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Abstract—When the shunt elements in the IT circuit line
model are assumed zero, it has been proved that branch flow
models are equivalent to bus injection models and that the
second-order cone relaxation of optimal power flow problems
on a radial network is exact under certain conditions. In this
note we propose a branch flow model that includes nonzero
line shunts and prove that the equivalence and the exactness of
relaxation continue to hold under essentially the same conditions
as for zero shunt elements.

Index Terms—Branch flow model, DistFlow equations, line
shunt, SOCP relaxation

I. INTRODUCTION

HE DistFlow model is introduced in [1], [2] for radial

networks. It is extended in [3], [4] to a branch flow
model for general networks that may contain cycles. The
branch flow model is justified in [5] by proving its equiva-
lence to the widely used bus injection AC power flow model.
For radial networks the DistFlow equations are nonlinear
and hence optimal power flow (OPF) problems formulated
based on these equations are nonconvex. Second-order cone
programming (SOCP) relaxation is introduced in [3] and a
sufficient condition for the relaxation to be exact is proved
there for radial networks.

All models in [1], [2], [3], [5], [4] assume zero shunt
elements (line charging) in the IT circuit line model. Branch
flow models are recently proposed in [6], [7] where the
SOCP relaxation of a more conservative approximation of
an OPF problem is studied. The purpose of this note is to
propose an alternative branch flow model (equations (9) for
radial networks and (11) for general networks) that includes
nonzero line shunts, and prove that the equivalence and
the exactness of SOCP relaxation continue to hold under
essentially the same conditions as when line shunts are zero.

II. BACKGROUND

Notations. Let C denote the set of complex numbers and
R the set of real numbers. Let i:=+/—1. For any a € C,
a* denotes its complex conjugate. Unless otherwise specified
a quantity a denotes a vector whose jth entry is aj, e.g.,
s:=(sj,j €N), S:= (Sj,(j,k) € L). For vectors a and b,
a<bmeans a; <bj, Vj. If a; and b; are complex numbers,
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then the inequality is enforced for both real and imaginary
parts.

Consider a single-phase power network with N buses and L
lines modeled as a connected undirected graph G(N, L) where
N:={1,2,...,N} and L C N x N. This may represent the
positive sequence network of a balanced three-phase system.
Aline (j,k) €L, or j~k, is represented by a II circuit model
(yjk, Vi y?j) where y, =y, € C are the series admittances
of the line, y’j’;c € C is the shunt admittance of the line at bus
Jj, and yfj is the shunt admittance of the line at bus k. Since
the line model may include not just transmission lines, but
other devices such as transformers, we do not require y;'}( and
yi; to be equal. Denote z; = zj 1= 1/y};. Let

e 5j:=pj+iq; or s; := (pj,q;) denote the real and

reactive power injections at bus j.
« V; denote the voltage phasor at bus j, j € N.

Without loss of generality [8], we fix bus 1 as the slack bus
and set V; := 1£0°.

A widely used power flow model, we called a bus injection
model (BIM), is specified by the following set of equations
that relates nodal injections s and voltages V: for j € N,

si= Y, ) WVilP-vvd) + X ) Vil
k:j~k k:j~k

Let V denote the set of power flow solutions:
Vi={ (5,V) € C?N : (5,V) satisfies (1), V; :=120° } (2)

While the bus injection model (1) involves only nodal vari-
ables, branch flow models also involve branch variables. Let

e I, denote the phasor of the sending-end current from
bus j to bus k, (j,k) € L.

o Sjk:=Pj+iQj or Sj := (Pjk,Qji) denote the sending-
end real and reactive power flows from bus j to bus k,
(j.k) € L.

DistFlow equations. When the shunt elements are assumed
Zero Yﬁ = yZ’J =0, [1], [2] introduce a power flow model,
called DistFlow equations, for single-phase radial networks
(i.e., networks with a tree topology) and uses it to optimize
the placement and sizing of switched capacitors in distribu-
tion circuits for volt/var control. DistFlow equations adopt
a directed graph. When the line is directed from bus j to
bus k, we refer to it by j — k € L. For each directed line
J — k, only the variable Sj; is defined but not the variable
Sij. The orientation of the graph can be arbitrary, but for ease
of exposition, we assume without loss of generality that bus
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1 is the root of the graph and every line points away from
the root. The DistFlow equations are given by [1], [2]: 1

sj = Z Sit — (Sij—zijlij), JEN (3a)
k:j—k
il = |Sil, j—keL (3b)

Vi—v = 2Re(zj~ijk)—|zjk\2€jk, j—keL (3c)

Here the variable v;, £;; are the squared voltage magnitude

at bus j and the squared current magnitude on line j — k.
The key feature of the DistFlow equations is that they do
not involve angles of voltage and current phasors because
these angles can be deduced from a solution x := (s,v,4,S) €
R3V+L) of the DistFlow equations (3) when the network is
radial, but not when the network contains cycles.

