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Abstract. In this paper, we introduce and analyze a new class of optimal control problems
constrained by elliptic equations with uncertain fractional exponents. We utilize risk measures to
formulate the resulting optimization problem. We develop a functional analytic framework, study
the existence of solution, and rigorously derive the first-order optimality conditions. Additionally,
we employ a sample-based approximation for the uncertain exponent and the finite element method
to discretize in space. We prove the rate of convergence for the optimal risk neutral controls when
using quadrature approximation for the uncertain exponent and conclude with illustrative examples.
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1. Introduction. In the recent article [58], the authors demonstrate a direct
qualitative correlation between geophysical electromagnetic data and numerical simu-
lations of the fractional Helmholtz equation. This application, as well as many others
(see, e.g., [13, 43]), motivate our study of the fractional diffusion equation

(1.1) LPu=1zin Q, u=0 on 09,

where  is an open and bounded domain in RY (N > 1), with Lipschitz boundary 952.
The operator L%, s € (0,1), is a fractional power of the second-order, symmetric, and
uniformly elliptic differential operator £, supplemented with homogeneous Dirichlet
boundary conditions. For example, £ represents the second-order differential operator
Lw = —div,(AV,w) + cw, where 0 < ¢ € L®(Q) and A € C%L(Q, GL(N,R)) is
symmetric and positive definite on 2. Here, GL(N,R) denotes the general linear
group consisting of N x N invertible matrices on R endowed with the operation of
matrix multiplication.
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Identification of the right-hand side, z, is a classical problem in optimal control
and inverse problems. One motivating application is the distributed control of the
fractional Helmholtz equation, which as shown in [58] can accurately model certain
geophysical phenomena. Although (1.1) is simpler than the fractional Helmholtz
equation, we consider the optimal control of (1.1) a natural first step. However, one
difficulty when considering the fractional model (1.1) is that the exponent s is often
unknown. Recently, there have been systematic studies to determine s for models
of type (1.1) (see, e.g., [4, 51], as well as [7]), where s is allowed to be spatially
varying. These works consider deterministic versions of (1.1), whereas the authors in
[31] consider stochastic z.

In this work, we model the fractional power s of £ as a random parameter and
consider the risk-averse optimal control problem

(1.2a) min R(J(-,S(z),2)),

2€Z.aq
where S(z) = u solves
(1.2b) LPu=1zin ), u=0ondN as.

Here, the controls z are deterministic and Z,q is a nonempty, closed, and convex set
of admissible controls. Moreover, u in (1.2b) is a random field and we denote the
explicit dependence of u on the uncertain fractional power s by u(s). For fixed u(-)
and z, the objective function s — J(s, u(s),z) is a random variable and R is a function
that maps random variables into the extended real numbers. We refer to (1.2) as the
uncertain fractional optimal control problem.

There are a number of reasonable choices for the functional R. For example, if
J(-,u(+),z) represents a reliability (e.g., failure) metric or cost associated with (1.1),
then it is often reasonable to minimize the probability that J(-,u(:),z) exceeds a
specified threshold. Another option, and the focus of this paper, is to choose R
to be a measure of risk. Risk measures numerically quantify the overall “hazard”
associated with the random variable J(-,u(-),z) [48]. For example, one could define
R to be the expected value plus a measure of deviation of J(-,u(-),z), or one could
define R to be the average of the (1 — ) x 100% largest scenarios of J(-,u(-),z) for
some fixed 0 < § < 1. See [50] for examples of common risk measures. In general,
there is no single method for choosing R. However, R should encode the required
conservativeness or risk preference of the user.

The uncertain fractional optimal control problem presents numerous theoretical
and numerical challenges. First, the regularity of solutions to (1.1) depends on the
fractional exponent s. Since s is random, the random field solution u(:) of (1.1) has
varying regularity. Therefore, the classical techniques for analyzing (1.1) and (1.2)
may not apply. Second, in general the numerical solution of optimization problems
governed by PDEs with uncertain inputs is computationally expensive, since one not
only must discretize the governing PDE in space but also must approximate the
dependence of the PDE solution on the uncertain parameter s. Such problems have
recently received much attention [38]. For example, in the recent works [36, 37],
the authors developed an optimization algorithm that adaptively refines quadrature
approximations of the expectation of the objective function to efficiently solve PDE-
constrained optimization problems with uncertain inputs. Similarly, in [35], the author
presents an optimization algorithm that utilizes multilevel quadrature approximations
of the control problem to reduce computational cost. On the other hand, the authors
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in [18, 24, 25, 26, 60] discuss efficient optimization approaches that employ reduced-
order models of the governing physics. Finally, the authors in [17] demonstrate the
use of multigrid to solve optimal control problems with parametric uncertainties.

Aside from the computational difficulties associated with uncertainty, additional
complexity arises due to the nonlocal operator £°. To handle L£°, one can use a
spectral Fourier approach [2], the Balakrishnan formula [59, p. 260] (see also [16]),
or the so-called Stinga—Torrea extension [52]; see also [20] for the Caffarelli-Silvestre
extension. In this work, we employ the Stinga—Torrea extension. However, our results
hold in case of the first two approaches as well. A similar strategy was used in [3],
where the authors studied a linear quadratic optimal control problem constrained
by (1.1) with fixed (deterministic) s. Given the exponent s € (0, 1), a desired state
ug € L3(Q), and J(u,z) = L|ju— udH%z(Q) + %||z||2L2(Q), the authors in [3] investigated
the so-called fractional optimal control problem: minimize J(u,z) subject to the state
equation (1.1) and the control constraints a < z < b for given a < b. For completeness,
we refer the reader to [10] for the control of the fractional semilinear PDEs with
both integral and spectral fractional diffusion operators and [8, 9] for the control of
fractional p-Laplacian with control in the coefficient. We mention that our approach,
in principle, can be directly applied to other definitions, integral and regional, of
fractional Laplacian [56, 57], provided the solution to the corresponding PDEs fulfills
the s-related properties discussed in this paper.

Our principle contributions in this paper span both the theoretical and the nu-
merical treatments of (1.2). In the following list, we summarize the aforementioned
difficulties associated with analyzing and solving (1.2), and we outline our contribu-
tions.

Variable spatial regularity. The spatial regularity of the random field solution
u(-) depends explicitly on the random fractional power s. Consequently, the classical
techniques used to analyze (1.1) and (1.2) do not directly apply.

Existence and optimality conditions. We prove that solutions to (1.2) exist in
Theorem 3.1 using the direct method of the calculus of variations. Although this
technique is standard, the details for (1.2) rely heavily on the properties of the risk
measure; see section 3.1. In addition, we derive the first-order necessary optimality
conditions in Theorem 3.2.

Extension and truncation estimates. The numerical solution of (1.2) is daunt-
ing due to the inherent complexity of (1.1) combined with the need to accurately
resolve the stochastic variability. We employ the Stinga—Torrea extension to equiva-
lently rewrite (1.1) and then approximate it via truncation. The key challenge with
this approach is the derivation of the precise s-dependence in the energy estimates
of the solution to the truncated problem. We show, for the risk-neutral case, i.e.,
R is the expected value, that the error for the optimal controls, when using this
truncation, decays exponentially with respect to the truncation parameter.
L2(2)-error estimate. The finite-element error estimates in [3, 47] require s €
[e,1—¢], with e € (0,1), as well as sufficient regularity of the problem datum (i.e.,
Sobolev regularity rather than L?(2)). In Theorem 6.3, we provide a finite-element
error estimate for L?(Q2) problem datum.

Discrete optimal control problem. We introduce a numerical scheme for (1.2)
that employs the truncated extension of (1.1), finite elements for the spatial dis-
cretization, and interpolation with respect to s. We prove the convergence of this
method for the risk-neutral case. However, due to the s-dependent regularity of the
adjoint state, we are unable to establish higher regularity of the optimal controls
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(see Remark 6.4) and therefore cannot, in general, prove error estimates.

