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A B S T R A C T

The performance of the maximum likelihood expectation maximization method for unfolding neutron energy
spectra using deuterated liquid scintillator is evaluated for future utilization with rare isotope beams. High-
resolution neutron energy spectra as well as the detector response matrix were measured at the Edwards
Accelerator Laboratory at Ohio University. Maximum-likelihood expectation maximization (MLEM) unfolded
neutron spectra are compared with spectra from neutron time-of-flight. The effects of the MLEM stopping
criteria and spectrum statistics are also investigated.

1. Introduction

Nuclear reaction measurements with short-lived unstable nuclei
pose considerable experimental challenges. Foremost of these chal-
lenges are low beam intensities. Their short lifetimes also prevent them
from being prepared as accelerator targets and thus must serve as the
projectile in reaction measurements. These experiments provide level
energy and spectroscopic information needed for nuclear astrophysics
and structure studies. Since many transfer and charge exchange re-
actions of interest are performed on light nuclei (p, d, 3He, 4He),
measurements with short-lived unstable nuclei must be performed in
inverse reaction kinematics. Inverse reaction kinematics occurs when
the mass of the projectile is greater than the mass of the target. This
results in a strong neutron-energy dependence with laboratory angle
and kinematic compression at forward center-of-mass angles. Fig. 1
shows a comparison of the 30P(d,n)31S reaction in normal and inverse
kinematics at 𝐸𝑐.𝑚. = 9.375 MeV. Typically, forward center-of-mass an-
gles (<90 degrees, corresponding to backwards laboratory angles) are
of interest for measurements astrophysical of importance. In the case
of 30P(d,n)31S, this would cover 𝐸𝑛 < 10 MeV.

These experimental challenges are further complicated when neu-
tron detection is required. The neutron’s lack of charge limits detection
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schemes to those based on the short-range interaction of the strong
force. The most common method for detection of fast neutrons is
through elastic scattering reactions, using hydrogen or deuterium. Neu-
tron spectroscopy measurements are typically performed using the
neutron time-of-flight (ToF) method where the neutron energy is deter-
mined from the ToF of the neutron over a fixed distance. Classically,
the neutron energy is given by

𝐸𝑛 =
1
2
𝑚
(

𝑑
𝑡

)2
, (1)

where 𝑑 is the flight-path distance, 𝑡 is the time for the neutron to
traverse 𝑑, and 𝑚 is the mass of the neutron. The neutron energy
resolution (𝛥𝐸𝑛) is given by
(

𝛥𝐸𝑛
𝐸𝑛

)
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√
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where 𝛥𝑑 is the uncertainty in the flight path distance and 𝛥𝑡 is the
timing resolution of the system (neutron detector and time-tagged neu-
tron source). Since neutrons can interact anywhere within the detection
medium, the uncertainty in the flight path is often largely due to the
detector thickness. Typically, the timing resolution is a fixed parameter
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Fig. 1. Comparison of normal (black) and inverse (blue) reaction kinematics for the
30P(d,n)31S reaction at 9.375 MeV center-of-mass. The multiple lines correspond to
different final states in 31𝑃 . (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

limited by the accelerator beam pulse, therefore any improvements
in energy resolution must come from an increase in the flight-path
distance or from a reduction in detector thickness. Increasing the
detector distance leads to a reduction in absolute detection efficiency
due to the decrease in solid angle subtended by the detector. Reducing
the detector thickness is another option but this adds considerable
complexity to the system as more channels are needed to make up for
the loss in detector mass and hence detection efficiency.

An alternative approach to measurement of neutron spectra uses
spectrum unfolding (SU), a technique that has recently experienced
renewed interest in low energy nuclear physics [1–4]. Spectrum unfold-
ing uses detailed knowledge of the relationship between the light and
neutron energy response of a detector to unfold a measured spectrum.
The relationship between the measured light response spectrum, 𝑆, and
the incident neutron energy spectrum, 𝑥, can be modeled in the form
of a discrete-form Fredholm integral of the first kind,

