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ABSTRACT 
Bacterial cells have sophisticated intracellular organization of 
proteins in space and time, which allow for stress response, signal 
transduction, cell differentiation and morphogenesis. The 
mechanisms of spatial localization and their contributions to cell 
development and adaptability are not fully understood. In this 
work, we use the bacterial model organism, Caulobacter 
cescentus, to investigate the establishment of polarity and 
asymmetry. We apply a reaction-diffusion model to simulating 
spatiotemporal dynamics of scaffolding proteins PodJ and PopZ, 
which account for the formation of distinct poles in C. crescentus. 
Additionally, we use this mathematical model to investigate the 
nonuniform distribution of key kinase DivJ and phosphatase PleC 
and figure out their contributions to the spatial gradient of 
response regulators DivK and CtrA.  
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1 Introduction 
Caulobacter crescentus is an oligotrophic Gram-negative 
bacterium which inhabits aquatic environments. C. crescentus 

becomes a model organism for the study of cell development and 
differentiation in prokaryotes because it has trackable cell cycle 
progression, and it can be easily cultivated and synchronized [1]. 
C. crescentus undergoes a dimorphic cell cycle process, resulting 
in two distinct progenies: a sessile stalked cell that is replicable, 
and a motile non-replicable swarmer cell that moves away and 
differentiates into the stalked morphology given suitable 
environments (Fig. 1). The causes of asymmetric cell cycle of C. 
crescentus are the asymmetric localization and timed interactions 
of many regulatory proteins [14]. The spatiotemporal regulatory 
system allows complex processes of C. crescentus, such as 
morphogenesis, cytokinesis, and asymmetrical cell division [14].  

Advanced microbial techniques have revealed temporal 
changes of several landmark proteins during cell cycles of C. 
crescentus, which motivate system biologists to quantitatively 
investigate the underlying control mechanisms of the Caulobacter 
cell cycle. Li et al. [18,19] have constructed mathematical models 
of master regulators in C. crescentus, including CtrA, DnaA, 
GcrA, and CcrM. Their models capture the main characteristics of 
DNA replication and methylation in wild type and mutant strains. 
Murray et al. [21] proposed a concise model with CtrA and GcrA 
and involved phosphorylation of CtrA by CckA.  On the other 
hand, although the temporal cell cycle regulation has been well 
investigated, the study of cell asymmetry established by spatial 
distributions of regulators is quite limited.  

The spatial orchestration is often accomplished by scaffolding 
proteins, which control the localization, interaction, and even 
activities of client proteins [12]. A recent research indicates that 
PodJ and PopZ function as scaffolding proteins and recruit client 
proteins at opposite poles, resulting in the asymmetry of C. 
crescentus [12]. One open question here is how PodJ and PopZ 
themselves localize at specific areas. Several hypotheses have 
been proposed to explain this initial polar localization. For 
example, one suggest that as C. crescentus is crowded by 
chromosome, nucleoid occlusion may cause polar accumulation 
because only poles can provide sufficient space for the protein 
assembly [12]; others suggest the specific recognition of polar 
curvature [7] and/or unique elements such as lipid [25] or 
peptidoglycan [17] composition can cause polar localization. 
However, these mechanisms cannot explain all scenarios, such as 
the specific monopolar accumulation and ectopic non-polar 
accumulation.  
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Additionally, the master regulator CtrA shows spatial gradient 
throughout cells. Phosphorylated CtrA controls the transcription 
of more than 100 genes in C. crescentus, many of which regulate 
the polar morphogenesis and cell division. CtrA~P also binds to 
Cori to inhibit DNA replication [16]. Therefore, a high level of 
CtrA~P in swarmer cell and a low level  in stalked cell determine 
different fates of distinct progenies [30]. The CtrA~P gradient is 
likely caused by activity and abundance regulations [4,9]; 
however specific mechanisms are yet well elucidated. 

Subramanian et al [27] proposed a modified Turing model to 
investigate the mechanism of spatial dynamics of PopZ. An 
unknown nucleating factor, likely PodJ with support of new 
evidence, is required for the second focus of PopZ formation in 
the Turing model. In this paper, we applied a similar Turing 
model to investigating the mechanism of the first polar 
localization of PodJ. We propose a novel reaction-diffusion model 
to capture the spatiotemporal dynamics of scaffolding proteins 
PodJ and PopZ as well as key client proteins including SpmX, 
PleC, and DivJ. Our in silico model of two signaling hub at 
opposite poles are based on the two scaffolding proteins PodJ and 
PopZ. Kinase DivJ and phosphatase PleC are directly or indirectly 
recruited by PopZ and PodJ, localizing at opposite poles. Polarly 
distributed PleC and DivJ then contribute to the spatial gradient of 
CtrA through its mediator DivK. Our model explains the non-
uniformly distribution of landmark proteins and provides insights 
into morphogenesis, cell differentiation, and asymmetry 
establishment in bacteria. 

 
Figure 1. Cell cycle of C. crescentus and localization of 
regulators. Two distinct progenies are produced after cell 
division. The flagellated swarmer cell differentiates into the 
stalked morphology (G1-S transition), while the stalked cell can 
replicate DNA immediately. Scaffolding proteins PodJ and PopZ 
localize at indicated pole(s) and specifically recruit client proteins 
such as PleC and SpmX. Most DivK~P localize at the stalked pole 
whereas CtrA~P is mostly distributed in the swarmer 
cell/compartment. 

