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Abstract

How quickly can a given class of concepts be learned from examples? It is common to measure the
performance of a supervised machine learning algorithm by plotting its “learning curve”, that is,
the decay of the error rate as a function of the number of training examples. However, the classical
theoretical framework for understanding learnability, the PAC model of Vapnik-Chervonenkis and
Valiant, does not explain the behavior of learning curves: the distribution-free PAC model of learn-
ing can only bound the upper envelope of the learning curves over all possible data distributions.
This does not match the practice of machine learning, where the data source is typically fixed in
any given scenario, while the learner may choose the number of training examples on the basis of
factors such as computational resources and desired accuracy.

In this paper, we study an alternative learning model that better captures such practical aspects
of machine learning, but still gives rise to a complete theory of the learnable in the spirit of the PAC
model. More precisely, we consider the problem of universal learning, which aims to understand the
performance of learning algorithms on every data distribution, but without requiring uniformity
over the distribution. The main result of this paper is a remarkable trichotomy: there are only
three possible rates of universal learning. More precisely, we show that the learning curves of any
given concept class decay either at an exponential, linear, or arbitrarily slow rates. Moreover,
each of these cases is completely characterized by appropriate combinatorial parameters, and we
exhibit optimal learning algorithms that achieve the best possible rate in each case.

For concreteness, we consider in this paper only the realizable case, though analogous results
are expected to extend to more general learning scenarios.
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1. Introduction

In supervised machine learning, a learning algorithm is presented with labeled examples of a concept,
and the objective is to output a classifier which correctly classifies most future examples from the
same source. Supervised learning has been successfully applied in a vast number of scenarios, such as
image classification and natural language processing. In any given scenario, it is common to consider
the performance of an algorithm by plotting its “learning curve”, that is, the error rate (measured on
held-out data) as a function of the number of training examples n. A learning algorithm is considered
successful if the learning curve approaches zero as n — oo, and the difficulty of the learning task is
reflected by the rate at which this curve approaches zero. One of the main goals of learning theory
is to predict what learning rates are achievable in a given learning task.

To this end, the gold standard of learning theory is the celebrated PAC model (Probably Ap-
proximately Correct) defined by Vapnik and Chervonenkis (1974) and Valiant (1984). As will be
recalled below, the PAC model aims to explain the best worst-case learning rate, over all data dis-
tributions that are consistent with a given concept class, that is achievable by a learning algorithm.
The fundamental result in this theory exhibits a striking dichotomy: a given learning problem either
has a linear worst-case learning rate (i.e., n=!), or is not learnable at all in this sense. These two
cases are characterized by a fundamental combinatorial parameter of a learning problem: the VC
(Vapnik-Chervonenkis) dimension. Moreover, in the learnable case, PAC theory provides optimal
learning algorithms that achieve the linear worst-case rate.

While it gives rise to a clean and compelling mathematical picture, one may argue that the
PAC model fails to capture at a fundamental level the true behavior of many practical learning
problems. A key criticism of the PAC model is that the distribution-independent definition of
learnability is too pessimistic to explain practical machine learning: real-world data is rarely worst-
case, and experiments show that practical learning rates can be much faster than is predicted by PAC
theory (Cohn and Tesauro, 1990, 1992). It therefore appears that the worst-case nature of the PAC
model hides key features that are observed in practical learning problems. These considerations
motivate the search for alternative learning models that better capture the practice of machine
learning, but still give rise to a canonical mathematical theory of learning rates. Moreover, given
a theoretical framework capable of expressing these faster learning rates, we can then design new
learning strategies to fully exploit this possibility.

The aim of this paper is to put forward one such theory. In the learning model considered here,
we will investigate asymptotic rates of convergence of distribution-dependent bounds on the error
of a learning algorithm, holding universally for all distributions consistent with a given concept
class. Despite that this is a much weaker (and therefore arguably more realistic) notion, we will
nonetheless prove that any learning problem can only exhibit one of three possible universal rates:
exponential, linear, and arbitrarily slow. Each of these three cases will be fully characterized by
means of combinatorial parameters (the nonexistence of certain infinite trees), and we will exhibit
optimal learning algorithms that achieve these rates (based on the theory of infinite games).

1.1 The basic learning problem

Throughout this paper we will be concerned with the following classical learning problem. A clas-
sification problem is defined by a distribution P over labelled examples (z,y) € X x {0,1}. The
learner does not know P, but is able to collect a sample of n i.i.d. examples from P. She uses these
examples to build a classifier h, : X — {0,1}. The objective of the learner is to achieve small error:

er(iln) = P{(mvy) : iln(x) # Y}

While the data distribution P is unknown to the learner, any informative a priori theory of learning
must be expressed in terms of some properties of, or restrictions on, P. Following the PAC model, we
introduce such a restriction by way of an additional component, namely a concept class H C {0, 1}



of classifiers. The concept class H allows the analyst to state assumptions about P. The simplest
such assumption is that P is realizable:

inf er(h) =0,

hEH
that is, H contains hypotheses with arbitrarily small error. We will focus on the realizable setting
throughout this paper, as it already requires substantial new ideas and provides a clean platform
to demonstrate them. We believe that the ideas of this paper can be extended to more general
noisy/agnostic settings, and leave this direction to be explored in future work.

In the present context, the aim of learning theory is to provide tools for understanding the best
possible rates of convergence of Eler(h,,)] to zero as the sample size n grows to co. This rate depends
on the quality of the learning algorithm, and on the complezity of the concept class H. The more
complex H is, the less information the learner has about P, and thus the slower the convergence.

1.2 Uniform and universal rates

The classical formalization of the problem of learning in statistical learning theory is given by the
PAC model, which adopts a minimax perspective. More precisely, let us denote by RE(#) the family
of distributions P for which the concept class H is realizable. Then the fundamental result of PAC
learning theory states that (Vapnik and Chervonenkis, 1974; Ehrenfeucht, Haussler, Kearns, and
Valiant, 1989; Haussler, Littlestone, and Warmuth, 1994)

inf sup Eler(h,)] < min (VC(H) ) 1),
hn PERE(H) n

where ve(H) is the VC dimension of H. In other words, PAC learning theory is concerned with the

best worst-case error over all realizable distributions, that can be achieved by means of a learning

algorithm hn. The above result immediately implies a fundamental dichotomy for these uniform

rates: every concept class H has a uniform rate that is either linear ;- or bounded away from zero,

depending on the finiteness of the combinatorial parameter vc(H).

The uniformity over P in the PAC model is very pessimistic, however, as it allows the worst-case
distribution to change with the sample size. This arguably does not reflect the practice of machine
learning: in a given learning scenario, the data generating mechanism P is fixed, while the learner
is allowed to collect an arbitrary amount of data (depending on factors such as the desired accuracy
and the available computational resources). Experiments show that the rate at which the error
decays for any given P can be much faster than is suggested by PAC theory (Cohn and Tesauro,
1990, 1992): for example, it is possible that the learning curve decays exponentially for every P.
Such rates cannot be explained by the PAC model, which can only capture the upper envelope of
the learning curves over all realizable P, as is illustrated in Figure 1.

Furthermore, one may argue that it is really the learning curve for given P, rather than the
PAC error bound, that is observed in practice. Indeed, the customary approach to estimate the
performance of an algorithm is to measure its empirical learning rate, that is, to train it on several
training sets of increasing sizes (obtained from the same data source) and to measure the test error
of each of the obtained classifiers. In contrast, to observe the PAC rate, one would have to repeat
the above measurements for many different data distributions, and then discard all this data except
for the worst-case error over all considered distributions. From this perspective, it is inevitable
that the PAC model may fail to reveal the “true” empirical behavior of learning algorithms. More
refined theoretical results have been obtained on a case-by-case basis in various practical situations:
for example, under margin assumptions, some works established exponentially fast learning rates
for popular algorithms such as stochastic gradient decent and kernel methods (Koltchinskii and
Beznosova, 2005; Audibert and Tsybakov, 2007; Pillaud-Vivien, Rudi, and Bach, 2018; Nitanda and
Suzuki, 2019). Such results rely on additional modelling assumptions, however, and do not provide
a fundamental theory of the learnable in the spirit of PAC learning.



<
5 N
=

2
(@]
3
3
\/
2
3=

— n

FIGURE 1: Illustration of the difference between universal and uniform rates. Each red curve shows
exponential decay of the error for a different data distribution P; but the PAC rate only captures
the pointwise supremum of these curves (blue curve) which decays linearly at best.

Our aim in this paper is to propose a mathematical theory that is able to capture some of the
above features of practical learning systems, yet provides a complete characterization of achievable
learning rates for general learning tasks. Instead of considering uniform learning rates as in the PAC
model, we consider instead the problem of universal learning. The term universal means that a given
property (such as consistency or rate) holds for every realizable distribution P, but not uniformly
over all distributions. For example, a class H is universally learnable at rate R if the following holds:

Jh, st. YPeRE(H), 3C,c>0 st. Eler(h,)] < CR(cn) for all n.

The crucial difference between this formulation and the PAC model is that here the constants C, ¢ are
allowed to depend on P: thus universal learning is able to capture distribution-dependent learning
curves for a given learning task. For example, the illustration in Figure 1 suggests that it is perfectly
possible for a concept class ‘H to be universally learnable at an exponential rate, even though its
uniform learning rate is only linear. In fact, we will see that there is little connection between
universal and uniform learning rates (as is illustrated in Figure 4 of section 2): a given problem may
even be universally learnable at an exponential rate while it is not learnable at all in the PAC sense.
These two models of learning reveal fundamentally different features of a given learning problem.
The fundamental question that we pose in this paper is:

Question. Given a class H, what is the fastest rate at which H can be universally learned?

We provide a complete answer to this question, characterize the achievable rates by means of combi-
natorial parameters, and exhibit learning algorithms that achieve these rates. The universal learning
model therefore gives rise to a theory of learning that fully complements the classical PAC theory.

1.3 Basic examples

Before we proceed to the statement of our main results, we aim to develop some initial intuition for
what universal learning rates are achievable. To this end, we briefly discuss three basic examples.