The outline of this paper is as follows. In section 2, we introduce notation and
study the well-posedness and differentiability of u with respect to s. Section 3 is
devoted to the setup of our risk-averse optimal control problem. Under fairly general
assumptions, we show the existence of solutions and derive the first-order optimality
conditions. In section 4, we realize the nonlocal operator £° using the Stinga—Torrea
extension. The Stinga—Torrea extension produces a PDE defined on a semi-infinite
cylinder. We discuss a truncation strategy in section 5 to handle this semi-infinite
cylinder. In particular, we prove that the constants associated with the truncation
error bounds are independent of s. To our knowledge, these estimates are new even
for the forward problem. In section 6, we present a discrete scheme for general risk-
measures, and we also discuss error estimates in case the risk measure is given by
the expected value. For these error estimates, we need to assume that s € [g,1 — €],
with € € (0, 1), which is an artifact of current numerical schemes. We conclude with
numerical results in section 7.

2. The uncertain fractional equation. We begin by setting our notation
(cf. [5]). Let © be an open, bounded, and connected domain in RV, N > 1, with
Lipschitz boundary 9. Let £ be the realization in L?(Q) of the elliptic operator

Lw := —div, (AV,w) + cw

with zero Dirichlet boundary conditions. Here, we assume 0 < ¢ € L*(Q) and
A € C%(Q,GL(N,R)) is symmetric and positive definite. It is well known that £
has a compact resolvent and its eigenvalues form a nondecreasing sequence 0 < A1 <
Ay < o0 < A\ < -+ satisfying limy oo Ax = 00 [41]. We denote by {pr} C HL(Q)
the orthonormal eigenfunctions associated with {\x}.

For any s > 0, we define the fractional-order Sobolev space

oo

2 N E 2

Hs(Q) = )\Zuk < OO} 5
k=1

H*(Q) == {U = urpr € L*(Q) ¢ |u|

k=1

where the coefficients u; are defined as

U = (u,gok)Lz(Q) = / UPE dz.
Q

It is well known that

H*(Q) = HE(Q) if 0<s<i,
(2.1) H(Q) = { HE (Q) it s=1,
HE(Q) if £<s<1,

where H*(2) denotes the classical fractional-order Sobolev space, HO%O () is the so-
called Lions—Magenes space, and H§(£2) denotes the fractional-order Sobolev space of
functions with zero trace when s > 1. We denote the dual space of H*(2) by H~*(2).
We recall the following definition of the nonlocal operator L£°.

DEFINITION 2.1. The Dirichlet fractional operator is defined on C§°(Q2) by

L = Z/\Zukgok, with  up = (u, Pr)12(Q)-
k=1

© 2021 National Technology and Engineering Solutions of Sandia, LLC



Downloaded 11/29/21 to 129.174.240.213 Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

UNCERTAIN FRACTIONAL POWERS OF ELLIPTIC OPERATORS 1165

Using density arguments, we extend the operator £° to an operator mapping
H*(Q) into H™*(Q2).

We model s as a random variable. Here and throughout, we abuse notation and
let s denote a random variable and its realizations. Let (X, F,P) denote a complete
probability space where ¥ is a set of outcomes, F C 2% is a o-algebra of events,
and P : ¥ — [0,1] is a probability measure. We assume that s is a random variable
mapping ¥ into = := (0,1) with probability law P = Po s~1. We further assume
that s is Borel measurable, i.e., s71(A) € B for all A € F, where B C 2= denotes
the Borel o-algebra on Z. This allows us to analyze our optimization problem in
the complete probablhty space =, B P) We denote the expected value of a random
variable X : 2 — R by E[X] = [0 X , and we denote “P-almost everywhere”
by a.s. (i.e., “almost surely ). In thls probablhstlc setting, we require the fractional
diffusion equation (1.1) to hold for all s € =. The solution to (1.1), u, is a function
that maps = into L?(£2) with the added regularity that u(s) € H*(2) for all s € Z.
Throughout, we denote the control-to-state map for (1.1) by z — S(z). For a fixed
z, S(z) is parametrized by the fractional power s. We denote this dependence by
s+ [S(2)](s). Given a real Banach space (V, || - ||v), we denote the Bochner space for
p € [1,00) and p = oo, respectively, by

LP(E,B,P;V) :={(: 2 — V|( is strongly B-measurable, E[||¢||};] < oo},

®(E,B,P;V) := {C : 2 — V| is strongly B-measurable, essesllp IC(s) v < oo}.

When V =R, we obtain the usual Lebesgue space, denoted by LP(Z, B, P). We now
study the existence of solution to (1.1) and the differentiability of [S(z)]().

PROPOSITION 2.2. For fized z € L*(Q), there exists a unique solution to (1.1)
given by

(2.2) [S@)(s) = Y A 2k, zi = (2, 1) L2(0),

with S(z) € L*>(Z,B, P; L*(Q)). Moreover, s — [S(2)](s) is infinitely often Fréchet
differentiable as a function from Z into L*(Q)) for any n € N and the nth-order
derivative is given by

8” >
(2.3) 83" Z ) log(Ak)" AL “zrr,
k=1

where log denotes the natural logarithm.

Proof. Theorem 2.5 of [21] (see also [6, Prop. 2.8]) shows that [S(z)](s) in (2.2)
is the unique solution to (1.1) for fixed s € E. Motivated by [51], the three-times
Fréchet differentiability was shown in [4, Thm. 3.1]. The higher-order differentiability
follows by similar arguments. Now, since s — [S(z)](s) is Fréchet differentiable as a
function from Z into L2(12), it is continuous on = and therefore, for all u* € L?(Q),
the mapping s — (u*,[S(2)](s))12(q) is also continuous. Hence, s — [S(2)](s) is
weakly B-measurable. Moreover, since L?({2) is separable, Theorem 3.5.2 in [33]
guarantees that s — [S(z)](s) is strongly B-measurable. Finally, we recall from [4]
that [|[S(2)](s)l|z2) < Cllz||lz2(q), where the constant C' > 0 is independent of s
whence S(z) € L*(Z, B, P; L*(Q)). O
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For fixed s € E, it is easy to see that the state [S(z)](s) enjoys the following higher
spatial regularity.

LEMMA 2.3. Suppose [S(2)](s) solves (1.1) for fized z € L*(Q) and s € Z. Then

I5@)](s) k2 (2) = llzllz2()-
Therefore, the random variable s — ||[S(2)](s)||m2s () is finite and constant.

Proof. Since up = A, °zj, we arrive at the asserted result by using the definition
of H?*-norm. 0

3. The optimal control problem. As demonstrated in Proposition 2.2, the
state S(z) : 2 — L?(2) is n-times continuously Fréchet differentiable for fixed z €
L?*(Q) and any n € N, and S(z) € L*(Z,B, P; L*()). Substituting S(z) into the
objective function J in (1.2) results in the uncertain reduced objective function
J(+,[S(2)](+), z). For the remainder of this paper, we assume J has the specific form

J(s,u,z) = f(s,u) + g(z),

where f : 2 x L?(2) — R and g : L?(2) — R. We further assume that there exist
p,q € [1,00] such that f(-,[S(2)](-)) € LP(Z,B, P) for any u € LY(Z,B, P; L?(Q)).
Such a scenario is typical for optimal control problems (cf. [54]), and in the subsequent
results, we provide explicit assumptions on f that ensure this condition holds. To
formulate the optimal control problem, we choose a functional R : LP(Z,B,P) —
(=00, 0] and solve

(3.1) min R(f(-,[S(2)](-))) + 9(2).

2€Za4

Common choices of R include risk measures, worst-case functionals, and probabilistic
functions (see [50] and the references within). Such R often are not differentiable,
adding complication to the analysis and numerical solution of (3.1). In this work, we
focus solely on risk measures.

