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Abstract: A thermodynamics-based constitutive model is developed for calcareous sand treated by microbially induced calcite precipi-
tation (MICP) to describe the effects of biocementation and its degradation by cyclic shearing within the framework of nonequilibrium
thermodynamics. The elastic potential function implemented within the constitutive model leads to a hyperelastic representation of stress-
strain-strength with considerations of true cohesion and stress-density state dependency, yielding a theoretical stress state boundary
surface for sands treated with different levels of MICP. In addition, the concepts of configuration entropy and locked energy are defined
to describe energy dissipation and corresponding irreversible deformation accumulated during cyclic loading. The effects of MICP treat-
ment on the cyclic behavior of sands can be well predicted through the definition of the MICP-induced increase in soil density and a
bonding parameter that varies as a function of the reaction index, representing the concentration and volume of microbial reactant.
Predictions of a series of undrained cyclic triaxial tests of sands with and without MICP are made to validate the model. It is shown
that a two-stage degradation of the bonding between sand particles should be considered for better predictions of the cyclic behavior. In
general, the model sufficiently captures the cyclic stress-strain hysteresis and excess pore pressure generation in MICP-treated sand and
gives insights into the underlying mechanisms. DOI: 10.1061/(ASCE)GT.1943-5606.0002666. © 2021 American Society of Civil
Engineers.

Introduction

Taking advantage of the urea hydrolysis induced by bacteria-induced
urease, the microbially induced calcite precipitation (MICP) pro-
cess can be realized efficiently within a short time in sands with
a suitable solute environment within soil pores (Whiffin 2004;
DeJong et al. 2006; Whiffin et al. 2007; van Paassen 2009; van
Paassen et al. 2010; Li et al. 2016; Mujah et al. 2017). The calcium
carbonate (CaCO3) precipitated at the soil particle contacts and on
the particle surfaces will significantly improve the physical and
mechanical properties of sand, enlarging the particle size, decreas-
ing the void ratio, forming interparticle bonds, and increasing par-
ticle surface roughness (Al Qabany et al. 2012; Montoya and
DeJong 2015; O’Donnell and Kavazanjian 2015; Pham et al. 2018;
Gao et al. 2019; Nafisi et al. 2019; Xiao et al. 2019c; Ma et al.
2021). The effects of MICP on the mechanical behavior of sand
have been studied widely in laboratory tests. Feng and Montoya
(2016), Lin et al. (2016), Cui et al. (2017), Terzis and Laloui
(2019), and He et al. (2020) studied the effects of MICP cementa-
tion level on the strength and dilatancy of biocemented sand;
Gomez et al. (2018) reported the results of large-scale laboratory
tests on the cone penetration properties of MICP-treated sand; and

Xiao et al. (2020a) examined the effect of MICP on compressibility
and reduction in grain crushing and thereby its application in pile
engineering to improve the bearing capacity (Xiao et al. 2020b). In
addition, particle size (Mahawish et al. 2018; Nafisi et al. 2020) and
particle shape (Xiao et al. 2019b; Song et al. 2021) could influence
the mechanical properties of MICP-treated soils, hence soil proper-
ties need to be considered in such applications. Due to the signifi-
cant effects of MICP on the strength and permeability of granular
matter, applications of MICP in desertification control (Gomez
et al. 2015; Duo et al. 2018; Li et al. 2020), dust suppression
(Naeimi and Chu 2017), and erosion prevention (Salifu et al. 2016;
Jiang and Soga 2017; Jiang et al. 2017; Tian et al. 2018; Wang et al.
2018; Jiang et al. 2019; Fattahi et al. 2020; Liu et al. 2020) have
also been studied. For the issue of liquefaction mitigation con-
cerned in this paper, it had been reported that MICP-treated sand
exhibits a remarkably higher resistance to cyclic liquefaction
(Montoya et al. 2013; Riveros and Sadrekarimi 2020a). Due to
the ability of cohesionless soils to readily absorb injected bacterial
and reactant solutions, MICP provides a suitable and highly effi-
cient approach for the mitigation of liquefaction at developed and
undeveloped sites. Numerous laboratory investigations have been
implemented to evaluate the dynamic responses of MICP-treated
liquefiable soils (Sasaki and Kuwano 2016; Feng and Montoya
2017; O’Donnell et al. 2017a; Simatupang et al. 2018; Xiao et al.
2018; Darby et al. 2019; Zamani and Montoya 2019; Riveros and
Sadrekarimi 2020b). Recently, Xiao et al. (2019a) reported a series
of undrained cyclic triaxial tests studying the effect of initial rel-
ative density on the cyclic behavior of calcareous sand treated with
different levels of MICP. However, the detailed mechanical mech-
anisms controlling the cyclic behavior of MICP-treated sand and its
constitutive modeling remain relatively understudied. It has been
shown that MICP-treated sand exhibits distinct cyclic responses as
compared with the untreated sand (Montoya et al. 2013; Sasaki and
Kuwano 2016; O’Donnell et al. 2017b; Xiao et al. 2019a), which
presents significant necessity to establish an appropriate constitu-
tive model for implementation within numerical analyses.

The development of constitutive models within critical state frame-
work for structured clays and artificially bonded, cement-treated,
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and gypsum-treated soils (Kasama et al. 2000; Rouainia and Muir
Wood 2000; Baudet and Stallebrass 2004; Lee et al. 2004;
Yu et al. 2007; Suebsuk et al. 2010, 2011; Yan and Li 2011) pro-
vides a basis to establish an appropriate constitutive model for
MICP-treated sand (Porcino and Marcianò 2017). However, the
constitutive model of bonded geomaterials subjected to cyclic load-
ing remains a challenge for geotechnical engineers and researchers.
Existing cyclic constitutive models for unbonded sands or clays are
usually developed within the framework of classical elastoplastic-
ity. Among these models, the generalized plasticity (Pastor et al.
1990), multiyield surface model (Mroz 1967; Yang and Elgamal
2008), and bounding surface model (Dafalias and Popov 1976;
Bardet 1990; Manzari and Dafalias 1997; Xiao et al. 2014;
Ziotopoulou 2014) have been developed to model the cyclic lique-
faction or cyclic mobility of soils, allowing plastic strain accumu-
lation in the unloading and reloading processes. Zhang and Wang
(2012) proposed a constitutive model for predicting large postlique-
faction deformations of sand by decomposing the volumetric strain
into different specific components. More complexly, rotational
yield surfaces (Zheng 2015) or fabric parameters (Li and Dafalias
2012; Rahimi et al. 2016) are introduced to consider the effects of
stress-induced anisotropy on the cyclic soil behaviors. Cyclic con-
stitutive models have been coupled with hypoplasticity (Wang and
Ma 2019) or the critical state model with a kinetic hardening rule
(Barrero et al. 2020) to improve their ability to reproduce observed
response. These models provide an effective way to capture the
cyclic response of sands but require additional laws for yield sur-
faces or the evolution of bounding surfaces. Consideration of the
effects of particle bonds in cyclic shear can therefore pose a chal-
lenging task.