Example 1.1. Any finite class H is universally learnable at an exponential rate (Schuurmans, 1997).
Indeed, let € be the minimal error er(h) among all classifiers h € H with positive error er(h) > 0.
By the union bound, the probability that there exists a classifier with positive error that correctly
classifies all n training data points is bounded by |H|(1 — €)™. Thus a learning rule that outputs
any h,, € H that correctly classifies the training data satisfies Eler(h,)] < Ce~", where C,¢ > 0
depend on H, P. It is easily seen that this is the best possible: as long as H contains at least three
functions, a learning curve cannot decay faster than exponentially (see Lemma 4.2 below).

Example 1.2. The class H = {h; : t € R} of threshold classifiers on the real line h;(z) = 1> is
universally learnable at a linear rate. That a linear rate can be achieved already follows in this case



from PAC theory, as H is a VC class. However, in this example, a linear rate is the best possible
even in the universal setting: for any learning algorithm, there is a realizable distribution P whose
learning curve decays no faster than a linear rate (Schuurmans, 1997).

Example 1.3. The class H of all measurable functions on a space X is universally learnable under
mild conditions (Stone, 1977; Hanneke, Kontorovich, Sabato, and Weiss, 2019): that is, there exists
a learning algorithm h,, that ensures E[er(ﬁn)] — 0 as n — oo for every realizable distribution P.
However, there can be no universal guarantee on the learning rate (Devroye, Gyorfi, and Lugosi,
1996). That is, for any learning algorithm h,, and any function R(n) that converges to zero arbitrarily

slowly, there exists a realizable distribution P such that Eler(h,)] > R(n) infinitely often.

The three examples above reveal that there are at least three possible universal learning rates.
Remarkably, we find that these are the only possibilities. That is, every nontrivial class H is either
universally learnable at an exponential rate (but not faster), or is universally learnable at a linear
rate (but not faster), or is universally learnable but necessarily with arbitrarily slow rates.

1.4 Main results

We now summarize the key definitions and main results of the paper. (We refer to Appendix A.4
for the relevant terminology on Polish spaces and measurability.)

To specify the learning problem, we specify a domain X and a concept class # C {0,1}*. We
will henceforth assume that X is a Polish space (for example, a Euclidean space, or any countable
set) and that H satisfies a minimal measurability assumption specified in Definition 3.3 below.

A classifier is a universally measurable function h : X — {0,1}. Given a probability distribu-
tion P on X x {0,1}, the error rate of a classifier h is defined as

er(h) = erp(h) :== P{(z,y) : h(z) # y}.

The distribution P is called realizable if inf,c er(h) = 0.
A learning algorithm is a sequence of universally measurable functions!

H,: (X x{0,1)"x X —{0,1}, neN

The input data to the learning algorithm is a sequence of independent P-distributed pairs (X;,Y;).
When acting on this input data, the learning algorithm outputs the data-dependent classifiers

hn(z) := Ho (X1, Y1), .., (X, Ya), ).

The objective in the design of a learning algorithm is that the expected error rate Eler(h,,)] of the
output concept decays as rapidly as possible as a function of n.

The aim of this paper is to characterize what rates of convergence of E[er(ﬁn)] are achievable.
The following definition formalizes this notion of achievable rate in the universal learning model.

Definition 1.4. Let H be a concept class, and let R : N — [0, 1] with R(n) — 0 be a rate function.

e 7{ is learnable at rate R if there is a learning algorithm h,, such that for every realizable

distribution P, there exist C,¢ > 0 for which Eler(h,)] < CR(cn) for all n.

e 7 is not learnable at rate faster than R if for every learning algorithm h.,, there exists a

realizable distribution P and C, ¢ > 0 for which Eler(h,)] > CR(cn) for infinitely many n.

1. For simplicity of exposition, we have stated a definition corresponding to deterministic algorithms, to avoid
the notational inconvenience required to formally define randomized algorithms in this context. Our results
remain valid when allowing randomized algorithms as well: all algorithms we construct throughout this paper are
deterministic, and all lower bounds we prove also hold for randomized algorithms.
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FIGURE 2: A Littlestone tree of depth 3. Every branch is consistent with a concept h € H. This
is illustrated here for one of the branches.

e 7 is learnable with optimal rate R if H is learnable at rate R and H is not learnable faster
than R.

e 7{ requires arbitrarily slow rates if, for every R(n) — 0, H is not learnable faster than R.

Let us emphasize that, unlike in the PAC model, every concept class H is universally learnable
in the sense that there exist learning algorithms such that Eler(h,)] — 0 for all realizable P; see
Example 1.3 above. However, a concept class may nonetheless require arbitrarily slow rates, in

which case it is impossible for the learner to predict how fast this convergence will take place.

Remark 1.5. While this is not assumed in the above definition, our lower bound results will in
fact prove a stronger claim: namely, that when a given concept class H is not learnable at rate
faster than R, the corresponding constants C, ¢ > 0 in the lower bound can be specified as universal
constants, that is, they are independent of the learning algorithm h,, and concept class H. This is
sometimes referred to as a strong minimax lower bound (Antos and Lugosi, 1998).

The following theorem is one of the main results of this work. It expresses a fundamental
trichotomy: there are exactly three possibilities for optimal learning rates.?

Theorem 1.6. For every concept class H with |H| > 3, exactly one of the following holds.

o H is learnable with optimal rate e ™.

e H is learnable with optimal rate %

o H requires arbitrarily slow rates.

A second main result of this work provides a detailed description of which of these three cases
any given concept class H satisfies, by specifying complexity measures to distinguish the cases. We
begin with the following definition, which is illustrated in Figure 2. Henceforth we define the prefix
y<k = (y1,...,yr) for any sequence y = (y1,y2,...)-

Definition 1.7. A Littlestone tree for H is a complete binary tree of depth d < co whose internal
nodes are labelled by X, and whose two edges connecting a node to its children are labelled 0 and 1,

such that every finite path emanating from the root is consistent with a concept h € H.
More precisely, a Littlestone tree is a collection

{tu:0<k<duc{01}"}Ccx

such that for every y € {0,1}? and n < d, there exists h € H so that h(zy_,) = yr+1 for 0 <k < n.
We say H has an infinite Littlestone tree if there is a Littlestone tree for H of depth d = co.

2. The restriction |H| > 3 rules out two degenerate cases: if |#| = 1 or if # = {h, 1 — h}, then er(h,) = 0 is trivially
achievable for all n. If |H| = 2 but H # {h,1 — h}, then H is learnable with optimal rate e~™ by Example 1.1.
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FiGURE 3: A VCL tree of depth 3. Every branch is consistent with a concept h € H. This is
illustrated here for one of the branches. Due to lack of space, not all external edges are drawn.

The above notion is closely related to the Littlestone dimension, a fundamentally important
quantity in online learning. A concept class H has Littlestone dimension d if it has a Littlestone
tree of depth d but not of depth d 4+ 1. When this is the case, classical online learning theory yields
a learning algorithm that makes at most d mistakes in classifying any adversarial (as opposed to
random) realizable sequence of examples. Along the way to our main results, we will extend the
theory of online learning to the following setting: we show in Section 3.1 that the nonexistence of
an infinite Littlestone tree characterizes the existence of an algorithm that guarantees a finite (but
not necessarily uniformly bounded) number of mistakes for every realizable sequence of examples.
Let us emphasize that having an infinite Littlestone tree is not the same as having an unbounded
Littlestone dimension: the latter can happen due to existence of finite Littlestone trees of arbitrarily
large depth, which does not imply the existence of any single tree of infinite depth.

Next we introduce a new type of complexity structure, which we term a VC-Littlestone tree.
It represents a combination of the structures underlying Littlestone dimension and VC dimension.
Though the definition may appear a bit complicated, the intuition is quite simple (see Figure 3).

Definition 1.8. A VCL tree for H of depth d < oo is a collection
{rye X* . 0<k <due{0,1}' x {0,1}% x --- x {0,1}*}

such that for every n < d and y € {0,1}' x --- x {0,1}"1, there exists a concept h € H so that
h(xl,_ ) =y, forall 0 <i < kand 0 <k <n, where we denote

Y<k = (y(l)v (ygay;)a teey (yga s ayllz_l»’ wygk = (xggkv s ,$§,<k).
We say that H has an infinite VCL tree if it has a VCL tree of depth d = oc.

A VCL tree resembles a Littlestone tree, except that each node in a VCL tree is labelled by a
sequence of k points, where k& is the depth of the node (in contrast, every node in a Littlestone tree
is labelled by a single point). The branching factor at each node at depth k of a VCL tree is thus 2%,
rather than 2 as in a Littlestone tree. In the language of Vapnik-Chervonenkis theory, this means
that along each path in the tree, we encounter shattered sets of size increasing with depth.



With these definitions in hand, we can state our second main result: a complete characterization
of the optimal rate achievable for any given concept class H.

Theorem 1.9. For every concept class H with |H| > 3, the following hold:

o [fH does not have an infinite Littlestone tree, then H is learnable with optimal rate e™™.

o [fH has an infinite Littlestone tree but does not have an infinite VCL tree, then H is learnable
with optimal rate %

o [fH has an infinite VCL tree, then H requires arbitrarily slow rates.

In particular, since Theorem 1.6 follows immediately from Theorem 1.9, the focus of this work
will be to prove Theorem 1.9. The proof of this theorem, and many related results, are presented in
the remainder of this paper.

1.5 Technical overview

We next discuss some technical aspects in the derivation of the trichotomy. We also highlight key
differences with the dichotomy of PAC learning theory.

1.5.1 UPPER BOUNDS

In the uniform setting, the fact that every VC class is PAC learnable is witnessed by any algorithm
that outputs an concept h € H that is consistent with the input sample. This is known in the liter-
ature as the empirical risk minimization (ERM) principle and follows from the celebrated uniform
convergence theorem of (Vapnik and Chervonenkis, 1971). Moreover, any ERM algorithm achieves
the optimal uniform learning rate, up to lower order factors.

