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Abstract— Suppression of spurious vibrations and accurate
control of mechanical damping is critical in MEMS devices
to ensure optimal performance, sensitivity and reliability. Con-
ventional control schemes such as feedback-based mechanical
vibration absorbers or viscous dampers are either complex to
implement at the micro scale or result in a higher sensor
noise floor due to thermomechanical processes. In this paper,
we present a tunable electrical autoparametric vibration con-
trol scheme that is applied to a capacitive MEMS resonator.
In the proposed method, energy is transferred from the primary
mechanical resonating element to a secondary electrical resonator
via parametric mode coupling, thereby enabling dramatic reduc-
tion in the amplitude of mechanical vibration without introducing
significant linear damping. As the threshold for parametric
coupling is determined by electrical resistance, the system can
be tuned easily to adjust the magnitude, rate and bandwidth
of vibration suppression in the mechanical structure. A 1D
lumped parameter model is developed to numerically analyse the
behavior of the autoparametric vibration control system followed
by experiments performed using a micromachined resonator
array to validate the proposed model. The proposed circuit-based
scheme provides an easily integratable and tunable solution to
control damping in MEMS sensors and actuators. [2021-0095]

Index Terms— Parametric resonance, CMUT, capacitive trans-
ducer, autoparametric vibration absorber, nonlinear dynamics.

I. INTRODUCTION

INVESTIGATION of vibration control and damping in
microelectromechanical systems (MEMS) is critical to

realize increased reliability and performance in sensors and
actuators. Various MEMS devices such as resonant sensors,
gyroscopes and accelerometers are used to measure very small
forces and displacement with high resolution and sensitiv-
ity [1]. In order to obtain optimal performance, it is necessary
to isolate the MEMS from mechanical shock and unwanted
ambient vibrations. Other devices like MEMS microphones are
required to operate with a flat response over a wide frequency
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band- this requires careful control of mechanical damping in
the structure in order to minimize additional sensor noise.
To this effect, various active and passive vibration control and
damping schemes have been proposed for MEMS devices.
A popular approach to vibration control in MEMS involves

the use of active feedback mechanisms to regulate the
amplitude of vibration of the structure. One such feedback
mechanism makes use of piezoelectric actuators attached to
the vibrating structure as part of a force feedback control
loop [2]–[5]. The actuator can be utilized to enhance the
Q-factor or suppress unwanted vibrations in the target struc-
ture. Active feedback can be implemented in a simpler manner
in capacitive MEMS structures, as electrostatic force feedback
can directly be used as a control scheme, negating the need
for additional piezoelectric materials [6]–[8]. Despite the high
degree of control offered by active feedback, the implemen-
tation of such mechanisms is usually complex in nature and
lead to a significant increase in power consumption [9].
Alternately, various passive control schemes can provide

both vibration isolation and increased damping in MEMS.
Mechanical spring mass damper attachments that mimic
macroscale dynamic vibration absorbers in operation have
been used to isolate sensors from environmental vibrations and
shock as well as suppressing higher order harmonics [10]–[12].
However, these micromachined vibration absorbing structures
merely shift the resonance frequency of the primary structure,
making the attachment effective only in a narrow frequency
band. Moreover, it is almost impossible to tune the frequency
of the absorber once fabricated. Viscous damping mechanisms
such as squeeze film damping provide dissipation over a
wider frequency band as compared to vibration absorbers
and are intentionally introduced in MEMS microphones to
provide a flat frequency response [13], [14]. Careful design
of such viscous damping mechanisms is critical, as the dissi-
pation occurs under all operating conditions and leads to an
increase in the thermomechanical noise floor of the device,
resulting in degradation in performance [15]. The use of
shear-thickening fluids has been reported in literature as a way
of providing adaptive damping depending on the magnitude
of the disturbing force [16], however the encapsulation of the
MEMS in a viscous liquid introduces its own set of packaging
challenges.
More recently there has been growing interest in exploiting

