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The quantum Fisher information (QFI), as a function of quantum states, measures the amount of information
that a quantum state carries about an unknown parameter. The (entanglement-assisted) QFI of a quantum chan-
nel is defined to be the maximum QFI of the output state assuming an entangled input state over a single probe
and an ancilla. In quantum metrology, people are interested in calculating the QFI of N identical copies of a
quantum channel when N — oo, which is called the asymptotic QFI. Over the years, researchers found various
types of upper bounds of the asymptotic QFI, but they were proven achievable only in several specific situations.
It was known that the asymptotic QFI of an arbitrary quantum channel grows either linearly or quadratically with
N. Here we show that a simple criterion can determine whether the scaling is linear or quadratic. In both cases,
the asymptotic QFI and a quantum error correction protocol to achieve it are computable via a semidefinite pro-
gram. When the scaling is quadratic, the Heisenberg limit, a feature of noiseless quantum channels, is recovered.
When the scaling is linear, we show the asymptotic QFI is still in general larger than /N times the single-channel
QFI and furthermore, sequential estimation strategies provide no advantage over parallel ones.

I. INTRODUCTION

Quantum metrology studies parameter estimation in a
quantum system [1-5]. Usually, a quantum probe inter-
acts with a physical system and the experimentalist performs
measurements on the final probe state and infers the value
of the unknown parameter(s) in the system from the mea-
surement outcomes. It has wide applications in frequency
spectroscopy [6-9], gravitational-wave detectors [10—13] and
other high-precision measurements [14—18].

The quantum Fisher information (QFI), which is inversely
proportional to the minimum estimation variance, character-
izes the amount of information a quantum state carries about
an unknown parameter [19-22]. To explore the fundamental
limit on parameter estimation, we usually consider the situa-
tion where the number of quantum channels N (or the prob-
ing time t) is large. The Heisenberg limit (HL), an O(N?)
(or O(t?)) scaling of the QFI, is the ultimate estimation limit
allowed by quantum mechanics. It could be obtained, for ex-
ample, using GHZ states in noiseless systems [9, 23]. On the
other hand, the standard quantum limit (SQL), an O(N) (or
O(t)) scaling of the QFI, usually appears in noisy systems and
could be achieved using product states. Much work has been
done towards determining whether or not the HL is achievable
for a given quantum channel and some necessary conditions
were derived [24-37].

In general, the asymptotic QFI of a quantum system , i.e.
the QFI in the N — oo limit [29], follows either the HL or
the SQL and there was not a unified approach to determine the
scaling. For quantum channels where the scalings are known,
it is also crucial to understand how to achieve the asymptotic
QFL. For example, for unitary channels, the HL is achievable
and a GHZ state in the multipartite two-level systems con-
sisting of the lowest and highest energy states is optimal [23].
Under the effect of noise, a variety of quantum strategies were
also proposed to enhance the QFI [8, 10, 38-52], but no con-
clusions for general quantum channels were drawn. One nat-
ural question to ask is whether entanglement between probes
can improve the QFI. For example, when estimating the noise

parameter in the dissipative low-noise channels [53, 54] or
teleportation-covariant channels [55-58] (e.g. Pauli or era-
sure channels), the asymptotic QFI follows the SQL and is
achievable using only product states. However, when estimat-
ing the phase parameter in dephasing channels, although the
HL is still not achievable, product states are no longer op-
timal and the asymptotic QFI is then achievable using spin-
squeezed states [8, 31, 39].

Given a quantum channel, we aim to answer the following
two important questions: how to determine whether the HL.
is achievable, and in both cases, how to find a metrological
protocol achieving the asymptotic QFI? In this paper, we an-
swer these two open problems in the setting of entanglement-
assisted channel estimation by providing an optimal quantum
error correction (QEC) metrological protocol which entan-
gles both the probe and a clean ancillary system. QEC has
been a powerful tool widely used in quantum computing and
quantum communication to protect quantum information from
noise [59-62]. In quantum metrology, QEC is also useful in
protecting quantum signal from quantum noise [32-34, 63—
76]. Here is a typical example: when a qubit is subject to a
Pauli-Z signal and a Pauli- X noise, the QFI follows the SQL
if no quantum control is added, but the HL is recoverable us-
ing fast and frequent QEC [63-68]. The result could be gener-
alized to any system with a signal Hamiltonian and Markovian
noise [33, 34]. These QEC protocols, however, can only esti-
mate Hamiltonian parameters and all rely on fast and frequent
quantum operations which have limited practical applications.

In this paper, we construct a two-dimensional QEC proto-
col which reduces every quantum channel to a single-qubit
dephasing channel where both the phase and the noise param-
eter could vary w.r.t. the unknown parameter. We first identify
the asymptotic QFI for all single-qubit dephasing channels
(where the unknown parameter is encoded in both the noise
and phase parameters) and then show that the asymptotic QFI
of the logical dephasing channel is no smaller than the one
of the original quantum channel after optimizing over the en-
coding and the recovery channel, proving the sufficiency of
our QEC protocol. Using the above proof strategy, we obtain



the asymptotic theory of quantum channel estimation, closing
a long-standing open question in theoretical quantum metrol-
ogy. We also push one step further towards achieving the ul-
timate estimation limit in practical quantum sensing experi-
ments by providing efficiently computable asymptotic QFIs
and corresponding optimal estimation protocols.

II. OVERVIEW
A. Preliminaries

The quantum Cramér-Rao bound is a lower bound of the
estimation precision [19-22],

o>t (1)
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where w is an unknown real parameter to be estimated, dw is
the standard deviation of any unbiased estimator of w, Nexpr
is the number of repeated experiments and F'(p,,) is the QFI
of the state p,,. The quantum Cramér-Rao bound is saturable
asymptotically (Nexpr > 1) using maximum likelihood esti-
mators [77, 78]. Therefore, the QFI is a good measure of the
amount of information a quantum state p,, carries about an un-
known parameter. It is defined by F'(p,,) = Tr(L?p,,), where
L is a Hermitian operator called the symmetric logarithmic
derivative (SLD) satisfying

. 1
Puw = i(pr + Lpw), 2

where * denotes g—z. We will use L 4[B] to represent Her-

mitian operators satisfying B = 1(LA + AL). Here L =
L, [pw]- The QFI could also be equivalently defined through
purification [24, 29]:

F(py,) =4 min

bolbu), 3
[Yw):TrE (|Yw) (Yo l)=pw <w |¢ > ( )

where p, € S(Hp), [¥o) € G(Hp ® HE), Hp is the probe
system which we assume to be finite-dimensional, H g is an
arbitrarily large environment and G () denotes the set of den-
sity operators in *.

We consider a quantum channel &,(p) = Y7_, KipK],
where 7 is the rank of the channel. The entanglement-assisted
QFI of &, (see Fig. 1a) is defined by [24, 29],

F1(&w) = F((& ®1)(p))- “)

max
PES(HPRH A)

Here we utilize the entanglement between the probe and an
arbitrarily large ancillary system H 4. We will omit the word
“entanglement-assisted” or “ancilla-assisted” in the defini-
tions below for simplicity. Practically, the ancilla should be
a quantum system with a long coherence time, e.g. nuclear
spins [67] or any QEC-protected system [34]. The ancilla
also helps simplify the complicated calculation of the QFI.
The convexity of QFI implies the optimal input state is al-
ways pure. Using the purification-based definition of the QFI
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FIG. 1. (a) The single-channel QFI F1(€,) = max, F((£w ®
1)(p)). The ancillary system is assumed to be arbitrarily large.
(b) Parallel strategies. Fn(£,) = F1(ESY) = max, F((E2Y ®
1)(p)) for N identical copies of &,. (c) Sequential strategies. Let
Fn (€., ) be the QFI of the output state, given a sequential strategy
- which contains both an input state and quantum controls acting
between &,,. Sseq) (Ew) = maxy Fn(Ew,.) is the optimal QFI
maximized over all sequential strategies. Fo°® (£,) > Fn(Ew).

(Eq. (3)), we have [24, 28, 29]

F1(€,) =4 max min  Tr(pK'TK’) (5)
pES(Hp) K'=uK

Yu, s.t. ufu=r

=4 min ||K’TK’|| =4 min ||of, (6)
= heH,.
Yu, s.t. ufu=r1
where ||-|| is the operator norm, H,. is the space of r X
r Hermitian matrices and K = (Ky,...,K,.)T. K =

(K1,...,K.)T = uK represents all possible Kraus repre-
sentations of &, via isometric transformations u [24]. Let
h =iufiand o = K"K’ = (K — ihK)"(K — ihK). The
minimization is performed over arbitrary Hermitian operator
h in C"™*" [28]. Any purification of the optimal p in Eq. (5) is
an optimal input state in Hp®%H 4 and it in general depends on
the true value of w and should be chosen adaptively through-
out the experiment [79, 80]. The QFI F; (&,,) can be found via
a semidefinite program (SDP) [28, 29], as well as the optimal
input state (see Appx. F). As an example, we show in Appx. G
that when viewing the ancilla as a lossless arm in the Mach-
Zehnder interferometer [81, 82], the SDP in Appx. F leads
to an SDP solving for the optimal input state with a definite
photon number.