3.1. Risk measures. Minimizing the average objective function is often not suf-
ficiently conservative for real applications. To address this issue, risk measures were
developed to numerically quantify hazards associated with uncertain outcomes. There
are many ways to model risk preference. In this work, we discuss two classical ap-
proaches: (i) mean-deviation models and (ii) disutility models. In the mean-deviation
approach, we define R as

R(X) =E[X]+ D(X),
where D : LP(E, B, P) — [0, c0] is a deviation measure and quantifies how nonconstant
a random variable is. For a discussion of generalized deviation measures, see [49]. In
the utility approach, we first choose a utility function ¢ : LP(Z,B,P) — R that
quantifies our expected utility for the random outcomes X € LP(Z,B, P). We then
define the associated disutility (or regret) as V(X ) = —U(—X) and the risk as

R(X) = inf{t + V(X — 1)},

This risk model is a generalization of the “optimized certainty equivalent” risk mea-
sures [15]. These two risk models are linked through the risk quadrangle which pro-
vides fundamental relationships connecting measure of risk, deviation, regret, and
error [48]. Independent of how R is constructed, the authors in [11] postulated the
following four useful properties for modeling risk: For X, X’ € LP(Z,B, P) and t € R,
we have the following:

© 2021 National Technology and Engineering Solutions of Sandia, LLC
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(R1) Subadditivity: R(X + X') < R(X) + R(X").

(R2) Monotonicity: If X < X’ a.s., then R(X) < R(X’).

(R3) Translation equivariance: R(X +t) = R(X) +t.

(R4) Positive homogeneity: If ¢ > 0, then R(tX) = tR(X).
Clearly, if R satisfies (R4), then (R4) holds if and only if R is convex. Thus, (R1) is
often replaced by convexity:

(R1") Convexity: R(tX 4+ (1 — ) X') <tR(X) + (1 —t)R(X’) for all ¢ € [0,1].
If R satisfies (R1)—(R4), then it is called coherent. On the other hand, if R satisfies
(R1’), (R2), and (R3), then it is called a convez risk measure [30]. Under appropriate
assumptions on D and V, the associated risk measures are convex, even coherent.
Two popular coherent risk measures are the mean-plus-semideviation,

R(X) = E[X] + cE[max{0, X —E[X]}?]7, 0<c<I,
and the conditional value-at-risk,

1
R(X)=1iﬂ/ﬂ QX(a)da=gg£{t+klﬁE[max{O,X—t}]}, 0<B<1,

where ¢x (a) denotes the a-quantile of X. Another popular convex risk measure is
the entropic risk,

(3.2) R(X) = logE[exp(8X)], B> 0.

The entropic risk measure is not coherent since it does not satisfy (R4).

3.2. Existence and optimality conditions. In the following theorem, we pro-
vide conditions on f that ensure

f(2):= (. [S@)() € L(E,B,P) Yue LU(E,B, P; L*())

and, under these assumptions, prove the existence of solutions to (3.1). We then prove
first-order necessary optimality conditions for (3.1).

THEOREM 3.1 (existence of optimal control). Suppose Z,q C L?(S2) is nonempty,
closed, conver, and bounded; g : L*(2) — R is convexr and lower semicontinuous; and
[ 2 x L2(Q2) — R satisfies (i) f(-,u) is B-measureable for all u € L*(Q), (ii) f(s,-)
is continuous for almost all s € E, and (iii) there exist p,q € [1,00] such that one of
the following growth conditions holds:

1. p < 00, ¢ < o0, and there exist a € LP(ZE,B, P) with a > 0 a.s. and C > 0
such that

(3.3) [£(s,u)] < als) + Cllu| g, YueLA(Q) as.;
2. p=gq =00, and for all C > 0 there exists v = v(C) > 0 such that
(3.4) P <7 Yl <€ as
Finally, suppose R : LP(E,B,P) — (—o0,00| is proper, convexr, and lower semi-

continuous if p < oo or weakly* lower semicontinuous if p = oo and satisfies the
monotonicity property (R2). Then (3.1) has a solution.

© 2021 National Technology and Engineering Solutions of Sandia, LLC
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Proof. We first show that [S(-)](s) is a compact operator from L?(Q) into L?()
for arbitrary fixed s € Z. Since [S(-)](s) is a continuous linear operator from L?(2) into
H*(Q), we have that if z, — z' in L?*(Q), then [S(z},)](s) — [S(Z')](s) in H*(Q). The
compact embedding of H*(Q2) into L?(92) [28, Thm. 7.1] then ensures that [S(z},)](s) —
[S(2)](s) in L?%(Q). In particular, [S(-)](s) is a compact operator from L?(Q) into
L?(Q) for fixed s € = (cf. [27, Prop. 3.3(b)]). The continuity assumption of f(s,-)
and the compactness of [S(-)](s) ensure that if z, — z in L?(2), then S(z,,) — S(z) in
L2(Q) a.s. and Fy,(s) := [f(za)](5) = [f(2)](s) =: F(s) a.s.

Now suppose p < 00, ¢ < 00, and the growth condition (3.3) holds. Then the
desired result follows from Proposition 3.12 in [39]. On the other hand, if p = ¢ = o
and the uniform boundedness condition (3.4) holds, then for C' = sup, ||zallz2(0)
(which is finite since z,, weakly converges), there exists v = v(C) > 0 such that
|Fy.(s)] < v a.s. Now, let ¥ € L1(Z, B, P) be arbitrary. Then

~— —

WE| <y as.

and |9y € LY(E,B,P). Therefore, the Lebesgue dominated convergence theorem

ensures that
lim E[¥F,] = E[JF].

n—oo

That is, F,, =* F in L*(E, B, P). Since R is weakly* lower semicontinuous, we have

liminf R(F,) > R(F),

n—oo

and hence z — R(f(z)) is weakly lower semicontinuous. Since g : L?(Q) — R is
assumed to be convex and lower semicontinuous, it is weakly lower semicontinuous.
The existence of a minimizer then follows from the direct method in the calculus of
variations [12, Thm. 3.2.1]. 0

THEOREM 3.2 (first-order optimality conditions). Let the assumptions of Theo-
rem 3.1 hold, and assume that f(s,-) is continuously Fréchet differentiable for almost
all s € Z and Vuf(-,u) is strongly measurable for all u € L*(Q). Moreover, assume
that there exists o > 0 and K € L"(E, B, P) with

r:{ pa/(¢—(1+a)p) if¢>(1+a)p,
00 ifg=(1+a)p

such that
IVuf(s,u) = Vuf(s,u)] < K(s)[Ju = u'[[F2(q) a5

~

Finally, assume that R is finite on LP(2, B, P). If Z € Z,q minimizes f(-) + g(-) over
Z.d, then the first-order necessary conditions,
(3.5)

sup E {9/ P(2)]()(Z —2) dx} —|—/ Vg(z)(Z —2)dz >0 VZ' € Z,q,
OEIR(£(-,1S(D)]() Q Q

hold where for fivred s € = and z € L*(Q), p = [P(2)](s) € H*(Q) solves the adjoint
equation
L3p =V.,f(s,[S(2)](s)) in £, p=0 on 0N

and OR(X) s the usual convez subdifferential of R at X.

© 2021 National Technology and Engineering Solutions of Sandia, LLC
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Proof. If 1 < p, ¢ < 00, then Theorem 3.11 in [39] ensures that u +— f(-,u(-)) is
Fréchet differentiable. On the other hand, if p = ¢ = 0o, then r = co and we can take
K to be constant. In this case, for any h € L°°(Z, B, P; L?(f)), we have that

[F(s, (u+h)(s)) = F(s,u(s)) = Vuf (s, u(s))(s)]
/ (Vs (0 t0)(s) — Yl (5, u(s)D()] dt < SKINGs) 55y a5

Passing to the essential supremum on both sides and noting that

14+«
esssup (355, = ((essup (e |
sco se=

ensures that u — f(-,u(-)) is Fréchet differentiable. Since z — S(z) is a continuous
linear mapping and u — f(-,u(-)) is Fréchet differentiable, z — f(z) is Fréchet differ-
entiable from L?(Q) into LP(Z, B, P). The first-order conditions then follow directly
from Corollary 3.14 in [39]. |

Remark 3.3 (expected value and entropic risk). Suppose R = E; then the opti-
mality conditions (3.5) simplify to

/Q(]E [P@IOI+ V9@ —2)dz 20 V7' € Zug;

cf. [33, Thm. 3.7.12]. The above variational inequality is equivalent to the following
projection formula:

(3.6) z="Pz,, Z—=7(E[P@)I()] +Vy(2)) Vv>0,

where Pz, : L*(Q) — L?(Q) is the projection onto the convex set Z,q; cf. [12
Thm. 3.3.5].