In contrast, in the universal setting one has to carefully design the algorithms that achieve
the optimal rates. In particular, here the optimal rates are not always achieved by general ERM
methods: for example, there are classes where exponential rates are achievable, but where there
exist ERM learners with arbitrarily slow rates (see Example 2.6 below). The learning algorithms we
propose below are novel in the literature: they are based on the theory of infinite (Gale-Stewart)
games, whose connection with learning theory appears to be new in this paper.

As was anticipated in the previous section, a basic building block of our learning algorithms is the
solution of analogous problems in adversarial online learning. For example, as a first step towards
a statistical learning algorithm that achieves exponential rates, we extend the mistake bound model
of (Littlestone, 1988) to scenarios where it is possible to guarantee a finite number of mistakes for
each realizable sequence, but without an a priori bound on the number of mistakes. We show this is
possible precisely when H has no infinite Littlestone tree, in which case the resulting online learning
algorithm is defined by the winning strategy of an associated Gale-Stewart game.

Unfortunately, while online learning algorithms may be applied directly to random training
data, this does mot in itself suffice to ensure good learning rates. The problem is that, although
the online learning algorithm is guaranteed to make no mistakes after a finite number of rounds, in
the statistical context this number of rounds is a random variable for which we have no control on
the variance or tail behavior. We must therefore introduce additional steps to convert such online
learning algorithms into statistical learning algorithms. In the case of exponential rates, this will
be done by applying the online learning algorithm to several different batches of training examples,
which must then be carefully aggregated to yield a classifier that achieves an exponential rate.

The case of linear rates presents additional complications. In this setting, the corresponding on-
line learning algorithm does not eventually stop making mistakes: it is only guaranteed to eventually
rule out a finite pattern of labels (which is feasible precisely when H has no infinite VCL tree). Once
we have learned to rule out one pattern of labels for every data sequence of length k, the situation
becomes essentially analogous to that of a VC class of dimension k — 1. In particular, we can then



apply the one-inclusion graph predictor of Haussler, Littlestone, and Warmuth (1994) to classify
subsequent data points with a linear rate. When applied to random data, however, both the time it
takes for the online algorithm to learn to rule out a pattern, and the length k of that pattern, are
random. We must therefore again apply this technique to several different batches of training exam-
ples and combine the resulting classifiers with aggregation methods to obtain a statistical learning
algorithm that achieves a linear rate.

1.5.2 LOWER BOUNDS

The proofs of our lower bounds are also significantly more involved than those in PAC learning
theory. In contrast to the uniform setting, we are required to produce a single data distribution P
for which the given learning algorithm has the claimed lower bound for infinitely many n. To this
end, we will apply the probabilistic method by randomizing over both the choice of target labellings
for the space, and the marginal distribution on X, coupling these two components of P.

1.5.3 CONSTRUCTABILITY AND MEASURABILITY

There is a serious technical issue that arises in our theory that gives rise to surprisingly interesting
mathematical questions. In order to apply the winning strategies of Gale-Stewart games to random
data, we must ensure such strategies are measurable: if this is not the case, our theory may fail
spectacularly (see Appendix C). However, nothing appears to be known in the literature about the
measurability of Gale-Stewart strategies in nontrivial settings.

That measurability issues arise in learning theory is not surprising, of course; this is also the
case in classical PAC learning (Blumer, Ehrenfeucht, Haussler, and Warmuth, 1989; Pestov, 2011).
Our basic measurability assumption (Definition 3.3) is also the standard assumption made in this
setting (Dudley, 2014). It turns out, however, that measurability issues in classical learning theory
are essentially benign: the only issue that arises there is the measurability of the supremum of the
empirical process over H. This can be trivially verified in most practical situations without the
need for an abstract theory: for example, measurability of the empirical process is trivial when H is
countable, or when H can be pointwise approximated by a countable class. For these reasons, mea-
surability issues in classical learning theory are often considered “a minor nuisance”. The situation
in this paper is completely different: it is entirely unclear a priori whether Gale-Stewart strategies
are measurable even in apparently trivial cases, such as when H is countable.

We will prove the existence of measurable strategies for a general class of Gale-Stewart games
that includes all the ones encountered in this paper. The solution of this problem exploits an inter-
play between the mathematical and algorithmic aspects of the problem. To construct a measurable
strategy, we will explicitly define a strategy by means of a kind of greedy algorithm that aims to
minimize in each step a value function that takes values in the ordinal numbers. This construc-
tion gives rise to unexpected new notions for learning theory: for example, we will show that the
complexity of online learning is characterized by an ordinal notion of Littlestone dimension, which
agrees with the classical notion when it is finite. To conclude the proof of measurability, we combine
these insights with a deep result of descriptive set theory (the Kunen-Martin theorem) which shows
that the Littlestone dimension of a measurable class H is always a countable ordinal.

1.6 Related work

To conclude the introduction, we briefly review prior work on the subject of universal learning rates.

1.6.1 UNIVERSAL CONSISTENCY

An extreme notion of learnability in the universal setting is universal consistency: a learning algo-

rithm is universally consistent if E[er(h,)] — infp er(h) for every distribution P. The first proof



that universally consistent learning is possible was provided by Stone (1977), using local average
estimators, such as based on k-nearest neighbor predictors, kernel rules, and histogram rules; see
(Devroye, Gyorfi, and Lugosi, 1996) for a thorough discussion of such results. One can also estab-
lish universal consistency of learning rules via the technique of structural risk minimization from
Vapnik and Chervonenkis (1974). The most general results on universal consistency were recently
established by Hanneke (2017) and Hanneke, Kontorovich, Sabato, and Weiss (2019), who proved
the existence of universally consistent learning algorithms in any separable metric space. In fact,
Hanneke, Kontorovich, Sabato, and Weiss (2019) establish this for even more general spaces, called
essentially separable, and prove that the latter property is actually necessary for universal consis-
tency to be possible. An immediate implication of their result is that in such spaces X', and choosing
H to be the set of all measurable functions, there exists a learning algorithm with Eler(h,,)] — 0 for
all realizable distributions P (cf. Example 1.3). In particular, since we assume in this paper that X
is Polish (i.e., separably metrizable), this result holds in our setting.

While these results establish that it is always possible to have Efer(h,)] — 0 for all realizable P,
there is a so-called no free lunch theorem showing that it is not generally possible to bound the
rate of convergence: that is, the set H of all measurable functions requires arbitrarily slow rates
(Devroye, Gyorfi, and Lugosi, 1996). The proof of this result also extends to more general concept
classes: the only property of H that was used in the proof is that it finitely shatters some countably
infinite subset of X, that is, there exists X’ = {x1,2z9,...} C X such that, for every n € N and
Y1, Yn € {0,1}, there is h € H with h(x;) = y; for every i < n. It is natural to wonder whether
the existence of such a countable finitely shattered set X’ is also necessary for H to require arbitrarily
slow rates. Our main result settles this question in the negative. Indeed, Theorem 1.9 states that
the existence of an infinite VCL tree is both necessary and sufficient for a concept class H to require
arbitrarily slow rates; but it is possible for a class H to have an infinite VCL tree while it does not
finitely shatter any countable set X’ (see Example 2.8 below).

1.6.2 EXPONENTIAL VERSUS LINEAR RATES

The distinction between exponential and linear rates has been studied by Schuurmans (1997) in some
special cases. Specifically, Schuurmans (1997) studied classes H that are concept chains, meaning
that every h,h’ € H have either h < h’ everywhere or A’ < h everywhere. For instance, threshold
classifiers on the real line (Example 1.2) are a simple example of a concept chain.

Since any concept chain A must have VC dimension at most 1, the optimal rates can never
be slower than linear (Haussler, Littlestone, and Warmuth, 1994). However, Schuurmans (1997)
found that some concept chains are universally learnable at an exponential rate, and gave a precise
characterization of when this is the case. Specifically, he established that a concept chain H is
learnable at an exponential rate if and only if H is nowhere dense, meaning that there is no infinite
subset H' C H such that, for every distinct hy, hy € H' with hy < he everywhere, 3hg € H'\{h1, ha}
with h; < hg < hg everywhere. He also showed that concept chains A failing this property (i.e., that
are somewhere dense) are not learnable at rate faster than n~(+¢) (for any ¢ > 0); under further
special conditions, he sharpened this lower bound to a strictly linear rate n=!.

It is not difficult to see that for concept chain classes, the property of being somewhere dense
precisely corresponds to the property of having an infinite Littlestone tree, where the above set
H' corresponds to the set of classifiers involved in the definition of the infinite Littlestone tree.
Theorem 1.9 therefore recovers the result of Schuurmans (1997) as a very special case, and sharpens
his n~(1*€) general lower bound to a strict linear rate n 1.

Schuurmans (1997) also posed the question of whether his analysis can be extended beyond
concept chains: that is, whether there is a general characterization of which classes H are learnable
at an exponential rate, versus which classes are not learnable at faster than a linear rate. This
question is completely settled by the main results of this paper.



1.6.3 CLASSES WITH MATCHING UNIVERSAL AND UNIFORM RATES

Antos and Lugosi (1998) showed that there exist concept classes for which no improvement on the
PAC learning rate is possible in the universal setting. More precisely, they showed that, for any
d € N, there exists a concept class ‘H of VC dimension d such that, for any learning algorithm B,
there exists a realizable distribution P for which Eler(h,)] > < for infinitely many n, where the
numerical constant ¢ can be made arbitrarily close to % This shows that universal learning rates
for some classes tightly match their minimax rates up to a numerical constant factor.

1.6.4 ACTIVE LEARNING

Universal learning rates have also been considered in the context of active learning, under the names
true sample complezity or unverifiable sample complezity (Hanneke, 2009, 2012; Balcan, Hanneke,
and Vaughan, 2010; Yang and Hanneke, 2013). Active learning is a variant of supervised learning,
where the learning algorithm observes only the sequence Xi, Xo, ... of unlabeled examples, and may
select which examples X; to query (which reveals their labels Y;); this happens sequentially, so that
the learner observes the response to a query before selecting its next query point. In this setting,
one is interested in characterizing the rate of convergence of E[er(ﬁn)] where n is the number of
queries (i.e., the number of labels observed) as opposed to the sample size.