Consider NV identical copies of the quantum channel &, [24,
28] (see Fig. 1b), let

(&) = F1(E7Y) = max F(EZY @ 1)(p). (D

Clearly §n > N, using the additivity of the QFI. An upper
bound on §x (&,,) could be derived from Eq. (6) [24, 28] (see



also Appx. A),

Fw () < dmin (Nlla] + NN =1 [8]*),  ®)

where 8 = iK'(K — ihK). If there is an h such that § = 0,

“d
Sy (&) < 4 min N, ©

and §n (&, follows the SQL asymptotically.

The metrological protocols we considered in Fig. 1b are
usually called parallel strategies where /N identical quantum
channels act in parallel on a quantum state [31]. Researchers
also consider sequential strategies where we allow quantum
controls (arbitrary quantum operations) between each quan-
tum channels (see Fig. 1¢). The QFI optimized over all possi-
ble inputs and quantum controls has the upper bound [31, 32],

V() < 4min (N Jlall +

NN =D (18] +2/Tal))- - (10)

Therefore, Vh, 8 # 0 is also a necessary condition to achieve
the HL for sequential strategies. When the condition is vio-
lated, there exists an / such that 8 = 0 and Fs°¥(E,) has
the same upper bound (Eq. (9)) as §n (£, ). Sequential strate-
gies are more powerful than parallel strategies because they
can simulate parallel strategies using the same input states and
swap operators as quantum controls [31].

B. Main results

In fact, the condition that Vh, 5 # 0 is equivalent to H ¢ S,
where

H=iK'K, §=spang{K/K;Vi,j}. (11

Here spany{-} represents all Hermitian operators which are
linear combinations of operators in {-}. We call it the HNKS
condition, or simply HNKS, an acronym for “Hamiltonian-
not-in-Kraus-span”. One can check that H and 3 are always
Hermitian by taking the derivative of KK = I. Note that
different Kraus representations may lead to different H, but
they only differ by some operator inside S, so whether H € S
or H ¢ S does not depend on the choice of Kraus represen-
tation. For a unitary channel » = 1 and K; = U,, = e~ "%,
H = iUJU,, is exactly the Hamiltonian for w, explaining
its name. The HL is achievable for unitary channels because
S = spang{I} and we always have H ¢ S for nontrivial H.
It is only possible to achievable the HL if HNKS holds.

We will show in Sec. V that HNKS is also a sufficient con-
dition to achieve the HL for parallel strategies in Fig. 1b, and
hence, sequential strategies in Fig. 1c that contain the former.
We summarize this by the following theorem:

Theorem 1. Fn(&,) = O(N?) ifand only if H ¢ S. Oth-
erwise, §n(E,) = O(N). The statement is also true for

V().

Furthermore, the QFI upper bound in Eq. (9) is achievable
asymptotically when H € S for both parallel and sequential
strategies:

Theorem 2. When H € S,

Ssou(w) = lim Fn(£w)/N =4 min o] (12)

For any 1 > 0, there exists an input state |1, n) computable
via an SDP such that limy o0 F((EEN @ 1)(|¢by n)))/N >

SsoL(Ew) — n. Furthermore, géfff) (&) = FsoL(Ew)-

Note that FsoL(E,) is named “asymptotic channel QFI”
in [29]. The quadratic term of the QFI upper bound in Eq. (8)
is also achievable when H ¢ S for parallel strategies:

Theorem 3. When H ¢ S,

T (&) = J\}Enng(Sw)/N2:4mgn||ﬁ\|2. (13)

There exists an input state | ) computable via an SDP such
that F((EZN @ 1)(|¢n)))/N? = i (Ew)-

Note that without the help of the ancilla system, the QFI
upper bound in Eq. (9) may not be achievable asymptoti-
cally [30, 71]. For example, the upper bound in Eq. (9) for
phase estimation in amplitude damping channels is reduced
by a factor of four without ancilla [30, 31].

Although the theorems above for general quantum channel
estimation were not proven before this work, we note here that
in the special case of Hamiltonian estimation under Marko-
vian noise with the assistance of fast and frequency quantum
controls, i.e. sequential strategies (Fig. 1c) where &, 4:(p) =
—ilwH', pldt + 3,(LipLl — {LIL;, p}) + O(dt?), t is
the probing time and N = t/dt, the results (when taking
the limit dt — 0) were already known. The necessity part
was proven in [32-34] and the sufficiency part was proven
in [34, 52]. In particular, it was shown that in this case, the
HNKS condition reduces to the condition H' ¢ S’ where
S = spang{I, L;, L!, L1L; Vi, j} is called the Lindblad
span. The condition was first named the “Hamiltonian-not-
in-Lindblad-span” (HNLS) condition in [34].

Theorem 2 indicates that when HNKS is violated (which
almost surely happens statistically), there is no advantage
of sequential strategies over parallel strategies asymptoti-
cally, as conjectured in [31]. Interestingly, similar results
were discovered quantum channel discrimination, a related
field [35, 36, 83-87]. It was recently proven that sequen-
tial strategies cannot outperform parallel strategies asymptot-
ically in asymmetric discrimination of two arbitrary quantum
channels [88-92]. Our result is different, however, because
the QFI cannot be characterized as the limit of quantum rel-
ative entropy [83] and it is also unclear how to interpret the
HNKS condition in terms of asymmetric channel discrimi-
nation. Moreover, we provide a constructive proof with ex-
plicit and efficiently computable QEC metrological protocols,
which paves the way for practical implementation of error-
corrected sensing schemes.



Based on the previous discussion, in order to prove the the-
orems, it is sufficient to provide a QEC protocol using paral-
lel strategies which achieves the QFI upper bound (Eq. (8))
asymptotically both when H € Sor H ¢ S. Thus we will fo-
cus only on parallel strategies in the following. We first show
Theorem 3 and Theorem 2 are true for the generalized single-
qubit dephasing channels in Sec. III where both the phase and
the noise parameter vary w.r.t. w. Then we will generalized
the results to arbitrary quantum channels &, using a QEC pro-
tocol in Sec. IV-VI. The two steps are summarized in Fig. 2.

III. SINGLE-QUBIT DEPHASING CHANNELS

According to Eq. (8), SHL < 3&? and FsoL < gggﬁ, where
() .= 4miny, ||B]|* and F4 := 4ming.5—o [|af. ) refers
to the upper bounds here. In this section, we will show the
above equalities hold for any single-qubit dephasing channel
Du(p) = (L-p)e™ T pe T 1po.e™ 37 pe 0., (14)
which is the composition of the conventional dephasing chan-
nel p — (1—-p)p+ po-po (0 < p <1)and the rotation in the
z-direction p — e~ 30 pe%"% Both p and ¢ are functions of
an unknown parameter w. As shown in Appx. B, the HNKS
condition is equivalent to p = 0 and the QFI upper bounds for
D, are

€]
1—[¢?
(01 Do, (10) (1)) [1) = (1 — 2p)e~*?.
Now we show that Fyu soL(Dw) = S}(;f)SQL( D,,) and pro-

vide the optimal input states in both cases. When HNKS
is satisfied (p = 0), D,, is unitary. Using the GHZ state

WD) =€, Fel(D.) = (15)

where & =

[%0) = 5 ( 0)%Y 1)) as the input state, we could
achieve

F(DEY (|vho) (thol)) = €I N?, (16)
which implies Fy. (D) = I(;i) (D.,).

To calculate the optimal QFI when HNKS is violated (p >
0), we will use the following two useful formulae. For any
pure state input [tpo) and output p, = DEN (|1hg) (o)), we
have, for all IV,

F(py) = Fy(pw) + Fp(pw), (17)

where F},(p.,) = Tr(L2p,,) is the QFI w.r.t. w when only the
noise parameter p varies w.r.t. w, where the SLD L,, satisfies

aé’;p = 2 (Lppw + pwLyp). Similarly, Fy(p,,) is the QFI w.r.t.
w when only the phase parameter ¢ varies w.r.t. w. The proof
of Eq. (17) is provided in Appx. C. Another useful formula is

the error propagation formula [93],

2

1 (9],
F(p) > m (&u) ) (18)

H Case ‘ Channel ‘Attainability of Eq. (15) H
H¢Sp=0) D, =U, attainable (see e.g. [23])
H € S (p # 0)| D, when p = 0| attainable (see e.g. [39])
H € S (p # 0)|D,, when ¢ = (| attainable (see e.g. [95])
HeSp+#0)

general D,, |unknown until this work

TABLE I. Comparison between Sec. III and previous works

for arbitrary p as a function of w and arbitrary Hermitian op-

erator J where (J) , = Tr(Jp) and (AJ?) = (J?), — (J}i.

The equality holds when J is equal to the SLD operator of p.
Consider an N-qubit spin-squeezed state [39, 94]:

) = e e E T )N (19)
where J,, . = SN o) with (®) denote operators on
the k-th qubit. Let |¢)o) = €®’= |¢,, ). Using Eq. (17) and
Eq. (18), we have for p,, = DE™ (|oo) (o),

1 (00),, \?
= <AJ§>,M( ap p)

1 9 (Jy) " 2
am(ad) - @

As shown in Appx. D, as N — oo, with suitable choices of
(1, v), we have (up to the lowest order of NNV), (AJ2> ~

8<Jl'>pw . Pw ~

(AJ,)2 =~ p(1 —p)N, =goeep ~ —pN and 2 ¢ ~

(1—2p)$N/2. For example we can choose p = 4(% )5/6 and
sin COSN

v=7%— %arctan 4 1_§03N—2 u . The corresponding |1, ,,)

is illustrated in Fig. 2e using the quasiprobability distribution
Q8,¢) = |(9, <p|’(/JM7,,>|2 on a sphere [94]. Therefore,

N +o(N), @21)

which implies FsqL(D,) = Sggi( D,). Compared with
51(D,,) (see Appx. B), Fsor (D) has a factor of 1/(4p(1—p))
enhancement when we estimate the phase parameter (p = 0).
When we estimate the noise parameter (¢ = 0), however,
Fso (D) = F1(D,,). In general, Fsq/F1 is between 1 and
1/(4p(1 — p)).

