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Ancilla systems are often indispensable to universal control of a nearly isolated quantum system.
However, ancilla systems are typically more vulnerable to environmental noise, which limits the
performance of such ancilla-assisted quantum control. To address this challenge of ancilla-induced
decoherence, we propose a general framework that integrates quantum control and quantum error
correction, so that we can achieve robust quantum gates resilient to ancilla noise. We introduce the
path independence criterion for fault-tolerant quantum gates against ancilla errors. As an example, a path-

independent gate is provided for superconducting circuits with a hardware-efficient design.
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An outstanding challenge of quantum computing is
building quantum devices with both excellent coherence
and reliable universal control [1-3]. For good coherence,
we may choose physical systems with low dissipation (e.g.,
superconducting cavities [4—6] and nuclear spins [7—10]) or
further boost the coherence with active quantum error
correction [11,12]. As we improve the coherence by better
isolating the central system from the noisy environment, it
becomes more difficult to process information stored in the
central system. To control the nearly isolated central
system, we often introduce an ancilla system (e.g., trans-
mon qubits [13-15] and electron spins [8,9]) that is
relatively easy to control, but the ancilla system typically
suffers more decoherence than the central system, limiting
the fidelity of the ancilla-assisted quantum operations.
Therefore, it is crucial to develop quantum control proto-
cols that are fault-tolerant against ancilla errors.

For noise with temporal or spatial correlations, we can
use techniques of dynamical decoupling [16-18] or
decoherence-free encoding [19,20] to achieve noise-resil-
ient control of the central system. When the noise has no
correlations (e.g., Markovian noise), we need active quan-
tum error correction (QEC) to extract the entropy. For qubit
systems, a common strategy to suppress ancilla errors is to
use the transversal approach [1,21-26], which may have a
significant hardware overhead and cannot provide universal
control [1], and it is desirable to have a hardware-efficient
approach to fault-tolerant operations against ancilla
errors [27-32]. Different from qubit systems, each bosonic
mode has a large Hilbert space that can encode qua-
ntum information using various bosonic quantum codes
as demonstrated in recent experiments [11,33-35].
However, there is no simple way to divide the bosonic
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mode into separate subsystems, which prevents us from
extending the transversal approach to the bosonic central
system. Ancilla errors can propagate to the bosonic mode
and compromise the encoded quantum information [36].
Nevertheless, a recent experiment with a hardware-efficient
three-level ancilla demonstrated fault-tolerant readout of an
error syndrome of the central system against the decay of
the ancilla [37]. Moreover, the error-transparent gates for
QEC codes (using control Hamiltonian commuting with
errors) have been proposed [38—40] to achieve quantum
operations insensitive to errors, but it is typically very
demanding to fulfill the error-transparent condition while
performing nontrivial quantum gates. Therefore, there
is an urgent need of a general theoretical framework that
integrates quantum control and quantum error correction, to
guide the design of hardware-efficient robust quantum
operations against ancilla errors.

In this Letter, we provide a general criterion for fault-
tolerant quantum gates on the central system robust against
ancilla errors [Fig. 1(a)]. Our general criterion of path
independence (PI) requires that, for given initial and final
ancilla states, the central system undergoes a unitary gate
independent of the specific ancilla path induced by control
drives and ancilla error events [Figs. 1(b) and 1(c)]. For a
subset of final ancilla states, the desired quantum gate on
the central system is successfully implemented, while other
final ancilla states herald a failure of the attempted
operation, but the central system still undergoes a deter-
ministic unitary evolution without loss of coherence. Thus
we may repeat our attempts of PI gates on the central
system until the gate succeeds. As an application of our
general criterion, a PI design of the selective number-
dependent arbitrary phase (SNAP) gates [14,15] is provided
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FIG. 1. (a) Schematic of a central system with good coherence

coupled to an ancilla system with poor coherence. The ancilla
dephasing rate x and relaxation rate y of are much larger than the
decoherence rate ¢ of the central system. (b),(c) For PI control,
the central system undergoes a unitary evolution Uy; for the
ancilla starting from state |i/) and finally measured in |f),
regardless of the ancilla paths induced by the control and ancilla
error events.