Similarly, suppose p = ¢ = 0o and R is the entropic risk measure (3.2). Then the
optimality conditions (3.5) simplify to

expBF @I o T o N
. (= [epmtt saomr @) + vs@) @ -2 20 ve ez

Again, this variational inequality is equivalent to the following projection formula:

- exp(BF(-, [S)](-)))
<Z 7 (E {E[eXp(ﬁf(n S@10))]

4. Extended optimal control problem. It is well known that problem (1.1)
can equivalently be posed on a semi-infinite cylinder. This approach was originally
due to Molchanov and Ostrovskii [45] and was rediscovered by Caffarelli and Silvestre
[20] for RY. Stinga and Torrea exploited the ideas of Caffarelli and Silvestre to define
the fractional Dirichlet Laplacian on bounded open sets [52] (see also [19, 22]). We
mention that for the existence and uniqueness of solutions to the problem on this semi-
infinite cylinder it is sufficient to consider an open set with a Lipschitz continuous
boundary; see [21, Thm. 2.5] for details. We operate under the same setup in the
present section, and we follow the notation of [6].

Let C be the aforementioned semi-infinite cylinder with base €2, i.e., C = Q X
(0,00), and denote its lateral boundary by 9.,C := 99 x [0,00). We denote the

z=1P;

P@I0)] +Vs@)) >0
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truncated cylinder by C, := Q x (0,7) for 7 > 0. Similar to the lateral boundary
01C, we set ILCr := (09 x [0,7]) U (2 x {7}). As a result, the semi-infinite cylinder
and its truncated version are objects defined in RN*!. Throughout the remainder
of the paper, y denotes the extended variable, such that a vector 2/ € RN*! admits
the representation ' = (z1,...,2n,2n4+1) = (,2n4+1) = (2,y) with ; € R for
i=1,...,N+1,2zeRN and y € R.

The extension problem requires certain weighted Sobolev spaces for its solvability
due to the degenerate/singular nature of the operator. The weight function is y?,
a € (—1,1); see [46], [55, sect. 2.1], [40], and [32, Thm. 1] for a more sophisticated
discussion of such spaces. To this end, let D C RY x [0,00) be an open set, such as
C or C,; then we define the weighted space L?(y®, D) as the space of all measurable
functions defined on D with finite norm |wl|z2(ye p) = ||yo‘/2w||Lz(D). Similarly,
using a standard multi-index notation, the space H'(y®, D) denotes the space of all
measurable functions w on D whose weak derivatives D°w exist for || = 1 and fulfill

1/2
lwll m1(ye,p) = < Z ||D5w||2L2(ya,D)> < oo.

[6]<1
To study the extended problems, we also need the space
H}(y*,C) == {w € H'(y*,C) |w =0 on 9,C}.

The space ﬁi(yo‘,CT) is defined in an analogous manner.
The extended problem reads as follows: Given z € L?*() and fixed s € Z, find
% € H} (y*:,C) such that

(4.1a) /yas (A(z,y))VU -V + c(x)% D) dady = ds/ z®[g {0y dz
C Q

for all ® € H} (y*+,C) with

T(l1-s)
I'(s)

(4.1b) as:=1—2s and d,:=2%
That is, the function % € H}(y*,C) is a weak solution of the following problem:

4.2
(42) U — g,z on Q x {0},

dvas

{—div(yO‘SA(:C, YVU)+y*c(x)” =0  inC,

where we have set

ow o 6, 0% (2,y)

goar (0 0) = = Iy %y (w,y) = = lim g™ =5 ==
and A(z,y) = diag{A(z),1}. Throughout, we denote the control-to-state map for
(4.2) by z — L(z). For a fixed z, .#(z) is parametrized by the fractional power
s. We denote this dependence by s +— [#(z)](s). Furthermore, we recall that if
[7(2)](s) € H} (y*:,C) solves (4.2), then we obtain the solution to (1.1) as [S(2)](s) =
[ (2))(5)]ax 0}

Using this extension, we arrive at the extended optimal control problem

(4.3) min R(f(-, [ (2)]()laxt0y)) + 9(2)-

z2€7Z,q
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Notice that (4.3) is equivalent to (3.1). Under the assumptions of Theorems 3.1 and
3.2 if Z solves (4.3), then the first-order necessary conditions,
(4.4)

sup E [9/{2[@(2)]('”9“0}(2/ —2) dw} + /Q Vg(z)(Z —2z)dz >0

O€OR(f ([ D]()lax1o0}))

for all 2/ € Z,q, hold, where for a fixed s € Z and z € L*(Q), # = [P(2)](s) €
H}(y,C) solves the weak form of the adjoint equation, i.e., for all ® € H} (y*+,C),

/yas (A(z,y)VZ -V + ¢(x)Z?P) dedy
c

_d, / Vol (5. [ (@)]() e 0) )@l oy
Q

Remark 4.1. If R = E or R is the entropic risk measure from Remark 3.3 , then
(4.4) reduces to

(4.5) /Q E[[2@)Olaxioy)] + Ve@)( —2)dz >0
for all 7/ € Z,q and

/<]E{ exp(Bf (-, [Z(2)]()lax{o}))
Q Elexp(Bf (-, [7(@)](")lax{0}))]

for all Z € Z,q, respectively.

[32’<z>}<->|m{0}] ; Vg(z>) (2 ~2)de >0

5. The truncated optimal control problem. Even though the state equation
(4.1) is “local,” it is posed on the infinite cylinder C = Q2 x (0, 00). Therefore, it cannot
be approximated with finite-element-like techniques. Following [47] we truncate C to
a bounded cylinder C, = Q x (0,7). For a fixed s € Z, let v denote the solution to
the truncated extended PDE: Given ¢ € L2(Q), find v € H} (y*,C,) such that

(5.1) / y* (A(z,y)Vv - VO + ¢(z)v®) dedy = ds/ (Plaxgoy d
c, Q

for all ® € HL(y**,C;). We denote the control-to-state map for (5.1) by ¢ — .75(C).
For a fixed {, 7 (¢) is parametrized by the fractional power s. We denote this
dependence by s — [Z;(()](s). Using this truncation, we arrive at the truncated
optimal control problem

(5:2) min R(f (-, [Z7(O]()lax{oy)) + 9(C)-

Cezad

5.1. Truncation error bounds. In this subsection, we derive error bounds for
the optimal controls of (3.1) and (5.2). We first recall that for fixed s € = the solution
to (4.1) can be expanded as (see, e.g., [22])

%) = unpr(@)i(y)
k=1
for ' = (x,y) € C, where

1—s
ily) == %wm)sm(@y)

© 2021 National Technology and Engineering Solutions of Sandia, LLC



Downloaded 11/29/21 to 129.174.240.213 Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

1172 H. ANTIL, D. P. KOURI, AND J. PFEFFERER

and K is the modified Bessel function of the second kind.

The truncation error bounds from [47] do not directly extend to our probabilistic
setting since the constants in [47, Prop. 3.1] (which depend on s) are neglected. When
s is variable, one must ensure that these constants remain bounded for all s under
consideration. The following technical lemma is critical for extending the truncation
error bound in [47] to our probabilistic setting.

LEMMA 5.1. For all s € 2, we have the following bound:

\/7y ‘S 2|e_2my \/X

- k

(5.3) Y™ k() (y)] <

with a constant C := C(\1) > 0 only depending on \i, and ¢, = 217" /T(r), r €
{s,1—s}.