the inherent nonlinearities of resonators to control its vibration
characteristics [17]. For example, parametric excitation has
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been employed to provide both amplification and damping
in MEMS gyroscopes [18], [19] whereas internal resonance
and nonlinear mode coupling mechanisms have also shown
to be effective in controlling the ring down time in high-Q
micromechanical resonators [20], [21]. Such nonlinear vibra-
tion control techniques provide a greater degree of tunabil-
ity and a larger suppression bandwidth when compared to
their linear counterparts. However, these mechanisms primar-
ily rely on nonlinear coupling between multiple mechanical
modes of the target structure and require precise engineer-
ing of the modal frequencies, thereby limiting widespread
adoption.
In this paper, we propose a novel, tunable vibration

suppression scheme in a MEMS resonator based on the
principle of parametric resonance. Autoparametric vibration
absorbers have previously been reported in macro scale struc-
tures and typically consist of a secondary mechanical res-
onator coupled to the primary vibrating structure with the
resonance frequencies of the two structures arranged in a
1:2 ratio [22]–[24]. The vibration of the primary structure
causes a variation in the stiffness or some other ’internal
parameter’ of the secondary resonator and when the amplitude
of the primary structure exceeds a critical value, energy is
transferred from the primary resonator to the secondary res-
onator via parametric mode coupling, resulting in the suppres-
sion of oscillations in the primary structure with a concurrent
increase in the vibration amplitude of the secondary resonator.
In this work, we replace the secondary mechanical resonator
with an electrical RLC resonator [25], thereby eliminating
the need for a secondary mechanical structure. The electrical
resonance frequency and threshold for parametric resonance is
determined by the electrical parameters which allows for easy
tuning of the system. For displacements below the adjustable
threshold, the parametric coupling is inactive and the circuit
does not affect the response of the primary resonator, allowing
for adaptable damping. As the damping mechanism only
impacts the system around parametric resonance, the pro-
posed system can be used to achieve tunable damping in
MEMS resonators without introducing additional noise over
the entire bandwidth as in the case of viscous damping
mechanisms.
The paper is organised as follows: We first present the

principle of operation of this novel approach for a capacitive
MEMS resonator through a mathematical model describing
the interaction between the two coupled resonators. With the
help of numerical simulations, we show that the magnitude,
rate and bandwidth of the suppression system can be easily
controlled by adjusting the electrical parameters of the shunted
circuit. The concept is then experimentally realized on a
micromechanical resonator array to validate the mathematical
model and demonstrate the ease of implementation of the
proposed vibration control scheme with capacitive MEMS
devices.

II. PRINCIPLE OF OPERATION

In the case of a capacitive MEMS resonator, the proposed
autoparametric vibration absorber can be simplified and rep-
resented by a generic 1D lumped parameter model [26], [27]

Fig. 1. 1D lumped parameter model of the mechanical resonator and the
proposed electrical autoparametric absorber.

shown in figure 1. In this model, the mechanical resonator
is represented by a parallel plate piston having an equivalent
mass m, stiffness k and damping b. The resonance frequency
of the piston is given by ωm = √

k/m and its mechanical
quality factor Qm = ωmm/b. The parallel plate piston also
acts as a time-varying capacitor in the electrical domain,
and is terminated with a series inductor L and resistor R to
form a resonant RLC circuit having a resonance frequency
ωel = 1/