Branch flow model. The model (3) is extended to a branch
flow model (BFM) in [3], [4] for general networks that may
contain cycles by introducing a cycle condition. Given any
x:=(s,v,¢,S) define

Bix(x) = Z(vj — ZuSix);

and let B(x) := (Bjk(x),j — k € L). Even though a solution
x of the DistFlow equations (3) does not contain voltage
phase angles, f3jx(x) can be interpreted as the angle difference
across line j — k (also see Section III below). The DistFlow
equations are extended in [3] to general networks as:

(3a)(3b)(3c), 30 e RY s.t. B(x) = CTO (5)

j— kel “)

where C is the N x L incidence matrix of the directed graph
with Cj; =1if [ = j — k for some k, —1 if [ =i — j for some
i, and 0 otherwise. We refer to the condition 8(x) =CT6 on
x in (5) as the cycle condition, which can be enforced by
introducing 6 as additional variables. For general networks
(3) can thus be interpreted as a relaxation of (5) where the
cycle condition is ignored. When a network is radial the cycle
condition is vacuous and (5) reduces to (3).

Equivalence and SOCP relaxation. A justification of the
branch flow model (5), and hence (3), is that they are equiv-
alent to the widely used bus injection model (1). Specifically
it is proved in [5] that, when shunt elements are assumed
Zero y’}'}( = yfj =0, there is a bijection between the set V and
the set of solutions x € R3™*L) of (5) for general networks
and the set of solutions x of (3) for radial networks.

The DistFlow equations (3a)(3c) are linear in its variable
x but (3b) is quadratic. Therefore OPF problems formulated
using the DistFlow equations are nonconvex. Second-order
cone program (SOCP) relaxation is introduced in [3] where
(3b) is relaxed to the convex constraint:

vili > |Spl’ j—okeL (6)

The SOCP relaxation of an OPF problem is called exact if
every solution of the relaxation attains equality in (6) and

! The complex notation is used only as a shorthand for real quantities.
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hence is optimal for the original OPF problem. It is proved
in [3] that, for radial networks, SOCP relaxation is exact if
the injections are not lower bounded.

Remark 1. A nodal shunt element at bus j is included as
an injection sj-h in [1], [2], and as an admittance load ysfh in
[3]. They can be accommodated by modifying (3a) to:

Y Sie = (Sij—ziili) + ¥
ki j—k

sh
sjp+ 57 =

In this note we ignore nodal shunt elements for simplicity,
but all results here will still hold when they are included.

The models in [1], [2] and [3], [4], however, assume zero
shunt elements (line charging) y']'}c = yZ’] =0 in the IT circuit
model. In the rest of this note we generalize the branch
flow models (3) and (5) to include line shunts, i.e., when
y;.’;{ and yk’”j are nonzero, and show that the results in [3] [5]
on equivalence and exact SOCP relaxation continue to hold

under essentially the same conditions as when y.’].'}C = yfc"’]. =0.

III. BRANCH FLOW MODEL WITH LINE SHUNTS

Following [6] we consider the following branch flow model
with line shunt elements in complex form (adopting an
undirected graph):

sio= Y. Si jEN (7a)
k:j~k

Sic = Vily, Sij = Vil (J,k)€L (Tb)

Li = yu(Vi=Vi) + ¥iV;,  (keLlL (7o)

Lj = yM—=Vi) + ¥V (J;k)eL (7d)

where (7a) imposes power balance at each bus, (7b) defines
branch power in terms of the associated voltage and current,
and (7¢)(7d) describes the Kirchhoff’s laws. The main dif-
ference from the model in [3] is the use of undirected rather
than directed graph when shunt elements are included so that
line currents and power flows are defined in both directions.

Following [6], we define o := 1+ijy7;{ and o =1+
zkjyy; for line (j,k) € L. Note that o = 0; if and only if
y;’}( :yZ’j and aj; = og; = 1 if and only if y’}}( :yZ"j =0 as
|| # 0. Substituting (7¢)(7d) into (7b) gives

ViVi =
ViVi =

oy [Vil* — Sk (8a)

o IVil* = 2 Skj- (8b)

This motivates the following generalization of (3) as a branch
flow model for radial networks with shunt elements : for all
JEN and (j,k) €L,

sj = Z Sk (9a)

ki jok
vl = ISal” vy = [yl oD
|| *vi—vi = 2Re (a2 Six) — |eil € 90)
logj | ve—v; = 2Re(ow;z;Sk) — |ai)* Gy Od)
avi = S = (05w = 24 Sk)" ©e)
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The equivalence between (7) and (9) is provided as part
of the proof to Theorem 1 in the Appendix.