for universal control and quantum error correction of
superconducting circuits. Moreover, the error-transparent
gates [38—40] are also shown to be a special class of PI gates.
Ancilla-assisted quantum control.—Suppose we intend
to implement some unitary gate on the central system
assisted by a d-level ancilla system. The total Hamiltonian
is
H(t) = Ho + H. (1), (1)
where H,(t) is the control Hamiltonian and Hy = H,, +
H. + H;, is the static Hamiltonian with contributions
from the ancilla system, the central system, and their
interaction, correspondingly. We assume that [Has, Hy] =
0, so that H;, preserves the eigenbasis {|m)}¢-! of the
ancilla (H,|m) = €,,|m)). The static Hamiltonian H, can
be diagonalized in the eigenbasis of the ancilla,

d-1

HO :Z|m><m| ® (8m+Hcs+Hint.m)7 (2)
m=0

with Hyy,, = (m|Hjy|m). The propagator for total system
in the ancilla eigenbasis is

U(ty, 1) =T exp <—l/ Hy, (? dt>

= Zr/mn I, 1 |m ‘ ® an(tZ’tl)7 (3)

where 7 is the time-ordering operator, 7,,,(t,,t;) is a
complex function and V,,,(t,,#;) is an operator on the
central system. For preselection of the ancilla on state |i) at
time 7, and postselection on |f) at f,, the central system
undergoes a quantum operation V,,,(t,, t;).

Markovian ancilla noise.—We assume that the central
system suffers much weaker noise than the ancilla and
therefore can be regarded as noise free within the ancilla

coherence time [Fig. 1(a)]. Suppose the ancilla suffers from
Markovian noise and the dynamics of the total system is

<ZD VL] + ZD Nt > p.
(4)

where DI[A]p = ApAT — {ATA,p}/2 is the Lindbladian
dissipator, {L,}/{J;} are the Lindblad operators describing
the ancilla dephasing and relaxation errors (L; =
S - ‘OA imy(m| with A" €€, J; =|m;)(n;| with
mj,n; € [0,d— 1] and m; # n;), and K,/yj is the dephasing
and relaxatlon rate. The ancilla dephasing and relaxation
errors can be unified into a general class of ancilla
errors [41].

The Liouville superoperator L(f) generating the
Markovian dynamics in Eq. (4) can be divided into two
parts [43],

dp

dr = ilp, Hy(2)

dp

L~ L(0p(1) = [Larlr) + Slp(r), (5)

where L.gp = i(pHfo — H.p) represents the no-jump
evolution  with  H(t) = H (1) = £ (3, kL L +
> ij;Jj), and Sp =k, L,pL} + D ijij; repre-
sents the quantum jumps interrupting the no-jump evolu-
tion. The propagator for the whole system can be
represented by the generalized Dyson expansion as

=376, (1.0)0(0). (6)

p=0
with
Go(1,0)

1 13 %)
gp(t,O):/ dtp---/ dtz/ dtyw(t, t
0 0 0

XS"‘SW(tz,tl)SW(II,O), p = 1, (8)

= W(1,0), (7)

where p(0) = |m)(m| ® p.s with m € [0,d — 1] and p.,
being the initial density matrix of the central system,
and W(ty, t))p = W(ta, t))pW'(t2,1;) with W(ty,t)) =
T exp[—i [> He(¢')d?'] being the no-jump propagator.
G,(t,0) contains all the paths with any sequence of p
ancilla jump events, therefore describing the pth-order
ancilla errors. When 7, y;t < 1, the Liouville superoper-
ator is well approximated by a finite-order Dyson
expansion.

Definition of path independence.—The PI gates in this
Letter can be understood as follows. With an initial ancilla
eigenstate |i) of H,, some control Hamiltonian acting
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during [0,7] and a final projective measurement on the
ancilla with result |r), the central system undergoes a
deterministic unitary evolution up to finite-order or infinite-
order Dyson expansion in Eq. (6). Now we provide a
formal definition of path independence.

Definition 1: path independence. Let the ancilla start
from |i) and end in |r), with |i), |r) € {|m)}¢-!,. Suppose
that

i| ® pes) | |r) < Upi(1,0)pes (9)

(1] 6,(0.00(0

applies for k < n but does not hold for k > n, where
U,:(1,0)pes = U,:(1.0)pe UL (£,0) is a unitary channel on
the central system. Then we say the central system gate is
PI of the ancilla errors up to the nth order from [i) to |r).

Path independence for ancilla dephasing errors.—The
path independence for ancilla dephasing errors is guaran-
teed if the no-jump propagator is in a PI form below.