√
LC0, where C0 is the static capacitance of

the time-varying piston capacitor. This electrical termination
enables tunable vibration control, and the combined system
can be expressed in the form of the following two coupled
differential equations,[

d2

dt2
+ ωm

Qm

d

dt
+ ωm

2
]
x = adsin(ωd t) + γ

V 2
c
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]
Vc = 0 (2)

where the equation (1) mainly represents the dynamics of the
mechanical resonator and equation (2) represents the electrical
resonator. The harmonic acceleration applied to the resonator
mass is given by ad and its angular frequency is ωd . Vc, x and
d0 represent the voltage across the parallel plate capacitor,
the displacement of the moving plate of the capacitor and
the initial vacuum gap between the plates of the capacitor
respectively. The quality factor of the electrical resonator is
defined as Qel = ωel L/R.
In order to provide the conditions required for parametric

coupling between the two resonators, the value of the inductor
is adjusted such the electrical resonance frequency is approx-
imately half the mechanical resonance frequency i.e., 2ωel ≈
ωm . Under these conditions, when the displacement of the
mechanical resonator exceeds a certain threshold near its
resonance frequency, it varies the capacitance of the electrical
circuit at twice the electrical resonance frequency and triggers
an autoparametric resonance of the electrical resonator. At this
time, the electrical resonator acts as an energy sink and absorbs
the vibrational energy from the mechanical resonator, thereby
limiting its amplitude of motion. The drop in the mechanical
motion is concurrently accompanied by a growing voltage
in the electrical circuit. Most importantly, the threshold for
autoparametric resonance is strongly influenced by the resis-
tance R in the circuit, and can be tuned to provide the required
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level of damping in the mechanical resonator. A thorough
mathematical analysis of equations (1) and (2), leading to a
quantitative description of the parametric instability tongue
and the parameters affecting it is presented in [28]. When
ωd = 2ωel , the minimum acceleration required to trigger
autoparametric resonance is found to be,

ad ≥ 4
ωm

Qm

ωel

Qel
d0 (3)

From equation (3) it can be seen that reducing R leads to an
increase in Qel , thereby lowering the minimum acceleration
required to drive the system into parametric resonance. The
upper and lower limit of the frequency band in which the
system is driven into parametric resonance can also be deter-
mined for a given set of system parameters using the following
expression:

|F | ≥ 4ω2

α

√
γ 2 + 4�2ω2

√
β2 + 16�2ω2 (4)

where � is a measure of the deviation of ωd from 2ωel and F ,
ω, α, β and γ are normalized system parameters (see appendix
A for more details). Thus by proper selection of parameters,
the proposed autoparametric vibration absorber can be used as
a compact, tunable and potentially completely passive solution
for vibration control in capacitive MEMS resonators without
the need for additional complex structures. Note that this
approach is general, i.e. although the parametric coupling in
the proposed system is obtained by modulating a time-varying
capacitance, the same can also be achieved by modulating
another variable in the electrical domain, such as the inductor
as shown in [29].

III. RESULTS

The proposed autoparametric vibration absorber is exper-
imentally demonstrated using a micromachined capacitive
resonator array. Device parameters are extracted through
impedance measurements and then fitted to the numerical
model to predict system performance for various mechanical
and electrical operating conditions. The numerical solutions
are then validated by studying the experimental device in air
under ambient conditions.

A. Mechanical Resonator Design

The autoparametric vibration suppression system is
analysed and demonstrated on a capacitive MEMS resonator
shown in figure 2a. The resonator array measures 3.55 mm
in length and 0.756 mm in width, and is fabricated using a
low temperature surface micro machining process presented
in [30]. The device consists of a grid of 9×34 electrostatically
actuated membrane-based microresonators, with each individ-
ual membrane measuring 78 µm × 78 µm. The membranes
are made by depositing a 2.2 µm thick film of low stress
PECVD SixNy . 200 nm thick AlSi electrodes are deposited
and patterned on top of each membrane and are interconnected
in a parallel configuration to enable simultaneous driving of all
306 membrane resonators. A 400 nm thick layer of chromium
underneath the resonators serves as the common bottom elec-
trode required for electrostatic actuation. The membranes and

Fig. 2. (a) Top view of the capacitive MEMS resonator used in the
experiment. (b) Close up view of the resonator array displaying a 4 × 4
grid of membranes with interconnected electrodes patterned on top of each
membrane.