2 Method 

2.1 General Equation of Reaction-Diffusion Model 
and Four-compartment Discretization 

We use reaction-diffusion equations to capture the spatial and 
temporal dynamics of proteins [11] 

𝜕𝐶

𝜕𝑡
 =  𝑅𝑒𝑎𝑐𝑡𝑖𝑜𝑛 𝑡𝑒𝑟𝑚𝑠 +  𝐷

𝜕2𝐶

𝜕𝑥2
,  

where C indicates the concentration of species S. D represents the 
diffusion rate of species S. 

We apply a compartment-based scheme to convert continuous 
equations into discrete compartments to achieve quick solution of 
the corresponding PDEs, the compartment-based scheme also 
allows us to extend this model to its stochastic version in our 
future work. Here the number of compartments directly influence 
the solution accuracy and time complexity. At the initial stage of 
the investigation, in order to effectively test feasibility and 
rationality of our model, we choose a 1-D four-compartment 
model, which can capture major features of Caulobacter cell 
including poles and midcell (Fig. 2). In this four-compartment 
model, polar compartment accounts for 20% of total cell length 
(L), while the length of central compartment is 30%L. At the 
boundary between two adjacent compartments with different sizes, 
the diffusion flux is proportional to the inverse of distance 
between centers of two compartments. For example, the jumping 
rate of a molecule from the 2nd to the 1st compartment is 𝐷

ℎ2
, where 

h=(l1+l2)/2. Take the 2nd compartment as an example, we include 
molecules jumping into and out the 2nd compartment from/to 
adjacent 1st/3rd compartments (Fig. 2, arrows). Therefore, the 
diffusion term can be written as follows: 

𝐷

(
𝑙2 + 𝑙1
2

)2
(𝐶1 − 𝐶2) +

𝐷

(
𝑙2 + 𝑙3
2

)2
(𝐶3 − 𝐶2) 

As we do not consider molecules across cell membrane, there is 
no molecule jumping between extra cellular area and cytoplasm in 
our model. Diffusion term of 4-compartment is summarized as 
follows: 

{
 
 
 
 

 
 
 
 

𝐷 ∙

𝐷 ∙
𝜕2𝐶1
𝜕𝑥2

 =  
𝐷(𝐶2 − 𝐶1)

(
𝑙2 + 𝑙1
2

)2

𝜕2𝐶𝑖
𝜕𝑥2

 =  
𝐷(𝐶𝑖+1 − 𝐶𝑖)

(
𝑙𝑖+1 + 𝑙𝑖

2
)2
 +  

𝐷(𝐶𝑖−1 − 𝐶𝑖)

(
𝑙𝑖−1 + 𝑙𝑖

2
)2

𝐷 ∙
𝜕2𝐶4
𝜕𝑥2

 =  
𝐷(𝐶3 − 𝐶4)

(
𝑙3 + 𝑙4
2

)2

,    𝑖 = 2,3 

where Ci indicates the concentration of species S in the ith 
compartment and li indicates the length of compartment i. We 
assume each compartment grows exponentially with time. The 
growth rate (µ) is estimated based on measured cell size over cell 
cycle [28]. 

𝑑𝑙

𝑑𝑡
 = 𝜇𝑙 
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Figure 2. 1-D 4-compartment method divides the entire cell 
(size=L) into 4 compartments with 20% for poles and 30% for 
central fields. Blue arrows indicate molecules jumping between 
2nd compartment and its adjacent compartments. 

2.2 Turing Model of PodJ and PopZ 
The Turing model is a well-known mechanism to explain self-
regulated pattern formation in biological issues [11]. A stable 
Turing pattern can be generated by a production-substrate deletion 
system if the following criteria are satisfied [11]: 
a). One species is the product with autocatalytic reaction and has a 
slow diffusion rate. 
b). One species is the substrate which has a sufficiently high 
diffusion rate. 

Subramanian et al [27] has applied a Turing model to simulate 
the bipolar pattern of PopZ in C. crescentus (Fig. 1, gray) using 
polymer as the product and monomer as the substrate. While the 
old pole accumulation of PopZ is inheritance from mother cell, 
the reason of stable new focus of PopZ at the opposite pole was 
discussed but not ensured in their model. Here, we applied a 
similar Turing model to PodJ and SpmX, with improvement to 
Subramanian et al’s PopZ model to build the foundation of 
opposite polar signaling hubs in C. crescentus. 

Experimental observations suggest that PodJ and SpmX also 
have characteristics satisfying criteria of Turing pattern formation. 
Both PodJ and SpmX are verified to oligomerize and self-
assemble in cells, where the polymer form should diffuse 
substantially slower than monomer because of higher mass 
[13,22,27,32]. Additionally, the interactions among PopZ, PodJ, 
and SpmX may contribute to the polarized distribution for these 
three proteins. It has been reported that PodJ is required for the 
second accumulation of PopZ at the new pole [32], which is likely 
the unknown nucleating factor mentioned in Subramanian et al’s 
model. PopZ localizes SpmX at the old pole, while SpmX shows 
inhibitory function on the localization of PodJ [32] (Fig. 3).  