Alternatively, the nonequilibrium thermodynamic theory (Groot
and Mazur 1962) provides an effective framework to develop a
cyclic constitutive model for soils (Zhang and Cheng 2015; Zhang
2017). More recently, Zhang et al. (2021) proposed a thermody-
namic constitutive model for bonded and unbonded soils. However,
this model was mainly developed for modeling soil behavior under
monotonic loading rather than cyclic loading, and hardly used for
modeling bonded soils under cyclic loading, as the residual elastic
energy [or the frozen elastic energy (Collins 2005)] and the deg-
radation of bond (precipitated CaCO3) structure have not been fully
considered. Therefore, an enhanced nonequilibrium thermody-
namic approach is employed in this paper to derive a cyclic con-
stitutive model, which is proposed herein for MICP-treated sand.
Based on the fundamental considerations of the energy potential
and dissipation, as well as the degradation of the bond structure and
corresponding cohesion reduction, the proposed model can capture
both the prefailure and postfailure behavior of MICP-treated sand
under cyclic loading. A reaction index representing the concentra-
tion and volume of the urea-calcium solution used in the MICP
process is incorporated into the model to predict the behavior of
sands treated with different levels of MICP.

Cyclic Constitutive Theory for MICP-Treated Sand

A cyclic constitutive model for MICP-treated sand based on
thermodynamics is presented here. For simplification, it is assumed
that the sand is an initially isotropic material and only stress-
induced anisotropy is considered under cyclic loading. Following
the concepts of configuration entropy and temperature in thermo-
dynamics (Valanis et al. 1993; Evans and Frost 2010; Evans and
Brown 2014; Preisler and Dijkstra 2016), the granular configuration
temperature Tc is employed here to consider the effect of granular
configuration on the mechanical responses of sand. Within this

concept, sand liquefaction results from the transition of a granular
element from granular solid state to granular liquid (liquefied) state
when Tc increases to a threshold value Tct due to density reduction
or undrained shearing. A detailed introduction of Tc can be found
in the Supplemental Materials.

State-Dependent Hyperelastic Relations

In hyperelasticity, elastic constitutive relations are given by the ef-
fective stress tensor, σ 0

ij ¼ ∂ωe=∂εeij, where ωe is the macroelastic
potential density; and εeij is the elastic strain tensor. For granular
matter, elasticity vanishes when the solid volume fraction becomes
too low or the granular microstructure becomes too weak to enable
elastic interactions among granular particles, leading to the granular
liquid states (i.e., Tc → Tct) at which σ 0

ij ¼ 0. Thus, the following
new hyperelasticity-based effective stress principle, which depends
on Tc, can be defined from thermodynamics to provide a unified
treatment of the elasticity of granular matter at different states

σij ¼ σ 0
ij þ uδij; σ 0

ij ¼ ð1 − Tc=TctÞσe
ij; σ

e
ij ¼ ∂ωe=∂εeij ð1Þ

where σij and σe
ij = total and elastic stress tensors, respectively; u =

pore pressure; and δij = Kroneker delta. The elastic energy potential
density ωe is usually defined as a function of the following strains:

εev ¼ εeijδij ¼ εeii; εes ¼
ffiffiffiffiffiffiffiffiffiffiffi
eeije

e
ij

q

εet ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eeije

e
jke

e
ki

3

q
; eeij ¼ εeij − εevδij=3 ð2Þ

where εev = elastic volumetric strain; and εes and εet = second and
third invariants of the deviatoric elastic strain tensor eeij.

Zhang and Cheng (2015) derived a function of elastic potential
for soils, in which a cohesion-related strain index εc was introduced
to account for the bonding-induced tensile strength in the strain
space. Based on a similar approach, the stress-induced anisotropy
of elasticity associated with the third elastic strain invariant and the
bonded structural potential are further considered in this study. To
this end, a bond (precipitated CaCO3) structure index εbs is defined
here to describe the elastic structural potential resulting from the
friction and interlocking within bonded materials in the strain
space. Therefore, ωe is defined here in terms of elastic strain invar-
iants as well as εc and εbs

ωe ¼ Bðεev þ εcÞm
�
εev − εc=ðmþ 1Þ
ðmþ 2Þ=ðεev þ εcÞ

þ ξðεesÞ2
�

þ B
ðεcÞmþ2

ðmþ 2Þðmþ 1Þ þ Bθ
ðεet Þ3

ðεesÞ1−m
þ B

ðεbsÞmþ2

mþ 2
ð3Þ

where the first two terms on the right side were proposed in Zhang
and Cheng (2015) by defining ½Ke;Ge� ∝ ðεev þ εcÞm with a non-
linear index m (where Ke and Ge are the elastic bulk and shear
moduli, respectively); the third term with εes and εet = elastic poten-
tial leading to the stress-induced anisotropy of elasticity (Xiao et al.
2020c); and the last term = bonded structural potential, simply
defined as a power function of εbs. In Eq. (2), B is a stress-
dimensioned parameter for elastic modulus, described below;
and ξ and θ are two dimensionless material constants quantifying
the bulk and shear moduli. It should be noted that εc and εbs will
eventually vanish when the cohesion and bond structure are fully
destroyed under cyclic loading. Substituting Eq. (3) into Eq. (1)
results in the following analytical nonlinear hyperelastic relation-
ship for MICP-treated sand:
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σ 0
ij ¼ ð1 − Tc=TctÞσe

ij ¼ ð1 − Tc=TctÞðpeδij þ SeijÞ
pe ¼ Bðεev þ εcÞmεev þ Bmξðεev þ εcÞm−1ðεesÞ2
Seij ¼ ½2ξðεev þ εcÞm − ð1 −mÞθðεet Þ3=ðεesÞ1−m�

× Beeij þ ð3Bθ=ðεesÞ1−mÞ½eeikeekj − ðεesÞ2δij=3� ð4Þ

where pe and Seij = elastic pressure and elastic deviatoric stress ten-
sor, respectively. Eq. (4) can be reduced to a nonlinear expression
for untreated sands with εc ¼ 0. Furthermore, the parameter B
should be regarded as a density-dependent variable to describe the
effect of density on the elastic stiffness and strength for both
bonded and unbonded sands, and is given by

B ¼ B0ekρ ð5Þ
where B0 = material constant with a dimension of stress; k = param-
eter that controls the density dependency of elastic behavior; and
ρ = dry density of the MICP-treated sand.

