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SUMMARY

Full-waveform inversion (FWI) of surface acquired GPR data
can be prone to non-uniqueness and poor resolution of the re-
covered parameters when low frequency information is missing
in the data. We present a novel non-linear joint inversion of
GPR and electrical resistivity (ER) data that enhances long
wavelength and accuracy in the recovered electrical permit-
tivity and conductivity of the subsurface. We do so by (i)
exploiting the inherent link of GPR and ER data to conduc-
tivity given by Maxwell’s equations, (ii) using the envelope of
the GPR data in the FWI scheme, and (iii) iteratively imple-
menting the cross-gradients constraint directly in the inversion.
Our scheme improves the accuracy, frequency content, and
depth resolution of the permittivity and conductivity solutions
compared to individual GPR and ER inversions.

INTRODUCTION

FWIof surface acquiredGPRdata can be prone to non-uniqueness
and poor resolution of the recovered parameters when low fre-
quency information is missing in the data (Pratt et al., 1998;
Meles et al., 2012; Lavoué et al., 2014). In contrast to GPR
data, electrical resistivity (ER) data is directly sensitive to elec-
trical conductivity at longer wavelengths. In Domenzain et al.
(2018) and Domenzain et al. (2019a) the authors show that ER
data improves the accuracy and low frequency content of the
conductivity solution.

Our algorithm assumes the DC conductivity to which ER is
sensitive to, equals the effective conductivity to which the GPR
is sensitive to. Although frequency independent parameters
are genrally not true in nature, this approximation holds within
an order of magnitude for most earth materials (see Table 1).

Effective (mS/m) DC (mS/m) Effective/DC
Dry sand 4.54 0.45 10.1
Moist sand 6.53 2 3.26
Wet sand 8.06 6.06 1.33
Silty loam 17.3 3.5 4.93
Humus 43.1 19.5 2.21
Laterite 45 9 5
Wet clay 68.4 42.5 1.61
Loess 185 72.3 2.55

Table 1: Frequency dependent and DC conductivities at
250MHz given by the Cole-Cole model with relaxation pa-
rameters from Taherian et al. (1990); Friel and Or (1999) and
Bradford (2007). Most earth materials present an increase of
at most 5 between DC and (real) effective conductivity.

We present a novel non-linear 2D joint inversion of GPR and
ER data that enhances spatial-frequency content and accuracy
in the recovered electrical permittivity and conductivity of the
subsurface. We do so by

1. using the envelope of the GPR data in the FWI scheme,

2. iteratively using structural constraints (via cross-gradients)
that exploit the different spatial-frequency sensitivities
both parameters have,

3. exploiting the inherent link of GPR and ER data to
conductivity given by Maxwell’s equations.

In Bozdağ et al. (2011) and Liu and Zhang (2017) the authors
use the envelope of seismic waveforms in a FWI scheme to
enhance low frequency content. In this work, we use the en-
velope of the GPR data in order to improve longer wavelength
resolution and accuracy at depth of both permittivity and con-
ductivity.

In Haber and Oldenburg (1997) and Gallardo and Meju (2003)
the authors use structural constraints on the recovered param-
eter by joining the sensitivities of two different geophysical
methods. In this work, we use structural constraints on the
recovered electrical permittivity and conductivity. We are able
to inform both parameters of their missing spatial-frequency
content - permittivity lacks low and conductivity lacks high
spatial-frequencies.

By joining the sensitivities of the GPR and ER data in the op-
timization, we completely relax the need for external regular-
ization. However, a smooth initial model for both permittivity
and conductivity is needed for satisfactory convergence.

OPTIMIZATION

Our objective function takes the form of,

{ε∗,σ∗} = arg min Θ̃w (ε, σ; dow, dow,a)+

Θτ (ε, σ)+

Θdc (σ; dodc ).

(1)

where Θ̃w, Θτ and Θdc are the sum squared errors of the GPR
data and its envelope, the cross-gradient constraint, and the ER
data respectively. The GPR and ER observed data are denoted
by dow and dodc respectively. The relative permittivity and
conductivity are denoted by ε and σ.