Unlike PopZ, which has bipolar accumulation, PodJ localizes 
at one specific pole. Long form PodJ (PodJL) only accumulates at 
the new pole (Fig. 1, dark blue) and is truncated by the protease 
PerP to become short form PodJ (PodJS) in the late predivisional 
cell (Fig. 1, light blue). PodJS is then proteolyzed during the 
swarmer to stalk (sw-to-st) transition in the next cycle, before new 
PodJL being synthesized and accumulated at the opposite pole. 
PodJ is the only known scaffolding protein at the  new pole, 
recruiting a series of client proteins such as PopZ and PleC [12]. 
The recruitment by PodJ at the new pole contributes to the second 

polar focus of PopZ. Therefore, we added PodJ recruitment into 
Subramanian et al’s PopZ model as follows: 

𝑑[PopZm]

𝑑𝑡
= 𝑘s,PopZ − (𝑘d,PopZ + 𝜇) ∙ [PopZm] − 𝑘dnv,PopZ ∙

[PopZm] − 𝑘aut,PopZ ∙ (1 + 𝛼PopZPodJ ∙ [PodJ]T) ∙ [PopZm] ∙

[PopZp]
2
+ 𝑘depol,PopZ ∙ [PopZp] + 𝐷PopZm ∙

𝜕2[PopZm]

𝜕𝑥2
          (1-4) 

 
𝑑[PopZp]

𝑑𝑡
= −(𝑘d,PopZ + 𝜇) ∙ [PopZp] + 𝑘dnv,PopZ ∙ [PopZm] +

𝑘aut,PopZ ∙ (1 + 𝛼PopZPodJ ∙ [PodJ]T) ∙ [PopZm] ∙ [PopZp]
2
−

𝑘depol,PopZ ∙ [PopZp] + 𝐷PopZp ∙
𝜕2[PopZp]

𝜕𝑥2
                                  (5-8) 

 

where ks,PopZ and kd,PopZ indicate the synthesis rate and degradation 
rate of PopZ. µ is the growth rate of Caulobacter cell. kdnv,PopZ and 
kaut,PopZ represent the de novo polarization and autocatalytic 
polymer formation from PopZ monomer, respectively. αPopZPodJ 
describes the nucleating function of PodJ on PopZ, which 
contributes to a stable bipolar pattern of PopZ. kdepol,PopZ is the 
depolarization rate of PopZ. DPopZm and DPopZp are diffusion rates 
of monomer and polymer of PopZ respectively, where DPopZp≪ 
DPopZm. We use square brackets to represent concentrations. 

  Heterologous expression of PodJ alone in E. coli shows 
bipolar accumulation same as PopZ, which suggests that PodJ 
itself has high affinity of two poles [32]. why does PodJ 
specifically localize at new pole rather than two poles in C. 
crescentus? Zhao et al [32] has observed that PodJ accumulates at 
two poles in ∆spmX Caulobacter strain, while the accumulation of 
PodJ significantly reduces in the strain of overexpressed SpmX. 
Moreover, Co-expression of SpmX and PodJ in E. coli shows 
dispersed PodJ [32]. These observations suggest that SpmX 
directly inhibits PodJ assembly. Therefore, the inhibitory factor 
SpmX, which localizes at old pole of C. crescentus, likely causes 
the monopolar pattern of PodJ. Therefore, we integrate SpmX 
inhibition into the Turing model of PodJL polymer (product) and 
monomer (substrate) to simulate the monopolar localization of 
PodJ as follows: 

𝑑[PodJL,m]

𝑑𝑡
= 𝑘s,PodJ ∙ ((1 − 𝑚) ∙ 𝑆PodJ +𝑚) + 𝑘s,PodJ2 ∙

𝐽i,PodJCtrA
4

𝐽i,PodJCtrA
4 +[CtrA~P]4

− (𝑘d,PodJ1 + 𝑘d,PodJ2 ∙ [PerP] + 𝜇) ∙ [PodJL,m] −

𝑘dnv,PodJ

1+𝛼PodJSpmX∙[SpmXT]
∙ [PodJL,m] − 𝑘aut,PodJ ∙ [PodJL,m] ∙ [PodJL,p]

2
+

𝑘depol,PodJ ∙ [PodJL,p] + 𝐷PodJ,m ∙
𝜕2[PodJL,m]

𝜕𝑥2
                              (9-12) 

 
𝑑[PodJL,p]

𝑑𝑡
= −(𝑘d,PodJ1 + 𝑘d,PodJ2 ∙ [PerP] + 𝜇) ∙ [PodJL,p] +
𝑘dnv,PodJ

1+𝛼PodJSpmX∙[SpmXT]
∙ [PodJL,m] + kaut,PodJ ∙ [PodJL,m] ∙

[PodJL,p]
2
− 𝑘depol,PodJ ∙ [PodJL,p] + 𝐷PodJ,p ∙

𝜕2[PodJL,p]

𝜕𝑥2
    (13-16) 

 

where ((1-m)SPodJ+m) describes the methylation regulation of 
PodJ expression (explained in section 2.4). Ji,PodJCtrA indicates the 
binding affinity between CtrA~P and podJ promoter, which is 
involved in the term representing CtrA~P suppression of podJ 
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expression. In equations, italics represents gene or mRNA, while 
non-italic species indicates protein.   