the bottom electrode are separated by a 380 nm vacuum gap,
which corresponds to full range of membrane displacement.
The vacuum gap is realized by depositing a sacrificial layer
of copper on top of the bottom electrode, followed by 1 µm
of the SixNy membrane. Etch holes are then patterned and
etched at the periphery of the membranes, and used to release
the sacrificial layer via wet etching. Once the membrane
is released, SixNy is further deposited to seal the etch
holes and build the membrane to the final desired thickness.
Detailed steps involved in the fabrication process is presented
in [30]
The mechanical and electrical parameters of the micro-

machined resonator array are obtained via impedance mea-
surements made using a vector network analyser (Agilent
8753 ES). The mechanical resonance frequency of the res-
onator array is measured to be 3.8 MHz in air. The mechanical
Q-factor is estimated from the bandwidth of the resonance
peak and is found to be roughly 105 and the static capacitance
of the array is measured to be 32 pF. These parameters are
used to fully model the absorber system used in the numerical
simulations and select the appropriate values of electrical
components to use in the experiment.

B. Numerical Results

The 1D model of the proposed resonator-absorber system,
described by equation (1) and (2), is solved in MATLAB with
the ode45 solver using the system parameter values shown in
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TABLE I

LIST OF PARAMETERS USED FOR THE NUMERICAL SIMULATIONS

Fig. 3. Numerical simulation of displacement suppression x and autopara-
metric voltage build-up across the capacitor Vc using the parameters given
in table I. Vibrational energy from the mechanical resonator is irreversibly
transferred to the electrical resonator leading to diminishing mechanical
oscillation. The third panel shows the zoomed view of the exponential voltage
build up between 0.39 ms and 0.4 ms.

table I (fitted to the experimental device). The primary aim of
the numerical simulations is to explore the degree of control
and vibration suppression provided by the proposed scheme
under different operating conditions.
The simulated response of both the mechanical resonator

and the vibration suppression circuit, when a harmonic exci-
tation above the parametric forcing threshold is applied to
mechanical structure, is shown in figure 3. It is observed
that initially, the displacement of the mechanical resonator
increases and reaches a steady state value due to direct
resonance. However during this time, energy is simultaneously
transferred from the mechanical to the electrical resonator via
parametric mode coupling. The rate of this energy transfer
is proportional to the energy stored in the electrical mode,
hence at approximately 0.4 ms, we observe a significant

increase in the voltage measured across the variable capacitor
accompanied by a concurrent reduction in the amplitude of
mechanical resonator. The initial voltage condition provided
for this particular simulation at t = 0 is intentionally made
very small in order to slow down the rate of energy transfer
and clearly observe the exchange between the oscillators.
For this reason, the non-zero voltage across the capacitor
at t < 0.4 ms is significantly smaller than the steady state
value obtained after 0.4 ms and hence cannot be observed
in the figure. Note that the angular frequency of the current
in the circuit is exactly half the resonator drive frequency
ie. 2ωi=ωd .
The frequency response of the resonator to increasing

excitation is shown in figure 4a. The solid lines indicate
the linear response when subjected to 3 different excitation
levels, in the absence of the suppression circuit. As expected,
the largest excitation results in the maximum displacement
response. However, in the presence of the absorber, the steady
state displacement is independent of the input forcing and
the displacements converge to approximately the same value
for all three excitation levels (dashed lines). There is a clear,
observable threshold at which parametric mode coupling is
activated and the displacement starts to reduce, with the min-
imum steady state displacement observed close to 2ωel .The
parametric forcing threshold increases away from 2ωel , and
this is consistent with behaviour observed in parametrically
excited systems [31]. Note that in the regions where the
absorber is inactive, the displacement response of the resonator
matches the linear case (without the absorber), indicating that
the effect of the absorber is limited to the region of parametric
resonance.
A major advantage with a circuit based autoparametric

