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a b s t r a c t

We present an extended linear quadratic regulator (LQR) design for continuous-time linear time
invariant (LTI) systems in the presence of exogenous inputs with a novel feedback control structure.
We first propose a model-based solution with cost minimization guarantees for states and inputs
using dynamic programming (DP) that out-performs classical LQR with exogenous inputs. The control
law consists of a combination of the optimal state feedback and an additional optimal term which
is dependent on the exogenous inputs. The control gains for the two components are obtained by
solving a set of matrix differential equations. We provide these solutions for both finite horizons and
steady state cases. In the second part of the paper, we formulate a reinforcement learning (RL) based
algorithm which does not need any model information except the input matrix, and can compute
approximate steady-state extended LQR gains using measurements of the states, the control inputs, and
the exogenous inputs. Both model-based and data-driven optimal control algorithms are tested with
a numerical example under different exogenous inputs showcasing the effectiveness of the designs.

Published by Elsevier B.V.
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1. Introduction

We consider the classical linear quadratic regulator (LQR) de-
ign problem for continuous-time LTI systems in the presence
f external input signals. Physical processes in practice are of-
en influenced by extraneous time-varying inputs and cannot
e manipulated using a controller, referred to as ‘‘exogenous
nputs’’ [1–3]. They can represent coupling variables for one part
f a dynamic model with other parts, or can simply be external
isturbances. Classically, various disturbance rejection schemes
uch as active disturbance rejection control [4–6], disturbance
bserver based control [7,8], or a combination of disturbance es-
imation and cancellation based control [9] have been developed
o handle such scenarios, and guarantee desired control perfor-
ances despite the disturbance. In [10], a generalized H2 frame-
ork is discussed with full information about the disturbance
ith the Gaussian noise assumption. Linear quadratic Gaussian
LQG) is also a classical variant. The specific problem of LQR with
xogenous inputs has been studied in papers such as [11,12],
here the control input is designed with a component that can-
els out the effect of the disturbance. However, these methods
o not guarantee minimization of the total state and control
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ost when accommodating the external inputs in the control.
e, on the contrary, provided an explicit proof of the optimality
hen designing an extended LQR control. The designs in [13,14]
resent exogenous input rejection approaches for output regula-
ion via LQR by imposing a certain structure on the state matrix.
oreover, our control follows an optimal feedback structure with

he form of linear feedback of state, exogenous input and its
erivative for any generic dynamic systems. A relevant result on
his topic is [3], but that design is for a discrete-time system. Its
xtension to continuous time is quite non-trivial and brings out
ewer insights and solution approaches, as will be shown in the
orthcoming sections.

Thereafter, this article will formulate a model-free variant
hich will be able to learn an approximate steady-state feed-
ack solutions. Reinforcement learning (RL), originally proposed
n [15], is used for this purpose. In recent years, several papers
uch as [16–21] have used RL for LQR control using a variety of so-
ution techniques such as adaptive dynamic programming (ADP),
obust ADP, actor–critic methods, Q-learning, model reduction
ased RL, zeroth-order optimization based policy gradients etc.
owever, these RL techniques do not consider the system to be
oupled with any exogenous inputs. An overview of recent results
an be found in [22]. There are more variants of data-driven con-
rol research such as data-dependent linear matrix inequalities
n [23], finite horizon LQ and tracking control without models
sing extremum seeking [24–26], learning safety certificates from
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ata [27], various distributed control designs [28–30], stabilizing
ontrol designs via policy iterations [31], to name a few. [32]
iscusses connections between direct and indirect control ap-
roaches. As mentioned for ADP/RL [16–18], other research works
uch as extremum-seeking based learning control [24–26], or
ther variants focus on computing the linear quadratic policies
ithout exogenous inputs. Relevant results on robust learning
ontrol designs such as [33–35], on the other hand, consider
ystems with disturbances, however, only the standard LQR state
eedback gains are learned, and therefore do not guarantee net
ost minimization in such settings. We, in this article, alleviate
uch limitations by using an extended LQR framework in the data-
riven setting. We use the results derived in the model-based
etting, and then formulate a trajectory relationship consisting
f state, controls and exogenous input measurements, thereby
iding in solving the problem in a model-free way.
The first contribution of the paper is to present an extended