It should be noted that Eq. (2) only gives the macroelastic po-
tential that can be simultaneously released upon the unloading of
macroeffective stress. There also exists elastic potential locked
within the force network within a sand matrix as a result of plastic
deformation (Zhang and Cheng 2015), which is defined as residual
elastic potential in this study (also called locked energy or frozen
elastic energy) (Palmer 1967; Jefferies 1997; Collins 2005; Yan and
Li 2011). Similarly, the residual elastic strain tensor, denoted as εrij,
can be defined as another state variable for the definition of residual
elastic potential density ωr. Its conjugate state variable is the
residual stress tensor σr

ij, determined by σr
ij ¼ ∂ωr=∂εrij. Following

the hyperelastic model proposed by Houlsby et al. (2005), the def-
inition of ωr is given by

ωr ¼ ½B=ðmþ 2Þ�½ðεrvÞ2 þ ξðεrsÞ2�ð1þm=2Þ

εrs ¼
ffiffiffiffiffiffiffiffiffiffiffi
erije

r
ij

q
; εrt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erije

r
jke

r
ki

3

q
; erij ¼ εrij − εrvδij=3 ð6Þ

where εrvð¼ εrkkÞ = residual elastic volumetric strain; and εrs and εrt =
second and third invariants of the residual elastic-deviatoric strain
tensor, erij, respectively. Then, the residual stress takes the form of

σr
ij ¼ B½ðεrvÞ2 þ ξðεrsÞ2�m2 ðεrvδij þ ξerijÞ ð7Þ

where the third invariant εrt is not considered. The macroelastic po-
tential and the residual elastic potential are considered to be inde-
pendent from each other, so that σr

ij does not directly contribute to
the macroelastic effective stress. However, σr

ij significantly affects
both the monotonic and cyclic inelastic behavior of sand, as will be
presented below.

Plastic Laws and Degradation of MICP Bonding

According to Eq. (1), all elasticity would disappear for sands in a
fluid state with a granular configuration temperature Tc ¼ Tct.
Therefore, a more generalized definition for the strain rate compo-
nents within the thermodynamic paradigm should be considered as

ð1 − Tc=TctÞε̇ij ¼ ε̇eij þ ε̇gpij ð8Þ

where εgpij = generalized plastic strain tensor different from the
common concept of plastic strain when taking Tc into account.
When Tc ¼ Tct, the elastic strain will approach zero at a rate of
ε̇gpij [i.e., Eq. (8) is reduced to ε̇eij = −ε̇gpij ]. The sand at such a state
will then deform like a fluid of suspended particles without effec-
tive stress (Uzuoka et al. 1998; Wang et al. 2020). For MICP-
treated sand, this can occur if the bonded particle structure is totally

destroyed due to shearing. Eq. (8) in fact implies a total inelastic
strain rate of ε̇ieij ¼ ε̇gpij þ ðTc=TctÞε̇ij, in which the term ðTc=TctÞε̇ij
can be referred to as a configuration strain rate.

Following the thermodynamic theory proposed by Zhang and
Cheng (2015) and Zhang (2017), the generalized plastic strain rate
of tensor εgpij can be defined as a function of ðεeij − εrijÞ to consider
the increased resistance of material to plastic deformation due to the
residual stress. This results in

ε̇gpij ¼ Θðεev þ εcÞm
× ½λvðεev − εrv − αðεesÞ2=ðεev þ εcÞÞδij þ λsðeeij − erijÞ� ð9Þ

where λv and λs = dissipative coefficients for inelastic volumetric
and shear strains, respectively; the term −αðεesÞ2=ðεev þ cÞ deter-
mines the plastic volumetric strain rate induced by shear dilation;
and the dilation index α is related to the critical state line (CSL). To
ensure that all dissipation of energy ceases upon cessation of strain,
a strain rate factor Θ is defined as

Θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε̇2v þ ėijėij

q
ð10Þ

where ε̇v = volumetric strain rate; eijð¼εij − εvδij=3Þ = deviatoric
strain tensor; and ėij = deviatoric strain tensor rate.

It is known that the generation and dissipation of residual elastic
potential can only develop in response to plastic deformation
(Collins 2005). Therefore, based on the thermodynamic approach
(Zhang and Cheng 2015), a production term ε̇gpij and a dissipation
term in proportion to εrij can be defined in the expression of the
residual elastic strain rate as follows:

ε̇rij ¼

8>><
>>:

ε̇gpij
production

−
ffiffiffi
α

p
ε̇gpkl ε

r
kl

krðεev þ εcÞ
1ffiffiffiffiffiffiffiffiffiffi
εrstεrst

p εrij

dissipation

ε̇gpkl ε
r
kl ≥ 0

ε̇gpij ε̇gpkl ε
r
kl < 0

ð11Þ

where the dissipation term is derived under the presumption that at
the critical states (ε̇gpv ¼ 0 and εc ¼ 0),

ffiffiffiffiffiffiffiffiffiffi
εrstεrst

p ¼ krεev=
ffiffiffi
α

p ¼ krεes
with a material constant kr, as will be discussed in the following
section. The term ðεev þ εcÞ in Eq. (11) also implies that larger εrij
can be expected under a larger effective confining pressure and a
higher magnitude of cohesion. In simulations, the initial value of
residual elastic volumetric strain at a specific isotropic compression
state is simply taken as krðεev0 þ εcÞ, where εev0 is the initial elastic
volumetric strain for the initial effective confining pressure.

Employing the thermodynamics, the following thermodynamic
conjugates of εc and εbs should be defined to quantify the degra-
dation laws of the cohesion and bond structure

pc ¼ ∂ωe=∂εc; pbs ¼ ∂ωr=∂εbs ð12Þ
where pc and pbs = degradation stresses that determine the degra-
dations of cohesion and bond structure according to

ε̇c ¼ −kcΘεcpc; ε̇bs ¼ −kbsΘεbspbs ð13Þ
where kc and kbs = parameters controlling the degradation rates of
cohesion and bond structure, respectively.

The evolution of plastic and residual elastic strains [Eqs. (9) and
(11)] and the bond degradation [Eq. (13)] will contribute to the en-
ergy dissipation of MICP-treated sand (see Supplemental Materials
for details). In response to the resulting energy dissipation, the fol-
lowing simplified expression for the evolution of Tc can be defined
for bonded and unbonded sands:

Tc ¼ Tct½1 − tanhðk0
ffiffiffiffiffi
ωe

3
p − 3Þ�Wp=½2ðWp þ aÞ� ð14Þ

© ASCE 04021149-3 J. Geotech. Geoenviron. Eng.
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where k0 and a = material constants; and Wp = accumulated dis-
sipated energy [Eqs. (S1)–(S5)]. The MICP bonding effect on Tc is
naturally considered when Eq. (3) is substituted into Eq. (14),
which is a simplified version of Eq. (S1). For MICP-treated sands
at a free effective stress state (εeij ¼ 0) with large Wp, there is an
MICP bond-induced structural potential quantified by ωe ¼ω0 ¼
BðεbsÞmþ2=ðmþ2Þ and thus Tc=Tct → ½1 − tanhðk0

ffiffiffiffiffiffiffiffi
ω03

p − 3Þ�=2,
so that Tc reduces well below Tct. Therefore, the MICP bonds pre-
vent sands from being liquefied until the bond structure is fully
destroyed under shearing.