Lemma 1. Let {U,,,(1,.1,)}%-_, be a set of unitaries
on the central system that are differentiable with respect to
t, and ¢t and also satisfy the PI condition

Ume(t3’t2)Uen(t2vtl> = Umn(t37t1)v (10)

with m,e,n € [0,d — 1]and t,,1,,13 € R, there exist a
class of PI no-jump propagators

W(ty. 1)

Z&mn(t%tl |m < |® Umn<t27t1)’ (11)

m,n

where {£,,,(t2, 1) }4 1 are a set of complex functions of
t2 and tl Satleylng é:mn(t3v tl) - €:0 éme(ISv t2)§en(t27 tl)
and &,,,(t,1) = 8-

Note that here we define all the unitaries in the set
{Un(t2, 17) m,} 0» but typically only a subset of
{Upn(t2, 1)1 with &,,(t,,1;) # 0 contribute to the
no-jump dynamics and the other unitaries in the set with
Epn(ta, 1) = 0 can be left undefined.

Lemma 2. The PI condition for {U,,,(t,.7,)}4-!_ in
Eq. (10) is satisfied if and only if

Umn(tb tl) - Rm(ZZ)UmnRIl(tl)’ (12)
where R,,(t) = T{e_ifJH"’(t/)dt/} with H,(t) being an
arbitrary time-dependent Hamiltonian on the central system
and {U,,, 41 = {U,,,(0,0)}4-1_ satisfy

UmeUen = Umn' (13)

Theorem 1: dephasing errors. With the PI no-jump
propagator in Eq. (11) and only ancilla dephasing
errors, the central system gate is PI of all ancilla dephasing

(a) (b)
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FIG. 2. Schematic of ancilla evolution paths with different
kinds of ancilla errors. (a) In the paths with blue line, the ancilla
goes from |i) to |f) without any ancilla error and the central
system gate is Uy,. In the paths with green lines, the ancilla
suffers two dephasing errors |a)(a| and at |c)(c|, while the central
system gate is still U, U.U, = Uy, independent of the
dephasing error times. (b) In the paths with red lines, the ancilla
suffers a relaxation error |b)(a| (dashed red arrow lines) in the
NAS spanned by {|a),|b)} (purple-shaded region) with the
unitary gate as U,,U,;. In the paths with yellow line, the ancilla
suffers two additional dephasing errors |a)(a| and |c){c| but with
the same unitary gate as that for a single relaxation error. The
solid (hollow) circles represent the initial and final (intermediate)
ancilla states, and the red dashed arrows represent the ancilla
relaxation errors. Here we adopt the interaction picture associated
with Hj(1).

errors up to inﬁnite order
all Ji),|r) € {m)}=",

To understand Theorem 1, we move to the interaction
picture associated with Hy(r) = > 91 |m)(m| ® H,,(1)
[note that H, in Eq. (2) and H{(t) are similar but can
be different]. The no-jump propagator becomes

from |[i) to |r) for

WU)(tZ? [1) - ngn(t% tl)|m><n| ® Umm (14)

and the ancilla dephasing operator LEI)(tl) =L, acts
trivially on the central system regardless of the jump time
t,. Suppose the ancilla suffers a dephasing error L (tl) at
time f#; € [0,¢], the quantum operation on the central
system is

(WO (1, 1)LO ()W (1, 0)li) & Uyie (15)
where we have used Eq. (13). So independent of the error
time #;, the central system undergoes the same unitary gate
as that without any ancilla error [(r|W")(z,0)|i) o« U,;].
The conclusion holds for arbitrary number of dephasing
jumps during the gate, since U,; =U,, - U,,U, with
a,b,...,e €10,d— 1] from Eq. (13). An intuitive picture is
provided in Fig. 2(a). Without ancilla errors [blue path in
Fig. 2(a)], the ancilla goes directly from the initial state to
the final state with the target central system gate. With
ancilla dephasing errors [green paths in Fig. 2(a)], the
ancilla takes different continuous paths between the same
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initial and final states, but the central system gate remains
unchanged since it depends only on the initial and final
ancilla states.

Path independence for ancilla relaxation errors.—The
path independence for ancilla relaxation errors is slightly
more demanding than that for ancilla dephasing errors. To
see this, suppose the ancilla suffers a relaxation error
JO(t,) = |m)(n| ® Ri(t)R,(t;) at time #;, the final
quantum operation on the central system is

(WO (2, 1) D (1 )W (11, 0)]i)
5 Urij’l(tl)RnOI)Uni’ (16)

which is typically a unitary gate depending on ¢, causing
decoherence of the central system when averaged over ;.
This can be avoided if R},(t;)R,(f;) x e or H,,(t) —
H,(t) = A1 with Al € R. So the following definition is
motivated.