Remark 2. We propose to use the original LinDistFlow
model of [2] without shunt as a linear approximation of the
branch flow model (9) as the effect of shunts is negligible;
see justification in [9].

For general networks that may contain cycles, (8) suggests
extending the definition (4) of B(x) to both directions of a
line as follows:

Bix(x) = Z(ovi—z34Si), (J,k) €L
Brj(x) = Z(og;vie— 7 Skj), (J.k) €L

To generalize (5), fix an arbitrary graph orientation repre-
sented by the incidence matrix C and label the lines such
that entries Bjc(x) in the first half of the vector fB(x) :=
(Bjk(x), Bij(x),j — k € L) correspond to lines in the same
direction as specified in C, and entries f;(x) in the second
half of B(x) correspond to lines in the opposite direction.
Then we propose the following generalization of (5) as a
branch flow model for general networks with shunt elements:
for all j €N and (j,k) € L,

(92)(9b)(9¢)(9d)
30 RN st. Bx) = [C, —C]T6

(10a)
(10b)

(11a)
(11b)

where the components (Bjx(x),Bs;(x)) of the vector B(x)
are ordered such that (11b) implies

Bix(x) = 0;—6 = —PBx).

As (9b)(9¢)(9d) imply that the magnitudes on both sides of
(9e) are equal, (9e) can be replaced by (11b) for general
networks. While (9¢) is linear in the variable x, (11b) is
nonlinear. This is the major simplification of radial networks.
When the lines are modeled by series admittances without
shunt elements, y]’?'k = y;:‘j =0, then o = oy ; =1 and (9) and
(11) can be shown to reduce to (3) and (5) respectively.

IV. EQUIVALENCE AND EXACT SOCP RELAXATION
A. Egquivalence

Even though BIM (1) and BFMs (9) and (11) are defined
by different sets of equations in terms of their own variables,
all of them are models of the Kirchhoft’s laws and the Ohm’s
law and therefore must be related. We now clarify the precise
sense in which these mathematical models are equivalent.

Let the sets of solutions of BFMs be:

Xiree := {x:= (5,1,£,8) € R3W*2L) | x satisfies (9),v; = 1}
Xinesh := {x:=(s5,1,£,5) € R3(NV+2L) | x satisfies (11),v; =1}

Two sets A and B are said to be equivalent, denoted by A = B,
if there is a bijection between them. Indeed we explicitly
exhibit bijections in the proof of Theorem 1 that preserve
the physical meaning of variables in each set.
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Theorem 1. V = X esh € Xiee. For radial networks V =
Xmesh = Xtree-

Proof. See Appendix. O

B. Exact SOCP relaxation for radial networks

Consider a radial network and the following OPF problem:

mxin fx) sttt xEXgeeNY (12)
where Y := {x:5s <s <5, v<v<¥, 0< <} collects the
operation constraints. We make the following assumptions:
Al The cost function f is strictly increasing in ¢, nonde-
creasing in s and independent of S.

A2 The OPF problem (12) is feasible.
Common cost functions that satisfy Al include real power
loss or real power generation.

All the constraints in (12) are linear in x except the
quadratic equality (9b). Following [3] we relax (9b) to a
second-order cone constraint: for (j,k) € L,

1Sil> < vili, Sk < vl (13)

Let
Xooe 1= {x € R3V+2L) | x satisfies (9a)(13)(9c) — (9e),v; = 1}
The SOCP relaxation of OPF (12) is:

min f(x) s.t. x€XgpeNY (14)

Consider the following conditions and Theorem 2, which

provides a sufficient condition for exact SOCP relaxation.
Cl s; = —co—ieo for all buses j € N.

C2 Both Re(ajx) and Re(0y;) are strictly positive for j ~ k.

Theorem 2. If C1 and C2 hold, then every optimal solution
of the SOCP relaxation (14) is optimal for OPF (12).

Proof. If the optimal solution £ = (§,9,7,5) to (14) is not in
Xiree, then there must exist j ~ k such that \S jk|2 < 19]@ k-
Taking the squared magnitude on both sides of (9¢) and
plugging in (9¢),(9d), we obtain [S |2 — ;¢ 5 = |Si; > — Dby
and therefore |§kj\2 < ﬁk@kj also holds. Following [3] we now
construct another point ¥ = (§,7,7,5) as follows.

Orj = 0rj —Re(oy,)e,
S~kj = §kj *ijé‘/z,

Sk = Sk — zij€ /2.