Basic Model Features and Model Calibrations

Using the hyperelastic relationships of Eqs. (1) and (4), the inelastic
strain laws of Eqs. (8), (9), and (11), the bonding degradation law of
Eq. (13), and the granular configuration temperature relation of
Eq. (14), the cyclic constitutive behavior of MICP bonded sand
can be predicted. In this section, some basic model features will be
discussed, from which the model calibration can also be clarified.

Hyperelasticity-Based State Boundary for Sands

The hyperelastic effective relationship presented in Eqs. (3) and (4)
naturally restricts the effective stress state within a state boundary in
stress space. With the third invariant of deviatoric elastic strain ten-
sor considered, it will be able to account for the stress-induced
anisotropy in the stress-strain hysteresis and state boundary of
sands. To simplify the discussion hereafter, presumed loading paths
in elastic strain space can be defined with a constant Lode angle θ
defined by

cos 3θ ¼
ffiffiffi
6

p
ðεet =εesÞ3 ð15Þ

which is 1 for triaxial compression and −1 for triaxial extension.
The mean effective stress p 0 and generalized deviatoric stress q
(¼ ffiffiffiffiffiffiffiffiffiffiffi

SijSij
p

, where Sij is the deviatoric stress tensor) are then

p 0 ¼ Bð1−Tc=TctÞ× ½ðεev þ εcÞmεev þmξðεev þ εcÞm−1ðεesÞ2�
q¼ Bð1−Tc=TctÞεes ×

h
2ξðεev þ εcÞm þ θðmþ 2Þcos3θðεesÞm=

ffiffiffi
6

p i

ð16Þ

Eq. (16) leads to pressure-dependent elastic stiffness for un-
bonded sands under isotropic stress conditions according to
½Ke;Ge� ∝ ðp 0Þm=ðmþ1Þ, from which the nonlinear index m can be
determined to simulate accurate elastic deformation. In the absence
of measurements of the ½Ke;Ge�-p 0 relationship, m is usually taken
as a constant of 0.5 according to the work of Jiang and Liu (2003,
2004). It is assumed here that the value ofm does not change due to
the MICP cementation, which should be examined carefully by
experimental tests in future studies.

In all cases, effective stress states of bonded and unbonded
sands cannot surpass a state boundary in stress space as a natural
theoretical result of Eq. (16). It corresponds to the states where the
tangent elastic stiffness matrix ½H� in the incremental stress-strain
relationship fdp 0dqgT ¼ ½H�fdεevdεesgT becomes singular, which
requires the determinant

ð∂p 0=∂εevÞð∂q=∂εesÞ − ð∂p 0=∂εesÞð∂q=∂εevÞ ¼ 0 ð17Þ
Figs. 1(a–c) show the predicted state boundary surface in prin-

cipal stress space that transitions from a circular cone to a triangular
cone when increasing the stress-induced anisotropy parameter ϑ
from zero to a relatively large value. The stress-induced anisotropic
strength can thus be observed and controlled by the parameter ϑ,

Fig. 1. State boundary surfaces in effective principal stress space:
(a) θ ¼ 0; (b) θ ¼ 0.05; and (c) θ ¼ 0.15.

© ASCE 04021149-4 J. Geotech. Geoenviron. Eng.
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accompanied by a stress-induced anisotropy in elastic moduli ac-
cording to Eq. (16).

MICP Reactant Index

In the model, the cohesion-related strain index εc and the bond
structure index εbs are used to quantify the MICP bonding effects
on the mechanical behavior of sands. The MICP will also decrease
the void ratio of sands and thus increases their stiffness and
strength. It is therefore essential to determine how a particular
MICP treatment affects the dry density of sand and the magnitudes
of εc and εbs. To this end, a reaction index for MICP treatment (Liu
et al. 2019) is given as

Rc ¼ VcðCc=CaÞkm ð18Þ

where Vc = reactant solution volume used for per unit volume of
sand; Cað¼1 mol=LÞ = standard concentration for normalization;
Cc = concentration of reactant solution; and kmð¼1.8Þ = constant
power index for Rc (Liu et al. 2019). Details regarding the MICP
reactant solution can be found in Xiao et al. (2019a). The Rc values
of MICP-treated specimens are summarized in Table S1.

MICP-Improved Density and Strength

The variation of CaCO3 mass precipitated per unit volume of sand,
i.e., the increased density ρc, varies as a linear function of Rc, as
shown in Fig. 2(a). The effect of MICP on the elastic stiffness and
strength of sand can be considered by substitution of ρ ¼ ρ0 þ ρc
into Eq. (5), where ρ0 is the dry density of sand without MICP
treatment. However, considering that only the CaCO3 precipitated
in contact regions between particles has major effects on the
mechanical behavior of sand (DeJong et al. 2010; Al Qabany and
Soga 2013; Cheng et al. 2013; Martinez et al. 2013; Soon et al.
2014; Gowthaman et al. 2019; Mahawish et al. 2019; Lin et al.
2020), this will lead to a certain extent of overevaluation of MICP
effects. For this reason, instead of employing the real dry density,
an equivalent dry density of sand treated with MICP should be de-
fined for the state variable ρ throughout the model. To this end, it
can be defined as

ρ ¼ ρ0 þ 0.11χρRc ð19Þ

where a reduction coefficient χρ denotes the proportion of the ef-
fective CaCO3 to the total precipitated CaCO3. Based on the un-
drained critical state strength increment of MICP-treated calcareous
sand to untreated calcareous sand (Liu et al. 2019), the effective

Fig. 2. (a) Relationship between increased density and MICP reaction index; (b–e) relationships for state boundary; and (f–i) predictions and
validations for MICP-treated sand in monotonic loading.
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CaCO3 increment can be determined, and thereby an average value
(0.57) of χρ is adopted based on the ratio of the effective CaCO3

increment to the observed total CaCO3 increment in density.
Table S1 lists the ρ values of MICP-treated specimens.

Then, the initial εc and εbs before loading can be defined as a
linear function of Rc as follows:

εc ¼ m1Rc; εbs ¼ m2Rc ð20Þ
where m1 and m2 = two coefficients.