absorber is that it provides a means to easily tune the degree
of suppression in the mechanical resonator. The minimum
displacement in the resonator required for parametric coupling
is strongly dependent on the electrical resistance present in
the circuit. This is shown in figure 4b, where the frequency
response of the mechanical resonator for a fixed level of
excitation is plotted for different values of Qel . It is observed
that as the resistance is increased (equivalent to a reduction in
Qel ), the resonator displacement required for parametric mode
coupling also increases. Furthermore, the level of suppression
provided by the absorber circuit is also reduced. For instance,
when Qel=100, parametric resonance takes effect when the
resonator displacement exceeds 27 nm and reduces the steady
state amplitude to approximately 8 nm at 3.8 MHz. In contrast,
for the Qel=10 case, suppression starts when the displacement
exceeds 77 nm and maintains a flat frequency response in
the band where it is active. Therefore, by merely adjusting
the value of resistance present in the electrical circuit, it is
possible to provide different levels of damping or suppression
in a passive manner.
It is sometimes possible that due to manufacturing/tolerance

defects or thermal drift, the electrical resonance frequency
ωel is not exactly one half of the mechanical resonance
frequency ωm . The performance of the vibration suppression
system under such circumstances is analysed in figure 4c.
It can be observed that even in the event of a slight drift
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Fig. 4. Numerically simulated resonator response as a function of various system parameters. Note that unless mentioned otherwise, the parameters used
are those listed in table I. (a) Frequency response of the resonator to different levels of input forcing. The electrical absorber ensures that the suppressed
mechanical oscillation remains nearly the same irrespective of the exciting force. (b) The displacement threshold for autoparametric resonance increases with
decreasing electrical Q-factor, thereby enabling force dependent suppression. (c) Effect of mistuned electrical resonance frequency on the effectiveness of
the absorber. (d) The application of a bias voltage across the resonator results in a reduced displacement suppression time for the same input excitation
of 0.024 m/s. Note that the level of suppression achieved is not affected by changing the initial bias condition.

in ωel , the circuit is still capable of effectively suppressing
excessive displacements in the mechanical resonator. However,
the frequency at which maximum suppression occurs tends
to skew heavily toward either the left or the right, depend-
ing on whether 2ωel is less than or greater than ωm . Note
that tuning of the electrical resonance can be achieved by
changing the inductor value to match the vibration suppression
frequency.
Finally, we simulate the effect of different initial conditions

on the temporal response of the mechanical resonator. It can
be seen from figure 4d that in the case of a fully passive
autoparametric vibration absorber (thermal noise in the circuit
provides the initial conditions necessary for parametric cou-
pling), the amplitude of the mechanical resonator reaches close

to its maximum steady state value before the absorber becomes
active and reduces its motion. This might be undesirable in
applications where rapid mechanical suppression is required
to prevent catastrophic failure. In such instances, it is observed
that applying a DC bias or pre-charge across the capacitive res-
onator can significantly reduce the time taken for mechanical
suppression. A reduced suppression time also ensures that the
resonator displacement does not greatly exceed the threshold
at which the absorber is activated. For example, applying even
a 1V DC bias causes the suppression time to reduce by more
than 50% and limits the peak mechanical displacement to 70%
of its maximum value, when compared to the no bias case.
Note that the electrical resonance frequency is 1.9 MHz and
Qel = 50 for this simulation. Further reduction in amplitude
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Fig. 5. (a) Schematic of the experimental setup (b) Actual experimental
setup showing the mounting of the resonator on the piezo shaker as well as
the vibrometer laser focused on the MEMS resonator.

and suppression time can be achieved by increasing the bias
voltage. It is important to note here that it is considerably
harder to control the initial conditions in purely mechanical
autoparametric and internal resonance based energy transfer
mechanisms whereas the implementation in this circuit based
approach can be achieved by simply adding a pre-charge or
battery. Note that in any practical capacitive MEMS resonator,
an AC or DC bias voltage will be applied at some level for
sensor readout.
These numerical results obtained by solving the coupled

equations indicate that a great deal of control and flexibility
can be achieved by employing a electrical autoparametric
vibration suppression scheme in MEMS resonators. Vibration
suppression is observed to be effective over a range of forcing
excitations and the threshold and level of suppression can
be controlled by tuning the electrical Q-factor. Moreover, the

