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1 Introduction

How do the properties of protons and neutrons in the nucleus change from the valley
of stability to the respective drip lines? The answer can be developed by studying
the propagation of a nucleon through the nucleus at positive energy, generating
experimentally accessible elastic scattering cross sections, as well as the motion
of nucleons in the ground state at negative energy. The latter information sheds
light on the density distribution of both protons and neutrons relevant for clarifying
properties of neutron stars. Detailed knowledge of this propagation process allows
for an improved description of other hadronic reactions, including those that purport
to extract structure information, like transfer or knockout reactions. Structure
information associated with the removal of nucleons from the target nucleus is
therefore subject of these studies and must be supplemented by the appropriate
description of the hadronic reaction utilized to extract it. Consequently, establishing
a much tighter link between reaction and structure studies than is common practice
is an important goal of this research.

In our group we apply the Green’s functions method [1, 2] to the nuclear
many-body problem to address this issue with special emphasis on reaching the
limits of stability. The method can be utilized to correlate huge amounts of
experimental data, like elastic nucleon cross sections, analyzing powers, etc., as
well as structure information like removal energies, density distributions, and other
spectral properties. This is achieved by relating these data to the nucleon self-energy
employing its causal properties in the form of a subtracted dispersion relation. The
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current implementation and corresponding details can be found in [3]. The method
is known as the dispersive optical model (DOM) and has proceeded way beyond
its original form [4]. A more general review of the optical model is available
in [5]. We discuss some recent developments of the DOM with applications to
transfer reactions in Sect. 2, the analysis of the (e, e′p) reaction solely with DOM
ingredients in Sect. 3, predictions of neutron distributions in Sect. 4, and finally offer
some conclusions in Sect. 5.

2 Transfer Reactions and the DOM

Transfer reactions are under intense study in order to develop a reliable method to
generate accurate results given certain ingredients like overlap functions and optical
potentials. A remaining source of uncertainty in the calculation of transfer reaction
observables is the optical potential for the relevant nucleons and the deuteron. Our
group has made several contributions to this effort documented in Refs. [6, 7] mostly
involving exploratory efforts.

Deuteron-induced reactions have played an important role in elucidating prop-
erties of neutrons that are either added to or removed from the target nucleus. This
role will be even more prominent when such transfer reactions are studied in inverse
kinematics at radioactive beam facilities like FRIB [8, 9]. While scientifically
compelling in its own right, the (d, p) reaction also yields indirect access [10] to
the study of neutron capture and therefore provides essential information for the
(n, γ ) reaction which is critical for the study of the understanding of the r-process.

The present state of the reaction description can be summarized by noting that the
distorted-wave Born approximation and coupled-channel approaches have mostly
studied discrete final states. The treatment of the continuum was proposed in the
late 1970s but efforts ended in the 1990s, with an unresolved controversy. Only
recently, three different groups [11–13] have revived this subject and during a recent
workshop at MSU/FRIB [14] have concluded that the relevant issues have now been
resolved.

The main ingredients of the present state of the (d, p) reaction description allows
a simultaneous treatment of transfer, elastic breakup, and the formation of the
compound nucleus. Critical ingredients for the relevant calculations are provided
by the deuteron optical potential, the description of the propagation of the added
neutron, and the final proton optical potential. Phenomenological optical potentials
suffer from being non-dispersive, local, and are not constrained by negative energy
data. A proper description of the reaction therefore requires dispersive, non-local
potentials that are also constrained by negative energy data. Such potentials are
provided by the latest implementation of the DOM [3] for the neutron and proton
propagation. An initial assessment of the DOM ingredients has been implemented
by employing the local version [15] for Ca isotopes including an extrapolation
to 60Ca. These results together with an overview of the current theory relevant
for elastic and non-elastic breakup have been published in [16]. Already at this
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Fig. 1 Comparison of KD phenomenological optical potential and the DOM [16]: elastic breakup
(EB) and non-elastic breakup (NEB) proton spectra for the reactions 40Ca(d, p), 48Ca(d, p), and
60Ca(d, p) at Ed = 20MeV and Ed = 40MeV

early stage, a clear preference of DOM-generated potentials emerges over a more
traditional global optical potential like the one of [17] labeled KD, as illustrated in
Fig. 1.