To sum up, we proved Theorem 3 and Theorem 2 are true
for dephasing channels. We also compare our results in this
section with the known results in Table I. The ancilla is not
required here. When the noise is non-zero, the QFI must fol-
low the SQL and there exists a spin-squeezed state achieving
the QFI asymptotically. In particular, the squeezing param-
eter should be tuned carefully such that both the J, and J,
variance are small such that both the noise and the phase pa-
rameter are estimated with the optimal precision.
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FIG. 2. The optimal metrological protocol. (a) The original physi-
cal system where we have N noisy probes and N noiseless ancillas.
Each pair of probe-ancilla subsystem (purple box) encodes a logical
qubit (see Sec. IV). (b,c) When H ¢ S, the logical qubits are noise-
less. We choose the GHZ state of [N-logical qubits as the optimal
input. (d,e) When H € S, each logical qubit is subject to an effec-
tive dephasing noise. We choose the spin-squeezed state of the N-
logical qubits with suitable parameters as the optimal input. We plot
the quasiprobability distribution Q(6, ) = |(8, ¢|t))|* on a sphere
using coordinates (z,y,z) = (sin@ cos g, sinfsin ¢, cosd) [94],
where |0, ¢) = (cos & |0) + €' sin £ [1))®" and N = 50. (Darker
colors indicate larger values.)

IV. THE QEC PROTOCOL

In this section, we introduce a QEC protocol such that every
quantum channel simulates the dephasing channel introduced
in Sec. III. To be specific, we find the encoding channel &,
and the recovery channel R such that

Ro&,0&mn. = D w- (22)

The construction fully utilizes the advantage of the ancilla,
which has the same dimension as the probe with an extra
qubit. Let dim Hp = d and dim H 4 = 2d. We pick a QEC
code

|0L ZAOU| ’p|]a A ZAllj‘ 'P‘Ja >A7

3,j=1 i,7=1

(23)

with the encoding channel is Eepc(-) = V(-)VT where V =
|0.) (0] + |1.) (1], and a recovery channel

=

0) (B, 0] + 1) (@ 1) ()

m=1

(IR, 0) (O] + [Qum, 1) (1) . (24)

Here Ao, are matrices in C**? satisfying Tr(A] ; Ao,1) = 1,
R = (|R1)---|Rm)) and Q = (|Q1) - - - |Qr)) are matrices

satisfying RRT = QQT = I. The last ancillary qubit in H 4
guarantees the logical channel to be dephasing, which satisfies

€= (R, 0l K;[0) (1| K[ |Qm,1), (29

i,m

and Fursor(DLw) could then be directly calculated using
Eq. (15). Note that in the equation above and in what follows
we use [; as a substitute for K; ® I for the simplicity of nota-
tions. Below, we will show that by optimizing §ur so.(Dv )
over both the recovery channel (R @) and the QEC code

(Aop,1), the QFI upper bounds S’HL ‘soL(&w) are achievable.

V. ACHIEVING THE HL UPPER BOUND

When H ¢ 8 we construct a QEC code such that the HL

upper bound g (&) is achieved. For dephasing channels,
the HL is achievable only if |£| = 1. Since any transformation
R < ¢ R does not affect the QFI, without loss of generality
(WLOG), we assume ¢ = 1. It means that the QEC has to be
perfect, i.e. satisfies the Knill-Laflamme condition [60]

PK!K;P x P, Vi,j, (26)

where P = |0.) (O.| + |1.) (1.|. Moreover, there exists a
Kraus representation { K/ }7"_, such that PK! K P = ;i P
and K[P = U;,/;1;P. The unitary U; has the form

Ui = Uo,i ®0) (0] + U1, ® 1) (1], (27)
where Uy ; and Uy ; are also unitary. Let
|R;) = (0| Ui[0L), Qi) =

for 1 < ¢ < r’. We could also add some additional |R;) and
|@Q;) to them to make sure they are two complete and orthonor-
mal bases. Then one could verify that ¢ = 1 and

(0]U; |0c), (28)

{=—iTr((H®1)o..), (29)

where 0., = [00) (0] — 1) (1.]. Let & = AgAf — A, 4],
§ = —iTr(HC). Then the Knill-Laflamme condition is
equivalent to Tr(C'S) = 0, VS € S. The optimization of
the QFI over the QEC code becomes

maximize |£| = |Tr(HC)|, (30)
subject to ||C|; < 2, Tr(CS) =0,VC € Hy, S € S, (31)

where |[|-||; is the trace norm. A similar SDP prob-
lem was considered in [34]. The optimal |£| is equal to
2minges ||[H — S| and the optimal C' could be found via an
SDP. Any A, A; such that C is optimal would achieve the
optimal QFL. It means there exists an encoding, and therefore
an optimal input state |¢)) which is the logical GHZ state,
such that

o FLUEEY © 1) (1))

o . L
s N2 =pgghr=sin 62



Clearly, 4minges [|[H — S||> = 4min, |8]* = ().
where we used the fact that for any S € S there exists an
h € H, such that S = K'hK and vice versa. Theorem 3 is
then proven. Note that, given the optimal C, we can always
choose AOA(T) and A; A]{ with orthogonal supports and the last
ancillary qubit in H_4 could be removed because |0, ) and |1,)
in this case could be distinguished using projections onto the
orthogonal supports in H 4 [34]. Therefore a d-dimensional
ancillary system is sufficient.

We have demonstrated the QEC code achieving the optimal
HL for arbitrary quantum channels. The code is designed to
satisfy the Knill-Laflamme condition and optimize the QFI.
The logical dephasing channel is exactly the identity channel
at the true value of w and any change in w results in a de-
tectable phase, allowing it to be estimated at the HL.

VI. ACHIEVING THE SQL UPPER BOUND

When H € S, the situation is much more complicated be-
cause when |¢| = 1 we must also have |£| = 0 and no signal
could be detected. Therefore we must consider the trade-off
between maximizing the signal and minimizing the noise. To
be exact, we want to maximize

€1
1— >

We will show for any 7 > 0, there exists a near-optimal code
and recovery such that Fso(Dp ) > Sggz(é’w) — 7, proving
Theorem 2. We only consider the case where Fso(E,) >
F1(€w) > 0because otherwise F1(&,,) = §so.(€Ew) and prod-
uct states are sufficient to achieve Fso (€, ). Detailed deriva-
tions could be found in Appx. E and we sketch the proof
here. To simplify the calculation, we consider a special type
of code, the perturbation code, first introduced in [52], where

Ag=V1—-e2C+eD, A1 =+1-¢2C—-eD, 34

satisfying Tr(CTD) = 0 and Tr(CTC) = Tr(D'D) = 1. In
this section, we define C:’ = CDT + DCT (differed by a factor
of ev/1 — €2 from the C defined in Sec. V) and also assume
C' is full rank so that C' could be an arbitrary Hermitian ma-
trix. ¢ is a small constant and we will calculate Fso(Dy )
up to the lowest order of . We adopt the small ¢ treatment
because it allows us to mathematically simplify the optimiza-
tion of Eq. (33), though it is surprising that the optimal QFI
is achievable in such a regime where both the signal and the
noise are small. Heuristically, it comes from an observation
that sometimes the absolute strengths of the signal and the
noise are not important—they could cancel each other out in
the numerator and the denominator and only the ratio between
them matters. See [52, Appx. G] for an example.

To proceed, we first introduce the vectorization of matrices
) = D45 %ij i) |j) for all x € C?*4 to simplify the nota-

tions. We define Ey 1, E, F' € CT** in the following way:

Fso(DLw) = (33)

Eoq = (|K1Aoa) - |Kr A1), (35)
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E=(KiC) - |K,C)), F = ([K1D) - |K,D)), (36)

which satisfy Ep1 = V1 —¢2 + ¢F, Tr(ETF) = 0 and
Tr(ETE) = Tr(FTF) = 1. Let the recovery matrix 7' =
QR' € CP*@  then

¢ = Te(TEE]), &=T(TEE]) + Te(TEE]). (37)

We consider the regime where both the signal and the
noise are sufficiently small—both the denominator and the
numerator in Eq. (33) will be O(¢?). The recovery ma-
trix 1" should also be close to the identity operator. We as-
sume T = e where G is Hermitian and let ¢ = EET,
& =i(FET — EFT). Expanding T, Ey, E around ¢ = 0, we
first optimize FsqL (DL ) over all possible G:

%SQL(DL,L«/) ~
ITr(Go))?
max — 55
G 4 -2Tr(Go) + Tr(G?0) — |Tr(Go))|

(38)

up to the lowest order of €. The maximization could be calcu-
lated by taking the derivative w.r.t. G. We can show that the
optimal G is

(4 — Tr(L,[5)5

Do i
T, s ot il 39

Gopt =

and the corresponding optimal QFI is

Tr(L,[6]5)*

SSQL(DL’W) ~ rI‘l"(LU[O']O') + m.