Proof. Our proof follows closely the arguments in [47, sect. 2.5] and [42, Appx.].
However, we work out the exact dependence on the order s of the fractional operator
in the constants. As a preliminary result, we start with bounding the term ¢; 2!/ 2Ky (2)
for t € (0,1) and z > zp > 0 with ¢, = 2!7//I'(t). Let t, = min{¢, 5}. From [44,
Thm. 5] we obtain that z°e*K,(z) is a decreasing function for z > 0. Moreover, ac-
cording to [42, Lem. A.2] we have that ¢;2¢ K;(2) is positive and monotone decreasing.
We also notice that ¢;2'K;(z) ~ 1 as z tends to zero; see [1, sect. 9.6.9]. By this we
deduce

0< ct21/2Kt(z) = e_zzl/z_toctztoeth(z) < e_zzl/z_toctzéoezoKt(zo)
= 67’221/24“ez"z(t)oftctz(t)Kt(zo) < 67221/27t06202’807t

(5.4) < O(zg)e #2127t

with a constant C(zg) > 0 only depending on zy for t € (0,1). Next, by [47, eq. 2.29],

we have
Ui (y) = —es v/ M (VAey) K1—o (V).

and hence by means of (5.4) with z = VAry and zp = /A1, we obtain

Y (v) ¥ ()] y‘“cb (VMY) Ko (VMy)es VA (V) K s (V)
= kCS \/7:1/ 1/2K \/>Zl/ Cl s \/7y 1/2]:(1 s \/>y

C1—
< C()\l) my 1—n11n{s,§}—mm{l—s,§}e—2my
(V) Elem2vA

for y > /A1 /v Ax with a constant C'(A1) only depending on A;. O

We emphasize that the constant in estimate (5.3) only depends on Aq, i.e., the
first eigenvalue of £. The dependence on A; can be easily carried out by writing
C(z0) explicitly in (5.4). However, for the current discussion the precise expression
of this constant is irrelevant. The key points are that C is independent of s and
that we have exponential decay with respect to y. We further emphasize that one
might be tempted to let ay — 1, which means s — 0. This is problematic, as the
weight y* may not fulfill the Muckenhoupt property (cf. [7, Prop. 2.1]), which is a
sufficient condition for the density of smooth functions in the weighted Sobolev space

C1—
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Ifli(yo‘,C). Furthermore, if we let s = 1, then (1.1) is a standard elliptic equation.
However, in this case, it is unclear what the extension means. We refer the reader to
[7] for a further discussion on this topic where s is a function of the spatial variable
x € Q.

Using Lemma 5.1, we arrive at the following truncation bounds for the state ..

PROPOSITION 5.2. If, for a given s € (0,1), [#(2)](s) € HE(y*,C) solves (4.1),
then for every T > 1 and s € =, we have

e \? _ s
63 V@I axeon <€ (22 ) Al o)

Cl—s

with a constant C' := C(\1) > 0 only depending on A1, and ¢, = 21="/T(r), r €
{s,1—s}.
Proof. The proof of this truncation bound follows directly from the proof of

Proposition 3.1 in [47] using Lemma 5.1. Indeed, from the proof of Proposition 3.1 in
[47], Lemma 5.1, and Proposition 2.2, we obtain that

IVEZ @)1 Z2 (e ¢ (7,00))

g:l ( /Q [S@)](s)¢er d:c>2 Y (Y)Y (y) io

oo 2
<C(M\) G Z)\;S (/ngakdx> e*ﬁ”(\/)\kTﬂS*ae’ﬁ“

2
Pid (/ 2Pk dx) e~ VT
Q

Cs  _xr
= COw) e YN [zllf ).

—S

Cs

NE

<C(M\)

C1—
lsk:1

where we used s € (0, 1), and several times that the sequence (A;)ren is nondecreas-
ing. 0

PROPOSITION 5.3 (exponential convergence). Let s € (0,1). Moreover, let
[7(2)](s) € Hi(y*,C) solve (4.1), and let [#,(2)]|(s) € H} (y*,C;) solve (5.1) (ea-
tended by zero to C). Then, for any T > 1 and s € 2, we have

65 IV @I - @I e <€ () e el

1-s
(B.7) N @]()axoy — [Z7@)](s)laxoy]
where C := C(Q, A1) is a positive constant only depending on Q and A1, and ¢, =
21=7/T(r), r € {s,1 — s}.

Proof. To show (5.6), we follow the proof of [47, Thm. 3.5] using Lemma 5.1 and
Proposition 5.2 instead of [47, eq. (2.32)] and [47, Prop. 3.1], respectively. According
to the trace theorem which follows from [22, Prop. 2.1], we have

we() <OV 42|l 0,

1
Cl—s 2 ag o a
68 Wlanals < (%) ¥ TVlee W e Aoe.c)

S

so that (5.7) follows from (5.6). d
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Again under the assumptions of Theorems 3.1 and 3.2, if ¢ solves (5.2), then the
following first-order optimality conditions hold:
(5.9)

sw B0 [ 12,000k - Ods] + [ TOE - a0
OCOR(f ([~ (OI()) Q Q

for all ¢’ € Z,q, where for fixed s € Z and ¢ € L*(Q), 2, = [2.({)|(s) € HE(y**,Cy)
solves the adjoint equation for all ® € fli(yO‘S,CT):

| v AV, 90+ c(a)2,9) dady
C

—d, / V£ (5, [ (O)1(5) [x0) Plaasc oy A
Q

Remark 5.4. If R = E or R is the entropic risk measure from Remark 3.3, then
(5.9) reduces to

(5.10) /Q E[12,0)O)laxo] + V@) — ) dz 20 V¢ € Zug

and

/(E{ exp(Bf (- [ (O] ()laxqo}))
Q Elexp(Bf (-, [Z7(O]()lax{03))]

for all ¢! € Z,q, respectively.

%(c)}(-mm}} ; Vg«)) (¢~ Q)de >0

We next state a result for the exponential convergence for the control and state
for a special case.

THEOREM 5.5. Let R =E, f(-,u) = &|ju— ud(~)||%2(m, where ug : 2 — L*(Q) is
continuous with |[uq(s)|[z2) < D for all s € Z, and g(z) = %Hz||2L2(Q) with p > 0.
If z solves the uncertain fractional optimal control problem and { solves the truncated
optimal control problem, then for every T > 1 we obtain that

(5.11) 1€ = 2l r2(0) < Ce™Var/4 (12l 22y + D)
and, for all s € =, we have that
(5.12) 1.7 @) — L (O)(8)lax oy 2 (@) < Ce Y™™ (||z]| 20y + D) ,

where the constant C > 0 is independent of s.

Proof. We start by setting 2/ =  and ¢’ = z in (4.5) and (5.10), respectively. For
simplicity, we will skip the notation [y (o} and we will suppress the dependence of
.S on s when it is clear from the context. After adding the resulting inequalities

and recalling that 2(z) = .7(.7(2) — uq) and Z,(¢) = % (L (¢) — uq), we obtain
that

M||§—?||2L2(Q)
< (E[F(F(2) —ua) - «5’7(«5_”7(5) —ua)],¢ —2) 20 i
=E[((-* = S)(F(2) —ua),¢ — Z)12(0) + (F(2) — L7 (2), 77 (C — Z)) 12(0)

+ (S (2Z = (), 77 (C = 2)) 2],
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where we used twice that S is a self-adjoint operator, so that the Cauchy—Schwarz
inequality and Young’s inequality imply
1€ = 272 () + Ell7 (2 = Oll2 ()]
< CE[|(# = S)(F (@) — ua) 120 + I17(@) = F7 @ 720)-
Next, from the definition of the H?®(€2)-norm, we notice that

s/2

(5.13) [vllz2() <A™ lvl

me () < Ol

Hs () Yv € HS(Q)7

where we have used that A; > 0, and that the sequence (A;)ren is nondecreasing,
and therefore the constant C' remains uniformly bounded when s approaches 0 or 1.
As a consequence, (5.11) follows from the above inequalities and (5.7). The proof for
(5.12) immediately follows after using (5.11) and (5.7). 0

6. Discrete problem and error estimates. To get an approximation of .
and 2, we apply the discretization from [42, 47] and [3], i.e. the truncated problem
is discretized by a finite element method. We follow some of the notation from [6].

Due to the singular behavior of % towards the boundary 2, we will use anistrop-
ically refined meshes. We define these meshes as follows: Let Jn = {K} be a con-
forming and quasi-uniform triangulation of ), where K € RY is an element that is
isoparametrically equivalent either to the unit cube or to the unit simplex in RYV. We
assume #.J5 ~ M™N. Thus, the element size h g, fulfills hg, ~ M 1. The collection
of all these meshes is denoted by Tq. Furthermore, let Z, = {I} be a graded mesh of
the interval [0, 7] in the sense that [0, 7] = UkM:?)l[Tk, Tk+1] with

E\” 1
Tk_(> 7, k=0,....M, ~v>->1.
S

Now the triangulations 7, of the cylinder C, are constructed as tensor product tri-
angulations by means of 7 and Z,. The definitions of both imply #.7, ~ M~+1,
Finally, the collection of all those anisotropic meshes .7, is denoted by T.