As the DOM potentials are constructed to smoothly connect the positive and
negative energy domain, they accurately describe the peaks that occur when a
neutron is added in a bound state, whereas phenomenological potentials do not
provide a suitable extrapolation to negative energy. Available data are well described
with these potentials [16]. Further developments are necessary to raise the standard
for the description of the deuteron and employ non-local dispersive potentials for
nucleons in order to analyze data from this reaction employing rare isotopes in
inverse kinematics. The main missing ingredient is an appropriate description of
the deuteron for which only local, non-dispersive potentials are available [18–20].
We are presently developing tools to describe the deuteron by a non-local, dispersive
potential that is constrained by corresponding elastic scattering data. The proposed
approach depends on recognizing that elastic deuteron scattering can be interpreted
as the propagation of an interacting proton–neutron pair in the medium provided by
the target nucleus [21].
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3 40Ca(e, e′p)39K Reaction and Spectroscopic Factors

Several papers have appeared in the past questioning the relevance of spectroscopic
factors [22, 23] and the possibility of measuring momentum distributions or
occupation numbers [24]. It is useful to point out that Fermi liquid theory developed
by Landau [25–27] relies on the notion of a quasiparticle with a corresponding
strength (spectroscopic factor) near the Fermi surface that can be experimentally
probed through specific heat measurements [28]. For finite systems like atoms
and molecules the corresponding information is accessed by analyzing the (e, 2e)
reaction [2, 29, 30]. Similar efforts in nuclear physics have attempted to extract
spectroscopic factors from the (e, e′p) reaction [31] for valence hole states in mostly
double-closed-shell nuclei (see also Refs. [2, 32]).

Experimental results of the (e, e′p) reaction have been included in the local
DOM in the past by employing the extracted spectroscopic factors [33, 34] in fits
with local potentials to the 40Ca and 48Ca nuclei [35, 36] and to data in other
domains of the chart of nuclides [15]. A better approach has now been implemented
based on the non-local DOM developments [3, 37, 38] that also allows an assessment
of the quality of the distorted-wave impulse approximation (DWIA) that is utilized
to describe the reaction. We note that the conventional analysis of the reaction
employed standard local non-dispersive optical potentials to describe the proton
distorted waves [39]. We have thus arrived at a stage with the DOM that all
ingredients for the DWIA description can be supplied from one self-energy that
generates the proton distorted waves at the desired outgoing energies, as well as the
overlap function with its normalization. Important to note is that these ingredients
are not adjusted in any way to (e, e′p) data.

The non-local DOM description of 40Ca data was presented in [37]. In the mean
time, additional experimental higher-energy proton reaction cross sections [40]
have been incorporated which caused some adjustments of the DOM parameters
compared to [37]. Adjusting the parameters from the previous values [37] to
describe these additional experimental results leads to an equivalent description for
all data except these reaction cross sections. The required additional absorption at
higher energies leads to a loss of strength below the Fermi energy, reducing the
spectroscopic factors by about 0.05 compared to the results reported in [37], thereby
also documenting the importance of reaction cross section data for protons at higher
energy.

Using a recent version of the code DWEEPY [41], our DOM ingredients have
been utilized to describe the knockout of a proton from the 0d3

2 and 1s12 orbitals
in 40Ca with fixed normalizations of 0.71 and 0.60, respectively [42]. The DOM
at present generates only one main peak for 1s12 orbit so the employed value of
0.60 for the spectroscopic factor takes into account the experimentally observed
low-energy fragmentation. Experimental data were obtained at Nikhef in parallel
kinematics for three outgoing proton energies: 100, 70, and 135MeV. Data for
the latter two energies were never published before. The resulting description of
the (e, e′p) cross sections is at least as good as the Nikhef analysis which yielded
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Fig. 2 Comparison of the
spectral distribution measured
at Nikhef for outgoing proton
energies of 100MeV to
DWIA calculations using the
proton distorted waves,
overlap function, and its
normalization from a
non-local DOM
parameterization. Results are
shown for the knockout of a
0d3/2 proton from 40Ca to the
ground state of 39 K

spectroscopic factors of 0.65±0.06 and 0.51±0.05 for these orbits at 100MeV [33],
as illustrated in Fig. 2. Our results demonstrate that the DWIA reaction model is
still satisfactory at 70MeV and 135MeV outgoing proton energies. By applying the
bootstrap method used for the neutron skin calculation of [38], we have generated
errors for the spectroscopic factors for these orbits with values 0.71±0.04 and
0.60±0.03, for the 0d3

2 and 1s12 orbitals in 40Ca, respectively. The results further
suggest that the chosen window around 100MeV proton energy provides the best
and cleanest method to employ the DWIA for the analysis of this reaction.

We therefore make a strong case that the canonical suppression of the spectro-
scopic factors as pioneered by the Nikhef group [31] continues to generate values of
around 0.7 although there are qualitative differences in the construction of the cross
sections on account of the non-local potentials that determine the distorted proton
waves. Further insight into the claim that the (e, e′p) reaction can yield absolute
spectroscopic factors for low-lying discrete states in the final nucleus [32, 43, 44]
has therefore been provided, while demonstrating that a consistent description of
the reaction ingredients as provided by the non-local DOM is essential.