Hanneke (2012) showed that for any VC class H, there is an active learning algorithm h., such
that, for every realizable distribution P, Eler(h,)] = o(+). Note that such a result is certainly
not achievable by passive learning algorithms (i.e., the type of learning algorithms discussed in the
present work), given the results of Schuurmans (1997) and Antos and Lugosi (1998). The latter also

follows from the results of this paper by Example 2.2 below.

1.6.5 NONUNIFORM LEARNING

Denote by RE(h) the family of distributions P such that er(h) = 0 for a given classifier h €
H. Benedek and Itai (1994) considered a partial relaxation of the PAC model, called nonuniform
learning, in which the learning rate may depend on h € H but is still uniform over P € RE(h).
This setting intermediate between the PAC setting (where the rate may depend only on n) and the
universal learning setting (where the rate may depend fully on P). A concept class H is said to
be learnable in the nonuniform learning setting if there exists a learning algorithm h, such that
SUP peRE(h) Eler(h,)] = 0 as n — oo for every h € H.

Benedek and Ttai (1994) proved that a concept class H is learnable in the nonuniform learning
model if and only if H is a countable union of VC classes. In Example 2.7 below, we show that
there exist classes H that are universally learnable, even at an exponential rate, but which are not
learnable in the nonuniform learning setting. It is also easy to observe that there exist classes H that
are countable unions of VC classes (hence nonuniformly learnable) which have an infinite VCL tree
(and thus require arbitrarily slow universal learning rates). The universal and nonuniform learning
models are therefore incomparable.

2. Examples

In Section 1.3, we introduced three basic examples that illustrate the three possible universal learning
rates. In this section we provide further examples. The main aim of this section is to illustrate
important distinctions with the uniform setting and other basic concepts in learning theory, which
are illustrated schematically in Figure 4.
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linear rate

universal Glivenko-Cantelli

arbitrary rate

FIGURE 4: A Venn diagram depicting the trichotomy and its relation with uniform and universal
learnability. While the focus here is on statistical learning, note that this diagram also captures
the distinction between uniform and universal online learning, see Section 3.1.

2.1 Universal learning versus PAC learning

We begin by giving four examples that illustrate that the classical PAC learning model (which is
characterized by finite VC dimension) is not comparable to the universal learning model.

Example 2.1 (VC with exponential rate). Consider the class # C {0, 1} of all threshold functions
hi(x) = 1,>; where t € N. This is a VC class (its VC dimension is 1), which is learnable at an
exponential rate (it does not have an infinite Littlestone tree). Note, however, that this class has
unbounded Littlestone dimension (it shatters Littlestone trees of arbitrary finite depths), so that it
does not admit an online learning algorithm that makes a uniformly bounded number of mistakes.

Example 2.2 (VC with linear rate). Consider the class # C {0,1}® of all threshold functions
hi(z) = 14>, where ¢ € R. This is a VC class (its VC dimension is 1) that is not learnable at an
exponential rate (it has an infinite Littlestone tree). Thus the optimal rate is linear.

Example 2.3 (Exponential rate but not VC). Let X = |J, A be the disjoint union of finite sets
|X| = k. For each k, let Hj = {15 : S C A}, and consider the concept class H = |J,, Hy. This class
has an unbounded VC dimension, yet is universally learnable at an exponential rate. To establish
the latter, it suffices to prove that H does not have an infinite Littlestone tree. Indeed, once we fix
any root label x € X}, of a Littlestone tree, only h € Hy, can satisfy h(xz) = 1, and so the hypotheses
consistent with the subtree corresponding to h(x) = 1 form a finite class. This subtree can therefore
have only finitely many leaves, contradicting the existence of an infinite Littlestone tree.

Example 2.4 (Linear rate but not VC). Consider the disjoint union of the classes of Examples 2.2
and 2.3: that is, X is the disjoint union of R and finite sets X} with |X)| = k, and H is the union
of the class of all threshold functions on R and the classes Hy = {15 : S C AXj}. This class has
an unbounded VC dimension, yet is universally learnable at a linear rate. To establish the latter,
it suffices to note that H has an infinite Littlestone tree as in Example 2.2, but H cannot have an
infinite VCL tree. Indeed, once we fix any root label z € X, the class {h € H : h(z) = 1} has finite
VC dimension, and thus the corresponding subtree of the VCL tree must be finite.

11



2.2 Universal learning algorithms versus ERM

The aim of the next two examples is to shed some light on the type of algorithms that can give rise
to optimal universal learning rates. Recall that in the PAC model, a concept class is learnable if
and only if it can be learned by any ERM (empirical risk minimization) algorithm. The following
examples will show that the ERM principle cannot explain the achievable universal learning rates;
the algorithms developed in this paper are thus necessarily of a different nature.

An ERM algorithm is any learning rule that outputs a concept in H that minimizes the empirical
error. There may in fact be many such hypotheses, and thus there are many inequivalent ERM
algorithms. Learnability by means of a general ERM algorithm is equivalent to the Glivenko-
Cantelli property: that is, that the empirical errors of all h € H converge simultaneously to the
corresponding population errors as n — co. The Glivenko-Cantelli property has a uniform variant,
in which the convergence rate is uniform over all data distributions P; this property is equivalent to
PAC learnability and is characterized by VC dimension (Vapnik and Chervonenkis, 1971). It also has
a universal variant, where the convergence holds for every P but with distribution-dependent rate;
the latter is equivalent to the universal consistency of a general ERM algorithm. A combinatorial
characterization of the universal Glivenko-Cantelli property is given by van Handel (2013).

The following example shows that even if a concept class is universally learnable by a general
ERM algorithm, this need not yield any control on the learning rate. This is in contrast to the PAC
setting, where learnability by means of ERM always implies a linear learning rate.

Example 2.5 (Arbitrarily slow rates but learnable by any ERM). Let X = N and let H be the class
of all classifiers on X. This class has an infinite VCL tree and thus requires arbitrarily slow rates;
but H is a universal Glivenko-Cantelli class and thus any ERM algorithm is universally consistent.

In contrast, the next example shows that there are are scenarios where extremely fast universal
learning is achievable, but where a general ERM algorithm can give rise to arbitrarily slow rates.

Example 2.6 (Exponential rate achivable but general ERM arbitrarily slow). Let X = |,y X be

the disjoint union of finite sets with |X;| = 2. For each i € N, let
Hi={1:1C X, [I| =271},

€N

and consider the concept class H = |J,cn Hi- It follows exactly as in Example 2.3 that H has no
infinite Littlestone tree, so that it is universally learnable at an exponential rate.
We claim there exists, for any rate function R(n) — 0, an ERM algorithm that achieves rate

slower than R. In the following, we fix any such R, as well as strictly increasing sequences {n;}
git—2

and {i;} satisfying the following: letting p, = = —, it holds that p; is decreasing, Yooy pe <1, and
pt > 4R(n:). The reader may verify that such sequences can be constructed by induction on t.

Now consider any ERM with the following property: if the input data (X1,Y7),...,(X,,Y,) is
such that Y; = 0 for all ¢, then the algorithm outputs h, € Hip, with

T,, = min{¢ : there exists h € H;, such that h(X;) =--- = h(X,,) = 0}.
We claim that such ERM perform poorly on the data distribution P defined by
P{(x,0)} =2"“p; forallzc A, t €N,
where we set P{(z’,0)} = 1 — > ;2 p; for some arbitrary choice of @’ & [J,cy Ai,. Note that P is
realizable, as inf; er(h;) < inf; P{(z,y) : « € X;} = 0 for any h; € H,.

It remains to show that Eler(h,)] > R(n) for infinitely many n. To this end, note that by
Markov’s inequality, there is a probability at least 1/2 that the number of (X1,Y7),...,(Xn,,Yn,)
such that X; € &;, is at most 2 =1, On this event, we must have T}, < ¢, so that

er(hy,) > LP{(2,0) : 2 € Xip, } > 2 > 2R(n,).
Thus we have shown that Efer(h,,)] > R(n;) for all ¢ € N.
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2.3 Universal learning versus other learning models

The nonuniform learning model of Benedek and Itai (1994) is intermediate between universal and
PAC learning, see section 1.6.5. Our next example shows that a concept class may be not even
learnable in the nonuniform sense, while exhibiting the fastest rate of uniform learning.

Example 2.7 (Exponential rate but not nonuniformly learnable). The following class can be learned
at an exponential rate, yet it cannot be presented as a countable union of VC classes (and hence it
is not learnable in the nonuniform setting by Benedek and Itai, 1994):

X={SCR: |5 < oo}, H ={hy:y R},

where hy(S) = 1,cs. We first claim that H has no infinite Littlestone tree: indeed, once we fix a
root label S € X of a Littlestone tree, the class {h € H : h(S) = 1} is finite, so the corresponding
subtree must be finite. Thus H is universally learnable at an exponential rate.

On the other hand, suppose that H were a countable union of VC classes. Then one element
of this countable union must contain infinitely many hypotheses (as R is uncountable). This is a
contradiction, as any infinite subset {h, : y € I} C H with I C R, |I| = oo has unbounded VC
dimension (as its dual class is the class of all finite subsets of I).

Our next example is concerned with the characterization of arbitrarily slow rates. As we discussed
in section 1.6.1, a no free lunch theorem of Devroye, Gyorfi, and Lugosi (1996) shows that a sufficient
condition for a class H to require arbitrarily slow rates is that there exists an infinite set X’ C X
finitely shattered by H: that is, there exists X’ = {x1,z2,...} C X such that, for every n € N and
Y1, -, Yn € {0,1}, there is h € H with h(x;) = y; for every ¢ < n. Since our Theorem 1.9 indicates
that existence of an infinite VCL tree is both sufficient and necessary, it is natural to ask how these
two conditions relate to each other. It is easy to see that the existence of a finitely shattered infinite
set X’ implies the existence of an infinite VCL tree. However, the following example shows that the
opposite is not true: that is, there exist classes H with an infinite VCL tree that do not finitely
shatter an infinite set X’. Thus, these conditions are not equivalent, and our Theorem 1.9 provides
a strictly weaker condition sufficient for H to require arbitrarily slow rates.