We denote the finite element spaces defined on the previously introduced meshes.
For every , € T, the finite element spaces V(.7;) are defined by

V(7)) ={2ecC%C,): lr e PLK) Py ()VT =K x I € F, ®|y,c, =0}.

In case that K in the previous definition is a simplex, then P; (K) = P1(K), the set of
polynomials of degree less than or equal to 1. If K is a cube, then P; (K) equals Q; (K),
the set of polynomials of degree at most 1 in each variable. The discretization of the
truncated problem is then as follows: Given Z € L?*(Q) and s € Z, find U, € V(%)
such that

(6.1) / y* (A(z,y)VU - VO + ¢(2)Up®) dady = ds/ Zddx VYO eV(T;).
c. Q

We denote the discrete control-to-state map for (6.1) by Z — Sp(Z), and for a fixed
Z, Sp(Z) is parametrized by the fractional power s. We have denoted this dependence
by s+ [Sk(Z)](s). The semidiscrete optimization problem is then given by

(6.2) RS [Su(2)]Olaxtoy)) +9(2),

min
Z€ZLaa(T0)
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where Z,q(J0) = Zaa N Py denotes the discrete admissible set of controls, and Py
denotes the set of piecewise polynomials of degree less than or equal to ¢ (note that
for the error analysis in a special case in section 6.2 we will set £ = 0). Existence
of solutions to (6.2) follows under the assumptions of Theorem 3.1. Next, under the
assumptions of Theorem 3.2, the generic optimality conditions for the optimal control
Z can be derived similarly to (5.9):

(6.3)

sup E [9/ PL(2)]()laxioy (2" — Z) dx] +/ Vg(Z)Z' = Z)dz >0
O€OR(f(-,[Sn(2)]())) Q Q

for all Z' € Z.a(Jq), where for fixed s € = and Z € L*(Q), the discrete adjoint
P, = [Pr(2)](s) € V() satisfies for all ® € V(.7;),

/ y* (A(z,y)VPp - VO + ¢(2)Py®) dady
C

(6.4) —d, /Q Vo £ (5, [S1(2)](5) v o) @leax oy e

In order to design a generic numerical scheme and to understand the structure
of (6.3), for the remainder of this paper, we will assume that the risk measure R has
the following form:

(6.5) R(X) = inf{t +Elp(X - 1)},

where p : R — R is convex and increasing. This class of risk measures is called the
optimized certainty equivalents [14, 15]. For example, if p(z) = B~ (exp(fz) — 1),
then R is the entropic risk. Similarly, if p(x) = x, then we recover R = E.

The key advantage of the above choice for R in (6.5) is that we can approximate
‘R by approximating the expectation E by Eg as

Rq(X) = inf {t +Eqlp(X 0]},

where Eg[¢] = Zszl wré(sk). Here wy, > 0 are the probabilities (quadrature weights)
associated with the samples (quadrature points) si. The fully discretized optimization
problem is then

6.6 i R S [Sh(2)](- +9(Z2).

(6.6 Jomin R Sh(D]Olaxio) +9(2)
Note that R is a convex functional. The first-order necessary optimality conditions
are as follows: if Z € Z,q(.70) solves (6.6), there exist 0 € ORq(f (-, [Sh(Z)](*)lax{0}))
such that

(6.7)

Q
/Q (Zwk [0(51)[Ph(2))(5k) o {0y] + Vg(Z)) (Z' —Z2)de >0 VZ' € Zoa(Ta).
k=1

Remark 6.1. Notice that in view of Remark 3.3, if R = E, then 6(sg) in (6.7) is
O(sg) =1for k=1,...,Q. On the other hand, for the entropic risk measure,

6(sp) = xp(Bf (sn, Sa(DNswlaxeo)) ¢y

 Eqlexp(Bf(, [Sh(2)](-)]ax{o}))]

Before we discuss the error estimates for the case when R = E, we provide an
H?(Q)-estimate for the state variable with less regular data.
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6.1. H*(Q)-error estimate for nonsmooth data. Here we derive the H*(£2)
error estimate for the state equation when z is only in L?(Q2). Let us recall the
corresponding estimate for the case that z € H'~*({). From here on we will assume
that  is convex polyhedral.

THEOREM 6.2 (see [42, Thm. 4.9]). Fors € [e,1 —¢] with e € (0,1), let [S(2)](s)
and [Sp(z)](s) solve the continuous (1.1) and the discrete (6.1) equations with datum
z € H'=#(Q), respectively. Then the following estimate holds:

I5(2)](s) = [Sa(@)](s)|2x {0}

provided T ~ log(#.7;). The constant C is independent of hg, and s but may depend
on €.

we() < Cllog(ha,)[*hz, 2]+ (),

Next, we introduce an auxiliary problem which will help us to derive the estimates
in the nonsmooth case: Givenz € L*(), we seck Uy, € H*(Q), which solves (weakly)

(6.8) Esﬁhgﬂ = HyQZ in Q,

where Il g, denotes the piecewise linear L?(£2)-(orthogonal)-projection operator.

THEOREM 6.3. For s € [e,1 — ¢] with € > 0, let [S(z)](s) and [Sx(2)](s) solve the
continuous (1.1) and the discrete (6.1) equations with datum z € L?(S2), respectively.
Then the following estimate holds for T ~ log(#.7;):

I15@)1(s) = [Sn@)](s)lex (o3|

where the constant C' is independent of hz, and s but may depend on ¢.

() < Cllog(ha,) "R, ||zl L2 (0),

Proof. To keep the notation simple, we will skip the notation -[g {0}, and we will
use u and Uy, in place of [S(2)](s) and [Sp(z)](s) whenever it is clear from the context.
We begin by recalling the definition of up,,, from (6.8). We have

fe () = (L7 = Tngy ), (U= T, D)) 2o ()

- / (2= Toy2)(u — ) < 12— Mzl eyl — Ty, |

[[u—=Un g, |

Hs (Q) .

We will estimate ||z — II.,z|lg-= (o) using classical interpolation. First, using [53,
Lem. 41.3] we have that

[L2(Q), HH ()]s = [L(Q), Ho (Q)]5 = H*(2)* = H™*(9),

where * denotes the dual space. Now from [29, eq. 1.115] and [29, Prop. 1.133] we
have that

lz = Uzazll20) < Cllzll2@) and ||z = Mgy zl[g-1(0) < Chay|lzllL20)-
Using the above mentioned interpolation, we obtain that
lz — Hozllu-< () < Chiy,llzllr2(o).-

As a result,

u=Unz, 1) <1z = Mayzlln-+(0) < Chiy,llzllL2(0)-
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Here the constant C' is independent of hz, and s.
Next, let Uy, be the solution to the discrete truncated problem (6.1) with datum
II#,z. Then using Theorem 6.2 we have

[0h 5, = Unllm= () < Cllog(hgo ) ha, [Mzgzllim - ) < Cllog(hay )Pz, [zl L2(«),

where the last inequality is due to the inverse estimate (after using an interpolation

argument). Indeed, from the classical inverse estimates, combined with the stability
of &, in L?(Q2), we obtain

Mozl g2y < Cho Izl 2 and  [Mzyzll2 @) < Cllzll 2o,

which after recalling that [L*(Q), H3(Q)1—s = H'"5(Q) yields [[Iz,z|lg-:q) <
C’h};l |zl z2(q) as asserted.
From the definition of U and ﬁh we have that

U — Unllws 0y < Cllz — Mo z|lu-s(q) < Chiy, ||zl r2 (o),

where we have used the estimate for ||z — I1#,z[|g-+(q) from the above interpolation
argument, from where

He(Q) T ||[7h — Uyl

e () T [Un s, — Usl

Ju—=Unllas @) < lu—Ungz, | Hs ()
< Cllog hz,|*hg, ||z|| L2(0)-
This completes the proof. 0

6.2. Error estimates for a special case. Next, we derive the discretization
error estimates for the setting in Theorem 5.5. We assume that Z,4 is defined as

(6.9) Z.g:={2€L*Q)]a<z<bae inQ},

where a,b € R, with a < b, are given. Notice that one can easily consider more generic
control bounds than the constants a and b. For instance, when a,b € L?(f2), we can
use the average of a,b on each element K to approximate the control constraints.
Since Vg(z) = pz, the projection formula in (3.6) after setting v = 1/u becomes

(6.10) ;— Py, ( - LE(P@)() )

Before we proceed further, we need to understand the regularity of the optimal so-
lution. In the deterministic setting, one can use a boot-strap argument to improve
the regularity for Z using the regularity of the optimal adjoint state and then improve
the regularity of the optimal state and the optimal control. However, owing to the
relation (6.10) this is not as easy as it may appear. The key issue is that the expec-
tation is being carried out with respect to the random variable s which in turn is the
exponent for the Sobolev space H*(€2). The latter determines the spatial regularity
for the optimal adjoint state. With the help of a simple example, we next illustrate
that in general it is not possible to improve the regularity of z.
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Remark 6.4 (regularity of the control).
(i) Let t > 0, and suppose ug is independent of s € = and is sufficiently smooth.