QR design where the control input comprises of the optimal
tate feedback and an additional optimal term that minimizes the
mpact of exogenous inputs for a continuous-time LTI (CTLTI) sys-
em with guaranteed quadratic net-cost minimization. The prob-
em is formulated in terms of a set of matrix differential equations
or computing the feedback gains using the fundamental re-
ults from dynamic programming (DP). Results are tested with
ifferent exogenous inputs for a third-order CTLTI system. The
econd contribution is to extend the design using a model-free
nd measurement-driven approach. We develop an ADP-based
lgorithm that can learn steady-state gains for both optimal state
eedback and disturbance attenuation components of the con-
rol signal, and thereby providing guaranteed net state and con-
rol cost minimization. The algorithm is model-free in the sense
hat the state and disturbance input matrices are not needed
o run the algorithm; the control input matrix, however, must
e known. Numerical examples show the effectiveness of the
L-based extended LQR design.
The rest of the paper is organized as follows. In Section 2,

he model-based LQR design in presence of exogenous input is
ormulated, followed by matrix differential equations with finite-
orizon and steady-state approximated solutions. The RL-based
lgorithm is developed in Section 3. Numerical simulations val-
dating the two designs are presented in Section 4. Section 5
oncludes the paper with future research directions.
otations: The following notations will be used all throughout
he paper. RH∞ is the set of all proper, real and rational stable
ransfer matrices; ⊗ denotes Kronecker product; 1n denotes a
olumn vector of size n with all ones; N (A) denotes null-space
f the matrix A; At denotes the time-varying matrix A indexed by
he time variable t; vec(.) is the standard vectorization operation.

. Model-based extended continuous-time LQR

We consider a continuous-time linear time-invariant system
s

˙ = Ax+ Bu+ Dw, x(0) = x0, (1)

where x ∈ Rn is the state, u ∈ Rm is the control input, and w ∈ Rp

is the exogenous input which we assumed to be measurable.
Motivated from [3], we would like the optimal feedback control
to contain terms involving optimal state feedback, and additional
optimal feedback depending upon exogenous inputs and their
derivative information, and thereby, formulate a linear quadratic
objective involving costs associated with states, controls and the
exogenous inputs as:

J = xT (T )Qf x(T )

+

∫ T (
xT (τ )Qx(τ )+ uT (τ )Ru(τ )+ w(τ )T S1w(τ )

)
dτ (2)
0

2

where Q ⪰ 0, R ≻ 0, S1 ⪰ 0, Qf ⪰ 0 are design matrices,
and T > 0 is the final time instant until which the control in
evaluated. We include w(t) in the cost to keep the formulation
much general, i.e., when we consider coupled dynamic systems
with multiple components, the exogenous inputs for a certain
component can depend on state variables of the same component
or other components in a complex manner. For example, in the
power grid dynamics, the terminal bus voltages of synchronous
generators act as an exogenous input for the corresponding syn-
chronous generator dynamics [36]. However, the bus voltages
themselves are dependent on the other grid dynamic states in
a complex manner. Please note that minimization of this cost
function will produce the optimal control u(t); however, instead
of making u(t) only a function of the state x(t), we add an
additional optimal feedback term that is governed by w(t) and
its derivative for the continuous-time system, which is a distinct
contribution of this article, and later on, we will show that this
framework will also help us to formulate reinforcement learning
based solutions. The control law considers w(t) information in a
feed-forward manner, however the gain computation framework
with net cost minimization guarantee is a novel solution provided
in this paper. We first discuss the finite-horizon solution, and
then provide an approximate steady-state formulation which will
be used for the reinforcement learning (RL) algorithm presented
in the next section. The following theorem presents a set of
matrix differential equations (MDEs) that need to be solved to
compute the optimal control.

Theorem 1. The optimal control for the CTLTI system (1) with linear
feedback controls depending on x(t) and w(t) and its first order
derivatives considering the objective (2) is given by:

u(t) = −K1tx(t)− K2tv(t), v(t) = [w(t)T , 1]T , (3)

K1t = R−1BTPt , K2t =
1
2
R−1BTP2t , (4)

where Pt and P2t are computed as
− Ṗt = Q + PtA+ ATPt − PtBR−1BTPt , (5)
− Ṗ2t = ATP2t + P2tMt − PtBR−1BTP2t + 2PtD1, (6)

D1 = [D 0n×1], Mt =

[
0p×p

dw
dt

01×p 0

]
. (7)

Proof. We leverage dynamic programming (DP) to prove this
theorem. The major motivation to use dynamic programming
here is to later extend the methodology for the model inde-
pendent RL designs where we use adaptive dynamic program-
ming, thereby, keeping both the model-based and model-free
formulations in a similar underlying framework. Denote v(t) =

[w(t)T , 1]T , D1 = [D 0n×1], and write the plant model as

ẋ = Ax+ Bu+ D1v. (8)

Defining S =

[
S1 0
0 0

]
we can write wT S1w = vT Sv. Subse-

quently, for 0 ≤ t ≤ T we define the value function

t (x, v) = min
u

∫ T

t
(x(τ )TQx(τ )+ u(τ )TRu(τ ) (9)

+ v(τ )T Sv(τ )) dτ + x(T )TQf x(T ).