Example 2.8 (No finitely shattered infinite set, but requires arbitrarily slow rates). Consider a
countable space X that is itself structured into nodes of a VCL tree: that is,

X={z :keNuU{0},ic{0,...,k},uec{0,1}' x {0,1}? x --- x {0,1}F},

where each 2%, is a distinct point. Then for each y = (39, (49,43), -+, (WL, yr1),...) € {0,1}! x
{0,1}2 x -+ -, dgﬁne hy such that every k € NU {0} and i € {0,...,k} has hy(xi,gk) =y}, and
every x € X\{zy,_ k€ NU{0},i€{0,...,k}} has hy(x) = 0. Then define

H={hy:yc{0,1}' x {0,1}> x ---}.

By construction, this class H has an infinite VCL tree. However, any set S C X of size at least 2
which is shattered by H must be contained within a single node of the tree. In particular, since any
countable set X’ = {z],z},...} C X necessarily contains points x}, 2/, existing in different nodes of

j
the tree, the set {x],..., x;nax{i j}} is not shattered by H, so that X’ is not finitely shattered by H.

2.4 Geometric examples

The previous examples were designed to illustrate the key features of the results of this paper
in comparison with other learning models; however, these examples may be viewed as somewhat
artificial. To conclude this section, we give two examples of “natural” geometric concept classes that
are universally learnable with exponential rate. This suggests that our theory has direct implications
for learning scenarios of the kind that may arise in applications.

13



Example 2.9 (Nonlinear manifolds). Various practical learning problems are naturally expressed
by concepts that indicate whether the data lie on a manifold. The following construction provides
one simple way to model classes of nonlinear manifolds. Let the domain X be any Polish space, and
fix a measurable function g : X — R% with d < co. For a given k < oo, consider the concept class

H= {]-Ag:O :Ae RkXd}.

The coordinate functions gi,...,gq describe the nonlinear features of the class. For example, if
X = C" and g; are polynomials, this model can describe any class of affine algebraic varieties.

We claim that H is universally learnable at exponential rate. It suffices to show that, in fact,
‘H has finite Littlestone dimension. To see why, fix any Littlestone tree, and consider its branch
Tz, L1, %11, . .; for simplicity, we will denote these points in this example as 2%, 2!, 22, .... Define

Vi ={AeR": Ag(a') =0 for i =0,...,5}.

Each Vj is a finite-dimensional linear space. Now note that if V; = V;_, then all h € H such that
h(xz?) =1,i=1,...,7 — 1 satisfy h(27) = 1; but this is impossible, as the definition of a Littlestone
tree requires the existence of h € H such that h(z?) =1,i=1,...,5 — 1 and h(2/) = 0. Thus the
dimension of V; must decrease strictly in j, so the branch g, z1, 211, ... must be finite.

Example 2.10 (Positive halfspaces on N%). It is a classical fact that the class of halfspaces on RY
has finite VC dimension, and it is easy to see this class has an infinite Littlestone tree. Thus the PAC
rate cannot be improved in this setting. The aim of this example is to show that the situation is quite
different if one considers positive halfspaces on a lattice N%: such a class is universally learnable with
exponential rate. This may be viewed as an extension of Example 2.1, which illustrates that some
geometric classes on discrete spaces can be universally learned at a much faster rate than geometric
classes on continuous spaces (a phenomenon not captured by the PAC model).
More precisely, let X = N¢ for some d € N, and let H be the class of positive halfspaces:

H= {1w-x7b20 : (W7 b) S (07 OO)d+1}.

We will argue that H is universally learnable at an exponential rate by constructing an explicit
learning algorithm guaranteeing a finite number of mistakes for every realizable data sequence. As
will be argued in Section 3 below, the existence of such an algorithm immediately implies H does
not have an infinite Littlestone tree. Moreover, we show in Section 4 that such an algorithm can be
converted into a learning algorithm achieving exponential rates for all realizable distributions P.

Let S, € (X x {0,1})™ be any data set consistent with some h € H. If every (z;,y;) € S, has
y; =0, let hy,(z) = 0 for all z € X. Otherwise, let hy,(z) = 1oen({ws:(zi,1)€8,}), Where

L({z1,...,2}) = {z' +Zaizi ta; €0, 1],20@ =1,72 € [0,00)d}

i<t i<t
for any t € Nand z1,...,2; € X. L({z1,..., 2:}) is the smallest region containing the convex hull of
z1,...,2 for which the indicator of the region is non-decreasing in every dimension.

Now consider any sequence {(z;,y;)}ieny in X x {0,1} such that for each n € N, letting S,, =
{(xi,yi) }ioy, there exists h; € H with A (z;) = y; for all i < n. Since {x : h};,(x) = 1} is convex,
and hy, , (x) is non-decreasing in every dimension, we have by < R +1- This implies that any n € N
with ﬁn(xn+1) # Y41 must have y,+1 = 1 and fzn(xnﬂ) = 0. Therefore, by the definition of L(-),
the following must hold for any n with Ay (2p41) # Yni1: for every @ < n such that y; = 1, there
exists a coordinate 1 < j < d such that (z,41); < (z4);.

Now suppose, for the sake of obtaining a contradiction, that there is an increasing infinite se-
quence {n;}ten such that ﬁnt (Tn,+1) # Yn,+1, and consider a coloring of the infinite complete
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graph with vertices {z,,+1}ten where every edge {x,, 41,%n,, +1} with t <t is colored with a value
min{j : (Zn, +1); < (#n,41);}. Then the infinite Ramsey theorem implies there exists an infinite
monochromatic clique: that is, a value j < d and an infinite subsequence {ny, } with (z,, 41); strictly
decreasing in ¢. This is a contradiction, since clearly any strictly decreasing sequence (xntiﬂ)j
maintaining z,, 41 € & can be of length at most (l'ntl+1) 4, which is finite. Therefore, the learning

algorithm h,, makes at most a finite number of mistakes on any such sequence {(z;,y;)}ien. Let us
note, however, that there can be no uniform bound on the number of mistakes (independent of the
specific sequence {(z;, y;) }ien), since the Littlestone dimension of H is infinite.

3. The adversarial setting

Before we proceed to the main topic of this paper, we introduce a simpler adversarial analogue of our
learning problem. The strategies that arise in this adversarial setting form a key ingredient of the
statistical learning algorithms that will appear in our main results. At the same time, it motivates
us to introduce a number of important concepts that play a central role in the sequel.

3.1 The online learning problem

Let X be a set, and let the concept class H be a collection of indicator functions h : X — {0,1}. We
consider an online learning problem defined as a game between the learner and an adversary. The
game is played in rounds. In each round t > 1:

e The adversary chooses a point z; € X.
e The learner predicts a label g, € {0,1}.

e The adversary reveals the true label y; = h(x;) for some function h € H that is consistent
with the previous label assignments h(z1) = y1,...,h(2t—1) = yr—1.

The learner makes a mistake in round ¢ if ; # y;. The goal of the learner is to make as few mistakes
as possible and the goal of the adversary is to cause as many mistakes as possible. The adversary
need not choose a target concept h € H in advance, but must ensure that the sequence {(z¢, y:)}$24
is realizable by H in the sense that for all 7' € N there exists h € H such that h(z;) = y, for all
t < T. That is, each prefix {(x;,y;)}7_, must be consistent with some h € H.

We say that the concept class H is online learnable if there is a strategy

Y = yt(xlvyla e vxtflaytflaxt)a

that makes only finitely many mistakes, regardless of what realizable sequence {(z,y:)}$2, is pre-
sented by the adversary.

The above notion of learnability may be viewed as a universal analogue of the uniform mistake
bound model of Littlestone (1988), which asks when there exists a strategy that is guaranteed to
make at most d < oo mistakes for any input. Littlestone showed that this is the case if and only if H
has no Littlestone tree of depth d + 1. Here we ask only that the strategy makes a finite number of
mistakes on any input, without placing a uniform bound on the number of mistakes. The main result
of this section shows that this property is fully characterized by the existence of infinite Littlestone
trees. Let us recall that Littlestone trees were defined in Definition 1.7.

Theorem 3.1. For any concept class H, we have the following dichotomy.

o [f H does not have an infinite Littlestone tree, then there is a strategy for the learner that
makes only finitely many mistakes against any adversary.
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o If H has an infinite Littlestone tree, then there is a strategy for the adversary that forces any
learner to make a mistake in every round.

In particular, H is online learnable if and only if it has no infinite Littlestone tree.

A proof of this theorem is given in the next section. The proof uses classical results from the
theory of infinite games, see Appendix A.1 for a review of the relevant notions.
3.2 A Gale-Stewart game

Let us now view the online learning game from a different perspective that fits better into the

framework of classical game theory. For x1,...,2; € X and y1,...,y;: € {0,1}, consider the class
Hml’ylvwaﬂft’yt = {h € H : h(xl) =Y1,-- ‘vh(xt) = yt}
of hypotheses that are consistent with z1,y1,...,zs, y:. An adversary who tries to maximize the

number of mistakes the learner makes will choose a sequence of z;, y; with y; # g, for as many initial
rounds in a row as possible. In other words, the adversary tries to keep Hoy 1—gy,....00,1—g: 7# 9D
as long as possible. When this set would become empty (for every possible x;), however, the only
consistent choice of label is y; = ¢, so the learner makes no mistakes from that point onwards.

This motivates defining the following game &. There are two players: Po and Pp. In each
round 7:

e Player P, chooses a point & € X’ and shows it to Player Py,.
e Then, Player Py, chooses a point 7, € {0,1}.

Player P, wins the game in round 7 if He, py,.. ¢, m, = @. Player Py wins the game if the game
continues indefinitely. In other words, the set of winning sequences for Py, is

W={(mn) e (X x{0,1})*:He, n..crn = for some 0 <7 < oo}

This set of sequences W is finitely decidable in the sense that the membership of (&,n) in W is
witnessed by a finite subsequence. Thus the above game is a Gale-Stewart game (cf. Appendix A.1).
In particular, by Theorem A.1, exactly one of P5 or Py, has a winning strategy in this game.

The game & is intimately connected to the definition of Littlestone trees: an infinite Littlestone
tree is nothing other than a winning strategy for Pa, expressed in a slightly different language.