Then, since the eigenfunctions ¢y, form an orthogonal basis of L?(Q2) and H}(Q),
we have that

I [P@)]O] lze (o) = Z/\k ()], #x)?

fe(

M (B D O @ en) 2 — (i en)ra@)])

2
o0
Z/\g_ A (Z,05)L20) — (ud7<ﬂj)L2(Q))<Pj]7%0k>
Jj=1

Fllﬂé% I Mé%

£
Il
-

where we have assumed that we can switch the order of summation and inte-
gration. For uniformly distribution s, the quantities, E[\,*] and E[); ], are

i) = = (=5g) = = (1 50)

Thus, E [[P(2)](-)] is expected to have logarithmic regularity.

(ii) If ug : = — HY(Q) is continuous, then s — [P(2)](s) € L*>°(Z, B, P;H?(Q)),
where = min{4s,1 + s}. In addition, if P((0,¢)) = 0 with £ > 0, then we
deduce z € H'(Q) by means of a bootstrapping argument using (6.10), [34,
Thm. A.1], and

IE[P@)])] @) < E[IP@]C) e ()]

with ¢ > 0 which is due to Theorem 3.7.6 in [33]. Of course, for ¢t > 1/2 we have
to take care of compatibility conditions for a and b, which hold if we assume
a <0 < b. Notice that in general we cannot expect higher regularity for z as in
the deterministic case [3].

For the optimal control, we use a piecewise constant discretization, i.e., the dis-
crete controls belong to

(6.11) Zad(T0) = Zaa N Po(T0),

where by Py(7) we denote the space of piecewise constant functions. In addition,
we define the piecewise constant L?(Q)-projection 1%, : L*(2) — Po(T0) as

(6.12) (z—1%,2,2)1200) =0 VZ € Zaa(T2).

Notice that [|T1%, z[|2(q) < ¢llzl|2(@) and for z € H'(Q), we have ||z —T1%, z[|2(q) <
chz, ||z|| i1 (@), where the constant c is independent of kg, and z on both occasions.
From (6.12) it follows that I1%_z|x = |K|~" [, zdz. Moreover, due to a and b being
constants, we conclude that I1%_z € Zaq(Z0) and as a result, 11% : L*(Q) = Zaa(T0)
is well defined.

In view of Remark 6.4, we state a general error estimate for the optimal control
which only requires L?(Q) regularity of z and uq(s). A few special cases will be
discussed in what follows.

© 2021 National Technology and Engineering Solutions of Sandia, LLC



Downloaded 11/29/21 to 129.174.240.213 Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

1180 H. ANTIL, D. P. KOURI, AND J. PFEFFERER

THEOREM 6.5. Let the problem setting and assumptions of Theorem 5.5 hold.
Moreover, let z solve (4.3) with R = E, and let Z solve (6.6) with Z,a(Za) as in
(6.11) and Rg = Eq. Then

(613) ”2 - ZHL2(Q) S Efem + 5quad

and

(6.14) Eq[IIIS@)]()laxtoy — Sh(Z)]()lax oyl @) < Erem + Equads
where

Erem = C(Eq[I[7(2) — Su@)]()lax oyl L2@)
+ [ = Su)(7(2) — ua)])lax{oyllz2(@)
+ 2@ laxioy — 0% [Z@)O)lax oy 2 @] + 12 = T1%,2] 12(0)),
Equad = [E[[2@]()laxoy] — Eq [[Z@]C)laxtoy] | 20

with a positive constant C' independent of h, and s.

Remark 6.6 (rate of convergence). The estimators Epem and Equaa denote the
spatial and quadrature approximation errors, respectively. The precise estimate on
Equad depends on the specific quadrature rule, but in view of the regularity result in
Proposition 2.2 this error can be easily controlled, for instance, using Gauss quad-
rature. On the other hand, we can directly use Theorem 6.3 to estimate all the
terms in Esem, except the last two, which represent the L2-projection approximation
errors. For s € Z, we have [Z2(2)](s)|ax {0} € H*(Q2) and therefore |[[Z2(Z)](s)|ax {0} —
% [Z2@)](s)lax o2 < CRA|I[2(2)](5)|ax o} llm(2). Since we have not estab-
lished the regularity of z (cf. Remark 6.4), we can only assert convergence (without
rates) of ||z — 1%, z||p2(q) in general.

Proof. For simplicity, we will skip the notation -|ox o} and we will suppress the
dependence of .7, .%;, Sy, uq on s when it is clear from the context.

Since Zaa(Ja) C Zaq, by setting 2 = Z in the variational inequality (4.5) and
using that g(z) = uz, we obtain that

(E[22)] + pz, Z — 2)12(00) = 0.
Next, setting Z' = H?%Z € Zaa(Ta) in the corresponding variational inequality for
the discrete problem (6.6), we obtain that

(EQ[Ph(Z)] +uZ,7— Z) + (EQ[Ph(Z)] +pZ, Y 7 — z) >0,

L2(2) L2(Q)

where we have added and subtracted z. Adding the resulting expressions and rear-
ranging terms, we arrive at

pllz - leiz @
(IE EQ[Ph( )] Z— 2)L2(Q) + (EQ[Ph(Z)] + /’LZ7 Hoyni o i)LZ(Q)
- (B2 @) - Eql2(). Z - 2)L2(9) + (Bel2(2) - Pu(2)], Z - 2) o)
n (EQ[ph(z)] +uZ 1% 7 — Z>L2<n) — T 11 4 IIL.
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By applying the Cauchy—-Schwarz inequality we get

1] < |E[2(2)] — Eo[Z@)]llz2() 12 = Zl12(0)-

For the estimate of II, we can proceed in a manner similar to the proof of Theorem 5.5.
Indeed, as P, (Z) = Sh(Sh( 7) —ug) and P(z) = (S (2) — uq), we obtain by adding
and subtracting Sp,((z) — uq)

II=Eq[((7(2) —ua) — Sh(ShEZ) ud), Z — 2) 2 ()| )
=Eq[(( = Su)(F(2) - Ud)»% —2) 2] + EQl(Sn((2) — Sn(2)), ? 7)L (Q)]
=Eq[(( = Su)((2) — ua), Z — 2) 12()) + EQ[(-#(2) — Sw(Z),51(Z — 2)) 12(e))-

For the first term, we simply get
EQ[(('=Sn)(#(2) ~ua), Z=2) 12 ()] < Eq[lI(# =Sn) (- (2) —ua) | 2 @12 = 2|2 () -
In case of the second one, we add and subtract Sp(z) such that

Eo[(-7(2) — Sh(2),5h(Z — 2))12(0)] < EQ[((2) — Si(2),Shn(Z — 2))}?(9)]
<EqQll7(2) = Su@)lz2@)ISh(Z = 2)| 2 (-

Next, we use that S;, maps stable (in terms of hr;, and s) from L?(2) to L?(2), which
can be seen from (5.13), (5.8), and (6.1). Thus, we get

EQl(-7(2) = Su(Z),Sh(Z = 2))12(0)] < EQll|-”(2) = Su (@)l 2()]l|z = Z| 120
Collecting the previous estimates yields
11| < C(Eq[( = Su)((2) — ua)ll 2] + EQlIl( = Sn) @)l 2@])1Z = Zl L2(0)-