Definition 2: noiseless ancilla subspace. We denote the
ancilla subspace spanned by {|k)} C {|m)}¢Z}) satisfying
H, (1) + 4,(t) = H,(t) + 4,(t) with 2,(1),2,(r) e R
for all |m),|n) € {|k)} as the noiseless ancilla sub-
space (NAS).

Path independence of first-order ancilla relaxation errors
is guaranteed if the same unitary operation is applied to the
central system for all possible paths from |i) to |r) with at
most one ancilla relaxation jump. For example, if &,; # 0
and there are no paths with first-order relaxation errors
from |i) to |r), the central system gate is still U,;, or if
&, =0 and the only path from [i) to |r) is through a
relaxation operator J() in the NAS, then the central system
gate is U,,,U,; [this is equivalent to redefining U,;, =
U,,U,.,U,: by setting U, =1 as the identity operation,
since U,; in Eq. (14) is not well defined if &, = 0]. The
conclusion can be extended to the cases for higher-order
relaxation errors.

Theorem 2: relaxation and dephasing errors. With
the PI no-jump propagator in Eq. (11) and both ancilla
relaxation and dephasing errors, if all the possible paths
from |i) to |r) with at most n sequential ancilla relaxation
jumps, only include either the path without relaxation
errors or the paths consisting of no more than n sequential
ancilla relaxation jumps in the NAS, and these paths
produce the same unitary gate on the central system, which
does not hold for all the paths from |i) to |r) with at most
(n + 1) sequential ancilla relaxation jumps, then the central
system gate is PI of the combination of up to the nth-order
ancilla relaxation errors and up to infinite-order ancilla
dephasing errors from |i) to |r).

Theorem 2 can be intuitively understood by the diagrams
in Fig. 2(b). With only ancilla relaxation errors in the NAS
[red paths in Fig. 2(b)], the ancilla path is composed of
discontinuous segments connected by the relaxation error
operators, and the final unitary gate on the central system is

often different from that without ancilla errors. However, if
the ancilla ends in another state, the central system still
undergoes a deterministic unitary evolution. With both
ancilla relaxation errors in the NAS and dephasing errors
[orange paths in Fig. 2(b)], for each path segment con-
nected by the relaxation errors, the ancilla goes another
continuous way with the same initial and final states, so the
final unitary gate on the central system is the same as that
with only relaxation errors.

A special case of PI gates is the error-transparent gates,
theoretically proposed [38,39] and recently experimentally
demonstrated [40] against a specific system error, with the
error syndromes corresponding to the ancilla states here.
Error transparency requires the physical Hamiltonian to
commute with the errors when acting on the QEC code
subspace (a more general condition for error transparency is
that the commutator of the physical Hamiltonian and the
error operator is proportional to the error operator),
corresponding to a PI no-jump propagator [Eq. (11)] with
&,n = 0 for m # n and all the ancilla errors are relaxation
errors |m)(n| in the NAS, and thus fulfill the PI criterion.
However, the PI gates contain a larger set of operations,
because the PI criterion can be fulfilled with non-error-
transparent Hamiltonians (see the Supplemental Material
[41] for general construction of the PI control Hamiltonian
and jump operators).

Example: PI gates in superconducting circuits.—We
consider the implementation of the SNAP gates in super-
conducting circuits [14,15]. The superconducting cavity
(central system) dispersively couples to a nonlinear trans-
mon device (ancilla system) with Hamiltonian Hy =
wgle)(e| + w.a'a— ya'ale)(e| [5], where o, (@) is
the transmon (cavity) frequency, a (a') is the annihilation
(creation) operator of the cavity mode, y is the dispersive
coupling strength, and |e) (]g)) denotes the excited
(ground) state of the ancilla transmon. The SNAP gate
on the cavity, S(¢) = >.% e |n)(n|, imparts arbitrary
phases ¢ = {¢,}%, to the different Fock states of the
cavity.