Fig. 6. Experimentally obtained time response of the membrane displace-
ment and voltage across the resonator array. The piezo shaker is driven
at 3.795 MHz and the frequency of the recorded voltage is found to be
1.9875 MHz.

ability to control the rate of suppression is an advantage when
compared to purely mechanical damping techniques, making
it an attractive option in high resolution MEMS sensors.

C. Experimental Results

To demonstrate the autoparametric vibration controller
and validate the mathematical model, experiments are per-
formed using the micromechanical resonator array described
in section III-A. The array is bonded to a piezoelectric
disc (Steminc SMD12T06R412WL) which provides the input
mechanical forcing in the form of base excitations. The top
electrode of the resonator array is terminated with a series
220 µH inductor and variable resistor, to form the autopara-
metric vibration suppression circuit. A signal generator is
also added to the circuit to act as a voltage source and
provide different initial conditions to the absorber circuit. The
schematic of the experimental setup and the actual experiment
is shown in figure 5a and 5b. A 50 ns, 100 mV unipolar
electrical pulse is applied from the voltage source and the
voltage across the resonator is recorded with an oscilloscope
(Tektronix TDS5054b) to determine the impulse response of
the electrical resonator. The resonance frequency of the circuit
is measured to be 1.9 MHz with a Q-factor of 41, where the
parasitic resistances in the circuit is the dominant electrical
loss. A laser Doppler vibrometer (Polytec OFV 5000/534) is
used to determine the mechanical response of the resonator
array. With the help of a 10x objective lens, the laser spot is
focused on a single membrane and the displacement is read out
on the oscilloscope. Note here that the maximum displacement
that can be measured with the vibrometer is limited to 75 nm
whereas the full range of motion of the membrane exceeds
300 nm. In order to overcome this limitation, the spot was
focused on the edge of the membrane, where the range of
motion is limited. Hence, the relative displacement of the
membrane in the experimental results is more indicative of
absorber performance than the absolute value of displacement.
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Fig. 7. (a) Experimental frequency response of resonator membrane displacement with and without the absorber. The dashed and solid vertical black lines
indicate the start and end of the region of parametric resonance for 160 mV and 180 mV respectively. (b) Voltage measured across the resonator with the
absorber attached. The sudden jump in voltage on the left side of the curve indicates the transition into a region of parametric resonance.

Also, the variable resistor is set to 0 � unless mentioned
otherwise- this is because the parasitic resistances in the
mechanical resonator and circuit, ranging anywhere between
25 � to 60 �, contribute to significant electrical loading.
The temporal response of a single membrane on the res-

onator when driven by the piezo shaker at 3.795 MHz is shown
in figure 6. The input excitation from the piezo is adjusted such
that there is sufficient displacement in the membrane to trigger
the absorber. The voltage measured across the resonator is
also overlayed in order to compare the reduction in displace-
ment with the onset of parametric resonance. As predicted
by the simulations, the reduction in membrane displacement
is accompanied by a sharp increase in voltage across the
resonator, with the displacement reducing to approximately
50% of its peak value. In this experiment, no external volt-
age is applied to the circuit. Therefore, the initial voltage
conditions required for the onset of parametric resonance is
provided entirely by the electromagnetic coupling and noise
in the circuit, demonstrating the totally passive nature of the
vibration control scheme.
A frequency sweep is performed to obtain the membrane