It then remains to estimate III. Using the orthogonality of I1% - » we have w(Z, HOQQZ —
z)12(q) = 0. Since Py (Z) = S;,(Sh(Z) — uq), we obtain that

I = (Eq[Sk(Sn(Z) — ua), 11%,2 — 2) 12 (0
=Eq[(Sn(Sn(Z - 2)). 1%,z — 2) 2] + Eq[(Sn(Sn(2) — ua). 1%,2 — Z) 12(0)]
— 111, + 11T,

where we have added and subtracted (Eq[Sp(Sn(2) —uq)], 1%, Z—2) 12(q). To estimate
II1;, we use that S, as a map from L?(Q) to L?(Q) is stable. By this we arrive at

ML| < 0%,z — Z| L2l = Z|| 220

Next, we will estimate IIl;. By adding and subtracting (]EQ[Sh(Y(i) —ug)], 1% z —
Z)12(q) to Ilz, we obtain that

[1L5| = [EQI(Sn(Sn(2) = #(2)), 1%, 2 = 2) 2]
+ Eql(Sh((2) — ua) 1,2 — 2) 2o
< CEqlISk(2) = # @l 2@, 2 — 2l 12
+[Eql((Sh = #)(# (@) = va) 1,2~ 2)12(0)

+ Bl (#(2) - ua), 1%,2 — 2) 2]
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where we have used the stability of S; once again and where we have added and
subtracted (Eq[.#(-#(2) — ua)],11%,Z — 2))12(q) to the second term. Subsequently,
by using 2 (z) = .7 (% (Z) — uq), the orthogonality of the L?(Q2)-projection, and by
applying the Cauchy—Schwarz inequality, we obtain

M| < C(EqlISn(2) = 7 (@)llz2(0)] + Ealll(Sn — #)(#(2) ~ va)llz2(o)
+ [EQL? — %, P20y ) %, 2 — 2l 22(0)-

Collecting all the estimates, we arrive at (6.13) due to Young’s inequality.
It remains to show (6.14). Towards this end, we have
Eqlll#(2) = Sn(Z2)llu=@)] < EQll-7(2) = Sn(@)ll2(@)] + EQllISk(z — 2)||12(0)]
< Eolll# (@) = Sn@) 2] + Eolll(z = 2)ll 2o,
where we have used the discrete stability. Then combined with the previous estimate
(6.13) we obtain (6.14). This concludes the proof. d

COROLLARY 6.7. In addition to the assumptions of Theorem 6.5, if P((0,¢)) =
P((1—¢,1)) =0 for some e >0, ug: = — H(Q) is continuous, and a < 0 < b, then
the following estimate holds:

(6.15)
12 = Zl[2(0) + EQlll [ @)]()laxtoy — [Sh(Z)]()lax oy lm: ()]

< Chaz,Eq[llog(h,)I°] + [[EZ@)]()] = EQZ @I 2 (g

provided T ~ log(#.7;).

Proof. The proof is a consequence of Theorem 6.5, Remark 6.4(ii) and Theo-
rem 6.2. ]

7. Numerics. We implement the optimal control problem in the iFEM library
[23] within the MATLAB environment. The stiffness matrix is assembled exactly, and
the forcing term is computed by a quadrature formula that is exact for polynomials
of degree 4. The resulting state and adjoint systems are solved using backslash in
MATLAB. In our numerical examples, we let n =2, Q = (0,1)?, ¢ =0, and A = 1.
The eigenvalues and eigenfunctions of £ are

Mg =2 (k2 +1%),  pri(r1,2) = sin(krry) sin(lrze), k1€ N.

7.1. Example 1. We consider

1 %
R=E, f(.u)= 5||u —ua( )72y 9(2) = 5||Z||iz(g),

where 1 = 1 and uy is a given desired state exactly specified below. We discretize
R = E using Gauss—Legendre quadrature of order 5. In order to be able to state an
exact solution, we modify the state equation. More precisely, we consider

Lu=f+ZinQ, u=0on 09,

where we set f = A3 , sin(27z;) sin(27z2) — 2. Then S(z) = sin(27zy) sin(27z2). Let-
ting P(z) = —sin(2mw1) sin(2722), we obtain that ug = (1+ A3 5) sin(2721 ) sin(27x2).
In view of the projection formula, we notice that z = min {b, max {a, —P(z)}}, where
we set a = 0 and b = 0.5. Figure 1 shows the rate of convergence for the control
as we refine the mesh in space. Clearly we obtain the theoretically expected rate of
convergence.
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lz=Zll2q)

=+-l2=Z 12(q)
=DOFs'/?

Error

-2

10
Degrees of Freedom (DOFs)

FiG. 1. The panel illustrates the rate of convergence in space for the control z for a fized Gauss
quadrature Tule of order 5. We recover the optimal |D0F|*1/3 rate of convergence.

7.2. Example 2. In our second example, we compare the behavior of the cost
functional when R(X) = E[X] and R(X) = 8~ ! log E[exp(8X)], respectively. We let

1 %
f(u) = §||U - UdHQLQ(Q)a 9(z) = §||ZH%2(Q)

with p =0.1, ua =1, 8=5,a=0, b=2, and = = [0.05,0.95]. We use the Gauss—
Legendre quadrature rule of order 5 and #.7;, = 3146. Figure 2 shows the cumulative
distribution function (CDF, left) and the probability density function (PDF, right)
for f(-,[Sn(Z)](-)) when sampled at 100,000 uniformly distributed random numbers.
Moreover, Figure 3 shows the CDF and PDF for f(-, [Sy(Z)](-))+g(Z). Figure 4 shows
the difference between the controls for the two cases. The entropic risk measure is

more conservative than [E in the sense that
B~ logElexp(3X)] > E[X] V nonconstant X € LP(Z, B, P).

As seen in Figure 2, the control computed using the entropic risk results in less
variability of f(-,u); i.e., the support of the associated PDF is smaller than the support
of the PDF for the expected value. Effectively, the entropic risk control reduces
variability in the optimal objective function value. This is not without cost. Figure 2
demonstrates that the state-only objective function CDF corresponding to R = E
dominates the CDF corresponding to the entropic risk. However, when considering
the total objective function, the entropic risk control appears to outperform the control
for R = E with respect to the approximately 45% largest scenarios (cf. Figure 3).

8. Conclusion. This paper has introduced a new class of optimal control prob-
lems for fractional diffusion equations where the fractional exponent s is taken as a
random variable. Since the order of the fractional Sobolev space is itself now a random
variable, the existing techniques to analyze and solve such optimal control problems
are not directly applicable. We have introduced a risk-averse optimization framework
for this class of optimal control problems, and we have shown existence of solutions
as well as rigorously derived the first-order optimality conditions. We employ quadra-
ture to approximate the random exponent and the finite element method to discretize
in space. We have also derived the rate of convergence for the fully discrete optimal
control problem to the continuous one in the risk-neural case.

We have considered optimal control problems governed by the most basic frac-
tional PDE. As we mentioned in the introduction, one of our motivations is to extend
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——expected value ——expected value
—— entropic risk 2.51{ ——entropic risk

0.81
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FIG. 2. Left panel shows the cumulative distribution function (CDF) for ||[Sy(2)](-)
Right panel shows probability density function (PDF).

_Ud”i2(Q)'

——expected value ——expected value
—— entropic risk 2.51{ ——entropic risk

0.81
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0.2r

Fic. 3. Left panel shows the cumulative distribution function (CDF) for || [Sh(Z)](-)fudH%z(Q)#»
#HZHQL2(Q)~ Right panel shows probability density function (PDF).
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Fic. 4. Left panel shows the control in case R = E and the right panel shows the control in
case R is the entropic risk.

our work to the fractional Helmholtz PDE [58]. In order to fully understand this
problem, we must tailor estimates of the distribution of s to the specific applica-
tion; see [58] for an initial discussion on this topic. In view of [7], for the fractional
Helmholtz PDE and imaging science applications, it is also of interest to consider a
spatial varying s, i.e., s(x). In this case, the current problem becomes significantly
more complicated, as the fractional exponent is a spatially varying random field.
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