Critical State Based on the Proposed Model

At critical state, shear strain develops continuously under constant
effective stress and density, i.e., ε̇v ¼ 0, ε̇eij ¼ 0, ε̇rij ¼ 0, and hence
ε̇gpij ¼ ε̇ij. During shear loading, the cohesion εc and the bond struc-
ture index εbs will be fully degraded at critical states so that eventually
εc ¼ 0 and εbs ¼ 0. Additionally, the critical granular configuration
temperature should be at its minimum level corresponding to a critical
state density, i.e., Tc-cs ¼ 0 when Eq. (14) is adopted (the case in
this study). Thus, from Eqs. (8), (9), and (11), εrv-cs ¼ 0 and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeeij − erijÞðeeij − erijÞ

q
ðεevÞmj

cs
¼ 1=λs

εes−cs=εev−cs ¼ 1=
ffiffiffi
α

p
; εrs-cs=εev-cs ¼

krffiffiffi
α

p ð21Þ

where the subscript cs = corresponding value at the critical state.
Under triaxial conditions, the first equation in Eq. (21) can be sim-
plified to

ðεev−csÞmεes−cs ¼ 1=½λsð1 − krÞ� ð22Þ
Substituting Eqs. (21) and (22) into Eq. (16), the CSL of sand

can be described by

qcs
p 0
cs
¼ 2ξ þ ðmþ 2Þθ cos 3θ=ð ffiffiffi

6
p

αm=2Þffiffiffi
α

p þmξ=
ffiffiffi
α

p

qcs ¼
B0ekρ

λsð1 − krÞ
�
2ξ þ mþ 2ffiffiffi

6
p

αm=2
θ cos 3θ

�
ð23Þ

Eq. (20) shows that both the critical shear strength and the slope
of CSL depend on the Lode angle.

Model Parameter Calibrations

The proposed model contains 14 model parameters. Their detailed
calibrations are presented in the following sections.

Four Parameters for Elasticity
For unbonded sands, the state boundary in q-p 0 space is simply a
straight line through the origin, the slope of which is defined as the
maximum effective stress ratio, ηm (= ðq=p 0Þm). The parameters ηcm
and ηem are the values of ηm for triaxial compression and extension,
respectively. It can be derived that ηm ¼ ðξ=mÞ0.5 for all Lode an-
gles without stress-induced anisotropy (θ ¼ 0). Based on ηcm of 1.8
and ηem of 1.05 from the experimental data (Liu 2018; Xiao et al.
2019a), the ξ value of 1 can be estimated from the equation, ðηcm þ
ηemÞ=2 ≈ ðξ=mÞ0.5 [Fig. 2(b)]. Based on ξ ¼ 1 and εc ¼ 0, the
variation of ηm with θ for unbonded sand can be obtained. As
shown in Fig. 2(b), ηcm increases with θ and ηem decreases with θ,
leading to more significant stress-induced anisotropy. Conse-
quently, θ of 0.44 is determined based on ηcm ¼ 1.8 or ηem ¼ 1.05.

From Eq. (23), ln qcs ∝ kρ, and thus k ¼ 0.00615 m3=kg is de-
termined as the CSL slope in the ln qcs - ρ space from the triaxial

tests reported by Liu (2018). With k determined, B0 can then be
calibrated according to the hyperelastic relationship for an isotropic
compression-rebound test of the unbonded sand compressed to a
mean effective stress of p 0 and a dry density of ρ; that is, B0 ¼
p 0e−kρðεevÞ−ðmþ1Þ, where εev is estimated as the volumetric strain re-
covered during the rebound test. Therefore, B0 of 0.32 MPa is deter-
mined for the calcareous sand based on the test data from Liu (2018).

Six Parameters for Plasticity
Noting that parameters ξ and ϑ have been determined according to
the hyperelasticity, the slope of CSL in the q - p 0 space is only a
function of α [Eq. (23)]. For the calcareous sand used in this study,
the α value of 3 is determined based on the undrained cyclic shear
tests (Xiao et al. 2019a), leading to a change in the CSL slope from
1.24 for triaxial compression to 0.86 for triaxial extension. The
parameter krð∈ ð0; 1�Þ in the model affects the stress-strain hyster-
etic loops, especially in one-way undrained cyclic shearing. Thus,
kr of 0.6 is suggested empirically to predict the magnitude of the
cumulative axial strain (Xiao et al. 2019a). Based on a specific criti-
cal state obtained by Liu (2018), λsð1 − krÞ ¼ 320 is calculated for
calcareous sand by Eq. (23). Thus, the λs value of 800 is deter-
mined, as kr of 0.6 has already been obtained. The parameter λv
determines the tendency of plastic dilation/contraction [Eq. (9)], and
its empirical range is from λs=3 to λs. The parameter λv is then cali-
brated as 450 according to the dilation data of unbonded calcareous
sand (Liu 2018). Meanwhile, at the critical state, k0 of 0.38 Pa−1=3 is
determined by Eqs. (3), (14), and (28), with Tc ¼ Tc-cs ¼ 0. The
parameter a ranges from 100 to 1,000 kJ=m3. The a value of
350 kJ=m3 is calibrated based on the two-way cyclic test data on
the magnitude of the cumulative axial strain (Xiao et al. 2019a).

Four Parameters for Bonding
The parametersm1 andm2 represent the extent of MICP treatment
in the improvement of cohesion strength and bond structure, re-
spectively. Both m1 and m2 empirically range from 0 to 1% in the
current study. For the MICP-treated sand, as shown in Fig. 2(c),
the state boundary line (SBL) in q-p 0 space will no longer be a
linear line through the origin but a curve perpendicular to the p 0
axis with an ultimate isotropic tensile strength p 0

t determined by

p 0
t ¼ B0ekρmm½εc=ðmþ 1Þ�mþ1 ð24Þ

Due to the degradation of cohesion, εc is decreased in response
to shearing so that the state boundary varies accordingly. How-
ever, upon tensile loading, it is realistic to presume that εc only
changes slightly before the ultimate tensile strength is reached.

Table 1. Main parameters for MICP-treated calcareous sand

Parameters Symbols Values Unit

Elasticity ξ 1 —
θ 0.44 —
B0 0.32 MPa
k 0.00615 m3=kg

Plasticity α 3 —
kr 0.6 —
λs 800 —
λv 450 —
k0 0.38 Pa−1=3
a 350 kJ=m3

Bonding m1 0.26 %
m2 0.8 %
kc 5 × 10−4 Pa−1 s−1
kbs 1 × 10−4 Pa−1 s−1

© ASCE 04021149-6 J. Geotech. Geoenviron. Eng.
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Therefore, Eq. (24) can be used to determine the initial εc-Rc re-
lationship for MICP-treated sand defined in Eq. (20). Noting that it
is usually difficult to implement an isotropic tensile test, the tensile
strength σt from uniaxial or splitting tensile tests can be used in-
stead. With a given σt, εc can be calculated by combining Eqs. (16)
and (17) with the conditions of p 0 ¼ σt=3 and q ¼ ffiffiffiffiffiffiffiffi

2=3
p

σt.
Accordingly, the εc-Rc relationship is determined using the measured
σt-Rc relationship for MICP-treated calcareous sands [Fig. 2(d)],
resulting in a slope coefficient of m1 ¼ 0.26% for the linear
εc-Rc function [Eq. (20)], as shown in Fig. 2(e). It can be assumed
that Tc of bonded sand under free stress state decreases to zero
(approximated by k0

ffiffiffiffiffiffiffiffi
ω03

p − 3 ¼ 3) at a reference Rc and a refer-
ence ρ (denoted as Rcr and ρr, respectively). Thus, m2 can be de-
rived as

m2 ¼ ð1=RcrÞ½63ðmþ 2Þ=ðB0k30e
kρrÞ�1=ðmþ2Þ ð25Þ

where Rcr ¼ 2 and ρr ¼ 1,125 kg=m3 from the tests (Liu 2018).
The m2 value of 0.8% is obtained, as all other parameters in
Eq. (25) have already been calibrated.