In the following sections we explain our algorithm only for σ.
The procedure for ε is analogous except Θdc is not used since
the ER experiment is not sensitive to ε.

Envelope of GPR data
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Joint Inversion of GPR and ER data

The objective function of only the GPR data is,

Θ̃w = Θw (ε, σ; dow ) + Θw,a (ε, σ; dow,a), (2)

where Θw and Θw,a denote the sum squared errors of the
data and the envelope of the data respectively. By adding
Θw,a we enhance the low frequency content of the GPR data.
We compute the gradients gw,σ and gσ,a of Θw and Θw,a
respectivley using a time domain FWI approach (Domenzain
et al., 2019b).

Cross-gradients constraint

The cross-gradients constraint is given by minimizing the ob-
jective function,

Θτ (ε, σ) =
1
2
| |τ | |22,

τ(ε, σ) = ∇x ε × ∇x σ,
(3)

where ∇x denotes the spatial gradient in the xz-plane.

At each iteration of our algorithm, we optimize equation 3
using Gauss-Newton,

∆στ = −(Jτ,σJ>τ,σ + ατ,σI)−1 · (Jτ,σ τ), (4)

where Jτ,σ is the Jacobian of τ with respect to σ.

Our approach differs from the original formulation of cross-
gradients (Gallardo and Meju, 2003) in that we can allow one
of the parameters to remain fixed while Θτ is optimized (see
Figure 1 for an example). This enables our algorithm to enforce
the structure of either parameter over the other. In order to
achieve this, we stack the updates ∆στ during the optimization
of Θτ ,

∆στ,◦ ← ∆στ,◦ + ∆στ . (5)

After normalizing ∆στ by its largest magnitude, we scale by a
real number bσ ,

∆στ,◦ ← bσ ∆στ,◦. (6)

The weight bσ increases throughout iterations as the parame-
ters are better resolved. See Figure 2 for a qualitative diagram.

Envelope, cross-gradients and ER data

We optimize equation 1 by first computing the gradients g̃σ
and gdc of Θ̃w and Θdc respectively, and then adding the
cross-gradients update ∆στ,◦,

g̃σ ← gw,σ + βσ gσ,a + ∆στ,◦,
gdc ← gdc + ∆στ,◦.

(7)

The gradient gdc is computed using the adjointmethod (Domen-
zain et al., 2018, 2019a). All gradients are calculated in the
same computational grid.

We repeat this process for each source in our survey and write
the updates for the conductivity as,

∆σw = −
1

nw

nw∑
s=1

ασ g̃σ, (8)

∆σdc = −
1

ndc

ndc∑
s=1

αdc gdc, (9)

Figure 1: Illustration of cross-gradient possibilities. Given
estimates ε and σ in a and b, Θτ is minimized by updating
both ε and σ in c and d, updating ε and keeping σ fixed in
e, and updating σ keeping ε fixed in f. The dashed circles
are constant markers for the widths and centers of the gaussian
shapes in the given estimates of ε and σ.

where nw and ndc denote the number of sources in theGPR and
ER surveys respectively. The step-sizes ασ and αdc are com-
puted minimizing a parabolic line-search (Domenzain et al.,
2019a).

Figure 2: Qualitative optimal shape for weights throughout
iterations. Because the ER data struggles to resolve the con-
ductivity at depth in early iterations and the GPR data first
resolves the structure of the model, the weight aw is given a
larger value than adc at early iterations. Once the GPR data has
resolved enough structure, the roles of aw and adc are reversed.
The envelope weights βε and βσ remain constant through the
inversion. The cross-gradient weights bε and bσ increase their
contribution through out the inversion as the parameters are
better resolved.

The next step is to add the updates ∆σw and ∆σdc ,

∆σ = aw ∆σw + adc ∆σdc, (10)

where the weights aw and adc are computed as in Domenzain
et al. (2019a). See Figure 2 for a qualitative diagram.