4 Neutron Distributions and the DOM

The efficacy of the DOM has recently been documented when its fully non-local
implementation was extended to 48Ca. Available ground-state properties of 48Ca
appropriate for a study of the properties in this system, apart from the important
particle numbers of Z = 20 and N = 28, include the charge density in addition
to level structure. These properties on top of the standard elastic scattering data
available at positive energy have been employed to construct the N −Z dependence
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of the DOM potential leaving all ingredients of the fit to 40Ca fixed except for
radius parameters. Excellent agreement with the experimental charge density has
been obtained [38] just as earlier for 40Ca [37].

Recently acquired elastic neutron scattering data and total cross sections for 48Ca
were published earlier in our large DOM paper [15] but it was at that time not
possible to generate an accurate fit to the differential cross sections at low energy
employing the local implementation of the DOM. Our current non-local DOM
potentials provide increased flexibility that allows for the present excellent fit to
these data. Most of the properties of the first 20 neutrons in this nucleus are already
well-constrained by the fit to the properties of 40Ca. The additional influence of the
extra 8 neutrons in this nucleus is then further constrained by these elastic scattering
data and total neutron cross sections [15] as well as level structure. The neutron
properties of 48Ca are of extreme interest to the community since the neutron radius
can be experimentally probed without ambiguity employing parity-violating elastic
electron scattering experiments at Jefferson Lab [45].

To produce a theoretical error for our result for the neutron skin we have
employed a method that was explored in the determination of the Chapel-Hill global
optical potential [46]. These results have now been published in [38] with our
neutron skin prediction of 0.249±0.023 fm which is much larger than the prediction
of the ab initio coupled-cluster calculation reported in [47] and most mean-field
calculations [48]. We note that this work fulfills the earlier promise of the DOM,
in that it can be employed to make sensible predictions of important quantities
constrained by other experimental data. When envisaged earlier [35], it was thought
that these predictions would involve only rare isotopes but important quantities for
stable nuclei also fall under its scope. We show in Fig. 3 results for the neutron
skin of 48Ca plotted versus the one of 208Pb as presented in [48], while adding
horizontal bars for the DOM result [38] and the coupled-cluster result of [47]. Our
current efforts for 208Pb are also generating a large neutron skin as indicated by the
large square in Fig. 3. The dashed box includes the central value of [49] but with
the expected error of the PREX-II experiment. The expected error for the CREX
experiment [45] is indicated by the vertical width of the box while its central value
is arbitrarily chosen.

5 Conclusions

As illustrated in this paper, the DOM provides ingredients for transfer reactions,
the (e, e′p) reaction, and predictions for the neutron skin of 48Ca and 208Pb,
demonstrating the relevance of this approach to simultaneously answer the questions
how nucleons propagate through the nucleus at positive energy and where they are
localized in the ground state. Extensions to other knockout reactions like (p, pN)

and the improved description of the deuteron will likely contribute to a robust
extension of the DOM to rare isotopes.
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Fig. 3 Figure adapted from [48] with the results from Refs. [47] and [38] indicated by horizontal
bars relevant for 48Ca and the rectangle including the preliminary DOM result for 208Pb. Smaller
squares and circles refer to relativistic and nonrelativistic mean-field calculations cited in Ref. [48]

Acknowledgments This work was supported by the U.S. National Science Foundation under
grant PHY-1613362 and contains critical contributions of Hossein Mahzoon and Mack Atkinson as
part of their thesis research. Contributions of other collaborators are also gratefully acknowledged.

References

1. W.H. Dickhoff, C. Barbieri, Prog. Part. Nucl. Phys. 52, 377 (2004)
2. W.H. Dickhoff, D. Van Neck, Many-Body Theory Exposed!, 2nd edn. (World Scientific, New

Jersey, 2008)
3. W.H. Dickhoff, R.J. Charity, M.H. Mahzoon, J. Phys. G. Nucl. Part. Phys. 44, 033001 (2017)
4. C. Mahaux, R. Sartor, Adv. Nucl. Phys. 20, 1 (1991)
5. W.H. Dickhoff, R.J. Charity, Prog. Part. Nucl. Phys. 105, 252 (2019)
6. N.B. Nguyen, S.J. Waldecker, F.M. Nunes, R.J. Charity, W.H. Dickhoff, Phys. Rev. C 84,

044611 (2011)
7. A. Ross, L.J. Titus, F.M. Nunes, M.H. Mahzoon, W.H. Dickhoff, R.J. Charity, Phys. Rev. C 92,

044607 (2015)
8. D.W. Bardayan, J. Phys. G 43, 043001 (2016)
9. K. Wimmer, J. Phys. G 45, 033002 (2018)