The two remaining parameters, kc and kbs, control the degrada-
tion rates of the cohesion and the bond structure, respectively. It
should be noted that following full degradation of cohesion due to
the destruction of bonds, the angular bond (precipitated CaCO3)
particles (abraded from or remaining on the sand particles) continue
to provide a significant magnitude of friction and interlocking
within the previously bonded material. However, one can still ex-
pect that, under continuous shearing after bond breakage, the

Table 2. Details for the simulation cases (two-way cyclic shear)

No. σd εc0 εbs0 CSR

UL1 33 0 0 0.167
UL2 29 0 0 0.146
UL3 27 0 0 0.135
UL4 25 0 0 0.125
UM1 56 0 0 0.281
UM2 50 0 0 0.250
UM3 38 0 0 0.188
UM4 33 0 0 0.167
UM5 29 0 0 0.146
UD1 83 0 0 0.417
UD2 67 0 0 0.333
UD3 58 0 0 0.292
UD4 50 0 0 0.250
T1L1 58 0.146 0.411 0.292
T1L2 50 0.146 0.411 0.25
TlL3 42 0.146 0.411 0.208
TlL4 38 0.146 0.411 0.188
T1M1 67 0.134 0.379 0.333
TlM2 58 0.134 0.379 0.292
TlM3 50 0.134 0.379 0.25
TlM4 42 0.134 0.379 0.208
T2L1 92 0.291 0.822 0.458
T2L2 83 0.291 0.822 0.417
T2L3 75 0.291 0.822 0.375
T2L4 67 0.291 0.822 0.333
T2M1 100 0.269 0.758 0.5
T2M2 92 0.269 0.758 0.458
T2M3 83 0.269 0.758 0.417
T2M4 75 0.269 0.758 0.375
T2M5 67 0.269 0.758 0.333

Note: U = untreated sand specimens; L, M, and D = loose, medium-dense,
and dense sand specimens, respectively; and Tl and T2 = specimens with
low and high MICP cementation, respectively. The confining pressure σ 0

c of
all specimens is 100 kPa. The unit of σd is kPa.

Fig. 3. Predictions and test results on untreated specimen: (a–d) σcs-εa
relationship; and (e–h) σcs-p 0 relationship.
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angular bond particles can be gradually polished and/or fractured
due to the high interparticle shearing stresses, leading to the com-
plete loss of the initial bond structure (i.e., εbs ¼ 0) (O’Donnell
and Kavazanjian 2015). Therefore, kc > kbs can be taken to en-
able a greater rate of cohesion degradation in simulations, where
the empirical ranges of kc and kbs are from 1 × 10−4 to 10 ×
10−4 Pa−1 s−1 and from 0.5 × 10−4 to 1.5 × 10−4 Pa−1 s−1, re-
spectively. The parameters kc and kbs can finally be calibrated by
trial and error based on the undrained triaxial compression tests
(Liu 2018) and the undrained cyclic shear tests (Xiao et al. 2019a)
on MICP-treated calcareous sand, respectively. Finally, the values
of the 14 calibrated model parameters are summarized in Table 1.

Model Performances and Preverifications

Sand characterized with greater Rc exhibits greater dilation and criti-
cal shear strength due to the increase in dry density in Figs. 2(f and g),
resulting in a development of larger negative excess pore pressure

in Fig. 2(g). In addition, the predicted effective stress paths even-
tually tend to return to the CSL [Fig. 2(f)] with degradation of co-
hesion in Fig. 2(h), providing evidence of the presumption that both
the cohesion and the bond structure will finally disappear due to
shearing. The data for the cases of Rc ¼ 0 and 0.57 in Figs. 2(f–h)
and the case of Rc ¼ 0 in Fig. 2(i) (for the calibration of B0) are used
to determine the previously discussed parameters. The data for the
cases of Rc ¼ 0.86 and 1.15 in Figs. 2(f–h) and the cases of Rc ¼
0.57, 0.86, and 1.15 in Fig. 2(i) are used to validate the model. The
predictions by this model are consistent with the experimental data,
indicating the validity of the calibrated model.

The state boundary and critical state features discussed previ-
ously enable the predictions of basic, monotonic mechanical behav-
iors of sands and provide the fundamental basis for modeling the
cyclic behaviors. The elastic bulk and shear moduli described by
hyperelasticity are also dependent on density and effective confin-
ing pressure, which could be one of the mechanisms for the stiff-
ness degradation of sands subjected to undrained cyclic shear.

Fig. 4. Comparison between predictions and test results: (a–f) σcs-εa relationship for untreated and MICP-treated sand; and (g–l) σcs-p 0 relationship
for untreated and MICP-treated sand.
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More importantly, the concepts of residual stress (or equivalently
the residual elastic strain) and granular configuration temperature
are proposed in the model to capture both the pre- and postlique-
faction behaviors of sands. In Eq. (9), the increase in residual elastic
deviatoric strain erij during cyclic shearing according to Eq. (11)
provides additional resistance to cyclic shearing deformation with
more residual potential or stress generated. On the other hand, the
cyclic increase in Tc to higher levels according to Eq. (14) results in
postliquefaction deformation with accumulated stiffness degrada-
tion and strain accumulation according to Eqs. (4) and (9). This
can be supported by the typical simulation results of undrained
cyclic tests and the corresponding evolution of Tc and evolution
of residual stresses shown in Fig. S1, where the cyclic shearing
stress σcs is defined as σcs ¼ σa − σl (σa is the axial stress and
σl is the lateral stress in a specimen).

Further considering the stress-induced anisotropy of calcareous
sand, both the cyclic stress-strain relationship and the effective stress
path show a different pattern from the isotropic case, as shown in
Figs. 3(a–h). The cyclic stress-strain loops in Figs. 3(a–c) gradually
shift to the extension side with increasing θ due to the dependence of
the hyperelastic parameter θ on stress anisotropy. It is shown that for
the calcareous sand in this study, the calibrated θ value of 0.44 men-
tioned before can sufficiently capture the experimental responses, as
shown in Figs. 3(c, d, g, and h).