Next, consider any very small time interval [t, t+h] where h > 0
s a small number. Over this interval, we can write

(t + h) =
[
w(t)+ w(t + h)− w(t)

1

]
=[

Ip w(t + h)− w(t)
01×p 1

]
  

[
w(t)
1

]
= Ltv(t), (10)
Lt
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e assume that the initial values during this interval are x(t) =
1, v(t) = v1, and the control input applied during the interval is
constant, i.e., u = u1 during [t, t+h], and we let the states x(t),
nd exogenous input w(t) evolve over the small time-interval.
ost incurred during [t, t + h] is then given and approximated
s

1 =

∫ t+h

t

(
x(τ )TQx(τ )+ u(τ )TRu(τ )+ v(τ )T Sv(τ )

)
dτ

= h(xT1Qx1 + uT
1Ru1 + vT

1 Sv1). (11)

he value function Vt is quadratic based on the nature of the cost
unction, i.e., Vt (x1, v1) = xT1Ptx1+vT

1P1tv1+xT1P2tv1. Note that we
need to consider the cross-terms between x1 and v1 in the value
function due to the nature of the cost function. The value of the
state at time t + h is given by

x2 = x1 + h(Ax1 + Bu1 + Dv1). (12)

On the other hand, the value of the exogenous input at time
instant t + h is given as

v2 = v1 + N1h, N1 =
v2 − v1

h
=

(L1 − Ip+1)v1

h
= M1v1,

1 =
(L1 − Ip+1)

h
=

[
0p×p

w(t+h)−w(t)
h

01×p 0

]
, (13)

hich gives v2 = v1+hM1v1. Therefore, the minimum cost-to-go
rom t + h can be written as

2 = Vt+h = C1
2 + C2

2 + C3
2 =

x1 + h(Ax1 + Bu1 + D1v1))TPt+h(x1 + h(Ax1 + Bu1 + D1v1))

+ vT
2P1(t+h)v2 + (x1 + h(Ax1 + Bu1 + D1v1))TP2(t+h)v2. (14)

eglecting higher-order terms we expand the terms in C2. Using
Pt+h = Pt + hṖt the first term in C2 can be expanded as

C1
2 = xT1Ptx1 + h[(Ax1 + Bw + D1v1)TPtx1+

xT1Pt (Ax1 + Bw + D1v1)+ xT1 Ṗtx1]. (15)

Similarly we have

C2
2 = (v1 +M1v1h)T (P1t + hṖ1t )(v1 +M1v1h)

= vT
1P1tv1 + h[vT

1M
T
1 P1tv1 + vT

1P1tM1v1 + vT
1 Ṗ1tv1], (16)

C3
2 = xT1P2tv1 + h[(Ax1 + Bu1 + D1v1)TP2tv1+

xT1P2tM1v1 + xT1 Ṗ2tv1]. (17)

Therefore, the total cost is given by the sum of the stage cost
incurred during the interval [t, t + h], and the cost-to-go from
t + h as

C = C1 + C2. (18)

To find the stable optimal control u1, the net-cost will be mini-
mized with respect to u1. Differentiating C with respect to u1 we
get

2uT
1R+ vT

1P2tB+ 2xT1PtB = 0, (19)

u1 = − R−1BTPt  
K1t

x1 −
1
2
R−1BTP2t  

K2t

v1. (20)

Eq. (20) shows that the optimal control is composed of not only
the state feedback term, but also an additional feedback arising
from the exogenous input. It will later turn out that P2t depends
on the derivative of the exogenous inputs. Following the principle
 d

3

of optimality, the Hamilton–Jacobi (HJ) equation guides us to
write

Vt = min
u1

(C1 + Vt+h), (21)

xT1Ptx1 + vT
1P1tv1 + xT1P2tv1 = min

u1
(C1 + Vt+h). (22)

Equating the above equation we compactly write

h

[
12∑
i=1

Ei

]
= 0, (23)

where explicit expressions of the terms in Ei, i = 1, . . . , 12 are
listed in Appendix. As the terms are scalar we have xT1PtD1v1 +

vT
1D

T
1Ptx1 = 2xT1PtD1v1. After a few algebraic computations we

can write
12∑
i=1

Ei = xT1Qxxx1 + vT
1Qvvv1 + xT1Qxvv1 = 0, (24)

where,

Qxx = Q + PtA+ ATPt − PtBR−1BTPt + Ṗt , (25)

Qvv = S +MT
1 P1t + P1tM1 + Ṗ1t + DT

1P2t , (26)

Qxv = ATP2t + P2tM1 − PtBR−1BTP2t + 2PtD1 + Ṗ2t . (27)

As the sum of these three quadratic terms is zero, we get the
following three matrix differential equations that need to be
solved over the finite time-horizon [0, T ]:

− Ṗt = Q + PtA+ ATPt − PtBR−1BTPt , (28)

− Ṗ1t = S +MT
1 P1t + P1tM1 + DT

1P2t , (29)

− Ṗ2t = ATP2t + P2tM1 − PtBR−1BTP2t + 2PtD1. (30)