(40)

Now Fso (DL w) is a function of the code (C' and D) only. We
will further simplify by writing it as a function of only C' and
C.lett =FE'E,7=EF+F'E, 7' =iETE—iETE such
that
7 = To(CTK] K;C), 71 = To(CKJK;), (41
7l =i (CTK]K;0) — iTr(CTK] K;C0).  (42)
Then we can verify that
Tr(Ly[6]6) = ATr(CTKIKC) — Tr(L,[7]7"),  (43)
#[6]6) = —2Tx(CH) + Tr(L,[7']7), (44)
Tr(L,[6]6) = 4 — Te(L,[T]7). (45)

=
~

and
SSQL(DL,w) ~ f(C, C’) = 4Tr(CTKTKC)

(=2Tr(CH) + Tr(L,[']7))?  (46)
Tr(L[7]7) '

— Tr(L.[7']7") +

At this stage, it is not obvious why the maximization of
SsoL(DL ) over C and Cis equal to ség{(ew). To see that,
we need to reformulate the SQL upper bound using its dual
program. First we note that

Bil6) = (oo, min 4T(CTeC), 4D



where we are allowed to exchange the order of maxi-
mization and minimization thanks to Sion’s minimax theo-
rem [96, 97]. Fixing C, we consider the optimization prob-
lem ming.5_0 4Tr(CTaC). When C is full rank, we can
show that it is equivalent to maxscy  f(C, C), where C is
introduced as the Lagrange multiplier associated with the con-
straint 8 = 0 [98] and the optimal C' is traceless.

The procedure to find a near-optimal code such that

SsoL(DLw) > 3§g{(5w) — ¢ for any n > 0 goes as follows:

(1) Find a full rank C° such that Tr(C°TC®) = 1 and
ming. 5o 4Tr(C°TaC®) > Ségi(sw) —n/2.

(2) Find a Hermitian C such that f(C*, C') is maximized and
let D® = 1C°~1C°. Rescale D° such that Tr(D°TD°) = 1.

(3) Calculate FsoL(DLw)|c=co,p=p- using Egs. (34)-(37)
and Eq. (39). Find a small €® > 0 such that FsoL(Dp,.) >

F(C°,C%) = n/2.

The numerical algorithms for step (1) and (2) are provided in
Appx. F, where the most computationally intensive part is an
SDP. Note that in contrast to the HL case, here we require 2d-
dimensional ancillas, twice as large as probes. In principle,
however, d-dimensional ancillas are sufficient to achieve the
asymptotic QFI, considering the Schmidt decomposition on
the input state, though we no longer have explicit encoding
and decoding protocols when using d-dimensional ancillas.

To conclude, we proposed a perturbation code which could
achieve the SQL upper bound with an arbitrarily small error.
We take the limit where the parameter € which distinguishes
the logical zero and one states is sufficiently small. Note that
if we take € = 0, the probe state will be a product state and
we can only achieve §1(D. ). This discontinuity appears
because we must first take the limit NV — oo before taking the
limit ¢ — 0 and the impact of a small € becomes significant
in the asymptotic limit.

VII. EXAMPLES

In this section, we provide three applications of our theo-
rems. We first compute the asymptotic QFI of single-qubit
depolarizing channels, which were not fully explored before.
It is a case where §sq. > §1 whenever the HNKS condition
is violated. Secondly, we consider amplitude damping chan-
nels and obtain an analytical solution of a near-optimal QEC
protocol. We will directly see how the gap between the attain-
able QFI and §sq. shrinks when € approaches 0. In the third
example, we consider a special type of channel which always
satisfies §sq. = §1 and provide a new simple proof of it.

A. Single-qubit depolarizing channels

Here we calculate §1, §sou and §y,. for depolarizing chan-
nels N4 (p) = N4 (U, (p)) where

Nd(p) = (1 _p)p+pm0wl)0m + pyoypoy +p.0,p0,, (48)
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FIG. 3. Plots of §1 (N2) and Fsor(N2) as functions of p, and p,
when p, = 0.1. The lower left and upper right part are the plots of
F1 (WD) and Fsou (VD) respectively.

Pz,y,z > _O, P = Pz + Dy + P < 1 and uw() =
e~ 29 (-)e’% 9. p,., . are independent of w.

First, we notice that HNKS is satisfied if and only if p, =
p. = 0orp, = p, = 0. When HNKS is satisfied, . (N9) =
1. It is the same as the §y,. when there is no noise (p = 0)
because the Kraus operator (o, or o) is perpendicular to the
Hamiltonian (o) and could be fully corrected. It is consistent
with previous results for single-qubit Hamiltonian estimation
that the HL is achievable if and only if the Markovian noise is
rank-one and not parallel to the Hamiltonian [32, 63-68]. As
calculated in Appx. H,

SN =1—w, (49)

_ PaPy (1—p)p- f e i

where w = 4 <pm+py + 1_p+pz) < 1. When HNKS is vio
lated,

Fsa (V) = (1 — w)/w. (50)

In the equations above, when p, = p, = 0, we take % =

0, in which case N9 becomes the dephasing channel intro-
duced in Sec. III where ¢ = w and p is independent of w.
We observe that

%SQL(N;}) =51(N3)/w231(/\f5), (51

and the equality (w = 1) holds if and only if p, = p, and
p. + pe = 1/2, in which case Fso(NI) = F1 (VD) =0
and N4 = N9 becomes a mixture of a completely dephasing
channel and a completely depolarizing channel [99] where w
cannot be detected.

Tso(NV9) is in general non-additive. In particular, when
p < 1, we have w < 1 and Fso (VD) > F1(ND). We
also illustrate the difference between Fsor (NV4) and F1(N9)
in Fig. 3 by plotting Fsor (ND), §1(N9) as a function of p,
and p, when p, = 0.1. Fso(Nd) = F1(NI) = 0 at
(Pz,Py,P2) = (0.4,0.4,0.1). The ratio Fsou(NI)/TF1(NI)
increases near the boundary of p, + p, < 0.9.



We remark here that when the dimension of the system is
large, for example, a qudit depolarizing channel or a collec-
tive dephasing channel [100], although §1, §so. and the opti-
mal input states can be found numerically via SDPs, analyti-
cal solutions may not exist. In that case, it might be helpful
to compute analytical upper bounds on the QFI [101, Appx.
F] or consider the limit of large ensembles and use variational
methods to solve for the QFI [30].

B. Amplitude damping channels

In the first example, we focus on computing the asymp-
totic QFIs for single-qubit depolarizing channels, but we do
not provide explicit QEC protocols achieving the QFIs. Here
we present a second example, where we obtain an analytical
solution of the optimal QEC protocol and also analyze its per-
formance when ¢ is not a small constant.

Here we consider amplitude damping channels N24(p) =
N*(U,(p)) defined by

N*(p) = K3pR3 + K3dpr3T, (52)

where K4 = (0) (0| + /T —p|1) (1| and K39 = /p|0) (1]
and p represents the probability of a particle switching from
|1) to |0) which is independent of w. U, again is the Pauli-Z
rotation e~ We will assume w = 0 in this section for
simplicity, because for non-zero w, the QFI is the same and
we only need to rotate the code accordingly.

As before, amplitude damping channels follow the SQL as
long as p > 0. Thus, we shall only focus on the situation
where HNKS is violated. As shown in Appx. I, Fso (V21) =
4(1 — p)/p [28] and the near-optimal QEC protocol can be
obtained using our algorithm from Sec. VI. The QEC code
is characterized by two small but non-zero constants ¢ and €,
where ¢ is to make sure C is full rank, originated from step
(1) in our algorithm from Sec. VI and € = 0(J) is the small
constant in the perturbation code:

|0.) = sin(d + €) [0)5[00) 4 +cos(6 +¢€) [1)5[10) 4, (53)
|1L) = sin(d —€) [0) [01) 4+cos(0 — ) [1)5|11) 4. (54)

Note that we use trigonometric functions instead of ¢ and
V1 — €2 as before just to simplify the notations. We also need
the optimal recovery channel which is determined by

G

) (1] + ) {00[. (55

2i —2i
= ——|00 — |11
"= g Vi s
The asymptotic channel QFI Fso.(Dy,,) attainable using

the QEC protocol above is Fsor(Drw) = |€[2/(1 — [€]?),
where

.2
E=1- MEQ 4 O(54>7 (56)
I-p
€ = —2isin(26)e + O(e?), (57)
and
_ 2
SSQL(DL,w) = 4(1 p) o8 (6) +O(€2). (58)
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FIG. 4. Plots of Fso.(Drw)/Tso (N2) as a function of 5. We
take p = 0.5,0.001 in (a) and (b) and £ = 0.94,0.55,0.15, ¢ — 0
in each figure. The curves from ¢ = 0.16 and ¢ — 0 are almost
indistinguishable from each other. The dashed lines are at 1 and
1/4 where the former represents the upper bound Fso (NV2?) and the
latter represents the optimal asymptotic QFI without the assistance
of ancillas Fsq (N2)/4 [30, 31]. Our QEC protocol outperforms
the ancilla-free protocols even for large ¢ and €.

which approaches Fsor (NV24) for small §. Note, however,
that we cannot take § = 0 because then f = 0. It means
Tsor (NV2d) is achievable with an arbitrarily small but non-zero
error. The exact values of ¢ and § as a function of ¢ and ¢ can
be found in Appx. L.