Model Predictions and Verifications

General Information

The cyclic behavior predicted by the proposed model using the cali-
brated values of 14 parameters is examined through a comprehen-
sive comparison to the cyclic response of MICP-treated calcareous
sand reported by Xiao et al. (2019a). The comparisons will validate
the model and examine the effects of cohesion degradation, bond

structure degradation, initial density, and MICP bonding on cyclic
shear behaviors of sand. Details regarding the simulation cases
are summarized in Table 2, including the amplitude of cyclic
shearing stress σd and the cyclic stress ratio (CSR ¼ 0.5σd=σ 0

c,
where σ 0

c is the confining pressure). The initial cohesion-related
strain index εc0 is determined according to the MICP reaction in-
dex as described in Eq. (17), and the initial bond structure index
εbs0 is calculated using Eq. (18) with m2 ¼ 0.8%, Rcr ¼ 2, and
ρr ¼ 1.125 g=cm3.

Figs. 4(a–l) show comparisons between the simulations and
experimentally observed cyclic response of untreated and MICP-
treated calcareous sand, in which N represents the cycle number.
In general, the cyclic stress-strain hysteresis and effective stress
path are well reproduced by the proposed model. In particular,
the differences in responses between the compression and exten-
sion cycles are well captured. Differences in response between
the simulations and the experiments are most notable in the cyclic
extension excursions. Cyclic triaxial test results are well known to
exhibit the effects of platen separation and specimen necking for
large CSRs and axial strains (Seed et al. 1983). In this regard,
the simulations may better represent the cyclic response than the
experiments.

Notably, sand specimens with different void ratios and bond-
ing levels would show different failure mechanisms that are con-
sistent with the accumulation of strain and generation of excess
pore pressure. Especially, the cyclic anisotropic strain accumu-
lation can be captured for both treated and untreated calcareous
sands under different dry densities and CSRs; that is, in all cases,
the accumulation of strain is biased to the extension side as a
result of the stress-induced anisotropy described in both the
hyperelasticity and the plasticity. This is also supported by
the predicted cyclic strain histories of untreated and MICP-
treated, loose and medium-dense calcareous sands, as given in
Fig. S2.

Fig. 5. Evolution of axial strain and excess pore pressure with shear stress cycles of untreated calcareous sands: (a and b) initial low density; (c and d)
initial medium-dense density; and (e and f) initial density.
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Cyclic Behavior of Untreated Calcareous Sand

The cyclic behavior of untreated calcareous sand largely depends
on the initial dry density, the effective confining pressure, and the
cyclic shear stress amplitude (Xiao et al. 2019a). Typical prediction
results for unbonded specimens can be found in Fig. 4 as well as in
Fig. S3. Figs. 5(a–f) compare the observed and simulated strain and
excess pore pressure for the unbonded calcareous sand specimens.
It is shown that the loose and medium-dense specimens sheared
under different CSRs exhibit similar failure patterns, in which a
fast increase in the accumulated strain is triggered at a certain cycle
number and the pore pressure continuously increases to its maxi-
mum. On the contrary, dense sand specimens sheared under a high
CSR exhibit a gradually decreasing rate of excess pore pressure
generation as the effective stress path approaches the failure state,
resulting in a more progressive pattern of strain accumulation. Fur-
thermore, specimens of the same dry density sheared under the
same confining pressure exhibit an initial period of low pore pres-
sure development as the CSR decreases, which is captured by the
model simulations. On the whole, these model predictions for
density and CSR effects on the cyclic strain accumulation and
generation of excess pore pressure are consistent with the exper-
imental data.

Effects of Biocementation on Cyclic Behavior

The effects of biocementation on the undrained cyclic behavior of
sand are attributed to the increase in dry density, the cohesion, and
the bond structure, all of which tend to increase the cyclic resistance
of sand. During cyclic loading, the effect of an MICP-induced in-
crease in density is constant, whereas the effects of cohesion and
bond structure will eventually vanish due to cyclic degradation. It is
therefore important to associate such mechanisms with the evolu-
tion of strain and effective stress. As shown in Figs. 6(a–d), the
cyclic shear strength of medium-dense calcareous sand is markedly
improved by increasing Rc from 0.56 to 1.03, with the cycle number
required for generating an axial strain of 5% on the extension side
increasing from 23 to 200. Figs. 6(a–d) also show that the anisotropy
of strain accumulation is increased by the bonding effects. With a
high MICP-treatment level, the strain of medium-dense calcareous
sand sheared with σd ¼ 67 kPa accumulates almost entirely on
the extension side and the cyclic stress-strain hysteresis shifts to the
extension side after a certain number of cycles.

Comparison of the development of strain before and after the
first encounter with the failure envelope (i.e., CSL) on the extension
side indicates two different strain mechanisms. In order to better
interpret the underlying mechanisms, Figs. 6(e–h) present the evo-
lution of the normalized cohesion-related strain index εc=εc0 and
the normalized bond structure index εbs=εbs0 with the normalized
cyclic number N=NL, where NL is defined as the cycle number
required to trigger liquefaction. For the case of T1M1, both εc
and εbs are nearly fully degraded at the time that the effective stress
path touches the CSL at N ¼ 13 [Fig. 6(b)], resulting in a cyclic
behavior similar to that of an unbonded sand, thus leading to the
accumulation of strain at a relatively high rate. On the contrary, for
the case of T2M5, in which the Rc is larger and a larger initial value
of εc and εbs is used, the failure line is first reached at N ¼ 60 with
a small extensional strain of 0.16% [Fig. 6(c)]. Although εc has
been degraded to a low magnitude at this point, the bond structure
parameter εbs is degraded only slightly [Fig. 6(h)], so that the sand
continues to deform more like a solid with a corresponding granular
configuration temperature far from the threshold temperature. That
is why in the T2M5 case, a low level of strain accumulation is main-
tained for a large number of cycles afterN ¼ 60, and why relatively
significant strain accumulation in the same case is observed at the

Fig. 6. (a–d) Prediction of the cyclic behavior; and (e–h) evolution of
the cohesion or structure index with cyclic number.
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end of simulation when the bond structure is degraded gradually to
a low level. Therefore, the degradation of cohesion and bond struc-
ture can be regarded as the fundamental mechanisms of cyclic re-
sistance in the cyclic response of bonded sands. More importantly,
as shown in Figs. 6(e–h), all the simulation cases show a two-stage
degradation of the bonding effects: in Stage 1 the cohesion is fully
or largely degraded, and in Stage 2 the bond structure is destroyed
gradually or rapidly (depending on Rc, dry density, and CSR). In all
cases, the effective stress paths of the bonded sands rarely surpass
the final CSL determined for the corresponding unbonded case, in-
dicating that the cohesion should degrade first. However, once the
cohesion is fully degraded, there are still sufficient structural effects
from the interlocking and friction inside the precipitated CaCO3

particles fractured in shearing, which can only be fully destroyed
due to shearing in Stage 2. From the modeling perspective, such a
two-stage cyclic bonding degradation can be captured by appropri-
ate calibration of the parameters governing the degradation of
cohesion and bond structure in Eq. (12).