𝑆 = 𝑅 𝑥, (3)

where 𝑅 represents the kernel function, which we will henceforth refer
to as the detector response matrix. The success of this approach depends
on the condition of 𝑅 and the uniqueness of each 𝑆𝑗 for a given
𝑥𝑖. The use of enriched deuterium scintillators over those fabricated
from natural abundance material enhances this condition [5]. This is
primarily due to the asymmetry of the 𝑛 + 𝑑 scattering cross section,
which produces a characteristic feature (referred to as a recoil peak)
in the light spectrum. These peaks are approximately proportional
to the incident neutron energy. A neutron energy spectrum can then
be extracted by solving for 𝑥 in Eq. (3) using a maximum-likelihood
expectation maximization (MLEM) algorithm or other ill-posed inverse
problem approaches. Some other examples of unfolding approaches
include one-step-late (OSL) method [6], hierarchical Bayesian-MC ap-
proach [7], artificial neutral network — least squares approach [8], and
maximum entropy [9].

When performing a neutron spectroscopy measurement, the neutron
detection method must be chosen according to the requirements of
the particular experiment. For instance, a measurement performed at
a high-current DC accelerator facility will be limited to the use of SU,
as there is no timing information available for ToF. It is also impor-
tant to consider the energy resolution required for the measurement
when comparing methods. Fig. 2 shows a comparison of the energy
resolution achievable using SU or ToF at three distances. The vertical
dotted line in this figure represents a typical pulse shape discrimination
(PSD) threshold, which is related to a detector’s ability to discriminate

Fig. 2. Comparison of neutron energy resolution extracted from time-of-flight at three
distances (solid lines) and spectrum unfolding (dotted line). For the ToF curves, a
detector thickness of 5.0 cm and 1.5 ns FWHM timing resolution was used. The vertical
red line shows a typical PSD threshold, which serves as a low energy threshold for
spectrum unfolding. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

between gamma and neutron events. Below the PSD threshold, SU is not
possible due to the inability to distinguish between neutron and gamma
events. As neutron energy increases above the PSD threshold, any
comparison to ToF resolution must be done as a function of detector
distance, timing resolution, and detector thickness. However, for SU,
this is not the case as it is independent of flight path or timing.

Fig. 2 demonstrates energy resolution can be maximized over a
broad energy range without sacrificing detection efficiency, or signal-
to-background ratio, by combining these approaches. The benefit of
this is that, for experiments where beam pulsing is possible, which
is the case for nearly all RIB facilities, short flight-path ToF can be
used to separate beam-related neutrons from background neutrons,
while SU can be used to extract high-resolution neutron energy spectra.
Data taken with timing provided can be analyzed using both methods
offline. Thus, for each measurement, the most appropriate method can
be implemented, with the inherent capability of being able to shift to
the alternative method to improve the energy resolution as necessary,
without the need to modify the experimental configuration.

In this paper, we investigate the performance of neutron spectrum
unfolding using a deuterated liquid scintillator detector. A response
matrix for this detector was measured along with (d,n) spectra on 16O,
2H, and 12C. We investigate the effect of the stopping criteria on the
unfolded spectrum and compare the peak centroids and total counts
obtained for analysis of the same data by ToF and SU methods as a
function of peak statistics.

2. Experimental setup

Neutron measurements were performed at the Edwards Accelerator
Laboratory at Ohio University, utilizing the 30 m neutron ToF tunnel
and beam swinger [10]. Neutron spectra were measured using an
73 mm diameter x 50 mm thick ODeSA [11] detector filled with
Eljen-315M, which was located at a distance of 8.02(3) m from the
reaction target. Data were recorded using a CAEN V1725 250 MS/s, 14-
bit waveform digitizer. Details regarding the specific neutron sources
used for the response matrix and discrete spectra are provided in the
following subsections.

For each event, the waveform was baseline corrected using a con-
tinuous moving average filter with threshold and timing information
extracted via a constant fraction discrimination method. The PSD pa-
rameter, defined as the ratio of the tail integral to the total integral, was
determined using a standard charge integration method. A total pulse
integral of 400 ns, and a tail integral of 300 ns, which was offset 48 ns
from the waveform maximum amplitude, was used for the analysis.
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Fig. 3. Response matrix generated using a broad energy neutron source from a thick
target 𝑛𝑎𝑡Be(𝑑, 𝑛) reaction at 𝐸𝑑 = 7.00 MeV.