These three matrix differential equations form the core of this de-
sign problem, supplementing the conventional differential Riccati
equations (DRE) in LQR theory. The matrix M1 depends on the
rate of change of the disturbance variable w as shown in (13). In
the continuous-time setting, we consider the time-step h to go to
zero in the limit. Subsequently, we recompute the matrix M1 as
h → 0, and denote it as Mt where,

Mt =

[
0p×p limh→0

w(t+h)−w(t)
h =

dw
dt

01×p 0

]
, (31)

using which we obtain the final matrix differential equations
stated in Theorem 1. This concludes the derivation of the MDEs
with the final conditions P(T ) = Qf and zero matrices of appro-
priate dimensions for the other variables. The MDEs of P and P2
are needed to find the gains K1t = R−1BTPt , and K2t =

1
2R

−1BTP2t ,
hich are implemented as u(t) = −K1tx(t)− K2tv(t). □

Theorem 1 provides a finite-horizon solution for LQR using the
odel information and information about the exogenous input.
ere, we proposed additional control terms that are dependent
n the novel MDE (6). Solving the MDE, we can compute the
ains for the terms that use w(t) and its first order derivatives.
his new set of coupled MDEs results in an extended LQR version
hich provably improves the cost minimization compared to only
standard LQR feedback gain implementation. Please note that
e start with the optimization objective in a more generalized
etting considering a quadratic cost term associated with the
xogenous inputs, however, the solution of the MDE associated
ith P1t do not contribute to the feedback control gains. The MDE
omputation associated with Pt and P2t requires measurement of
he exogenous input and its derivative at all time t . However,
erivative information of exogenous inputs may be difficult to



S. Mukherjee, H. Bai and A. Chakrabortty Systems & Control Letters 154 (2021) 104983

o
a
d
r
i
e
t
c
g
i
u
F

P

w
M

P
o
i
s
P
c
P
m
s
f
f

C
f
o

0

0

P
m
w
(
w

−

A
i

−

A

R
m
g
t

P

btain in practice. Considering this fact, we next provide an
pproximate steady-state solution of the same LQR problem that
oes not depend on the derivative of w, and try to implement the
esults of Theorem 1 with limited information of the exogenous
nputs. The exogenous input can still be of any nature. When-
ver, the exogenous inputs are persistently exciting over long
ime-horizon, the cost associated with the feedback control is
omputed with finite time-integral with the steady-state control
ains implemented. In the simulation section, one such example
s given. It will be shown shortly that this formulation will help
s to learn the gains with unknown state matrices using RL/ADP.
or this we first partition P2t as

2t = [P2at P2bt ], (32)

here P2at ∈ Rn×p and P2bt ∈ Rn×1. Using (32), we can write the
DE of P2a as

− Ṗ2at = ATP2at − PtBR−1BTP2at + 2PtD. (33)

2bt , on the other hand, depends on ẇ(t) due to the structure
f Mt , and therefore, does not converge if the exogenous input
s persistently time-varying. In order to provide an approximate
teady-state solution, we neglect the contribution arising from
2b, and as P2a converges to a constant matrix, an steady state
onstant gain K2 can be computed. This will be shown shortly.
lease note that P2a is dependent on the exogenous disturbance
atrix D, which is constant, and therefore, we can expect steady-
tate solution for the gains associated with the exogenous input
eedback. Subsequently, the steady state solution in the sense of
ixed control gains, is given in the following corollary.

orollary 1. The steady-state approximate optimal control gains
ollowing the form from Theorem 1 for the system (1) with the
bjective (2) is given by,

u(t) = −K1x(t)− K2w(t), (34)

K1 = R−1BTP, K2 =
1
2
R−1BTP2a, (35)

where P and P2a are obtained by solving

= Q + PA+ ATP − PBR−1BTP, (36)

= ATP2a − PBR−1BTP2a + 2PD. (37)

roof. The infinite horizon solution of Pt is standard in the opti-
al control literature. We will, therefore, show that the MDE (33)
ill converge to the solution obtained from the matrix equation
37). Subtracting (37) from (33), and denoting P̃2at = P2at − P2a
e can write,
˙̃P2at = AT (P2at − P2a)− [K1tBTP2at − K1BTP2a]+

2(Pt − P)D, (38)

= AT P̃2at − [K1tBT (P2at − P2a)+

(K1t − K1)BTP2a] + 2P̃tD, (39)

= (A− BK1t )T P̃2at − (K1t − K1)BTP2a + 2P̃tD. (40)

s t → ∞, K1t and Pt converge to K1 and P , respectively, resulting
n the following dynamics
˙̃P2at = (A− BK1)T P̃2at . (41)

s A− BK1 ∈ RH∞ i.e., Hurwitz, P2at will converge to P2a. □

emark 1. It is interesting to note the difference in imple-
entation between Theorem 1, and Corollary 1. The solution
iven by Theorem 1 is the exact time-varying optimal solu-
ion, whereas, in Corollary 1 we have approximated the solution
4

by neglecting the contributions from the derivative of the ex-
ogenous inputs for the purpose of ease in implementation and
also developing RL algorithm in the next section, however, as
the solution in Corollary 1 contains the term K2w(t), the time
varying nature of the exogenous inputs will still influence the
closed-loop trajectories. The solution in Corollary 1 will always be
optimal with respect to standard LQR solution as the solution of
Corollary 1 is the optimal solution of a representative optimal
control problem with constant w(t), and can therefore be gen-
eralized for time-varying w(t).