To visualize the gap between Fsou (D) and Fsor (NV2D),
we plot it in Fig. 4. We take p = 0.5,0.001 in Fig. 4a and
Fig. 4b, and ¢ = 0.99,0.54,0.16, ¢ — 0 in each figure,
and plot the ratio between the attainable QFI Fsqr(Dy ) and
the optimal QFI Fso (N2) as a function of 6. Fig. 4a and
Fig. 4b are almost identical, showing the robustness of our
code against the change in noise rates. We also see that the
curve from ¢ = 0.1 almost overlaps with the limiting one
(Eq. (58)) as ¢ — 0. Moreover, we compare our ancilla-
assisted QEC protocol with ancilla-free ones which achieve
at most Fsor (N24)/4 [30, 31]. It outperforms the optimal
ancilla-free ones in a large range (of ¢ and ¢), showing the
power of noiseless ancillas in phase estimation under ampli-
tude damping noise. This type of phenomenon does not occur
in dephasing channels where ancilla-free protocols are opti-
mal [30, 31, 39].

C. U-covariant channels

Finally, we consider a special class of channel which satis-
fies §so = 1. It covers many typical noise channels such



as Pauli channels where noise rates are unknown, whereas
in the first two examples we focus on phase estimation. Let
U = {U;}7., C C%*? be a set of unitary operators such that
for some probability distribution {p;}?_,, {(p;, U;)}7_, is a
unitary 1-design [102], satisfying

= I
> piU AU = Tr(A)-, VA € cxd, (59)
=1

For example;, when U is a unitary orthonormal basis of Cdxd
{(&, Ui)}fil is a unitary 1-design. Given a quantum channel
To()=>0, Ki(~)KiT, we call it U-covariant if for all U €
U, there is a unitary V' such that

To(UpUT) = VT, (p)VT. (60)

Note that here it is important that U and V' are independent
of w, a feature called joint covariance [58]. It could be shown
that §1(7.) = §soL(Tw) when T, is U-covariant, using the
teleportation simulation technique [55, 56, 103, 104]. Here
we provide an alternative proof using only the definitions of
$1 and §squ in the minimax formulation.

Let h* be a solution of minj, max,4Tr(pa). As ex-
plained in Appx. F, for every p®* which is a solution of
max, ming 4Tr(pa), (h*, p*) is a saddle point, i.e.

4Tr(pa®) < ATr(p*a®) < 4Tr(p*a), (61)

for all p and h, where o®* = a|,_pe. Then |C*) € Hp ®
‘H 4 is an optimal input state of a single quantum channel 7,
if and only if p* = C*C*! satisfies Eq. (61). According to
Eq. (60), if |C*)) is an optimal input, [UC*)) = (U @ I)|C*))
is also an optimal input for all U € U and satisfies Eq. (61).
Then >, piUip*U = 1 also satisfies Eq. (61), implying
the maximally entangled state |§>> is an optimal input for 7.
The discussion above also works for 7.2V because 7.2V is
U®N _covariant and {(IIyp;,,®xU;,)} is a unitary 1-design
on CN¥*Nd_ Therefore | &) is an optimal input for 7,27,
which implies Fn (7,,) = NF1(Ts,).

VIII. CONCLUSIONS AND OUTLOOK

In this paper, we focus on the asymptotic behaviour of the
QFI of a quantum channel when the number of identical chan-
nels IV is infinitely large. We consolidate the HNKS condi-
tion by showing it unambiguously determines whether or not
the scaling of the asymptotic QFI is quadratic or linear. In
both cases, we show that the optimal input state achieving the

asymptotic QFI could be found via an SDP. To find the optimal
input state, we reduce every quantum channel to a single-qubit
dephasing channel where both the phase and the noise param-
eter vary w.r.t. the unknown parameter and then optimize the
asymptotic QFI of the logical dephasing channel over the en-
coding and the recovery channel. The optimal input state is
either the logical GHZ state (when HNKS is satisfied) or the
logical spin-squeezed state (when HNKS is violated). This
provides a unified framework for channel estimation while
previous results were centered on either Hamiltonian estima-
tion or noise estimation in special situations.

Furthermore, our results implies that when HNKS is vio-
lated, sequential strategies provide no advantage over paral-
lel strategies asymptotically, answering another open prob-
lem in quantum metrology. The regularized channel QFI
FsoL(€Ew) is a useful information-theoretic measure and was
recently shown to be useful in deriving bounds in covariant
QEC [101, 105]. It can also serve as a useful benchmark
for practical quantum metrological tasks—one could com-
pare the attainable Fisher information with Fsq. (€,) to deter-
mine how far a metrological protocol is from optimal. More-
over, we propose a two-dimensional QEC protocol to achieve
FsoL(Ew), where the optimal input state is a concatenation of
many-body spin-squeezed states and two-dimensional QEC
codes (Fig. 2). It allows us to reduce the optimization in the
entire Hilbert space which is exponentially large to that in a
local Hilbert space, providing a new inspiration for numerical
methods in quantum metrology [51, 72, 106-108].

It is left open whether sequential strategies provide no ad-
vantage over parallel strategies asymptotically when HNKS
is satisfied. The statement was proven true only for unitary

channels [23], but there is still a gap between Fy. (&,,) and the

state-of-the-art upper bounds on 3&?‘” (&) for general quan-

tum channels [31, 32, 35, 36]. Note that for multi-parameter
estimation, a gap between parallel strategies and sequential
strategies exists even for unitary channels [109].
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Appendix A: Deriving the upper bound on §x (&)

For completeness, we provide a proof [24] of Eq. (8) in the main text. Let Kl.(l) = K, fori € [r], where [r] = {1,2,...,r}.
Inductively, let

KM =gk oKD, vi= (Ll, 12) € [r]™ x [r]. (Al)

{K(")}LE » is a Kraus representation of £5" for all n. Then let o™ =3 | KMTEM g = iy, KMTK™, we have

K™ o K K™ o KD
L1,l2
9 KL(”) Kb(l) i
prl =iy ((af)> (KW oKP)=p"ol+1epM. (A3)

L1,L2
The solution is 3(N) = ZNz_l 1%k @ 3 @ [®N-1-k and

N—2 N—-2—k,
(N) — Z I®k ® a(l) ® I®N 1-k 492 Z Z I®k1 ® 6(1) ® I®k2 ® 5(1) ® I@N 2—k1— kz (A4)
k=0 k1=0 ko=0

Therefore, §n(E,) < 4[a™) | < AN|aM|| +4N(N — 1)1 || and the inequality holds for any Kraus representation of &,.
We can choose K’ = uK, then

S (Ew) < 4min (Nlal| + N(N = DIIB]*) . (AS)

where h = iu' is an arbitrary Hermitian matrix, o = K/TK’ = (K — ihK)T (K — ihK) and 8 = iK'TK’ = iKT(K — ihK) .

Appendix B: Calculating the QFI upper bounds for dephasing channels

Here we calculate §&) = 4miny, || 8]|* and SQQL = 4 miny,.s— ||| for dephasing channels
Du(p)=(1 - p)e*%‘”pe%"z + po,e” 2%zpe 2% g X:IQ/)KT (B1)

where K; = \/We_%”Z,KQ = \/f)aze_%”? Assume p > 0, then

— 7%02 . 1— 2 Iz
ko (VO ) g (v p”) , (B2)
Vpo.em = ( \/ﬁ20Z> 770,
ihi1y/T—p— W— . —ih e~ o
K _ ik — (i po: = ihiaypo )w : (B3)
(2f —ihaa\/po. — /DYy — iha1y/T—p)e” 27
B =iKI(K—ihK) = Z + (1 = p)hi1 + phoo + /p(1 — p)(hi2 + ho1)o, (B4)
o= (K —ihK)" (K — ihK)
-2
p 2
=2 1— 2y/p(1 — p
4]9(]- _p) +h11( p) +h22p+ + |h12| + (Z)Re h12 (BS)
pyP ¢ pVT—p
+ 2Re| — thio + hi1 + hogp hi1hia + haoh 1—p)—i———hoi|0,.
[ = itz + (1= P+ haap) 5+ (b + hashar) VoL = p) = i o

B = 0is equivalent to (1 — p)hi; +ph22 =0and ¢ —|— Vp(1 —p)(hi2+ ha1) =0, Wthh is achievable for any p > 0. When

hi1 = has = 0and his = hgy = 4\/@, ||| = ming.g=o ||a|| (116]02(11’) ;f) + 115y Then

(u) . . (1- 2p)2¢-52 ]52 _ ‘f|2
%’SQL( ) - 4h1%£10 ”a” - 4p(1 —p) (1 —p)p - 1— |£|2’

p)p

(B6)
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where ¢ = (1 — 2p)e™" = (0| D, (|0) (1]) [1) is a complex number completely determining the channel.
When p = 0, we must also have p = 0. Then 8 = faz + h11 and

i (D) = dmin |8]* = ¢* = €[, (B7)