Sik =Sk —zjxe/2,
§j =§j—ij8/2,
All the other entries of §,7,S not listed above take the same
values as in §,/,S.
It can be easily checked that % is feasible to (14) for

sufficiently small € > 0. By Al, f(X) < f(£). It contradicts
the optimality of X. O

Remark 3. The exactness of SOCP relaxation for DistFlow
model without shunt elements is proved in [3], [4] under
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condition CI. Theorem 2 extends this result to DistFlow
model with shunt elements under the additional condition
C2. C2 generally holds since shunt admittances are usually
much smaller than series admittances in magnitude and
hence [zxy%| and [z¢;yy;| are strictly smaller than 1. The
theorem hence suggests that exactness would hold even for
applications where line shunts are not negligible.

V. APPENDIX: PROOF OF THEOREM 1
Proof. Let

K= {x:= (5,V,1,8) € C*V+2L) | 5 satisfies (7),V) := 1£0°}

For general networks that may contain cycles we will prove
V=X, X=Xpesh, and Xpesh € Xiree. For radial networks
we will prove that Xjpesh = Xiree-

Proof of V=X. Given (s,V) €V, define I by (7c)(7d) and
S by (7b) and the resulting (s,V,1,S) € X. Conversely given
(s,V,1,S) € X, substituting (7b)(7c)(7d) into (7a) shows
(s,V) € V. As both mappings are derived from (7), it is easy
to check that they are inverses of each other. [

Proof of X = Xpesn. Fix an £ := (s,V,1,S) € X. Define (v,/)
by v;:=|Vj|* and {j := |I|>. We now show that x :=
(5,1, £,8) € Xiesh- Clearly (92)(9b) follow from (7a)(7b). For
(9¢) rewrite (7¢) as Vp = ayV; —zjk (S_,-k / Vj)* where we
have substituted I := S;‘-k / Vj* from (7b). Taking the squared
magnitude on both sides gives

2 2 *
ve = o] "vi + fep| e — 2Re(ai (zjx) "Sje)
which is (9¢) (recall that zj; := 1 /yj.k). Similarly for (9d).

From (8) and the definitions of Bj;(x) and fB;(x) in (10), we
have

Bi(x) = 2Vi—2Vi = —PBi(x)

and hence (11b) holds. This shows x € Xesh. We denote this
mapping from ¥ to x as ¢;.

Conversely fix an x := (5,1,£,S) € Xpesn. Define (V,1) as
follows. Pick a 6 that satisfies (11b) with 6; =0. 2 Let V=
Vi % for j € N. Define I ik and I; in terms of V according
to (7c) and (7d) respectively for all lines (j,k) € L. We now
prove the following inequalities.

(ohvi=<uSie) = Vumed® % (150
(agjvi—zi;S) = w8 (15b)

Taking (15a) as an example, (10) and (11b) imply that both
sides of (15a) have the same phase angle. We now show that
both sides have the same magnitude as well. Indeed

X " 2 2 2 «

| = ZiSie|” =[ o[V + [eu]” S el® — 2Re (otuzfevSv)

=V;jVi

2Since [C, —C] has rank N — 1 and the all-ones vector is in its null
space, such 6 always uniquely exists.
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where the last equality follows from multiplying both sides
of (9¢) by v; and then substituting |Sjk|2 =v;lj from (9b).

To show that % := (s,V,I,S) € X it suffices to show (7b)
holds. By construction we have

Vil = yu(vi=ViVy) + (Yﬁ)*"j
= y;fk (a}‘kvj—w/vjvkei(effek))
= Ya((ogev—zpSi) — v ®%) + 55
= Sjk.

Here y i is a shorthand for y%. Hence X := (s,V,1,S) satisfies
(7) (the proof that ViI ;= Syj is similar). We denote the
mapping from x to X as ¢,. It is easy to check that ¢; and ¢,
are inverses of each other and there is a bijection between X
and Xpesh- O]

Proof of Xinesh C Xiree- Suppose x € Xpesn and hence satis-
fies (11). Inequalities (15) imply (9¢). Hence x € Xree. [

Proof of Xinesh = Xeee for radial networks. Suppose x €
Xiree and hence satisfies (9). We now show that x satisfies
(11b) when thcz network is radial. Recall that, by construction,
the first half B(x) of B(x) correspond to lines in the same
directions as specified by the incidence matrix C. The
condition (9e) implies that B(x) = [BT(x), —BT(x)]". It
is well-known that C has rank N—1 and L=N—1 for a
(connected) radial network. Hence C has full column rank
and a solution 6 to B(x) = CT6 always exists and is given
by 6 =C (CTC)7l f(x). Therefore

Bx) =B, -BwT" =[c.—Cl"6

which is condition (11b). Hence x € Xijesh- O]
This completes the proof of Theorem 1. O
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