This steady-state solution is used next to formulate the RL
algorithm that can compute the feedback gains K1 and K2 from
Corollary 1 without knowing the state matrix A and the exoge-
nous input matrix D. However, we will need to know the control
input matrix B for the algorithm developed in the next section.

3. Reinforcement learning control

Learning Problem: With unknown state matrix A, and exoge-
nous input matrix D, learn the gains K1, and K2 corresponding to
the approximate steady-state LQR solutions from Corollary 1 us-
ing the trajectory measurements of states, control, and exogenous
inputs.

As we consider that we do not have any information about the
model matrices A,D, it is theoretically difficult to formulate the
learning algorithm with unmeasured exogenous inputs. However,
this is not entirely a restrictive design choice as exogenous inputs
in control systems may be measured with deployment of high-
fidelity sensors. For example, in power systems, the terminal
generator bus voltages act as exogenous inputs to generator
states [36], and we can measure these bus voltages using pha-
sor measurement units (PMUs) [37]. In another example, for
small unmanned aerial systems, anemometers can be installed on
drones to measure wind velocity as exogenous inputs [38].

The iterative solution of (36) is computed using Kleinman’s
algorithm [39]. We append another iterative equation based
on (37) to develop model-dependent iterative equations for the
coupled matrix equations (36)–(37).

Theorem 2. Starting with a stabilizing K10 , i.e., A−BK10 is Hurwitz,
the optimal LQR controller is obtained by using the following steps.
for k = 0, 1, . . . ,
1. Solve for Pk from

AT
ckPk + PkAck + Q + K T

1kRK1k = 0, Ack = A− BK1k. (42)

2. Update K1k as,

K1(k+1) = R−1BTPk. (43)

end
The solution of the above iterative solution will lead to the infinite
horizon optimal solution K1. Then solve for K2 as:
3. Find P2a by solving

ATP2a − K T
1kB

TP2a + 2PkD = 0. (44)

4. Update K2 as,

K2 =
1
2
R−1BTP2a. (45)

roof. The iterative update and convergence of Pk and K1k directly
follow from the Kleinman’s algorithm [39]. We, therefore, show
that the solution of P2a in (44) (a Sylvester equation) converges to
the solution in (37) as k → ∞. The sequence of P2ak for k = 0, 1, ..
can be constructed by solving (44) as

ATP − K T BTP + 2P D = 0. (46)
2ak 1k 2ak k



S. Mukherjee, H. Bai and A. Chakrabortty Systems & Control Letters 154 (2021) 104983

N

c

0

0

A
N
f
d

3

C
u
s
u

x

w
w

δ

I

I

w
2

T

ext, considering (37) and (46), we show that P2ak will converge
to P2a as k → ∞. Subtracting (37) from (44), we have,

0 = AT (P2ak − P2a)+ (K1 − K1k)BTP2a−

K T
1kB

T (P2ak − P2a). (47)

Running (42)–(43) in Theorem 2 with k → ∞, Pk and K1k will
onverge to P and K1, respectively. Therefore, we can write,

= AT ( lim
k→∞

(P2ak − P2a))− K T
1 B

T ( lim
k→∞

(P2ak − P2a)) (48)

= (A− BK1)T ( lim
k→∞

P2ak − P2a). (49)

s A − BK1 is Hurwitz, it follows that (limk→∞ P2ak − P2a) ̸∈

((A − BK1)T ), and therefore P2ak converges to P2a as k → ∞

ollowing Theorem 2. This will also lead to convergence of K2
irectly. This concludes the proof. □

.1. Formulation of the learning algorithm

The objective is to learn the feedback gains K1 and K2 as in
orollary 1 without knowing A and D. An exploration signal u =

0 is used to persistently excite the system (1). This exploration
ignal, however, should not make the system state trajectories
nbounded [17]. We recall the state dynamics (1) as

˙ = Ax+ Bu0 + Dw, (50)

= Acx+ B(K1x+ u0)+ Dw, (51)

here Ac = A−BK1. Continuing with the following computations
e can write
d
dt

(xTPkx+ xTP2akw) = ẋTPkx+ xTPkẋ+ (52)

ẋTP2akw + xTP2akẇ.