We can also calculate the channel QFI

. 129202+ 2 >0
§(D.) = dminaf = { 1 720 H e P20 B8)
h (1 - 2p)2¢25 p=0.
. . 0)+|1
It could be achieved using [¢q) = | >\J/’§‘ .
Appendix C: A useful formula for calculating the QFI of dephasing channels
In this appendix, we prove Eq. (17) in the main text. Let [¢)) = e~%/= [4/) and a subspace
N
2 = span{ [T @)™ [4), (G, . w) € {0,137 }. (©)
k=1

Assume dim Z = n. Z must have an orthonormal basis {|e,)}}_, where |e;) = Z]ll =0 "L (N H,Ile(ag’“))jk [¢) with

real 7 (;, . jy)- For example, one can use the Gram-Schmidt procedure to find {|e;)}}_, because (| Hfj:l(agk))ﬂ'k [¥) € R
for all (ji,...,jn) € {0,1}®N.
Then

po = DFN (o) (vol) = (Dulg=0)*" () (¥])

1 N N N N (C2)
— Z 1 _p)(N—Ek:l J:«)p(Ek:l k) H(ng))m ) ( H (k) ik — Z Xer |ee) (eo|
Ji,---dn=0 k=1 k=1 £,0'=1

where x € R"*™ is a symmetric matrix. x = Z -1 wiv;vl where v; are real orthonormal eigenvectors of y. Then we can write
= D"y q e [the) (| where [thg) = >}, veer |epr). Then according to the definition of QFI,

. 2
o e + per
et pgr 70

Note that in principle Eq. (C3) only holds true when {|¢;)} is a complete basis of ’H%N , that is, span{|iy)} = ’H%N . However,
we are allowed to restrict the summation in the RHS of Eq. (C3) to states in the subspace Z, i.e. span{|¢y)} = Z, because
zp, Iz = p, and I1zp,I1z = p,,, i.e. any state perpendicular to Z does not contribute to the QFIL.

The derivative of p,, w.r.t. w is

. dp . Opo, Lo 91— p)N=Z0 dk) (g k) Y N
pw_i aiquqh_ Z ( p) p H( (k)3k|¢ Hgk Jk

ow
Ji--JN=0 k=1
4 Z (1- p)(N—Zk=1 jk)p(Zk:ljk) H(o-gk))jk H (k)
J1s--JN=0 k=1 k1
Then we have
(el puo |ther) = ager + iberr, (C5)
where agpr = <¢g| Fep o) € R, boy = —i (e ap“gb |pe) € R. Therefore,
(el po [ther) Jacer|* + |beer |
Flpo)=2 ) e > o = Felpe) + Folpw), (Co)
00 g+ pgr 70 Fhe Fe 00 g+ pgr 70 Fhe Fe

which is the same as Eq. (17) in the main text.



Appendix D: Optimal squeezed state for dephasing channels

Let the input state [¢)9) = €'*’= |¢),, ), where |¢),, ) is an N-qubit spin-squeezed state
) = oo o= B2 p—ig dy |0>®N.
The output state is po, = DEN ([t0) (¥0]) = (Dwlg=0)®" (1) (¥[). Then
<Jw,y>pw =(1-2p) <Jw7y>|¢,u)y> )

N N
2 _ 4y 92 2 4V
<Jw,y>pw - 4 + (1 2p> ((J:r,y>‘w“$y> 4 )a
T.), . NIy, . .
op D= Ul g 0= (1200 Ty, )
It was shown in [94] that choosing v = § — % arctan g,

N _
<Ja:>|¢m”> = ?COS(N/2)N 17 <Jy>‘w%y> =0,

N N-1
2 - —cogN-D Y (A2
<AJI>\W,U> 1 <N (1 cos 2) < 5 )a> ,

<AJ§>|%’V> = % (1 + N-t (a— v a? —|—b2>) )

4

where a =1 —cos™ 2 i, b=4sin § cosV 2 L Let N > 1, pu = O(N~5/6), then

s AT,y R OWNPR), (AT

[Pu,v [%p0)

0(Jz)
dp

and (AJZ) ~ (AJZ) ~p(l—p)N,

) e~ —pN and 2§ (1 - 2p)N/2.

Pw

Appendix E: Optimizing the QFI when HNKS is violated

In this appendix, we optimize the QFI
P
1—[¢?

gSQL (DL,w)
using Eqgs. (36)-(37). We expand 7" and EOEI around e =0

) 2
T =eC =1+ieG — %02 +O(%),

EoEl = (1 —e®)EE" —e\/1 - 2(BEFt — FEY) = 2FFt = 6 —ic6 — 2(FF! + EEY) + O(%),

where 0 = EET and 6 = i(FET — EFT). Then

1 2 b
To(TEE]) =1 — 262 — %Tr(GQG) — ieTe(Go) + e2Te(GE) + O(),

Te(T(EoE] + EoED)) = ieTr(G6) + O(e?),
where we used Tr(FTF) = 1 and Tr(5) = 0 because Tr(ETF) = 0. Then

Tr(Go)|?
FsoL(Drw) = max - Tr(Go)| 40
G 4 —-2Tr(Go) 4+ Tr(G?0) — |Tr(Go)|
12
= max |Tr(Go)| - o)
Gz 422 + 22Tr(G&) + Tr(G20) — |Tr(Go)|
12
= max [Tr(Go)| +0(),

G _W + (Tr(G?%0) — |TT(G‘7)‘2)

~ O(N?/?),

15

(D)

(D2)

(D3)

(D4)

(D5)
(Do)

(D7)

(D8)

(ED

(E2)

(E3)

(E4)
(E5)

(E6)

(E7)

(E8)
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shown as Eq. (38) in the main text, where in the second line we used the fact that any rescaling of G (G + —G/x) should not
change the optimal QFI. Note that to obtain the solution of the original G in T, one need to rescale the final solution back using
G + 4G/ Tx(Go).

To find the optimal G, we first observe that Tr(¢) = Tr(g) = 0. Therefore, WLOG, we assume Tr(Go) = 0 because
G+ G-Tr(G ){ does not change the target function. Let the derivative of Eq. (E8) be zero, we have

2% (Tr(GQU) - W) - Tr(Gd)((aG +Go) — w) —0 (E9)
& Tr(Zd) (TI‘(GQO') - |Tr(i¥or)| ) + Tr(io’)a = %(O'G + Go), (E10)
& G =Lyzd+ys), 4y =Tr(Gs)=Tr(L,[zs + yo]5), (E11)

& o=4-T(L,[55), y=Tr(L,[d]5). (E12)

Note that in Eq. (E11) we used 26 + y& = £ (Go + 0G) and Tr(G?0) = Tr(G(z6 + y&)). Plug the optimal G = L, [x6 + y5]
into Eq. (E8) where z, y satisfies Eq. (E12), we get

Fsor(DLw) = Tr(Lo[0]0) + + O(e), (E13)

shown as Eq. (40) in the main text.
Next we express Tr(Lg[6]5), Tr(Ly[6]5) and Tr(Ly[5]5) in terms of C and C. Let 7 = E'E, 7 = EtF + F1E, 7/ =
iETE — iETE such that

Te(CTKIK;C), 7; = Tr(CKIK;), (E14)
7 =iTr(CTKIK;C) — iTr(CTK [ K;C). (E15)

)

Tij

WLOG, assume 7;; = Tr(CTK J K;C) = \;0;5, which could always be achieved by performing a unitary transformation on
K. We also have \; > 0 for all ¢ because C' is full rank and {|K;))}/_, are linearly independent. Using an orthonormal basis

{li)}4,, where i) = \/%\—\ch» for 1 <1 < r. We have

- (()\i(sij) o> . <(<<KZC|K-O>\/> JRAECIE,C)) (((KiCIj'>>\//\7)> (E16)
0)’ ’

0 ({715, V/) 0
. ((z’<<KZ-C|KJ—D>>J¥ — iy (EDIK,C)) <—z'<<K1-D|j'>>m>, E
(14715, D)y /3g) 0

where 1 <i,j < randr +1 <4, j' < d% Then we can show Eqs. (43)-(45) in the main text.