Lemma 3.2. Player Pa has a winning strategy in the Gale-Stewart game & if and only if H has
an infinite Littlestone tree.

Proof Suppose H has an infinite Littlestone tree, for which we adopt the notation of Definition 1.7.
Define a strategy for Pa by &-(m,....1m:-1) = @y,....n._, (cf. Remark A.4). The definition of a
Littlestone tree implies that He, »,, . e.m, # @ for every n € {0,1}* and 7 < oo, that is, this
strategy is winning for P,. Conversely, suppose P4 has a winning strategy, and define the infinite
tree T = {7y : 0 < k < co,u € {0,1}*} by

Tnyyeinro 7 57(7117 BRRE) 777'71)'

The tree T is an infinite Littlestone tree by the definition of a winning strategy for the game &. W

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1 Assume # has an infinite Littlestone tree {z,}. The adversary may play
the following strategy: in round ¢, choose

Lt = Tyy,..,ye—1
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and after the learner reveals her prediction ¢, choose
Yyt =1—19e.

By definition of a Littlestone tree, y; is consistent with H regardless of the learner’s prediction. This
strategy for the adversary in the online learning problem forces any learner to make a mistake in
every round.

Now suppose H has no infinite Littlestone tree. Then Py, has a winning strategy n,(&1,...,&;)
in the Gale-Stewart game & (cf. Remark A.4). If we were to know a priori that the adversary
always forces an error when possible, then the learner could use this strategy directly with x; = &
and ¢ = 1 — 1, to ensure she only makes finitely many mistakes. To extend this conclusion to an
arbitrary adversary, we design our learning algorithm so that the Gale-Stewart game proceeds to
the next round only when the learner makes a mistake. More precisely, we introduce the following
learning algorithm.

e Initialize 7 < 1 and f(x) < m(z).
e In every round ¢ > 1:
- Predict g, = 1 — f(xy).
- I gy £y, let & — y, f(2) < 0rgp1(&ay o€, x), and 7 < 7 + 1.

This algorithm can only make a finite number of mistakes against any adversary. Indeed, suppose
that some adversary forces the learner to make an infinite number of mistakes at times ¢1,¢s,... By
the definition of &, however, we have Hy, v, ...z, y,, = @ for some k < oo. This violates the rules

of the online learning game, because the sequence {(z, )}, is not consistent with H. |

3.3 Measurable strategies

The learning algorithm from the previous section solves the adversarial online learning problem.
It is also a basic ingredient in the algorithm that achieves exponential rates in the probabilistic
setting (section 4 below). However, in passing from the adversarial setting to the probabilistic
setting, we encounter nontrivial difficulties. While the existence of winning strategies is guaranteed
by the Gale-Stewart theorem, this result does not say anything about the complexity of these
strategies. In particular, it is perfectly possible that the learning algorithm of the previous section
is nonmeasurable, in which case its naive application in the probabilistic setting can readily yield
nonsensical results (cf. Appendix C).

It is, therefore, essential to impose sufficient regularity assumptions so that the winning strategies
in the Gale-Stewart game & are measurable. This issue proves to be surprisingly subtle: almost
nothing appears to be known in the literature regarding the measurability of Gale-Stewart strategies.
We therefore develop a rather general result of this kind, Theorem B.1 in Appendix B, that suffices
for all the purposes of this paper.

Definition 3.3. A concept class H of indicator functions h : X — {0,1} on a Polish space X is
said to be measurable if there is a Polish space © and Borel-measurable map h: © x X — {0,1}
so that H = {h(¢,-) : 0 € O}.

In other words, H is measurable when it can be parameterized in any reasonable way. This is
the case for almost any H encountered in practice. The Borel isomorphism theorem (Cohn, 1980,
Theorem 8.3.6) implies that we would obtain an identical definition if we required only that O is a
Borel subset of a Polish space.
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Remark 3.4. Definition 3.3 is well-known in the literature: this is the standard measurability
assumption made in empirical process theory, where it is usually called the image admissible Suslin
property, cf. (Dudley, 2014, section 5.3).

Our basic measurability result is the following corollary of Theorem B.1.

Corollary 3.5. Let X be Polish and H be measurable. Then the Gale-Stewart game & of the
previous section has a universally measurable winning strategy. In particular, the learning algorithm
of Theorem 3.1 is universally measurable.

Proof The conclusion follows from Theorem B.1 once we verify that the set W of winning sequences
for Pr, in & is coanalytic (see Appendix A.4 for the relevant terminology and basic properties of
Polish spaces and analytic sets). To this end, we write its complement as

We={(&mn) € (X x{0,1})* : He, . 60m, # D forall 7 < oo}

N U N {Ene@x{0,1)% h,z,) =}

1<7<00 0€0 1<t<T

The set {(6,&,7m) : h(0,&) = n;} is Borel by the measurability assumption. Moreover, both inter-
sections in the above expression are countable, while the union corresponds to the projection of a
Borel set. The set W€ is therefore analytic. |

That a nontrivial measurability assumption is needed in the first place is not obvious: one might
hope that it suffices to simply require that every concept h € H is measurable. Unfortunately, this
is not the case. In Appendix C, we describe a nonmeasurable concept class on X = [0, 1] such that
each h € H is the indicator of a countable set. In this example, the set W of winning sequences is
nonmeasurable: thus one cannot even give meaning to the probability that the game is won when
it is played with random data. In such a situation, the analysis in the following sections does not
make sense. Thus Corollary 3.5, while technical, is essential for the theory developed in this paper.

It is perhaps not surprising that some measurability issues arise in our setting, as this is already
the case in classical PAC learning theory (Blumer, Ehrenfeucht, Haussler, and Warmuth, 1989;
Pestov, 2011). Definition 3.3 is the standard assumption that is made in this setting (Dudley, 2014).
However, the only issue that arises in the classical setting is the measurability of the supremum of
the empirical process over H. This is essentially straightforward: for example, measurability is
trivial when H is countable, or can be pointwise approximated by a countable class. The latter
already captures many classes encountered in practice. For these reasons, measurability issues in
classical learning theory are often considered “a minor nuisance”. The measurability problem for
Gale-Stewart strategies is much more subtle, however, and cannot be taken for granted. For example,
we do not know of a simpler proof of Theorem B.1 in the setting of Corollary 3.5 even when the
class ‘H is countable. Further discussion may be found in Appendix C.

3.4 Ordinal Littlestone dimension

In its classical form, the Gale-Stewart theorem (Theorem A.1l) is a purely existential statement:
it states the existence of winning strategies. To actually implement learning algorithms from such
strategies, however, one would need to explicitly describe them. Such an explicit description is
constructed as part of the measurability proof of Theorem B.1 on the basis of a refined notion of
dimension for concept classes that is of interest in its own right. The aim of this section is to briefly
introduce the relevant ideas in the context of the online learning problem; see the proof of Theorem
B.1 for more details. (The content of this section is not used elsewhere in the text.)

It is instructive to begin by recalling the classical online learning strategy (Littlestone, 1988).
The Littlestone dimension of H is defined as the largest depth of a Littlestone tree for H (if H
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is empty then its dimension is —1). The basic idea of (Littlestone, 1988) is that if the Littlestone
dimension d is finite, then there is a strategy for Pr, in the game & that wins at the latest in round
d 4+ 1. This winning strategy is built using the following observation.

Observation 3.6. Assume that the Littlestone dimension d of H is finite and that H is nonempty.
Then for every x € X, there exists y € {0,1} such that the Littlestone dimension of H , is strictly
less than that of H.

Proof If both H, 0 and H; 1 have a Littlestone tree of depth d (say to, t1, respectively), then A
has a Littlestone tree of depth d + 1: take x as the root and attach tq,t; as its subtrees. |

The winning strategy for Py, is now evident: as long as player P, always chooses y; so that the
Littlestone dimension of Hg, 41 ...z, 4, 1S smaller than that of H, ... then Py, will win in
at most d + 1 rounds.

At first sight, it appears that this strategy does not make much sense in our setting. Though
we assume that H has no infinite Littlestone tree, it may have finite Littlestone trees of arbitrarily
large depth. In this case the classical Littlestone dimension is infinite, so a naive implementation
of the above strategy fails. Nonetheless, the key idea behind the proof of Theorem B.1 is that an
appropriate extension of Littlestones strategy works in the general setting. The basic observation
is that the notion “infinite Littlestone dimension” may be considerably refined: we can extend the
classical notion to capture precisely “how infinite” the Littlestone dimension is. With this new
definition in hand, the winning strategy for Pp, will be exactly the same as in the case of finite
Littlestone dimension. The Littlestone dimension may not just be a natural number, but rather an
ordinal, which turns out to be precisely the correct way to measure the “number of steps to victory”.
A brief introduction to ordinals and their role in game theory is given in Appendix A.2.

Our extension of the Littlestone dimension uses the notion of rank, which assigns an ordinal to
every finite Littlestone tree. The rank is defined by a partial order <: let us write t’ < t if t’ is a
Littlestone tree that extends t by one level, namely, t is obtained from t’ by removing its leaves.?
A Littlestone tree t is minimal if it cannot be extended to a Littlestone tree of larger depth. In this
case, we say rank(t) = 0. For non-minimal trees, we define rank(t) by transfinite recursion

HTt—1,Yt—17

rank(t) = sup{rank(t’) + 1 : t' < t}.

If rank(t) = d is finite, then the largest Littlestone tree that extends t has d additional levels. The
classical Littlestone dimension is d € N if and only if rank(@) = d.

Rank is well-defined as long as H has no infinite Littlestone tree. The crucial point is that when
‘H has no infinite tree, < is well-founded (i.e., there are no infinite decreasing chains in <), so that
every finite Littlestone tree t appears in the above recursion. For more details, see Appendix A.3.

Definition 3.7. The ordinal Littlestone dimension of  is defined as*:

-1 if H is empty.
LD(H) =4 Q if H has an infinite Littlestone tree.
rank(&) otherwise.