Expanding the first two terms in (52), and using (42) and (43) we
get,

ẋTPkx+ xTPkẋ

= xT [AT
ckPk + PkAck]x+ 2(K1kx+ u0)TBTPkx

+ 2wTDTPkx,

= −xT Q̄1kx+ 2(K1kx+ u0)TRK1(k+1)x+ 2wTDTPkx, (53)

where Q̄1k = Q + K T
1kRK1k. Expanding the last two terms in (52),

and using (44) and (45) we get,

ẋTP2akw + xTP2akẇ

= (Ax+ Bu0 + Dw)TP2akw + xTP2akẇ,

= xT (ATP2ak)w + xTP2akẇ + 2uT
0RK2(k+1)w

+ wTDTP2akw,

= xT (−2PkD+ K T
1kB

TP2ak)w + xTP2akẇ+

2uT
0RK2(k+1)w + wTDTP2akw, (54)

Therefore, revisiting (52) we can write

d
dt

(xTPkx+ xTP2akw) = −xT Q̄1kx+

2(K1kx+ u0)TRK1(k+1)x+ xTK T
1kB

TP2akw + xTP2akẇ+

2uT
0RK2(k+1)w + wTDTP2akw. (55)

Taking integrals on both sides of (55) we finally get Eq. (56)
which is given in Box I. The RL algorithm can be constructed by
formulating an iterative version of (56), which is given in
Algorithm 1.
5

Algorithm 1 RL algorithm for extended LQR
1. Data storage: Store data (x, w and u0) for interval (t1, t2, · · · , tl), ti − ti−1 = T .
There exists a sufficiently large number of sampling intervals for each iteration
step such that the rank condition from Remark 2 satisfies. Then construct the
following matrices,

δxx =

[
x⊗ x|t1+T

t1 , · · · , x⊗ x|tl+T
tl

]T
, (57)

xw =

[
x⊗ w|

t1+T
t1 , · · · , x⊗ w|

tl+T
tl

]T
, (58)

xx =

[∫ t1+T
t1

(x⊗ x)dτ , · · · ,
∫ tl+T
tl

(x⊗ x)dτ
]T

, (59)

xu0 =

[∫ t1+T
t1

(x⊗ u0)dτ , · · · ,
∫ tl+T
tl

(x⊗ u0)dτ
]T

. (60)

Iwu0 =

[∫ t1+T
t1

(w ⊗ u0)dτ , · · · ,
∫ tl+T
tl

(w ⊗ u0)dτ
]T

. (61)

Ixw =

[∫ t1+T
t1

(x⊗ w)dτ , · · · ,
∫ tl+T
tl

(x⊗ w)dτ
]T

, (62)

Ixẇ =

[∫ t1+T
t1

(x⊗ ẇ)dτ , · · · ,
∫ tl+T
tl

(x⊗ ẇ)dτ
]T

, (63)

Iww =

[∫ t1+T
t1

(w ⊗ w)dτ , · · · ,
∫ tl+T
tl

(w ⊗ w)dτ
]T

. (64)

2. Controller update iteration : Starting with a stabilizing K10 , Compute K1 and K2
iteratively (k = 0, 1, · · ·) using the following iterative equation

[
Θ1

k Θ2
k Θ3

k Θ4
k Θ5

k

]  
Θk

⎡⎢⎢⎢⎣
vec(Pk)

vec(P2ak)
vec(K1(k+1))
vec(K2(k+1))
vec(DT P2ak)

⎤⎥⎥⎥⎦ = −Ixxvec(Q̄1k)  
Φk

. (65)

here Θ1
k = δxx, Θ2

k = δxw − Ixw(Ip ⊗ K T
1kB

T ) − Ixẇ, Θ3
k = −2Ixx(In ⊗ K T

1kR) −
Ixu0 (In ⊗ R), Θ4

k = −2Iwu0 (In ⊗ R), Θ5
k = −Iww .

erminate the loop when |Pk − Pk−1|&|P2ak − P2a(k−1)|< ς , where ς > 0
is a small threshold.

3. Applying K in the system: Finally, apply u = −K1x − K2w, and remove
u0 .

Remark 2 (Convergence and Stability). Algorithm 1 is developed
based on the iterative algorithm presented in Theorem 2. There-
fore, the convergence to optimal and stable feedback gains fol-
lowing Algorithm 1 can be assured based on its equivalence with
Theorem 2, which itself is based on the matrix differential equa-
tions obtained in Theorem 1. The dynamic programming based
approach taken for deriving the matrix differential equations in
Theorem 1 guarantees the stability and optimality of the feedback
gain solution, the infinite horizon component of which eventually
gets manifested as the ADP-based solutions from Algorithm 1.