response for two different levels of input excitation to the
piezo shaker (figure 7a). As expected, the linear response of
the membrane increases with higher forcing in the absence
of the absorber circuit whereas the resonant response of the
membrane for the same level of forcing is significantly sup-
pressed in the presence of the circuit. Close to a 90% reduction
in amplitude is observed in the presence of the absorber for
the 180 mV input to the piezo shaker. The voltage that is
autoparametrically built up across the resonator is also plotted
in figure 7b and it can be seen that parametric resonance is
triggered in the electrical circuit by a sudden jump in voltage
at 3.785 MHz and 3.781 MHz for the lower and higher input
excitations respectively. As the frequency is increased, the dis-
placement of the membrane reduces to a minimum, followed

by a subsequent increase until the parametric coupling between
the resonators ceases. The minimum suppressed displacement
also closely coincides with the center of the parametric
instability region (ωd ≈3.805 Mhz). The simulated numerical
frequency response of the resonator using the experimentally
obtained parameters is also overlayed in figure 7a. It is clear
that, qualitatively speaking, the simulated response mimics the
experimental result in terms of displaying a reduced vibration
amplitude in the region of parametric resonance. However
there exists some deviation in terms of absolute values of
displacement. This mismatch between the experimental and
simulated displacement can be attributed to the fact that the
simplistic 1D model does not consider the complex dynamic
interactions between different membranes in the resonator
array. Furthermore, parasitic capacitance and resistance, man-
ufacturing related non-uniformities, a non-uniform resonant
frequency response of the piezoelectric disc and the vibrometer
range limitations prevent precise quantitative matching of the
experimental and numerical results at this time.
The effect of the electrical resistance on the level of

vibration suppression is presented in figure 8 for two different
values of resistance. As mentioned before, in the R=0 � case,
the electrical resistance in the circuit is purely comprised of
the parasitic resistance in the microresonator, inductor and
other components used to build the circuit. Ideally, minimizing
these parasitic resistances allows for a greater degree of dis-
placement suppression. The variable resistor is then adjusted
to increase the resistance by 10 �, which causes a 14 nm
increase in the minimum displacement of the membrane. This
is consistent with the trends observed in the numerical sim-
ulation, where an increased resistance leads to a reduction in
suppression. Further increasing the variable resistance beyond
10 � causes the parametric initiation threshold to exceed
practically achievable levels. Hence it is critical that the system
is designed with minimum parasitic resistance such that a
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Fig. 8. Effect of varying load resistance on the experimental frequency
response of the mechanical resonator.

Fig. 9. Experimental envelope of membrane displacement vs. time for
different initial conditions.

larger range of control can be achieved by tuning an external
variable resistance.
Finally we revisit the effect of initial conditions on the

response time. The envelope of the displacement response
of the membrane vs. time is plotted for four different initial
conditions in figure 9. To avoid unwanted effects such as
spring softening on the dynamics of the resonator, a sinusoidal
AC burst comprising of 60 cycles is applied from the signal
generator instead of a constant DC voltage. The mechanical
excitation from the piezo shaker is adjusted such that it begins
just as the electrical tone burst from the generator ends. From
figure 9 it can be seen that there is a large initial transient
at 0.55 ms before the steady state membrane response at
3.8 MHz. This initial transient is due to the excitation of a
spurious resonance very close to the membrane resonance.
Such spurious resonances commonly occur in large array

based resonators and are well documented in literature [32].
In this particular case, the resonance falls outside the frequency
band of parametric resonance and is hence not suppressed. The
steady state response of the membrane with the 10V initial
condition is then parametrically suppressed within 1/6th of
the time taken in the absence of any DC bias, leading to a
dramatic improvement in suppression time.
Thus, these experimental results obtained by connecting

an inductor and variable resistor to a capacitive microma-
chined resonator array validate the numerical simulations
performed using the 1D lumped parameter model, despite
some deviations in behaviour due to array effects such as
substrate coupling, membrane cross-talk and manufacturing
non-uniformities.