 
Figure 3. Schematic model of polarity and asymmetry 
establishment. The new pole and old pole are indicated as green 
and red ellipses, respectively. White line indicates positive 
recruitment effect. Dash line indicates activation using arrows and 
inhibition using bar. Conversion between phosphorylated and 
unphosphorylated DivK is regulated by DivJ and PleC. DivK~P 
inhibits phosphorylation of CtrA and promotes the proteolysis of 
CtrA. 

2.3 Spatial Gradient of Phosphorylated CtrA 
Phosphorylated CtrA is the active form that plays essential roles 
in controlling DNA replication initiation and transcriptions. 
CtrA~P is rich in swarmer cells and cleared during the sw-to-st 
transition (Fig. 1, nude). Spatial gradient of CtrA~P is formed 
before cytokinesis, which results in daughter swarmer cell with 
rich CtrA~P and daughter stalked cell with little CtrA~P [4]. The 
non-uniform distributed CtrA~P is the essential determinant of 
different fates of progenies [30]. The activity of CtrA is regulated 
by phosphorylation and abundance. While the localization 
mechanism of CtrA proteolysis is yet fully understood, spatial 
localization of CtrA phosphorylation has been recently elucidated 
[4,26,29].  

CckA is the only known phosphoryl source of CtrA, the kinase 
activity of which is inhibited by DivK [31]. DivK also shows 
spatial gradient during cell cycle, which is mainly regulated by the 
kinase DivJ and phosphatase PleC [29]. PleC is recruited by the 
new polar PodJ, while DivJ is recruited by SpmX at the old pole 
[32]. Additionally, SpmX does not only influence the localization 
but also the activity of DivJ [24]. Therefore, we can connect 
scaffolding proteins with protein phosphorylation. 

 Due to the direct and indirect recruitment by scaffolding 
proteins PodJ and PopZ, SpmX and DivJ are mainly located at old 
poles (Fig. 1, lavender, and orange), while most PleC proteins 

localize at new poles (Fig. 1, green). We use PopZ as a nucleating 
factor of SpmX (Eq.21-28) and introduce free DivJ/PleC as well 
as bound DivJ/PleC based on their spatial organization (Eq.37-
52). Unphosphorylated DivK diffuse in swarmer cells, while 
DivK~P occupies the old pole of C. crescentus after the sw-to-st 
transition (Fig.1, pink and red). DivK~P produces a second focus 
at the new pole later and is released from the new pole with the 
completion of cytokinesis (Fig. 1, red). As there is a positive 
correlation between phosphorylation and localization of DivK, we 
introduce two forms of DivK~P, DivKPf and DivKPb, into our 
system to model this characteristic (Eq. 57-64). Therefore, DivJ 
and PleC, which localize at opposite poles and regulate DivK 
phosphorylation, should play key roles in the spatial distribution 
of DivK.  
In this work, we proposed a simplified network (Fig. 3) to 
investigate the spatial gradient of master regulator CtrA in C. 
crescentus with following assumptions:  

a). Although PleC is bifunctional with both kinase and 
phosphatase activities, it is the principal phosphatase but minor 
kinase of DivK and PleD in C. crescentus [23]. In this simplified 
model, we only considered the phosphatase activity of PleC. 

b). As mentioned previously, PodJ shows high affinity with 
poles. The candidate mechanisms are nucleoid occlusion and 
specific recognition of unique curvature or peptidoglycan 
composition of cell poles [12]. As there is no ensured mechanism 
of polarly localization for PodJ, we assume kaut,PodJ in polar 
compartments is higher than those in central compartments to 
highlight the specific affinity of poles. 

c). Only bound DivJ is active in our model because SpmX 
regulates DivJ activity. 

d). mRNAs of C. crescentus have a low diffusion rate 
(≈0.03µm2/min), which implies a spatial synthesis of proteins 
[20]. Therefore, we assumed that the synthesis of involved 
proteins only take place in central compartments due to the 
position of corresponding genes [8] (Fig. 4). We let ks,*=0 in polar 
compartments (Eq. 1, 4, 9, 12, 21, 24, 29, 32, 37, 40, 45, 48, 53, 
56). 

e). In order to effectively model mechanisms underlying 
asymmetry established by spatially organized scaffolding 
proteins, we ignore the phosphorylation mediator CckA and 
proteolysis mediator CpdR of CtrA; and assume DivK directly 
controls the phosphorylation and proteolysis of CtrA in our model 
(Fig. 3). 

ODEs except for PopZ and PodJL (Eq. 1-16) are listed in Table 
1. Parameters and initial values are listed in Table 2 and 3. 

2.4 Check Points in Cell Cycle 
DnaA, which is essential for DNA replication initiation, is not 
involved in this model because DnaA is not closely related with 
asymmetry formation. We take a low threshold of CtrA~P level as 
a synchronous event of DNA replication initiation and record the 
time of as Tini (Table 4) [21]. The period of S-phase is 
approximately 90 min [10]. Therefore, we set replication 
termination time (Table 4, Tterm) as Tini+90 min. Promoters of 
ctrA, pleC, perP, and podJ are regulated by methylation [15]. As 
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we do not include the methyltransferase CcrM, we use (1-m)S+m 
(Table 1) to represent the methylation status of chromosome as 
follows: 

• S=0: fully-methylated chromosome 
• S=1: hemi-methylated chromosome 

where m is a small number indicating the low expression of fully-
methylated genes. 