Remark 3. To accurately compute the learning gain, the under-
lying notion of persistency of excitation associated with system
identification and adaptive control is needed to be satisfied. For
each k = 0, 1, 2, . . ., it is assumed that there exists a sufficiently
large integer lk > 0 signifying large enough sampling intervals,
such that rank(Θk) = n(n+ 1)/2+ np+mn+mp+ p2, which is
required to persistently excite the system, and compute unique
solutions. This can be satisfied, for example, by utilizing data
from at least twice as many sampling intervals as the number
of unknowns. We will need the data samples to be rich in the
dynamic system behavioral information, and therefore, the explo-
ration signal should considerably excite the underlying unknown
dynamics. We have used the sum of sinusoids of varying frequen-
cies selected randomly as an exploration signal. However, the
choice of the exploration signal may not be trivial, and different
dynamical models with varying degree of complexity may need
dedicated exploration signal design. In our experiments, the sum
of sinusoidal excitation show sufficiently good performance.
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R
c
w
K
a
w
s
m
a

A

T

x(t + T )TPkx(t + T )− x(t)TPkx(t)+ x(t + T )TP2akw(t + T )− x(t)TP2akw(t)−
∫ t+T

t
(2(K1kx+ u0)TRK1(k+1)x)dτ−∫ t+T

t
(xTK T

1kB
TP2akw + xTP2akẇ + 2uT

0RK2(k+1)w + wTDTP2akw)dτ = −

∫ t+T

t
xT Q̄1kxdτ . (56)

Box I.
K
i
t

emark 4. The learning algorithm requires ẇ information to
onstruct Ixẇ . However, the designed controller only depends on
, as proved in Corollary 1. Therefore, we may learn the gains
1 and K2 in a controlled environment where ẇ can be made
vailable, and then implement them for other applications where
˙ is not available. For this we use the fact that the approximate
teady-state gain K2 is dependent only on the exogenous input
atrix D, and not on the exogenous input itself. The learning
lgorithm relieves the requirement of knowledge about D.

The algorithm compensates for the inadequacies of the robust
DP approaches [33,35] which compute only u = −K1x in pres-

ence of the exogenous inputs, whereas the proposed extended
method can learn a more optimized approximated feedback gain.
We, next, validate our design by few numerical examples.

4. Numerical examples

Consider the following third-order CTLTI model:

A =

[
−1.4 0.2 −0.1
−0.2 −0.8 −0.3
0.1 −0.1 −0.9

]
, B =

[0.1 0.8
1.1 0.3
0.9 0.5

]
, D =

[1
1
1

]
. (67)

We consider two different types of exogenous inputs:
E1. An exponentially decaying input, w(t) = e−t , and
E2. A sinusoidal exogenous input, w(t) = 1+ 0.1 sin(t).

4.1. Model-based control

We solve the MDEs given in Theorem 1 for a 15 s time window
with 0.01 s time step. We consider Q = 20I3, R = I2, S = 1 and
Qf = I3. The states are initialized at the origin. The DRE (5) leads
to a convergent infinite horizon LQR solution. The feedback gain
K1 is found to be

K1 =

[
−0.353 3.107 −2.009
2.795 −0.247 1.829

]
. (68)

he iterations for computing P2 are shown in Fig. 1 for both
exogenous inputs E1 and E2. It can be seen from Fig. 1 that
the matrix P2a (first column of P2) converges to a steady state
solution, whereas the matrix P2b (second column of P2) shows a
variation that is similar to the exogenous input which validates
its dependency on the derivative of the exogenous inputs. The
matrix P2a converges to [1.781, 1.888,−1.202]T for both E1 and
E2 as this part of P2 depends only on the A, B and D. Please
note that in Fig. 1, the integration has been performed backward
in time. The plots are also vindicate our solution structure as
given by Theorem 1, where the matrix P2bt is dependent on the
evolution of the exogenous input derivatives, and we can see
from the figures for both the exogenous inputs, it follows such
trajectories in its evolution.

The closed-loop state trajectories with the extended LQR con-
trol are plotted in Fig. 2. This figure shows a comparison between
the classical LQR control and the proposed extended LQR control,
from which it is clear that the latter results in better dynamic
performance. The minimization of the net cost associated with
 (

6

Fig. 1. Convergence of the elements of P2a . Elements of P2b varies based on the
exogenous input (top panel for E1 and bottom panel for E2), the time integration
of MDEs in Theorem 1 is performed backward in time starting at t = 15 s.

Fig. 2. Comparison of closed-loop state trajectories with classical LQR (blue) and
proposed extended LQR (red) for the exogenous input E1. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

Table 1
Comparison of net quadratic cost (state and control) between classical and
extended LQR designs based on Theorem 1 for the simulation example.

Classical LQR Extended LQR

Exogenous input E1 1.0535 0.7162
Exogenous input E2 37.442 24.73

state deviations and the control efforts can be seen from Table 1
for both the exogenous inputs. Table 1 shows that the proposed
extended LQR guarantees minimization of the net cost function,
producing lower net cost than the classical LQR. Fig. 3 shows the
net savings in the cost following the extended LQR design using
Theorem 1. An interesting point to note is that the cost function
also shows similar variation as the exogenous inputs.