IV. DISCUSSION AND CONCLUSION

This paper presents the potential of electrical autoparametric
resonance for vibration control and damping in MEMS res-
onators. The autoparametric absorber can be easily integrated
with a MEMS device in the form of a shunted electrical circuit,
and provides superior tuning capability when compared to
other passive vibration control techniques. Note that this is
a totally passive method when used with a regular wirewound
inductor. However to have more design flexibility in terms
of size and practical implementation, one can use active
inductor implementation using already available power sources
for the MEMS sensor. For instance, capacitive microphones
or comb-drive based accelerometers introduce precisely con-
trolled viscous damping to achieve a flat frequency response
across the operational bandwidth. The proposed absorber cir-
cuit can instead be integrated with the MEMS to electrically
tune the mechanical response of the resonating structure and
obtain a flat frequency response without introducing additional
noise over the entire bandwidth due to viscous damping.
As almost all practical capacitive MEMS resonators make use
of an AC or DC bias voltage for sensor readout, the wirewound
inductor could potentially be replaced by synthetic op-amp
based inductive elements for simpler electronics integration
and smaller device footprint.
While the simulations and experiments described in this

paper make use a parallel plate capacitive structure, the prin-
ciple of autoparametric vibration suppression is more general
and can be realized in a comb-drive electrostatic transducer
or any other structure offering a time-varying capacitance.
The numerical results presented in section 3B can be used
as a guide to tune the appropriate electrical parameters in
order to achieve the desired mechanical frequency response
and rate of vibration control. Similarly, equation (3) can be
used to determine the minimum electrical Q-factor required
for autoparametric resonance based on both, the physical
properties of the mechanical resonator, as well as the minimum
acceleration acting on the MEMS. Hence through an iterative
process, the autoparametric vibration absorber can be designed
for optimal performance for a variety of resonator structures
and applications.
In conclusion, a passive vibration control scheme is pro-

posed in which energy is transferred from the primary res-
onating structure to the secondary electrical resonator via
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parametric coupling, leading to a reduction in the amplitude of
mechanical oscillation. The degree of suppression achievable
is directly related to the Q-factor of the electrical resonator,
which can be increased by reducing the resistive loss. The
rate of suppression can also be controlled by introducing
initial voltage conditions in the circuit. Numerical results
obtained by simulating a 1D lumped model are validated by
experiments performed using a micromachined capacitor array
and a shunted inductor and variable resistor. The use of the
absorber circuit resulted in a 90% reduction in oscillation
amplitude when compared to that without the circuit. The
energy transferred to the electrical resonator could also poten-
tially be harvested, rectified and used to power nearby low
power sensors. Future work will address the implementation
of electrical absorbers over multiple frequency bands and
explore the use of tunable damping control in micromachined
membrane based metastructures.

APPENDIX A
QUANTITATIVE DESCRIPTION OF THE

PARAMETRIC INSTABILITY TONGUE

Accurate approximate analytical solutions quantifying the
operational characteristics of the system described in this paper
were derived and presented in our previous work [28]. The
analytical solutions are based on the asymptotic analysis of
the coupled nonlinear ODE’s (equations 1 and 2).
To make employ the asymptotic analysis, it is required to

introduce the following normalized parameters:

ε = µ3ε0A

2mζ 2 , γ = R

Lζ ε
, α = 1

LAε0ζ 2µε
,

β = b

mζ ε
, F = µF0

mζ 2ε
, D = µd0, ω = ωel

ζ

where ζ = 107 and µ = 108. Note that A, ε0 and F0 refer to
the area of the parallel plate piston, the free space permittivity
and the force acting on the mass m due to acceleration
ad respectively. Other parameters such as the inductance L,
resistance R, mechanical damping b, gap between the parallel
plates d0 and electrical resonance frequency ωel have been
defined in section 2. As a result, ε � 1, and the timescales in
the system can be separated using a nonstandard coordinate
transform to obtain a more accurate approximation based on
the averaging theory [33]. Two important results derived via
this technique and related to the minimum forcing threshold
and frequency span of the instability tongue are presented in
equations 3 and 4 respectively.
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