1,5 N+ >0)\i+)\
r KO‘KO\/ 1/ KO|KO | ‘KC f|
=2 4
2 NN * Z Z
i,5=1 i'=r+1j=1
: \/T \/T |2 (E18)
s r J(KCIK 0N/ 52+ /3 (KiC|K;C)) CIK.O) 2
=4Tr(CTKTKC) +2 ) ’ X \ al ’ - 2‘<<K20|)\KJC>>|
= i+ Ay i
r 2
= 4T (CTKTKC) -2 Y 7; JA = 4Tr(CTK'KC) — T (L, [r']7"),

1,j=1
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~ 2
Tr(L,[5)5) = 2 1@y
it A
4,J: X +A;>0
r |i{(K:C| KDY/ 32 —iy /3 (K:D|K,C)|’ i |KD \ﬁf
—9 A
Z Az+AJ +4 Z Z
i,j=1 i =r+1j=1 (E19)
r W(KiClKjD))\/%—i\/%<<KiD|Ky‘C>>! [(K,C|K;DY)|?
=4+2)" -2 J
< Ai + Ay Ai
i,j=1
—4- 2ZA|T”| = 4 — Tr(L,[7]7),
and
Tr(Ly[6]5) = 2 AU” JA
a0 T A
_ - UUUW - UZJUJZ - Uﬂ’aw
_2” N 2 Z > +2 Z >
3,j=1 i'=r+1j=1 i'=r+1j=1 (EZO)
Gi0ji (K DIK.C)(KiC|K,;C)  (K;C|K.C){(K.C|K,;D)
= _9Tr H 2 J~-J 2 J J _ J J
(CH) + Z oy + ?Z » »
1,]= 1 i,7=1
_ am(CH) 12 S Ti/j%j" OTe(CH) + Tr(L, [7']7
= 2Tr(CH) + i]zzjlm—— (CH) + Tr(L.[7']7).
Therefore, we conclude that
S - —2Tr(CH) + Tr(L.[7')7))?
S (Do) ~ f(C,C) = ATH(CTKTKC) — To(L, []7) 4+ 2ECH) + Tl [71]7)) (E21)
’ Tr(L,[7]7)
Next, we want to show
max f(C,C) = mn Tr(CTaC) (E22)

CeHd h:B8=0

when C is full rank. To calculate the dual program of the RHS, we introduce a Hermitian matrix C' as a Lagrange multiplier of
B = 0[98]. The Lagrange function is

L(C,h) = 4Tr(CT(K — ihK) (K — ihK)CO) + Tr(C(H + K'hK)), (E23)
then
mth(é, h) = min 4Tr(CH(K — ihK) (K — ihK)C) + Tr(C(H + K'hK))
= min 4Tr(CTKTKC) + 4Tr(th?) 4+ 4Tr(iCTKThKC — iCTKTRKC) 4 Tr(C(H + K'hK))
= min 4Tr(CTKTKC) + 4Tr(th?) + 4Te(hT'7') + Te(CH) + Tr(hT7) (E24)

4 i
— 4TH(CTKTKCO) + To(CH) — Z | TA i;ﬂ‘ .

The dual program is

N s . " 16|TL P + |2+ 4 .+
maxmin L(C, h) = max 4Tr(CTK'KC) + Tr(CH) — % Z I7ig|” + 17| Gy & 7ai7is)

ax i 2 = X + X
L . 1 = 16|70 % + 2?75 + 8277/,
B frot 1 ij J J gt
= max4Tr(C'K'KC) + o Tx(CH) — 5 ;1 Iy (E25)

2
r 12 Tr(C'H) + Zl TisT)s ~
] + ( AR ) =max f(C, (),

= max4Tr(CTKTKC) — 2 VY i 2
o T 22” 1,\1,\ ©

C
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where we used the fact that C' +— zC does not change the result. Eq. (E22) is then proved.
Moreover, the optimal C in Eq. (E22) must be traceless. Suppose Cis optimal in Eq. (E22), we will prove that Tr(C’) =0.
Let z be a real number,

q(z) = f(C,C + zCCT) = St((z); -+ const. (E26)

Since max, q(z) = q(0), we have ¢/(0) = :00))2 (2'(0)¢(0) — s(0)¢'(0)) = 0.

T (7:”' + z)\iéij)n’j

- _ A T
s(z) = —=Tr((C + 2CCHH) + ;1 RSV (E27)
s'(0) = —Tr(CCTH) + z; 5™ =0, (E28)
LA TR 2 Sk 212
1 7o + 2Ny 21 |Tij|" + 2Xidi (755 + Tij) + 27X 05
Ha) = = - E29
(=52 N+ 3 2 N+ ’ (E29)
7,7=1 7,7=1
1 = Xidi (T35 + 7)1 1 -
#(0) = = S Y SN g = STe(C). E30
(0) 2“2_::1 Sy 227 5 Tr(C) (E30)
Then ¢/(0) = 0 implies Tr(C) = 0.
Appendix F: Numerical algorithm to find the optimal code when HNKS is violated
1. Finding the optimal C
We first describe a numerical algorithm finding a full rank C® such that Tr(C°TC®) = 1 and
Jin, ATr(CTaC®) > 3 (£.) — n/2. (F1)
for any > 0. We first note that gggi(&,) = miny,g=o 4 ||| could be calculated via the following SDP [28],
oly K - K
K, Iy - 0
mhin z, subjectto . ) .| =0, g=0. (F2)
. 0 .. :
K. 0 - Iy
where d and d’ are the input and output dimension of £, I,, is a n x n identity matrix and K = K — ihK.
To find the full rank C*°, we first find a density matrix p° such that
. o N
jnin ATr(p%a) = min 4o . (F3)

It could be done via the following algorithm [52]:
i) Find an h° using the SDP (Eq. (F2)), such that a® = ap=pe satisfies ||a®|| = minp.g=o ||e||.

ii) Let II° be the projection onto the subspace spanned by all eigenstates corresponding to the largest eigenvalue of o®, we find
an optimal density matrix p¢ satisfying I1°p°II® = p° and

Re[Tr(p°(iKTAR)(K — ih°K))] =0, Vn € H,, st. KITARK = 0. (F4)
Then C° = ((1—1')p° +n'L) "2 where n = 77/(2$SQL( ) is a full rank matrix satisfying
Jmin ATH(C*TaC?) > (1 - 1)Fiel (E) = Sl (E) = /2. (F5)

The algorithm above could also be used to find p* whose purification is the optimal input state of a single quantum channel
&, achieving §1(&,):
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i) Find an h* using the SDP in Eq. (F2) without the requirement 8 = 0, such that o® = «/|;,_e satisfies ||a*|| = min, ||a]|.

ii) Let IT* be the projection onto the subspace spanned by all eigenstates corresponding to the largest eigenvalue of o*, we find
an optimal density matrix p* satisfying I1*p*II* = p* and

Re[Tr(p*iKTAR)(K — ih*K))] = 0, VAh € H,.. (F6)

2. Validity of the algorithm to find the optimal C'

For completeness, we prove the validity of the above algorithm. According to Sion’s minimax theorem [96, 97], for convex
compact sets 8 C R™ and Q C R" and g : P x @ — R such that g(z, y) is a continuous convex (concave) function in z (y)
for every fixed y (x), then

max min g(x,y) = min max g(x,y). F7
max min g(v, y) = minmax g(z, y) (F7)

In particular, if (z#,y*) is a solution of max,ecq mingeyp (2, y), then there must exists an z* such that (2*,y*) is a saddle
point. Let (2*,y*) be a solution of min,cq maxyecq g(z,y). Then we must have

gzt y®*) < g(2*,y%) < g(a*,y*). (F8)
According to Eq. (F7), g(x*,y*) = g(z*, y*) and all equalities must hold for the above equation. Moreover,
9(x*y) < g(a*,y%) < g(a,y%), V(x,y) €PxQ, (F9)

which means (z*, y*) is a saddle point. For example, we cantake v = h € H,.,y = CCT = p € &(Hp) and g(z,y) = 4Tr(pa).
(We can also add the constraint 5 = 0 on h which does not affect our discussion below). Then the solution of the above
optimization problem is §1(&,,) (or Fso.(E,) with the constraint 5 = 0). Note that we can always confine h in a compact
set such that the solutions are not altered and the minimax theorem is applicable [52]. Let (h*, p®) be any solution of the
optimization problem max, miny, 4Tr(pc). Then there exists an 2* such that (h®, p*) is a saddle point. Similarly, if g(z*, y*)
is a solution of min,cq max,cq g(«,y), which in our case is an SDP (Eq. (F2)). There must exists a y* such that (z*,3*) is a
saddle point. Let (h*, p*) be any solution of the optimization problem min;, max, 4Tr(pc). Then there exists an p* such that
(h*, p*) is a saddle point. Moreover, (h*, p*) is a saddle point if and only if

(@) Tr(p*a®) = [o*|, & Tr(p*a®) = Tr(pa®), Yp.

(ii) Re[Tr(p*((KAR)(K — ih*K))] = 0, VAL € H,, & Tr(p*a®) < Tr(p*a), Vh.

It justifies the validity of the algorithm we described above.

3. Finding the optimal C

Next, we describe how to find C° such that f(C°,C°) = max g f(C°, C) = miny,.g—o 4Tr(C°TaC®). According to Appx. E,

~ -,”—ij-,—’.i 2

3 ) ) r |Ti/'|2 <7TI'(CH) +Zi,j=1 )\H-i')
f(C,0) = 4Tr(CTKTKC) -2 Z \ _|j_ s 1\ |75 :
ij=1 ? J 2 Zi,j:l it

; (F10)

where we have assumed 7;; = Tr(C1K K;C) = \;,;. For a fixed C, 7 is a linear function in C.. We could always write
(120N P
(Clf(@)IC)

where f1(C) € R, fo(C) € C?*4 is Hermitian and f3(C) € C%*" is positive semidefinite. Moreover, |f2(C))) is in the
support of f3(C). f1.2,3(C) are functions of C only. According to Cauchy-Schwarz inequality,

max f(C, C) = £1(C) + (£(O) £5(C) M f2(C)), (F12)

f(C.C) = A(C) + (F11)

where the maximum is attained when |C')) = f3(C)~"|f2(C))) and ~! here means the Moore-Penrose pseudoinverse. Therefore,
we take

1C°) = f5(C°) ! f2(C))). (F13)



20
Appendix G: An SDP to find the optimal input state of a noisy Mach-Zehnder interferometer

Here we consider a two-arm Mach-Zehnder interferometer with one noisy arm and one noiseless arm, where the input state is
an M -photon state

M
[G0) = D Y [m) [M —m). (G1)
m=0

Here |m, M — m) represents a two-mode Fock state where m is the number of photons in the first mode and M — m is the
number of photons in the second. The noisy quantum channel &, () acting on the first mode is described by the Kraus operators

— 7
K= ﬂp) emwalapalagi 501 M, (G2)
where w is the unknown phase to be estimated, & is the photon annihilation operator, 0 < p < 1 is the loss rate and K; is
associated with losing ¢ photons. Note that we are allowed to truncate the maximum photon number at M because of the
restriction on the input state (Eq. (G1)).