When the exogenous input model is not known, one may
implement the steady state solution given in Corollary 1 to find
1 and K2. The solution obtained by solving the matrix equations
n Corollary 1 via an iterative approach as in Theorem 2 converges
o steady state feedback gains. The feedback gain K1 is same as in
68), and the gain K = [0.5869, 0.6953]T . The comparative costs
2



S. Mukherjee, H. Bai and A. Chakrabortty Systems & Control Letters 154 (2021) 104983

e

e

4

P
m
t
t
2
s
W
s

Fig. 3. Savings in the cost objective following the extended LQR design than the
classical LQR.

Fig. 4. Exploration (up till 0.7 s) and control implementation for the RL control
design (Top panel is for E1 and the bottom panel is for E2).

Table 2
Comparison of net quadratic cost (state and control) between classical and
extended LQR infinite horizon solutions based on Corollary 1 for the simulation
xample.

Classical LQR Extended LQR

Exogenous input E1 1.0535 0.7203
Exogenous input E2. 37.425 24.83

for the steady state solutions are tabulated in Table 2, showing
ffectiveness.

.2. Reinforcement learning control

Finally, we test the RL Algorithm 1 for computing the infi-
nite horizon feedback gains K1 and K2 corresponding to P and
2a. The objective is to recover the gains corresponding to the
odel based analysis shown in the previous sub-section from

he measurements. The system trajectories are gathered during
he exploration with a time-step of 0.01 s. Here n = 3,m =

and p = 1. Therefore, following Remark 2, around 40 time
amples are required to compute the unique optimal solutions.
e perform the exploration for 0.7 s, from which the mea-

urements of x(t), u (t), and w(t) are stored as in Step 1 of
0

7

Fig. 5. Convergence of P and P2a to the infinite horizon optimal solutions (Top
panel is for E1 and the bottom panel is for E2).

Algorithm 1. The exploration has been performed using the sum
of sinusoids with random frequencies, which makes sure that the
system is being persistently excited. The exploration phase for
both types of exogenous inputs is shown in Fig. 4. By gathering
the data matrices, the learning algorithm compensates for the
lack of knowledge about the state matrix A and the disturbance
matrix D.

Thereafter, P and P2a and the corresponding control gains are
iteratively computed as shown in Fig. 5. The solutions converge
to the ideal optimal infinite horizon solution within 4 itera-
tions. Please note that these ideal optimal solutions correspond to
Theorem 2 and Corollary 1, and are only used here for compari-
son purpose to substantiate our theoretical results. The optimal
closed-loop performance is shown in Fig. 4, where the initial
learning phase can be identified, and then the learned extended
LQR controller is implemented. All of these experiments substan-
tiate our theoretical developments, and show the substantial per-
formance improvement of the extended controller over classical
designs.

5. Conclusions and future work

This paper developed a novel extended LQR control design for
continuous time LTI systems perturbed with exogenous inputs.
The design guarantees the net state and control cost to be lower
than that from the classical LQR design. Both model-based and
model-free versions are reported. The model based design guar-
antees the net cost minimization using dynamic programming.
The model-free design is based on reinforcement learning that
can compute the steady-state LQR gains using measurements of
states, control inputs, and the exogenous inputs. Convergence and
stability guarantees of the RL algorithm are established. Numeri-
cal simulations are provided to illustrate the effectiveness of the
design in both model-based and model-free settings.

Future work includes investigation of learning algorithms with
limited knowledge of exogenous inputs. Research efforts can also
be directed toward formulating the distributed version of the pro-
posed extended learning-based LQR designs. Application of the
algorithm to navigation of small aerial systems in windy environ-
ments, and designing wide-area damping controls for large-scale
power systems to improve its dynamic performance following
contingencies can provide practical examples for deployment of

such techniques.
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Appendix. Terms Ei, i = 1, . . . , 12 in Theorem 1

E1 = xT1Qx1, (A.1)

E2 = uT
1Ru1 = xT1PtBR

−1BTPtz + xT1PtBR
−1BTP2tv1+

vT
1P2tBR

−1BTPtx1 + vT
1P2tBR

−1BTP2tv1, (A.2)

E3 = vT
1 Sv1, (A.3)

E4 = vT
1M

T
1 P1tv1, (A.4)

E5 = vT
1P1tM1v1, (A.5)

E6 = vT
1 Ṗ

1
t v1, (A.6)

E7 = xT1A
TP2tv1 + vT

1D
T
1P2tv1−

xT1PtBR
−1BTP2tv1− vT

1P2tBR
−1BTP2tv1, (A.7)

E8 = xT1P2tM1v1, (A.8)

E9 = xT1 Ṗ
2
t v1, (A.9)

E10 = xT1A
TPtx1 + vT

1D
T
1Ptx1−

xT1PtBR
−1BTPtx1 − vT

1P2tBR
−1BTPtx1, (A.10)

E11 = xT1PtAx1 + xT1PtD1v1−

xT1PtBR
−1BTPtx1 − xT1PtBR

−1BTP2tv1, (A.11)

E12 = xT1 Ṗtx1. (A.12)
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