison of the transient times for DSGD and —yz as a
function of the network size n for the ring network topology. The expected
errors are approximated by averaging over 200 simulation results.

B. Logistic Regression

Consider the problem of classification on the MNIST dataset
of handwritten digits (http://yann.lecun.com/exdb/mnist/). In
particular, we classify digits 1 and 2 using logistic regression.’
There are 12700 data points in total where each data point is a
pair (u,v) with u € R being the image input and v € {0, 1}
being the label.®

Suppose each agent i € N possesses a distinct local
dataset S; that is randomly taken from the database. To apply
logistic regression for classification, we solve the following
optimization problem based on all the agents’ local datasets:

min f(z) = (38)

. 1
2 CRTSS f ﬁ Z fi (1’)7

5The problem can be extended to classifying all 10 handwritten digits with
multinomial logistic regression.
®Digit 1 is represented by label 0 and digit 2 is represented by label 1.

estrictions apply.
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® ® ® ® numerically verified that > ;" , ||lz;(0) — z.||*> = O(n) and
SV i@)2 = O).

The transient time for DSGD is defined in the same way
as in the ridge regression example. In Fig. 4 and Fig. 5, we
plot the transient times for DSGD as a function of the network
size n for ring and grid networks, respectively. We find that
the curves are close to W, rather than a multiple
- O - - of ﬁ implying that the experimental results are better
than the theoretically derived worst-case performance given in
Corollary 2. Hence in practice, the performance of the DSGD

algorithm depends on the specific problem instances and can
© © v be better than the worst-case situation in terms of transient
(a) Square grid network topology. times.

6
2 x10 ‘ ‘

14000

—o- Transient Time for DSGD

n —o— Transient Time for DSGD

12000 | — 1

(—pw)*

10000

8000 r

6000 |

0.5r 4000 r

2000 |

0 20 40 60 80 100 0
Network size n

(b) Transient times for the square grid network topology.
Fig. 4. Comparison of the transient times for DSGD and W as a

function of the network size n for the ring network topology. The expected
errors are approximated by averaging over 200 simulation results.

Fig. 3. Comparison of the transient times for DSGD and (1_7# as a

function of the network size n for the square grid network topolowgy (n =
4,9,16,25, 36,49, 64,81,100). The expected errors are approximated by
averaging over 200 simulation results.

1 T T T T
where 0000 —o— Transient Time for DSGD
1 8000
filz) = S Z log(1 + exp(—xTu;)) + (1 — v;)zTu,]
tjes;
A 6000 |
+ 5l
4000 |
where ) is the regularization parameter.” Given any solution
x, agent 7 is able to compute an unbiased estimate of V f;(z) 2000
using one (or a minibatch of) randomly chosen data point
(ui,v;) from S;, that is, 0 ‘ ‘ ‘ ‘
0 20 40 60 80 100
—Uj Network size n
gi(@, ui, v;) + (1 —vj)u; + Az

T 1+ exp(zTu;)

Fig. 5. Comparison of the transient times for DSGD and ﬁ as
In the experiments’ Suppose each local dataset S’L con- a function of the network size n for the grld network tOpOlOgy (TL =

tai 50 dat int d \ = 1. At h iterati f th 4,9,16,25, 36,49, 64,81,100). The expected errors are approximated by

amns a a points, an ; o cach 1 ej’ra ton .0 © averaging over 200 simulation results.

DSGD algorithm, agent ¢ computes a stochastic gradient of

fi(x;(k)) with one randomly chosen data point from &;.

We compare the performance of DSGD (3) and centralized

SGD (30) for solving problem (38) with the same stepsize VI. CONCLUSIONS

policy o, = 6/(k + 20),Vk, and the same initial solutions:

/ This paper is devoted to the non-asymptotic analysis of
x;(0) = 0, Vi, (DSGD) and x(0) = 0 (SGD). It can be

network independence for the distributed stochastic gradient
descent (DSGD) method. We show that in expectation, the
algorithm asymptotically achieves the optimal network inde-
pendent convergence rate compared to SGD, and identify the

"The obtained optimal solution . of problem (38) can then be used for
predicting the lailbel for any image input u through the decision function

hw) = g
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non-asymptotic convergence rate as a function of characteris-
tics of the objective functions and the network. In addition, we
compute the time needed for DSGD to reach its asymptotic
rate of convergence and prove the sharpness of the obtained
result. Future work will consider more general problems
such as nonconvex objectives and constrained optimization.
It will also be of interest to explore the transient times of
asynchronous distributed stochastic gradient algorithms which
enjoy greater flexibility and less communication overhead.
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