Based on genome coordinates of genes (Fig. 4), we can 
calculate the approximate time when replication fork passes the 
corresponding gene. When the replication fork passes the gene, S 
is set to 1. All events are listed in Table 4. 

  

 
Figure 4. Genomic coordinates of C. crescentus. Replication 
forks bidirectionally move from Cori to the termination area 
(arrows). ctrA, pleC, perP, and podJ approximately localize at 
37%, 65%, 74% and 87% of the half chromosome [15]. Based on 
DNA replication initiation time (Tini) and termination time (Tterm), 
the time when forks pass corresponding gene can be calculated. 

3 Results 
In order to verify our model and explore the parameter space, we 
simulate our mathematical model for five cell cycles and compare 
the simulated results with reported experimental measurement in 
literature.  

In the following we mainly show results of the third cycle (if not 
specified) for illustrations. All simulations are done through 
MATLAB.  

 3.1 Spatial simulation in swarmer and stalked cell 
Figure 5 shows spatial dynamics of PodJL, PodJS, PopZ, SpmX, 
PleC, DivJ, DivK~P, and CtrA~P in the swarmer cell simulation. 
Our four-compartment method divides the entire cell into 4 bins, 
where the top bin and bottom bin in Figure 5 indicate the new 
pole and old pole, respectively. Compared with experimental 
observations summarized in Figure 1, our model correctly 
captures the spatial dynamics of most proteins except the 
temporary accumulation of DivK~P at the new pole. 

 
Figure 5. Heatmaps of 4-compartment spatial simulation over 
one replication cycle of Caulobacter swarmer cell. Y-axis 
indicates distance to midpoint, representing position of 
compartment. Top compartment represents the new pole while 
bottom compartment represents the old pole. Color of heatmap 
indicates scaled concentration in each compartment. 
 

Our simulated long form PodJ occupies the new pole and is 
degraded in the late predivional cell (Fig. 5a), which is consistent 
with experiments (Fig. 1, dark blue). The stable monopolar 
localization of PodJL is ensured by the higher autocatalytic 
polymerization in polar compartments and the dispersion effect of 
SpmX. The short form PodJ in simulation (Fig. 5b) is degraded 
from the old pole during the sw-to-st transition, reappears at the 
new pole in the late predivisional cell, and is inherited by the 
nascent swarmer cell. PodJS simulation agrees with observations 
[32]. PopZ simulation is stably bipolar (Fig. 5c), which is 
consistent with experiments. In details, PopZ initiates to present at 
the new pole around 50 min while rapidly accumulates at new 
pole around 90 min in simulation. Experiment indicates wild type 
PopZ stably accumulates at the new pole at approximately 60 min, 
which is earlier than our simulation [32]. SpmX occupies the old 
pole throughout the cell cycle, which agrees with experimental 
observations (Fig. 5d). The synthesis taking place only in central 
compartments weakens the polar localization of Turing pattern 
proteins (data not shown), but our system is sufficiently robust to 
generate polarly distribution for PodJ, PopZ, and SpmX.   
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Kinase DivJ is recruited by SpmX and shows stable 
accumulation at the old pole in our simulation (Fig. 5f). Simulated 
PleC is consistent with observations as well: most of PleC are 
located at the new pole (Fig. 5e). Most of DivK~P localize at the 
old pole, consistent with experiments (Fig. 5g). However, we 
expect a temporary accumulation of DivK~P at the new pole in 
the early predivional cell, but our simulation does not have this 
behavior. The discrepancy is likely because we only include 
phosphatase activity of PleC in this preliminary model rather than 
considering the kinase activity of PleC. Therefore, DivK~P cannot 
present at new pole due to the stable active phosphatase. The CtrA 
dynamics in our simulation fits experimental observations very 
well (Fig. 5h), which is cleared during the sw-to-st transition and 
in the stalked compartment. The nascent swarmer cell is rich of 
CtrA~P [30]. Our model suggests that the nonuniform distribution 
of kinase and phosphatase is sufficient for CtrA spatial gradient 
and asymmetric inheritance of distinct daughter cells. 

 
Figure 6. Heatmaps of 4-compartment spatial simulation over 
one replication cycle of Caulobacter stalked cell.  
 

Spatial simulation of stalked cell cycle is shown in Fig. 6. 
Although there is no experiment monitoring spatial dynamics in 
stalked cell, we can use the observations of swarmer cell after 30 
min to approximately assess our simulation. The three essential 
proteins of polarity establishment, PodJ, PopZ, and SpmX, are 
localized at correct polar areas (Fig. 6, a-d). Additionally, DivK~P 
and CtrA~P exhibit reasonable gradient in simulation (Fig. 6, g 
and h).  