The light response calibration was based on the Compton edge of
22Na, 137Cs, and 207Bi sources, taken at 80% of the edge height. An
241Am source was used as a low-energy calibration point where a 60
keV photo-peak is observed.

To determine the neutron time-of-flight, a Hewlett Packard 8082A
pulse generator, triggered by the beam pick-off timing pulse, was used
to generate a trapezoidal pulse with a rise time, fall time, and flat
top of 40 ns each, matching the sampling frequency of the digitizer.
This provides a 10-point leading edge with which a timing resolution
of 1.7 ns (FWHM) was achieved via constant fraction discrimination
with linear interpolation between points. This timing resolution reflects
the accelerator beam pulse width and the relatively large transit-
time-spread of the Hamamatsu R6233-100-01 photomultiplier tube
used.

2.1. Response matrix

As mentioned, a key ingredient in unfolding a neutron energy spec-
trum from a measured light response spectrum is the detector response
matrix, which we will denote 𝑅. The response matrix must span the
energy and light response range of the spectra to be unfolded. Looking
back at Eq. (3), each column of 𝑅 represents the detector response,
in measured light output, for a discrete neutron energy. The response
matrix is then built up by combining multiple detector responses over
an energy range of interest. Experimentally, the response matrix can be
measured by stepping through multiple neutron energies and combine
these together to form 𝑅; however, in practice, this is a very time
consuming process. Instead, a more convenient and efficient method for
determining 𝑅 over a broad energy range is to use a so-called ‘‘white’’
neutron source and extract quasi-monoenergetic neutron energies using
ToF. This has its advantages in that the entire matrix is obtained in
a single measurement rather than stepping through discrete neutron
energies. This was the approach taken for this work. The white neutron
source was created by impinging an 𝐸𝑑 = 7.00 MeV d+ beam on a thick
Be target which resulted in a broad neutron energy distribution [12].
The response matrix was generated by producing a 2D histogram
of light response vs. neutron energy calculated from neutron ToF.
Fig. 3 shows the measured response matrix with background contri-
butions subtracted using a shadow bar run. Further details regarding
determination of the detector response matrix can be found in Ref. [11].

2.2. Discrete neutron spectrum

In addition to the response matrix measurement, the same ex-
perimental setup was to measure a high-statistics discrete neutron
spectrum for comparing the SU and ToF analysis techniques. The dis-
crete spectrum was created by impinging a 4.0 MeV deuteron beam on a
mixed isotope thin solid target which provided discrete neutron spectra

Fig. 4. Unfolded neutron energy spectrum (blue) compared to the same spectrum
produced through neutron ToF (black) (top). The light response spectrum (blue) used
in the unfolding compared to a estimate spectrum generated by feeding the unfolded
spectrum into the forward problem (black) (center). The difference between input
spectrum and estimate spectrum over the square root of counts in the input spectrum
(bottom). (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

Fig. 5. A simulated light response for a spectrum containing four neutron energies.
The solid line shows the total light response while dotted lines represent the individual
contributions. The different colors are meant to indicate the different neutron energies.

from the 12C(d,n0), 12C(d,n1), 16O(d,n0), and 16O(d,n1) reactions. This
spectrum was taken in the same configuration as the response matrix
measurement such that it could be analyzed by both ToF and SU
methods.

3. Spectrum unfolding using MLEM

Evaluation of unfolded neutron spectra were performed using the
iterative MLEM algorithm [6]. The iterative MLEM algorithm is a
Bayesian method which guarantees a local maxima in the expectation
value of the likelihood of ∑

𝑗 𝑅𝑖𝑗𝑥
(𝑘)
𝑗 for each bin of 𝑠𝑖. The iterative

form of the MLEM algorithm is as follows:

𝑥(𝑘+1)𝑗 =
𝑥(𝑘)𝑗

∑

𝑖 𝑅𝑖𝑗

∑

𝑖
𝑅𝑖𝑗

𝑠𝑖
∑

𝑙 𝑅𝑖𝑙𝑥
(𝑘)
𝑙

, (4)

where 𝑠𝑖 is the measured light response spectrum, 𝑅𝑖𝑗 is the detector
response matrix, 𝑥𝑗 is the estimate unfolded spectrum, and k is the
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iteration number. One complication of the MLEM approach is deciding
when the optimum number of iterations has been reached. It has
been shown that the level of random noise in the unfolded spectrum
increases with the number of iterations [13]. Thus the level of random
noise in the unfolded spectrum is dependent on the choice of the
stopping criteria. As a stopping criteria, we adapt the MLEM-STOP
method [14] that uses an indicator function, which we will denote
as 𝐽 (𝑘), which is constructed by computing the mean squared error
of the measured input spectrum 𝑆𝑖 and the forward-projected estimate
spectrum 𝑞(𝑘)𝑖 normalized to the forward-projected mean as follows:

𝑞(𝑘)𝑖 =
𝐽
∑

𝑗=0
𝑅𝑖𝑗𝑥

(𝑘)
𝑗 , (5)

𝐽 (𝑘) =
∑𝐼

𝑖=0(𝑆𝑖 − 𝑞(𝑘)𝑖 )2
∑𝐼

𝑖=0 𝑞
(𝑘)
𝑖

. (6)

As the number of iterations are increased, the unfolded spectrum
may arrive at a noise-free condition when the expectation value of
the mean-squared deviation between 𝑆𝑖 and 𝑞(𝑘)𝑖 equals the mean 𝑞(𝑘)𝑖 .
At this point, 𝐽 (𝑘) = 1 and the stopping criteria has been met. In
practice, it has been found the algorithm should be terminated just
before 𝐽 (𝑘) = 1 [13].

Another consideration is the effect of light response calibration on
the extracted neutron spectrum. In the case of neutron spectra which
are not statistics limited, ambiguity in the light response calibration
does not lead to ambiguity in the peak centroid in the case of ToF as the
centroid depends only on the timing. In the case of SU, ambiguity in the
light response calibration would lead to ambiguity in the unfolded peak
centroid as there would be a difference between the 𝑠 and 𝑅. Above a
few MeV, the light response becomes nearly linear, thus ambiguity in
the light response calibration is observed as an overall shift in the peak
centroid.

A comparison between the discrete neutron data set analyzed by SU
and ToF is shown in Fig. 4 (top). A uniform initial estimate spanning
the entire unfolding energy range was used. Determination of the ToF
spectrum relies only on the measured flight time of the neutron and
the flight path distance while SU relies only on the measured light
response and is independent of timing. The two are in good agree-
ment not only in energy scale but also intensity. Using the unfolded
neutron spectrum, Fig. 4 (middle) also shows a comparison between
the forward-projected estimate and the input spectrum. The forward-
projected estimate is defined as 𝐸 = 𝑅 𝑥, where 𝑆 has been replaced
with 𝐸 to denote the projection. The relationship between the measured
light response spectrum and unfolded neutron spectrum is illustrated in
Fig. 5. Each neutron energy group or peak corresponds to a continuous
light response distribution shown as the colored distributions in Fig. 5.
The sum of all these distributions makes up the light response spectrum.

The effect of spectrum statistics on the stopping criteria can also
be investigated through a comparison of the iteration number obtained
by the MLEM-STOP method and the ‘ideal’ number of iterations. The
ideal number of iterations can be determined by minimizing the root-
mean-square-error (RMSE) between the unfolded estimate and the
ground-truth spectrum, denoted 𝑥𝑗 , as shown in Eq. (7). Since the
ToF spectrum is independent of the light response,1 we take it as the
ground-truth spectrum. First scenario is the use the ToF spectrum as
the ground-truth spectrum which is shown in Fig. 6. As found in [13],
setting the stopping criteria for the indicator function to 𝐽 (𝑘) = 1 tends
to over iterate the unfolded spectrum. For this example the minimum
occurs at iteration number 266 for the RSME and iteration number
421 for 𝐽 (𝑘) = 1. Fig. 7 shows the change in the total counts in the
∼ 3.5 MeV peak as a function of iteration number. The change in peak

1 A threshold of 100 keVee was used for this work which corresponds to
𝒪(300) photons. This assumption may not be true for cases where photon
statistics are lower or for detectors which have significant internal reflections.