We will show that the algorithm described in Appx. F naturally gives an SDP for obtaining the optimal {v,,}_,. We
emphasize here that it was already shown in [82] that solving for the optimal input state in an interferometer with two noisy
arms is a convex optimization problem. Here we provide an alternative algorithm as a demonstration of our approach which also
contains a proof that states of the form Eq. (G1) are optimal for &,,.

Recall that given &,,, we can find an optimal input state achieving §1 (€, ) by purifying p* which is a solution of

§1(&,) = max mhin ATr(por) = mhin4 lle] - (G3)
p

We show that the optimization problem above has a diagonal solution of p. Note that

f

M
77, Z hle Ki*izhij’Kj’

1,j=0 7'=0 (G4)

i

.
Il
=

M
. /.
(Ki — ihiiKi) (Ki — zh“Kl) + Z Z Kihz, hi; K; + off-diagonal terms,

31
i=0 j#i

-t”ﬂ:

I
o

where we divided « into diagonal terms and off-diagonal terms (in the Fork basis). The second term is always non-negative and

the off-diagonal terms will only increase ||c|. It is then clear that we can always assume the optimal 4* and the corresponding
«* are diagonal because

o] > H Z —ihi k) (K — iha K )H (G5)

Choose a diagonal h* and let TI* be the projection onto the subspace spanned by all eigenstates corresponding to the largest
eigenvalue of o®, p* is optimal if it satisfies TI*p*TI* = p*® and

Re[Tr(p*(iKTAR)(K — ih*K))] =0, VAh € Hpy1. (G6)

We observe that when p* is optimal, the equation above still holds by replacing p*® with its diagonal part. Then any diagonal p*
which satisfies

Re[Tr(p*i K] Ahyi(K; — ih%K;))] =0, V{Ah;}M, e RM+! (G7)
is optimal. Therefore, we can always assume the input state has the form Eq. (G1). Moreover, by assuming h and p are diagonal,

we only need to deal with diagonal operators in this algorithm and the problem is essentially a quadratically constrained quadratic
program, which might admit more efficient numerical methods than the SDP formulation.
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Appendix H: Channel QFIs for the single-qubit depolarizing channels
Here we calculate §1, §so. and §yu. for depolarizing channels

N2(p) = (1= ple” F7pes 7 + proge” 7 pe¥ 70,

. ; (HI)
+ pyoye” 27 pe2 %oy +p.oe 277 pe2 7o, = ZKipKi )
i=1
where K| = /T — pe™ 59+, Ky = \/Prope” 27, Ky = ﬁpygye*%“%,[(}l = /pio.e” 5=,
NI —iT—po.
/D ; . _1 - oo
K= DzOy e—%az’ K= 12 \/pmo'y 6—70'27 (H2)
VPyTy 2VPy0x
\/pzaz _% Dz
. 1
B =iK'(K —ihK) = 3=+ K hK. (H3)

(1 = p)hi1 + pehaz + pyhss + p.has = 0,
B=0 = V(L= p)pz(hiz + har) + iy /Dypzhas — i\/pypzhaz = 0, (H4)
(1 = p)py(h1s + ha1) — in/Dzpzhoa + iy/Pabzhaz =0,
3+ (@ = p)pz(h1a + har) + i/PePyhos — iy/PaDyhsz = 0.

Clearly, HNKS is satisfied if and only if p, = p, = 0 or p, = p, = 0. Itis easy to see that when h;; = 0 for all 7, j except has,
hsa, h1q and hyy, o = ||| I, ||| takes its minimum and

1 .
ol = it (1 = p)p=(hia + har) + i/Baby(hos — haz) + (1 — p+ p2) [haal® + (0o + py) |h2s|” (H5)
Then
) - 1-pp.
A —4m1na—14<ppy At > H6
F1(NG) iin || bt T (H6)

‘When HNKS is satisfied,

B (NZ) = 4min |5]° =1, (H7)
and when HNKS is violated,
. 1 [ pap 1—pp. \ "
N =4 min ||« —1+< LARS . HS
Foor (AL) = 4 min o] e (1S

Appendix I: Solving the optimal QEC code for amplitude damping channels

In this appendix, we use the algorithm in Appx. F to solve for the optimal QEC protocol analytically for amplitude damping
channels with two Kraus operators:

an

K= <|0> O+ VI=p[1) <1> —io. _ <0> (0]e~% + yT=p 1) (1] ei‘z“) |
VP 10) (1 JB0) (1] ei%

Clearly, H = iK'K = 5,/2.
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1. Finding the optimal C'

First, we want to find a full rank normalized C°, such that minj.g— 4Tr(C°taC®) is close to 385{(5@) and we will follow
the algorithm described in Appx. F 1.
We first compute v and 3. Note that

K — 7% |0> <0| + % V 1- p ‘1> <1| e—i%az_ (12)
3vP|0) (1]
We first observe that in order to make 3 = iKT(K — ¢hK) = 0, h has to be diagonal and then
K—ihK: (_%_ih11)|0‘> <0|+(%_ih11)v1—p|1> <1‘ e—i%(jz. (13)
(3 —ih22)/P10) (1]
We will also assume w = 0 for simplicity.
. L 1 1 1
6= (K= k) = (3 +hus ) 0) 0+ (=5 +hn ) (=PI 11+ (= + ) pI0 C0I =0, 09
1 2—
= hn=-g hm=F (15)

Therefore a = (K — ihK)T (K — ihK) = ((1 —p)+ %) 1) (1] = 22 1) 1.

Since there is only one solution of h such that 5 = 0, there is no need to solve miny.s—¢ ||| using an SDP and the only
solution is: a® = 1%7” 1) (1] and FsoL (V2) = 4(1 — p)/p. We could take C° = sin § |0) (0| + cosd |1) (1] where § is small.
Note that here we use the small constant ¢ instead of 77/ in Eq. (F5) for simplicity. They are related by 7/ /2 = sin?(J).

2. Finding the optimal c

Next we find the optimal C® which minimizes
A ”_'ijTg/'i 2 -
(WO + L TR) RO “©
130 o A (Clfx(0)IC)

and the solution is |C°) = f3(C°) | f2(C?)).
We first compute

.2
:<sm §+(1-p)cos?s 0 >%<1—p 0>’ a)
0 pcos? § 0 p
.2
7_,:<sm §—(1—p)cos?§ O2 >z<—(1—p) 0>7 a1s)
0 —pcos®é 0 —p
Te(C <1 0 )) Te(C (O ﬁ))
. 01-p 0 0
T = , 19)
e 2% e (° )
vp 0 0p
where by “~” we ignore the small contribution of O(9). Then we have
f2(C®%) = —00), (110)
f3(C°) ™ &~ p|01) (01] + p[10) (10] +
1
(100) + (1 =p) 11)(00] + (1 = p) (U 5—5 + LN @ (1) 5, (I11)

ﬁ@ﬂ*z;mwmu+$umum+§u—mmwmm+uwau—u—mmmau—a—muwmw. (112)

Then |C°)) ~ |00) — |11) and we could take D° = cos & |0) (0| — sind |1) (1].
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3. Attaining the asymptotic QFI

Now we have the optimal code from the previous two steps:
|0.) = sin(d 4 €) [0)p [00) 4 4+ cos(0 +¢€) 1) [10) 4, [1L) =sin(d —€)|0)p [01) 4 +cos(0 — ) [1)p [11) 4. (T13)

where § and & = o(§) are small values. The last step is to find the exact relation between § and ¢ and FsoL (V24) — Fsor (DL w)-
To do so, we need the near-optimal recovery channel computed using Eq. (39):

2i
0 00 T
2i —2i 0 00 O
Gopt = ——=00) (11| + ——=|11) (00| := , 114
—2i
it 00 O
and
cos( fip) 00 —sin( f‘ip)
; 0 10 0
Topy = €56 = 115
o e 0 01 0 )
sin( fip) 00 cos( ?ip)
Then using Eq. (37), and
sin(d + ) 0
0 cos(d ¢
Enr = (1K Ao [Kadoi)) = ’ VpeosoE | a16)
V1—pcos(d £¢) 0
we finally get
€
€ = p(cos(26) 4 cos(2¢)) sin? <>
o o \/7 9 9psin? § I17)
) . € € psind 4
4+ +/1 — psin(2e sm<>+cos25 cos():l— e“+ 0(e%),
VT psin(2e) sin s ) + cos(2e)cos (= e 0
. 2e .
& = —iy/1 — psin(20) sin < = —2isin(26)e + O(). (118)
V1i=p
Clearly,
4(1 —p)cos? §
Fea(Du) = D0 (2, (119)

p

as expected. When § is small and £ = o(§), we would have Fso(Dyw) =~ Fsor (N2D).
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