In the interaction picture associated with H) =
Hy —d|e)(e|, the total Hamiltonian is HEQzQHg)(d(X)
S(@)+1e) (gl ®S(—@)]+5le) (| =Q3 52 (e |g.n) (e.n|+
e " |e,n)(g,n|)+65le){e|, inducing a PI propagator
[Eq. (14)] [41]. The original SNAP gate consists of two
consecutive 7 pulses (between |g,n) and |e,n)) with a
geometric phase depending on the phase difference
between the two 7z pulses. For simplicity, we may fix
the phase of the second pulse to be 0, so that the geometric
phase for the SNAP gate is determined by the phase ¢,, of
the first 7 pulse. Returning to the Schrodinger picture,
H (1) =QY % (ell@w=m)+0:=%l g n)(e,n|+H.c.). When
Q < y, the control Hamiltonian can be simplified as the
driving acting on the transmon alone but with multiple
frequency components, H,(t) ~¢,,(t)e! @« g) (| +H.c.
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with €., (1) = 3, Qe Then the SNAP gates are PI
of any transmon dephasing error with D[,/y1(c,|e){e| +
cyl9)(gl)] with ¢ /, € C (see Theorem 1), but not PI of the
transmon relaxation error with D[,/k{(|g)(e|)], since
{l9),|e)} do not span a NAS (Theorem 2) [41].

To make the SNAP gates PI of the dominant transmon
relaxation error, we use a three-level transmon with
Hy=wg.|e)(e|+oyl|f) (fl+o.a’a—x(|e)(e|+]f){f])a"a,
where the dispersive coupling strength is engineered to the
same for the first-excited transmon state |e) and the second-
excited state |f) [37]. The SNAP gate is implemented by
applying the Hamiltonian that drives the |g) <> |f) tran-
sition instead of the |g) <> |e) transition (if the direct
transition between |g) and |f) is not allowed, we can use
Raman drives detuned from the |g) <> |e) and |e) <> |f)
transitions). Since {|e), |f)} span a NAS, the SNAP gate is
PI of the dominant transmon relaxation error with
D[,/k;(|e)(f])] and also of any transmon dephasing error
with D[\ /75(c,|g)(g] + c.le)(e| + c¢|f) (f])]. Note that the
PI SNAP gates are not error transparent, but they still
enable robustness against transmon errors.

PI gates for both ancilla errors and central system
errors.—The PI gates for ancilla errors can also be made PI
of the central system errors. We assume that the central
system also suffers Markovian noise with the Lindbladian
dissipators Y97 D[\/C;E,]. Suppose a quantum error
correction (QEC) code exists for the central system
[1,44,45], which means that the error set {E;} satisfies
the Knill-Laflamme condition POE;[E Py =A;jPy with
E, = P, being the projection to the code subspace and
A a Hermitian matrix. We may diagonalize A as B = u'Au
to obtain another set of correctable errors {F;} with
Fk = Zik uikEi’ Satisfying POFzFlPO = rk5k1P0 with
Fo= Py, By =1 and r, = By;. Then the condition for
path independence against the central system errors is

d—1
[Ho(1), Fi) = cna(D|m)(m| ® Fio  (17)
m=0

where m € [0,d — 1],k € [0,g — 1] and ¢, 1 (¢) € R. In the

interaction picture associated with H{ (), this condition
i [ 1N 4

ensures that R* (1) F,R(1) =5, elﬁl ) |m)(m| ® F;

is a tensor product of the ancilla dephasing operator and the

same error operator F; with R(¢) = Te™ o P4 Then

the PI no-jump propagator for both ancilla and central

system errors [38,39,41] can be constructed as in Eq. (14)
with

Upn = Y _€msFyU,, 0F /1y (18)
k

where U, o is the target unitary in the code subspace
satisfying U, o ann,O = Py and ¢,,,, € R. After such a PI
gate, we can make a joint measurement on both the ancilla

state and the error syndromes of the central system. The
path independence of ancilla errors is then ensured and the
first-order central system errors during the gate can also be
corrected [41].

Summary.—To address the challenge of ancilla-induced
decoherence, we provide a general criterion of path
independence. For quantum information processing with
bosonic encoding, such a PI design will be crucial in
protecting the encoded information from ancilla errors,
while the previous transversal approach does not apply.
Moreover, different from the traditional approaches with
separated quantum control and error correction tasks, our
approach integrates quantum control and error correction.
Using the general PI design, we can further explore PI gates
using various kinds of ancilla systems to achieve higher-
order suppression of ancilla errors, design PI operations
robust against both ancilla errors and central system errors,
and extend the PI technique to quantum sensing and other
quantum information processing tasks.
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Note added.—Recently the PI SNAP gates have been
experimentally implemented in a superconducting circuits
[42], with the SNAP gate fidelity significantly improved by
the PI design.
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