We then normalize ∆σ by its largest amplitude and write,

∆σ ← c∆σ, (11)

where c is the geometric mean of the maximum amplitudes of
∆σw and ∆σdc prior to normalization.
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Joint Inversion of GPR and ER data

The update to the parameters is given by,

σ ← σ � exp(σ � ∆σ), (12)
ε ← ε � exp(ε � ∆ε), (13)

where logarithmic values of the parameters where taken to
enforce positivity constraints (Meles et al., 2010).

SYNTHETIC EXAMPLE

Figure 3: Permittivity values for the synthetic alluvial acquifer.
True, initial and recovered models in a, b and c respectively.
Source and receiver positions for a GPR shot-gather in a.

We test our algorithm on a synthetic model resembling an allu-
vial aquifer (see Figure 3a and Figure 4a). We model 20 GPR
shot-gathers with a 250MHz radar Ricker pulse on a surface
acquisition scenario as well as all dipole-dipole, Wenner and
Schlumberger ER arrays.

The GPR source-receiver spacing is 0.5m (approximately one
wavelength) with receiver-receiver distance equal to 0.125m,
see Figure 3a. The ER electrodes are placed at 1m intervals,
see Figure 4a. Figure 5a shows an example of the observed
GPR shot-gather.

We choose initial models shown in Figure 3b and Figure 4b.
They hold long wavelength structure that could be obtained
from reflection tomography and careful analysis of direct ar-
rivals as detailed in Bradford et al. (2009). The magnitude of
the initial parameters is 4% less than the true values. In Figure
6a we show that although demanding, these initial models do
not resolve most of the features in the model: the initial error
contains most of the events present in the observed data.

Our recovered parameters are shown in Figure 3c and Figure
4c. We note the shallow reflector is now placed correclty at
depth and the magnitude of the parameters in the low-velocity
region are closer to the true solution in both parameters. The

sharp corner of the low-velocity region (less than a wavelength
wide) is resolved. The bottom reflectors are also resolved.

Figure 5b shows the GPR data with the recovered parameters,
and Figure 6b shows the final error. In Figure 6b we see
artifacts at short offsets and early times caused by having the
wrong magnitude in the initial models.

CONCLUSIONS

We present a non-linear 2D multi-parameter joint inversion of
GPR and electrical resistivity (ER) data that recovers electrical
permittivity and conductivity of the subsurface. Our algorithm
makes full use of the recorded data to compute the data sen-
sitivities by using the adjoint method. We use the envelope
transform in the full waveform inversion (FWI) scheme to en-
hance longer wavelength resolution and accuracy at depth of
the parameters. By imposing structural constraints via cross-
gradients on the parameters, we are able to weigh the struc-
ture of permittivity over conductivity or vice-versa. This en-
ables our algorithm to inform both parameters of their missing
spatial-frequency content. By calculating the GPR and ER sen-
sitivities in the same computational grid, we directly link the
GPR and ER conductivity honoringMaxwell’s equations. This
improves the accuracy and low frequency content of the con-
ductivity solution, which when used with the cross-gradients
constraint, also improves the permittivity solution.

Our algorithm makes no use of external regularization. How-
ever, a smooth initial model is needed for convergence to a
satisfactory solution. We assume DC and effective conductiv-
ity are equal. Although this approximation is valid within an
order of magnitude for most earth materials, inverting for both
DC and effective conductivity is left for future work.

Figure 4: Conductivity values for the synthetic alluvial ac-
quifer. True, initial and recovered models in a, b and c respec-
tively. Electrode positions for the ER survey in a.
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Joint Inversion of GPR and ER data
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Figure 5: Example of GPR observed (a) and recovered (b) data.
In c observed and recovered ER data.

Figure 6: GPR errors of observed vs initial (a) and observed
vs final (b) data. The amplitudes are clipped to 1.5% of the
maximum amplitude in the data.
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