10. J.E. Escher, et al., Rev. Mod. Phys. 84, 353 (2012)
11. G. Potel, F.M. Nunes, I.J. Thompson, Phys. Rev. C 92, 034611 (2015)
12. J. Lei, A.M. Moro, Phys. Rev. C 92, 061602(R) (2015)
13. B.V. Carlson, R. Capote, M. Sin. arXiv:1508.01466 (2015)
14. Deuteron-induced reactions and beyond: Inclusive breakup fragment cross sections FRIB

workshop (2016). https://indico.fnal.gov/conferenceDisplay.py?confId=11559
15. J.M. Mueller et al., Phys. Rev. C 83, 064605 (2011)
16. G. Potel, et al., Eur. Phy. J. A 53(9), 178 (2017)
17. A. Koning, J. Delaroche, Nucl. Phys. A 713, 231 (2003)
18. H. An, C. Cai, Phys. Rev. C 73, 054605 (2006)

https://indico.fnal.gov/conferenceDisplay.py?confId=11559


90 W. H. Dickhoff

19. Y. Han, Y. Shi, Q. Shen, Phys. Rev. C 74, 044615 (2006)
20. Y. Zhang, D.Y. Pang, J.L. Lou, Phys. Rev. C 94, 014619 (2016)
21. F. Villars, Fundamentals in Nuclear Theory (IAEC, Vienna, 1967)
22. A.M. Mukhamedzhanov, A.S. Kadyrov, Phys. Rev. C 82, 051601(R) (2010)
23. R.J. Furnstahl, A. Schwenk, J. Phys. G 37, 064005 (2010)
24. R.J. Furnstahl, H.-W. Hammer, Phys. Lett. B531, 203 (2002)
25. L.D. Landau, Sov. Phys. JETP 3, 920 (1957)
26. L.D. Landau, Sov. Phys. JETP 5, 101 (1957)
27. L.D. Landau, Sov. Phys. JETP 8, 70 (1959)
28. J.C. Wheatley, Rev. Mod. Phys. 47, 415 (1975)
29. B. Lohmann, E. Weigold, Phys. Lett. A86, 139 (1981)
30. I.E. McCarthy, E. Weigold, Rep. Prog. Phys. 54, 789 (1991)
31. L. Lapikás, Nucl. Phys. A 553, 297 (1993)
32. W.H. Dickhoff, D. Van Neck, S.J. Waldecker, R.J. Charity, L.G. Sobotka, Phys. Rev. C 82(5),

054306 (2010)
33. G.J. Kramer, et al., Phys. Lett. B 227, 199 (1989)
34. G. Kramer, H. Blok, L. Lapikás, Nucl. Phys. A 679, 267 (2001)
35. R.J. Charity, L.G. Sobotka, W.H. Dickhoff, Phys. Rev. Lett. 97, 162503 (2006)
36. R.J. Charity, J.M. Mueller, L.G. Sobotka, W.H. Dickhoff, Phys. Rev. C 76, 044314 (2007)
37. M.H. Mahzoon, R.J. Charity, W.H. Dickhoff, H. Dussan, S.J. Waldecker, Phys. Rev. Lett. 112,

162503 (2014)
38. M.H. Mahzoon, M.C. Atkinson, R.J. Charity, W.H. Dickhoff, Phys. Rev. Lett. 119, 222503

(2017)
39. J.W.A. den Herder et al., Nucl. Phys. A490, 507 (1988)
40. A. Auce et al., Phys. Rev. C 71, 064606 (2005)
41. C. Giusti, F.D. Pacati, Nucl. Phys. A485, 461 (1988)
42. M.C. Atkinson, H.P. Blok, L. Lapikás, R.J. Charity, W.H. Dickhoff, Phys. Rev. C 98, 044627

(2018)
43. I. Sick, P.K.A. de Witt Huberts, Commun. Nucl. Part. Phys. 20, 177 (1991)
44. V.R. Pandharipande, I. Sick, P.K.A. de Witt Huberts, Rev. Mod. Phys. 69, 981 (1997)
45. J. Mammei et al. CREX: parity-violating measurement of the weak charge distribution of 48Ca

to 0.02 fm accuracy (2013). http://hallaweb.jlab.org/parity/prex/
46. R.L. Varner, W.J. Thompson, T.L. McAbee, E.J. Ludwig, T.B. Clegg, Phys. Rep. 201, 57 (1991)
47. G. Hagen et al., Nat. Phys. 12, 186 (2016)
48. C.J. Horowitz, K.S. Kumar, R. Michaels, Eur. Phys. J. A 50, 48 (2014)
49. S. Abrahamyan et al., Phys. Rev. Lett. 108, 112502 (2012)

http://hallaweb.jlab.org/parity/prex/

	Linking Nuclear Reactions and Nuclear Structure to Study Exotic Nuclei Using the Dispersive Optical Model
	1 Introduction
	2 Transfer Reactions and the DOM
	3 40Ca(e,e'p)39K Reaction and Spectroscopic Factors
	4 Neutron Distributions and the DOM
	5 Conclusions
	References