When H has no infinite Littlestone tree, we can construct a winning strategy for Py, in the same
manner as in the case of finite Littlestone dimension. An extension of Observation 3.6 states that for
every « € X, there exists y € {0,1} so that LD(#; ) < LD(#H). The intuition behind this extension

3. It may appear somewhat confusing that t’ < t although t’ is larger than t as a tree. The reason is that we order
trees by how far they may be extended, and t’ can be extended less far than t.
4. Here we borrow Cantor’s notation Q for the absolute infinite: a number larger than every ordinal number.
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is the same as in the finite case, but its proof is more technical (cf. Proposition B.8).% The strategy
for Py, is now chosen so that LD(Hy, y,,....2,.4. ) decreases in every round. This strategy ensures that
Pr, wins in a finite number of rounds, because ordinals do not admit an infinite decreasing chain.

The idea that dimension can be an ordinal may appear a bit unusual. The meaning of this notion
is quite intuitive, however, as is best illustrated by means of some simple examples. Recall that we
have already shown above that when LD(H) < w is finite (w denotes the smallest infinite ordinal),
the ordinal Littlestone dimension coincides with the classical Littlestone dimension.

Example 3.8 (Disjoint union of finite-dimensional classes). Partition X = N into disjoint intervals
Xy, Xa, X3, ... with |X;| = k. For each k, let Hy be the class of indicators of all subsets of X},. Let
H = U, Hr. We claim that LD(H) = w. Indeed, as soon as we select a root vertex z € A}, for a
Littlestone tree, we can only grow the Littlestone tree for k£ — 1 additional levels. In other words,
rank({z}) = k — 1 whenever z € X}. By definition, rank(&) = sup{rank({z}) +1:z € X} = w.

Example 3.9 (Thresholds on N). Let X = N and consider the class of thresholds H = {z — 1< :
z € N}. As in the previous example, we claim that LD(H) = w. Indeed, as soon as we select a root
vertex « € X for a Littlestone tree, we can grow the Littlestone tree for at most x — 1 additional
levels (otherwise, there would exist h € H and distinct points y1,...,y, such that h(z) = 0 and
h(y1) =+ = h(yz) = 1). On the other hand, we can grow a Littlestone tree of depth order log(z),
by repeatedly choosing labels in each level that bisect the intervals between the labels chosen in the
previous level. It follows that rank(@) = sup{rank({z})+1: 2 € X} = w.

Example 3.10 (Thresholds on Z). Let X = Z and consider the class of thresholds H = {z — 1<, :
z € Z}. In this case, LD(H) = w + 1. As soon as we select a root vertex x € X, the class H, 1 is
essentially the same as the threshold class from the previous example. It follows that rank({z}) = w
for every x € X. Consequently, rank(@) = w + 1.

Example 3.11 (Union of partitions). Let X = [0, 1]. For each k, let Hj, be the class of indicators of
dyadic intervals length 27% (which partition X). Let # = |J, Hx. In this example, LD(H) = w + 1.
Indeed, consider a Littlestone tree t = {zg, 20,21} of depth two. The class Hy, 1,2,,1 consists of
indicators of those dyadic intervals that contain both x4 and 1. There is only a finite number such
intervals, because |z — x1| > 0 and the diameters of the intervals shrink to zero. It follows that
rank(t) < w for any Littlestone tree of depth two. On the other hand, one may grow a Littlestone
tree of arbitrary depth for any choice of root xg: the class H,, 1 is an infinite sequence of nested
intervals, which is essentially the same as in Example 3.9; and H,, ¢ has a subclass that is essentially
the same as H itself. Thus, rank({zz}) = w for every x5 € X. Consequently, rank(@) = w + 1.

By inspecting these examples, a common theme emerges. A class of finite Littlestone dimension
is one whose Littlestone trees are of bounded depth. A class with LD(#H) = w has arbitrarily large
finite Littlestone trees, but the maximal depth of a Littlestone tree is fixed once the root node has
been selected. Similarly, a class with LD(H) = w+k for k < w has arbitrarily large finite Littlestone
trees, but the maximal depth of a Littlestone tree is fixed once its first k+1 levels have been selected.
There are also higher ordinals such as LD(H) = w + w; this means that the choice of root of the
tree determines an arbitrarily large finite number k, such that the maximal depth of the tree is fixed
after the next k levels have been selected. For further examples in a more general context, we refer
to Appendix A.3 and to the lively discussion in (Evans and Hamkins, 2014) of game values in infinite
chess. In any case, the above examples illustrate that the notion of ordinal Littlestone dimension is
not only intuitive, but also computable in concrete situations.

While only small infinite ordinals appear in the above examples, there exist concept classes such
that LD(#) is an arbitrarily large ordinal (as in the proof of Lemma C.3). There is no general

5. The results in Appendix B are formulated in the setting of general Gale-Stewart games. When specialized to
the game & of Section 3.2, the reader may readily verify that the game value defined in Section B.2 is precisely
Val(xlvylv“'vzhyt) :LD(HILyl ,,,,, Itxyt)'
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upper bound on the ordinal Littlestone dimension. However, a key part of the proof of Theorem B.1
is the remarkable fact that for measurable classes H in the sense of Definition 3.3, the Littlestone
dimension can be at most a countable ordinal LD(#H) < w; (Lemma B.7). Thus any concept class
that one is likely to encounter in practice gives rise to a relatively simple learning strategy.

4. Exponential rates

Sections 4 and 5 of this paper are devoted to the proof of Theorem 1.9, which is the main result of
this paper. The aim of the present section is to characterize when exponential rates do and do not
occur; the analogous questions for linear rates will be studied in the next section.

Let us recall that the basic definitions of this paper are stated in section 1.4; they will be freely
used in the following without further comment. In particular, the following setting and assumptions
will be assumed throughout Sections 4 and 5. We fix a Polish space X and a concept class H C
{0,1}% satisfying the measurability assumption of Definition 3.3. To avoid trivialities, we always
assume that || > 2. The learner is presented with an i.i.d. sequence of samples (X1, Y1), (X2,Y32),. ..
drawn from an unknown distribution P on X x {0,1}. We will always assume that P is realizable.

4.1 Exponential learning rate

We start by characterizing what classes H are learnable at an exponential rate.

Theorem 4.1. If H does not have an infinite Littlestone tree, H is learnable with optimal rate e™™.
The theorem consists of two parts: we need to prove an upper bound and a lower bound on the

rate. The latter (already established by Schuurmans, 1997) is straightforward, so we present it first.

Lemma 4.2 (Schuurmans (1997)). For any learning algorithm h,,, there exists a realizable distri-
bution P such that Eler(h,)] > 27"72 for infinitely many n. In particular, this means H is not
learnable at rate faster than exponential: R(n) = e ™.

Proof As |7—[| > 2, we can choose hi,hy € H and z,2’ € X such that hi(z) = ha(z) =:
y and hy(z') # ho(z'). NOW fix any learning algorithm h,. Define two distributions Py, P,

where each Pi{(z,y)} = 3 and P;{(2/,i)} = 1. Let I ~ Bernoulli(3), and conditioned on I let

(X1,Y7),(X2,Y2),... be i.i.d. Pr, and (X1,Y1),...,(X,,Y,) are the training set for h,,. Then

E[P(Bn(XnJrl) # Yo [{(Xe, Vo) }ioy, )] = SP(X0 = =X, =0, Xy =7) = 272,

1\9\»—*

Moreover,

E[P (hn(Xnt1) # Yosr {(Xe, i) oy, D)
Y EP((Xnr) # Yo (X Yo Yoy I = i)l = ).

i€{0,1}

Since the average is bounded by the max, we conclude that for each n, there exists i,, € {0,1} such
that for (X1,Y1),...,(Xp,Yy) iid. B,

Elerp, (hy)] >27""2

In partlcular by the pigeonhole principle, there exists ¢ € {0, 1} such that 4, = 4 infinitely often, so
that Elerp, (hy,)] > 272 infinitely often. ]
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The main challenge in the proof of Theorem 4.1 is constructing a learning algorithm that achieves
exponential rate for every realizable P. We assume in the remainder of this section that H has
no infinite Littlestone tree. Theorem 3.1 and Corollary 3.5 yield the existence of a sequence of
universally measurable functions Y; : (X x {0,1})*"! x X — {0,1} that solve the online learning
problem from Section 3.1. Define the data-dependent classifier

gtfl(x) = Y/t(Xla Y17 ceey thla }/;717 1’)
Our first observation is that this adversarial algorithm is also applicable in the probabilistic setting.

Lemma 4.3. P{er(j;) >0} - 0 as t — oo.

Proof As P is realizable, we can choose a sequence of hypotheses hy € H so that er(h;) < 27,
For every t > 1, a union bound gives

ZP{hk(XS) # Y, for some s <t} < tZer(hk) < 00.
k %

By Borel-Cantelli, with probability one, there exists for every ¢ > 1 a concept h € H such that
h(Xs) =Y, for all s <t. In other words, with probability one X1,Y7, Xo,Ys, ... defines a valid input
sequence for the online learning problem of Section 3.1. Because we chose a winning strategy, the
time of the last mistake

T= sup{s >1: gs—l(Xs) # Ye}

is a random variable that is finite with probability one. Now recall from the proof of Theorem 3.1
that the online learning algorithm was chosen so that g; only changes when a mistake is made. In
particular, g5 = g for all s >t > T. By the law of large numbers,

t+S
P{er(g;) =0} = P{ SIEI;O 3 ;1 1y, (x)zy. = 0}

t+S
> P{ lim_ > 15,04y, =0, T < t} =P{T <t}.

S—o0
s=t+1

It follows that P{er(j;) > 0} < P{T >t} — 0 as t — oc. ]

Lemma 4.3 certainly shows that Eler(g;)] — 0 as ¢ — oo. Thus the online learning algorithm
yields a consistent algorithm in the statistical setting. This, however, does not yield any bound
on the learning rate. We presently build a new algorithm on the basis of §; that guarantees an
exponential learning rate.

As a first observation, suppose we knew a number t* so that P{er(j;-) > 0} < . Then we
could output A, with exponential rate as follows. First, break up the data X1,Y, ..., X,,Y, into
[n/t*] batches, each of length ¢*. Second, compute the classifier §;« separately for each batch.
Finally, choose h,, to be the majority vote among these classifiers. Now, by the definition of ¢* and
Hoeffding’s inequality, the probability that more than one third of the classifiers has positive error
is exponentially small. It follows that the majority vote h,, has zero error except on an event of
exponentially small probability.