Figs. 7(a–h) compare the simulated and measured results of
strain and excess pore pressure generation in MICP-treated calca-
reous sand. In general, the cyclic behavior of the MICP-treated
sand is well captured by the proposed model. The results of the
simulations are used to generate the CSR-NL relationships for the

different treatment cases, as shown in Fig. 7(i). The cyclic shear
strength area between CSR-NL curves for loose and medium-dense
calcareous sands is shifted up by the low-level MICP treatment, and
the sand specimens in the cases of T1L have similar cyclic shear
strengths as the medium-dense unbonded sand (UM). With a high
level of MICP bonding, this shear strength area is remarkably
shifted above the CSR-NL curve for the dense unbonded sand (see
the curves for T2L and T2M). However, the loose sand specimens
bonded with Rc ¼ 1.12 have even higher cyclic strengths than the
medium-dense specimens bonded with a slightly lower Rc of 1.03,
which corresponds to both smaller εc and εbs. This indicates that,
with the increase of MICP-treatment level, the cyclic strength is
mainly controlled by the MICP bonding rather than the initial un-
bonded conditions.

Comparing the cases of T1 and T2 in Figs. 7(a–d), it is clear that
the patterns of pore pressure development could be different be-
tween weakly and strongly bonded specimens. Depending on the
CSR, three stages of excess pore pressure generation can be ob-
served in the predicted responses for those specimens correspond-
ing to strongly bonded cases (e.g., T2L-0.333, T2M-0.333, and
T2M-0.375), including (1) a stage of rapid increase during early
cycles, (2) the quasi-stable stage of relatively constant-rate increase
in excess pore pressure, and followed by (3) the rapid failure to

Fig. 7. Comparisons between model predictions and test results of MICP-treated specimens with different densities and CSRs: (a–d) axial strain
development; (e–h) excess pore pressure; and (i) comparison of model predictions of the CSR-NL relationship for untreated and MICP-treated
specimens.
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liquefaction. From Figs. 6(g and h), most of the degradation in
cohesion is completed in Stage 1; however, the bond structure con-
tinues to contribute to stability during Stage 2, leading to a quasi-
stable stage with excess pore pressure developing slowly. This
quasi-stable period may be maintained for a large number of cycles,
particularly for specimens subjected to lower CSRs, prior to the
rapid degradation of the bond structure that leads to Stage 3, man-
ifested by an accelerated increase in the rate of excess pore pres-
sure. Due to the degradations of cohesion and the associated bond
structure, all of the bonded specimens in Figs. 7(a–d) exhibit a
smaller strain accumulation during the early cycles but a sharper
increase in the strain accumulation to failure than the unbonded
dense (UD) specimens in Fig. 5(e), which exhibit similar CSRs
(e.g., 0.417 of UD1 versus 0.458 of T2L1 or 0.458 of T2M2).

In order to demonstrate the prediction accuracy quantitatively,
the error in the predicted number (Nε) of cycles required to generate
a given cumulative axial strain εa is presented in Fig. 8 for the com-
parison between experimental and predicted results shown in Figs. 5
and 7 for both unbonded and bonded specimens. Noting that the
logarithm of cycle number is usually used in evaluating the cyclic
responses of soils (Truong et al. 2021), the logarithmic error of Nε

is used here, i.e., RΔNε ¼ j lnðNp
ε =Nm

ε Þj= lnNm
ε , where N

p
ε and Nm

ε
are the predicted and measured Nε, respectively. It is demon-
strated in Fig. 8 that for most cases large errors are only observed
for an initial cycle number corresponding to an axial strain smaller
than 0.5%. Although the model should be improved to address

accuracy for these small-strain amplitudes, the error in Nε de-
creases to 10% or smaller for axial strain >0.5%. Exceptions in-
clude cases of T2M2 and T2M5 (with large-strain error ranging
from 10% to 20%) and cases of T1M4, UM2, and UD1 (with large-
strain error of about 30%). In general, most of the predictions are
consistent with the experimental results and suggest that the model
represents a promising approach for capturing the cyclic response of
biotreated sands.

Conclusion

In this paper, a cyclic constitutive model is developed for MICP-
treated calcareous sands based on the nonlinear hyperelasticity- and
thermodynamics-based plasticity. The main conclusions are sum-
marized as follows:
1. In this model, the macroelastic potential and the residual elas-

tic potential are defined for MITP-treated sands, leading to
nonlinear hyperelastic relations that account for stress-induced
anisotropy, cohesion, and bond (precipitated CaCO3) structure.
Then, the hyperelasticity is coupled with thermodynamic plas-
ticity. Significantly, the concepts of granular configuration
entropy and temperature are incorporated into the hyperelastic-
plastic formulation to account for the effects of particle con-
figuration evolution on the cyclic behavior of sand. Using such
an approach, the cyclic behavior of both untreated and MICP-
treated sands can be well predicted by the model without
concepts such as yield surface, plastic potential surface, loading/
unloading criterion, and mapping rules, which helps to decrease
the complexity and number of parameters in the cyclic constitu-
tive model.

2. The undrained cyclic behavior of untreated sand can be attrib-
uted to the state-dependent elastic modulus based on hyperelas-
ticity, the storage and relaxation of residual elastic potential,
and the evolution of granular configuration temperature. The
residual elastic potential and hence the residual stress can be
stored and relaxed due to the nonelastic deformation, providing
additional resistance of the sand to plastic deformation and
forming the hysteretic stress-strain loops in both one-way and
two-way cyclic shear loadings. During this process, the granular
configuration temperature gradually increases and approaches
the threshold value at which the sand loses all elasticity, finally
leading to liquefaction. The stress-induced anisotropy of the
SBL and that of the CSL are also considered.

3. An MICP reactant index is defined in this study to couple the
details of MICP treatment with the cyclic model. The MICP
bonding effects on the cyclic behavior of sand are interpreted by
the increased dry density, the cohesion, and the bond structure.
It is shown that a two-stage cyclic degradation of bonding ef-
fects should be reproduced in a cyclic constitutive model for
MICP-treated sands, in which the bond structure is able to
be kept at a high level even after the cohesion is fully degraded
due to cyclic shear loads. This can be regarded as the fundamen-
tal mechanism underlying the cyclic behavior of sands treated
with different MICP-treatment levels. The anisotropy of strain
accumulation on compression and extension sides can be pre-
dicted by the model, depending on the initial untreated dry den-
sity, the cyclic stress ratio, and the MICP-treatment level. The
model also captures that the cyclic shear strength of bonded sand
is mainly controlled by the MICP-treatment level, particularly for
high MICP-treatment levels. In general, the model is well vali-
dated by predicting the strain and excess-pore-pressure develop-
ments of untreated and MICP-treated calcareous sands subjected
to different undrained cyclic shear loads.

Fig. 8. Variation of prediction errors of Nε with axial strain in un-
drained cyclic simulations: (a) MICP-treated specimens; and (b) un-
treated specimens.
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