Fig. 6. Comparison between the RMSE (blue) and indicator function (black) with
respect to iteration number. The ToF spectrum is taken as the ground-truth spectrum.
(For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Fig. 7. Percent difference in the unfolded peak counts for the 1.7 MeV (black) and
3.5 MeV (blue) peaks between sequential steps in the iterative MLEM algorithm. The
maximum peak counts near iteration number 300 for the 3.5 MeV peak corresponds
with the minimum of the RMSE in Fig. 6.

counts quickly becomes sub percent level after 10 s of iterations and
also exhibits maximum corresponding to the minimum of the RSME.
Likewise, the change in peak counts for the 1.7 MeV peak quickly
becomes sub percent level after 10 s of iterations. Thus an over iteration
from the ‘ideal’ number of iterations does not result in a significant
change in the final peak counts.

𝑅𝑆𝑀𝐸 =

√

∑𝐽
𝑗=0(𝑥𝑗 − 𝑥(𝑘)𝑗 )2

𝐽
, (7)

4. Stability of the spectrum unfolding

Another important metric is how the unfolded neutron peaks change
with spectrum statistics, both in their centroid value and total counts.
This is particularly important in the case of RIB experiments, which
tend to be statistics limited by low beam intensities. This scenario
can be investigated by analyzing a subset of the total data to reduce
statistics in 𝑆. There are two interesting cases which we address. Since
discrete neutron energies result in continuous light response spectra,
due to n-d elastic scattering

{

𝜃𝑛 ∣ 0 ≤ 𝜃𝑛 ≤ 𝜋
}

∴
{

𝐸𝑑 (𝜃𝑛) ∣ 0 ≤ 𝐸𝑑 (𝜃𝑛) ≤
8∕9𝐸𝑛

}

, the light response for lower energies will stack upon higher
energies as shown in Fig. 5. The first case we consider is for the highest
energy neutrons in the spectrum, where the recoil peak is free from
contributions from other neutron energies. The second case we consider
is for all other lower energy neutron energies where the entire recoil
spectrum in stacked upon higher energy spectra.

To investigate the first case, the peak at ∼3.5 MeV shown in Fig. 4
was used. Fig. 8 shows the difference between counts in the unfolded
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Fig. 8. Difference between neutron counts extracted using spectrum unfolding and ToF
methods as a function of total counts (top) in the ∼3.5 MeV peak (top). Unfolded peak
centroid as a function of total counts (bottom).

Fig. 9. Difference between neutron counts extracted using spectrum unfolding and
ToF methods as a function of total counts in the ∼1.7 MeV peak (top). Unfolded peak
centroid as a function of total counts (bottom).

spectrum and counts in the same spectrum extracted using ToF for
the highest energy peak at ∼3.5 MeV. Above a few 1000 counts, the
two spectra agree to within ±2%. As the statistics are decreased, the
disagreement remains less than 1∕

√

𝑁 uncertainty above a few 100
counts. At no point between 50–104 counts is the difference >25%, or
>5% above 1∕

√

𝑁 . The variation in the peak centroid in the unfolded
spectrum is <±3% over the range of 50–104 counts.

For the second case, the same analysis was performed but for the
peak at ∼1.7 MeV in Fig. 4. Fig. 9 shows a similar trend to the ∼3.5 MeV
peak above 1000 counts but follows along the lower 1∕

√

𝑁 band below
1000 counts. As with the ∼3.5 MeV peak, the variation in the peak
centroid in the unfolded spectrum is <±3% over the range of 50–
104 counts. The primary difference between the ∼3.5 MeV and the
∼1.7 MeV being that the ∼1.7 MeV peak has contributions from the
two higher peaks. These plots illustrate the robustness of the spectrum

unfolding approach in extracting neutron energy spectra down to a few
100 counts.

5. Conclusion

The performance of spectrum unfolding using a deuterated liquid
scintillator using the iterative MLEM algorithm was shown. The MLEM-
STOP method was shown to be sufficient as a stopping criteria for the
MLEM algorithm. A comparison between a neutron spectrum analyzed
using SU and neutron ToF as a function of spectrum statistics was
performed. The extracted neutron spectra agree to <10% above a few
hundred counts which makes this technique suitable for RIB experi-
ments. The variation in the peak centroid in the unfolded spectrum is
<±3% over the range of 50–104 counts. These results demonstrate the
performance and stability of spectrum unfolding approach to extract
neutron energy spectra using deuterated liquid scintillators.
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