3.2 Levels of two types of PodJ over cell cycle 
Compared with the temporal dynamics from Chen et al and Guo 
et al [3,6], our simulated temporal PodJL and PodJS have similar 
features over cell cycles, though PodJL at the beginning is a little 
higher than experiments (Fig. 7). PodJL is synthesized while PodJS 
is degraded at the early stage of cell cycle. The reducing trend of 
PodJS continues until the replication fork passes perP, which 
encodes the protease PerP truncating PodJL to PodJS. The 
inconsistence at the beginning of cycle may come from the 
expression of PerP, which may end early in our simulation, 
resulting in higher PodJL level. As we do not simulate Z-ring 
constriction and cell division process in this work, the estimated 
time of DNA replication termination likely results in this 
imprecise simulation. Another candidate cause is experimental 
errors because the level of PodJL may be too low to accurately 
measure. 

 
Figure 7. Temporal dynamics of concentration and fraction of 
PodJL and PodJS in swarmer cell. PodJL level is lower than 
PodJS at the beginning of cell cycle. PodJS then is proteolyzed 
while PodJL is newly synthesized during sw-to-st transition. PerP 
works in the late predivisional cell to truncate PodJL to PodJS. 
 

3.3 PodJ is required for stable bipolar PopZ and 
localized PleC 

We investigate the distribution of PopZ, PleC, and SpmX in 
∆podJ in silico (Fig. 8, left-third cycle; right-forth cycle). Without 
recruitment by PodJ, PleC is dispersed throughout the cell, which 
agrees with experimental observations [32]. Most PopZ 
accumulates at one pole in ∆podJ rather than stably generates a 
second focus at the opposite pole. Our simulation shows that 
PopZ switches to localize at different poles, with a faded second 
focus when localizing at new poles in ∆podJ (Fig. 8). PopZ 
localizes at old poles in the first, third, and fifth cycle and mainly 
at new poles in the second and forth cycle. Experimental 
observations verify that newly synthesized PopZ localizes at the 
old pole in most C. crescentus cell (91%) and only 9% of samples 
show a new polar accumulation of PopZ in ∆podJ [32]. As our 
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current model is a deterministic model, we cannot capture the 
fraction of simulations with specific characteristics. However, our 
model does suggest that the bipolar pattern of PopZ significantly 
depends on PodJ. As SpmX is recruited by PopZ, our model 
suggests SpmX co-localizes with PopZ in ∆podJ. 

We also check the spatial dynamics of PopZ and PleC in 
podJ+, of which ks,podJ increases to 2-fold of wild type strain in 
simulation (Fig. 9). Our model suggests overexpression of PodJ 
results in a stronger and earlier accumulation at the new pole for 
both PopZ and PleC. Our simulation of PopZ in podJ+ resembles 
experimental data where PopZ quickly generates a new focus of 
new pole at around t=50min [32]. 

 
Figure 8. Simulated spatial dynamics in ∆podJ strain. Left 
column is the third simulated cycle, while right column is the 
fourth simulated cycle. PopZ switches to localize at opposite poles. 
SpmX co-localizes with PopZ. PleC is uniformly distributed 
throughout the cell in ∆podJ strain. 

 
Figure 9. Simulated spatial dynamics in podJ+ strain. 
Compared with wild type, both PopZ and PleC show stronger and 
earlier accumulation at the new pole. 

Discussion 
In this work, we construct a scaffolding proteins network as the 
foundation of polarity establishment in C. crescentus. PodJ and 
PopZ work as scaffolding proteins recruiting key kinase and 
phosphatase at opposite poles and promote the spatial gradient of 

regulators DivK and CtrA. The non-uniformly distribution of 
client proteins determine different fates of newborn daughter 
cells, where swarmer cell is motile and non-replicable and stalked 
cell is sessile and replicable. Our spatiotemporal model 
successfully captures key features of both scaffolding and client 
proteins in space and time. Our wild type and mutant strains 
simulation suggest that PodJ is sufficient and required for the 
bipolar pattern of PopZ. A higher affinity of poles is necessary for 
polar accumulation of PodJ (data not shown), which derives from 
the attribute of Turing pattern favoring central assembly. In ∆podJ 
simulation, we found a biased affinity of poles is also required for 
the polarly distribution of PopZ (data not shown) because PopZ 
still localizes at one pole when there is no asymmetric attraction 
from PodJ in ∆podJ. Therefore, our model suggests that there 
should be unknown mechanisms independent of PodJ resulting in 
higher affinity of poles for PopZ.  

Our simulations are in good agreement with experimental 
observations. However, there are still interesting future directions 
that we will extend: 
1). Our four-compartment can capture the dynamics of poles, 
central area, and midcell, efficiently and separately. However, the 
simple method may reduce the accuracy of simulation. Therefore, 
we will extend our four-compartment model to a more precise 
model in the future, with more compartments. 

2). The kinase activity of PleC will be introduced into the system.  

3). The indirect regulation between DivK and CtrA is simplified 
by a direct connection in the current model. We will introduce 
intermediate regulators, DivL and CckA, into the spatial 
regulatory network to improve the accuracy. Additionally, CtrA 
proteolysis in space should receive more attentions. 

4). Z-ring constriction controlled by FtsZ will be introduced to 
accurately simulate the cell division and separation time. 
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Table 1. ODEs of the four-compartment model 
𝑑[PodJs]

𝑑𝑡
= (𝑘d,PodJ1 + 𝑘d,PodJ2 ∙ [PerP]) ∙ ([PodJL,m] + [PodJL,p]) − (𝜇 +

𝑘d,PodJS) ∙ [PodJs]                                                                                         (17-20)    
𝑑[SpmXm]

𝑑𝑡
= 𝑘s,SpmX ∙

[CtrA~P]2

[CtrA~P]2+𝐽a,SpmXCtrA
2 − (𝑘d,SpmX + 𝜇) ∙ [SpmXm] −

𝑘dnv,SpmX ∙ [SpmXm] − 𝑘aut,SpmX ∙ (1 + 𝛼SpmXPopZ ∙ [PopZT]) ∙ [SpmXm] ∙

[SpmXp]
2 + 𝑘depol,SpmX ∙ [SpmXp]+𝐷SpmX,m ∙

𝜕2[SpmXm]

𝜕𝑥2
                 (21-24)                                       

𝑑[SpmXp]

𝑑𝑡
= −(𝑘d,SpmX + 𝜇) ∙ [SpmXp] + 𝑘dnv,SpmX ∙ [SpmXm] +

𝑘aut,SpmX ∙ (1 + 𝛼SpmXPopZ ∙ [PopZT]) ∙ [SpmXm] ∙ [SpmXp]
2 −

𝑘depol,SpmX ∙ [SpmXp] + 𝐷SpmX,p ∙
𝜕2[SpmXp]

𝜕𝑥2
                                           (25-28) 

𝑑[CtrA]

𝑑𝑡
= 𝑘s,CtrA1 ∙ (1 −

[CtrA~P]

𝐽i,CtrACtrA+[CtrA]+[CtrA~P]
) ∙ ((1 − 𝑚) ∙ 𝑆CtrA +𝑚) +

𝑘s,CtrA2 ∙
[CtrA~P]

𝐽a,CtrACtrA+[CtrA]+[CtrA~P]
− (𝜇 + 𝑘d,CtrA1 + 𝑘d,CtrA2 ∙
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[DivK~P]T
2

𝐽d,CtrA
2+[DivK~P]T

2) ∙ [CtrA] − 𝑘phoCtrA ∙ [CtrA] + 𝑘dephoCtrA ∙ [DivK~P]T ∙

[CtrA~P] + 𝐷CtrA ∙
𝜕2[CtrA]

𝜕𝑥2
                                                                  (29-32) 

𝑑[CtrA~P]

𝑑𝑡
= −(𝜇 + 𝑘d,CtrA1 + 𝑘d,CtrA2 ∙

[DivK~P]T
2

𝐽d,CtrA
2+[DivK~P]T

2) ∙ [CtrA~P] +

𝑘phoCtrA ∙ [CtrA] − 𝑘dephoCtrA ∙ [DivK~P]T∙[CtrA~P] + 𝐷CtrA ∙
𝜕2[CtrA~P]

𝜕𝑥2
                                                                                               (33-36) 

𝑑[PleC]f

𝑑𝑡
= 𝑘s,PleC ∙ ((1 − 𝑚pleC) ∙ 𝑆PleC +𝑚pleC) − (𝜇 + 𝑘d,PleC) ∙ [PleC]f −

𝑘fb-PleC ∙ (1 + 𝛼PleCPodJ ∙ [PodJ]T) ∙ [PleC]f + 𝑘bf-PleC ∙ [PleC]b + 𝐷PleC ∙
𝜕2[PleC]f
𝜕𝑥2

                                                                                                (37-40) 
𝑑[PleC]b

𝑑𝑡
= −(𝜇 + 𝑘d,PleC) ∙ [PleC]b + 𝑘fb−PleC ∙ (1 + 𝛼PleCPodJ ∙ [PodJ]T) ∙

[PleC]f − 𝑘bf−PleC ∙ [PleC]b                                                               (41-44) 
𝑑[DivJ]f

𝑑𝑡
= 𝑘s,DivJ − (𝜇 + 𝑘d,DivJ) ∙ [DivJ]f − 𝑘fb−DivJ ∙ (1 + 𝛼DivJSpmX ∙

[SpmX]T) ∙ [DivJ]f + 𝑘bf−DivJ ∙ [DivJ]b + 𝐷DivJ ∙
𝜕2[DivJ]b

𝜕𝑥2
                  (45-48)                                                                         

𝑑[DivJ]b

𝑑𝑡
= −(𝜇 + 𝑘d,DivJ) ∙ [DivJ]b + 𝑘fb−DivJ ∙ (1 + 𝛼DivJSpmX ∙ [SpmX]T) ∙

[DivJ]f − 𝑘bf−DivJ ∙ [DivJ]b                                                                          (49-52) 
𝑑[DivK]

𝑑𝑡
= 𝑘s,DivK1 + 𝑘s,DivK2 ∙

[CtrA~P]2

𝐽a,DivKCtrA
2+[CtrA~P]2

− (𝜇 + 𝑘d,DivK) ∙

[DivK] − 𝑘phoDivK ∙ (1 + 𝛼DivKDivJ ∙ [DivJ]b) ∙ [DivK] + 𝑘dephoDivK ∙

[PleC] ∙ [DivK~P]T +𝐷DivK ∙
𝜕2[DivK]

𝜕𝑥2
                                                (53-56) 

𝑑[DivK~P]f

𝑑𝑡
= −(𝜇 + 𝑘d,DivK) ∙ [DivK~P]f + 𝑘phoDivK ∙ (1 + 𝛼DivKDivJ ∙

[DivJ]b) ∙ [DivK] − 𝑘dephoDivK ∙ [PleC] ∙ [DivK~P]f − 𝑘fb-DivKP ∙

[DivK~P]f + 𝑘bf-DivKP ∙ [DivK~P]b + 𝐷DivK ∙
𝜕2[DivK~P]f

𝜕𝑥2
                  (57-60)                                               

𝑑[DivK~P]b

𝑑𝑡
= −(𝜇 + 𝑘d,DivK) ∙ [DivK~P]b + 𝑘fb-DivKP ∙ [DivK~P]f −

𝑘bf-DivKP ∙ [DivK~P]b                                                                          (61-64)                           
𝑑[PerP]

𝑑𝑡
= 𝑘s,PerP ∙

[CtrA~P]2

[CtrA~P]2+𝐽a,PerPCtrA
2 ∙ ((1 −𝑚) ∙ 𝑆PerP +𝑚) −

(𝜇 + 𝑘d,PerP) ∙ [PerP] + 𝐷PerP ∙
𝜕2[PerP]

𝜕𝑥2
                                            (65-68) 

 

Table 2. parameters 
ks,PopZ=0.15µM/min kd,PopZ=0.01µM/min kdnv,PopZ=42/min 
kaut,PopZ(polar)=12µM-

2min-1 
kaut,PopZ(central)=8.4µ
M-2min-1 

DPopZ,m=835µm2/min 
[13] 

kdepol,PopZ=0.05/min µ=0.0053/min [2] αPopZPodJ=50 
DPopZ,p=0.0005µm2/mi
n 

m=0.01 ks,PodJ=0.01µM/min 

ks,PodJ2=0.006 µM/min Ji,PodJCtrA=0.5µM kd,PodJ1=0.007µM/min 
kd,PodJ2=0.3µM/min kdnv,PodJ=1.5/min αPodJSpmX=200 
kaut,PodJ(polar)=300µ
M-2min-1 

kaut,PodJ(central)=0µM-

2min-1 
kdepol,PodJ=0.1/min 

DPodJ,m=100µm2/min 
[13] 

DPodJ,p=.0005µm2/min kd,PodJS=0.025/min 

ks,SpmX=0.24µM/min Ja,SpmXCtrA=1µM kd,SpmX=0.01/min 
kdnv,SpmX=0.1/min αSpmXPopZ=50 kdepol,SpmX=0.036/min 
kaut,SpmX=0.1µM-2min-

1 
DSpmX,m=200µm2/min 
[13] 

DSpmX,p=0.0005µm2/m
in 

ks,CtrA1=0.008 µM/min Ji,CtrACtrA=3µM ks,CtrA2=0.073µM/min 
Ja,CtrACtrA=3µM kd,CtrA1=0.0038/min [5] kd,CtrA2=0.15/min 
Jd,CtrA=0.2µM kpho,CtrA=3e3µM-1min-1 

[4] 
kdepho,CtrA=8.66e3µM-

1min-1 [4] 

DCtrA=427µm2/min 
[13] 

ks,PleC=0.01µM/min mPleC=0.15 

kd,PleC=0.02/min kfb-PleC=1µM-1min-1 kbf-PleC=0.5µM-1min-1 
αPleCPodJ=10 DPleC=71µm2/min [13] ks,DivJ=0.016µM/min 

kd,DivJ=0.07/min kfb-DivJ=1µM-1min-1 kbf-DivJ=0.5µM-1min-1 
αDivJSpmX=5 DDivJ=108µm2/min 

[13] 
ks,DivK1=0.0004µM/min 

Ja,DivKCtrA=0.7µM ks,DivK2=0.15µM/min kd,DivK=0.052/min 
kpho,DivK=0.01µM-

1min-1 
αDivKDivJ=50 kdepho,DivK=101µM-

1min-1 
DDivK=1319µm2/min 
[13] 

kfb-DivKP=10000/min kbf-DivKP=0.1/min 

ks,PerP=0.5µM/min Ja,PerPCtrA=0.5µM kd,PerP=0.04/min 
DPerP=853µm2/min 
[13] 

  

 

Table 3. Initial Value 

PodJm=0µM PodJL,p=1e-5µM PodJS=1µM(old pole) 

PodJS=1e-3µM SpmXm=0µM SpmXp=0µM 

PopZm=0µM PopZp=2µM(old pole) PopZp=0.5µM 

CtrA=0.2µM CtrA~P=0.5µM PleCf=0.05µM 

PleCb=0.05µM(pole) PleCb=0µM DivJf=0µM 

DivJb=0µM DivK=0.2µM DivK~Pf=0µM 

DivK~Pb=0µM l1,4=0.4µm l2,3=0.6µm 

 

Table 4. Event of the spatial model 
Event description condition change at the 

event 
Replication Initiation [CtrA~P]<threshold(=

0.25)  
Tini=t 

Replication fork passes ctrA t>90*37%+Tini SCtrA = 1 
Replication fork passes pleC t>90*65%+ Tini SPleC = 1 
Replication fork passes perP t>90*74%+ Tini SPerP = 1 
Replication fork passes podJ t>90*87%+ Tini SPodJ = 1 
Replication Termination t>Tterm S = 0 
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