The problem with this idea is that t* depends on the unknown distribution P, so we cannot
assume it is known to the learner. Thus our final algorithm proceeds in two stages: first, we
construct an estimate t,, for ¢* from the data; and then we apply the above majority algorithm with
batch size t,.
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Lemma 4.4. There exist universally measurable t,, = t,(X1,Y1,..., Xn,Yy), whose definition does
not depend on P, so that the following holds. Given t* such that

P{er(gt*) > O} < %a
there exist C,c > 0 independent of n (but depending on P,t*) so that
P{t, € Taooa} > 1— Ce™ ",

where
Tgood = {1 <t <t* : Pler(fy) > 0} < 2}

Proof Foreach 1<t <|[%|and1<i< 3], let

z)é(w) = Yt+1(X(i71)t+1, Yo vyegts -5 Xit, Yat, )

be the learning algorithm from Section 3.1 that is trained on batch i of the data. For each ¢, the
classifiers (g]é)iﬂn s2¢) are trained on subsamples of the data that are independent of each other and
of the second half (X, Ys)s5n/2 of the data. Thus (91)i< |n/2¢t] May be viewed as independent draws
from the distribution of ;. We now estimate P{er(¢;) > 0} by the fraction of § that make an error
on the second half of the data:

I [n/2t]

€t 1= W ‘ l{ﬁz(Xb);éYb for some n/2<s<n}-
i=1

Observe that for each ¢,

1 /2t
e < ep = (/2] ; legiyso  as.

Define
tp =inf{t < |2]:é, < 1}

with the convention inf & = oco.
Now, fix t* as in the statement of the lemma. By Hoeffding’s inequality,
P{l?n > t*} < P{ét* > i} < P{et* _ E[et*] > %} < e ln/2t"] /32
In other words, ty < t* except with exponentially small probability. In addition, by continuity, there
exists € > 0 so that for all 1 <¢ < ¢* with P{er(g:) > 0} > 2 we have P{er(g;) > ¢} > 1 + 15
Fix 1 <t < t* with P{er(g;) > 0} > 2 (if such a t exists). By Hoeffding’s inequality,

1 [n/2t] , .
; —|n/2t*]/128
P{ Ln/2tJ 7:21 1er(g;)>g < 4} S e n .

Now, if f is any classifier so that er(f) > &, then
P{f(X,) #Y, for some n/2 < s <n}>1—(1—¢)"/2

Therefore, as (gjé)iﬂn s2¢] are independent of (X, Y;)s>n/2, applying a union bound conditionally
on (X, Ys)s<n/2 shows that the probability that every classifier 7t with er(g?) > e makes an error
on the second half of the sample is

P{ler(ﬁti)>s < 1{@;‘()(5)751@ for some n/2<s<n} for all Z} >1- L%J(l - 5)n/2'
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It follows that i}
P{f, =t} <P{é, < 1} < [2](1 —e)"/? 4 e l/271/128,

Putting together the above estimates and applying a union bound, we have
P{in ¢ 7-good} < efl_n/Qt*J/?Q 4 L%J (1 _ 6)71/2 + t*efl_n/2t*J/128’

The right-hand side is bounded by Ce™“" for some C ¢ > 0. |

We can now complete the construction of our learning algorithm.
Corollary 4.5. H has at most exponential learning rate.

Proof We adopt the notations in the proof of Lemma 4.4. The output h,, of our final learning

algorithm is the majority vote of the classifiers g}i for 1 < i < [57]. We aim to show that

Eler(h,)] < Ce™°" for some constants C, ¢ > 0.
To this end, consider first a fixed ¢ € Tgo0a. By Hoeflding’s inequality,

j — —|n/2t*]/128
P{ I_’I’L/QtJ Z ler(ﬂ§)>0 > 16} <e )

=1

In other words, except on an event of exponentially small probability, we have er(gi) = 0 for a
majority of indices i.
By a union bound, we obtain

P{er(;ﬁén) > 0 for at least half of ¢ < [+ ]}
< P{t), & Tgooa} + P{for some t € Tyo0a, er(j;) > 0 for at least half of i < |2 |}
< Ce ™ 4 t*ean/Zt*j/128.

In words, except on an event of exponentially small probability, er(gg ) = 0 for a majority of indices
i. It follows that the majority vote of these classifiers is a.s. correct on a random sample from P.
That is, we have shown

P{er(h,

) > 0} < Ceen  treln/271/128,
The conclusion follows because E[er(ﬁn)] < P{er(ﬁn) > 0}. .

4.2 Slower than exponential is not faster than linear

We showed in the previous section that if 7 has no infinite Littlestone tree, then it can be learned by
an algorithm whose rate decays exponentially fast. What is the fastest rate when A has an infinite
Littlestone tree? The following result implies a significant drop in the rate: the rate is never faster
than linear.

Theorem 4.6. If H has an infinite Littlestone tree, then for any learning algorithm hu, there exists
a realizable distribution P such that Eler(h,)] > ﬁ for infinitely many n. In particular, this means
‘H is not learnable at rate faster than %

The proof of Theorem 4.6 uses the probabilistic method. We define a distribution on realizable

distributions P with the property that for every learning algorithm, E[er(h,,)] > ﬁ infinitely often
with positive probability over the choice of P. The main idea of the proof is to concentrate P on

a random branch of the infinite Littlestone tree. As any finite set of examples will only explore
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an initial segment of the chosen branch, the algorithm cannot know whether the random branch
continues to the left or to the right after this initial segment. This ensures that the algorithm makes
a mistake with probability % when it is presented with a point that lies deeper along the branch
than the training data. The details follow.

Proof of Theorem 4.6 Fix any learning algorithm with output iLn, and an infinite Littlestone tree
t ={zy:0<k<oo,uc {0,1}*} for H. Let y = (y1,92,...) be an i.i.d. sequence of Bernoulli()
variables. Define the (random) distribution P, on X x {0,1} by

Py{(mYSk?yk+l)} =27k 1 fork>0.

The map y — P, is measurable, so no measurability issues arise below.
For every n < oo, there exists h € H so that h(zy_,) = yr41 for 0 <k < n. Hence,

ery(h) = Py{(a,y) € X x {0,1} : hw) £y} <27

Letting n — oo, we find that Py is realizable for every y.
Now let (X,Y), (X1,Y1), (X2,Y2),... be i.i.d. samples drawn from Py. Then we can write

X:J?yST, Y:yT+17 Xi:‘rygTiv Y;:yTi+17

where T, Ty, Tb, . .. are i.i.d. Geometric(3) (starting at 0) random variables independent of y. On the

event {T' = k,max{T},...,T,} < k}, the value h,(X) is conditionally independent of ., given
X, (X1,Y7),...,(Xn,Ys), and (again on this event) the corresponding conditional distribution of
Yk+1 18 Bernoulli(%) (since it is independent from yy,...,y, and X, X7,..., X,;). We therefore have

P{h,(X)#Y,T = k,max{T\,...,T,} <k} = P{hn,(X) # yps1, T = k,max{T1,..., T} < k}
= E[P {hn(X) # yiesa | X (X0, Y1) (K, Vo) F Ui, 1) <]

1
= SP{T = k,max{Ty, ..., T,} < k} = 27F=2(1 — 27k,

Choose k = ky, := [1+1logy(n)], so that (1 —27F)" > (1 — L)» > 1 and 27% > L. The above
identity gives, by Fatou’s lemma,

. - 1
E[limsupnP{hn(X) #Y, T =kyly}| > limsupnP{h,(X) #Y,T =k,} > 32’
n— oo

n—oo

Fatou’s lemma applies as (almost surely) nP{h,(X) # Y, T = k,|y} < nP{T = k,,} = n2 F»-1 < 1.
Because R A R

P{hn(X) #Y,T = knly} < P{hn(X) # Yy} = Elery (hn)ly] as.,
1
! 32
that Elery(hy,)|y] > 53~ infinitely often. Choosing P = P, for this realization of y concludes the
proof. |

we have E[limsup,,_,. nElery(h,)]y]] > which implies there must exist a realization of y such

4.3 Summary

The following proposition summarizes some of the main findings of this section.
Proposition 4.7. The following are equivalent.

1. H is learnable at an exponential rate, but not faster.
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2. H does not have an infinite Littlestone tree.

3. There is an “eventually correct” learning algorithm for H, that is, a learning algorithm that
outputs hy, so that P{er(h,) >0} — 0 as n — oo.

4. There is an “eventually correct” learning algorithm for H with exponential rate, that is,
P{er(h,) > 0} < Ce™ " where C,c > 0 may depend on P.

Proof The implication 2 = 3 is Lemma 4.3, while 3 = 4 is proved in Lemma 4.4 and Corollary
4.5. That 4 = 1 is trivial, and 1 = 2 follows from Theorem 4.6. ||

5. Linear rates

In section 4 we characterized concept classes that have exponential learning rates. We also showed
that a concept class that does not have exponential learning rate cannot be learned at a rate faster
than linear. The aim of this section is to characterize concept classes that have linear learning rate.
Moreover, we show that classes that do not have linear learning rate must have arbitrarily slow
rates. This completes our characterization of all possible learning rates.

To understand the basic idea behind the characterization of linear rates, it is instructive to revisit
the idea that gave rise to exponential rates. First, we showed that it is possible to design an online
learning algorithm that achieves perfect prediction after a finite number of rounds. While we do
not have a priori control of how fast this “eventually correct” algorithm attains perfect prediction,
a modification of the adversarial strategy converges at an exponentially fast rate.

To attain a linear rate, we once again design an online algorithm. However, rather than aim for
perfect prediction, we now set the more modest goal of learning just to rule out some finite-length
patterns in the data. Specifically, we aim to identify a collection of forbidden classification patterns,
so that for some finite k, every (zi,...,zx) € X* has some forbidden pattern in {0, 1}*; call this
a VC pattern class. 1If we can identify such a collection of patterns with the property that we
will almost surely never observe one of these forbidden patterns in the data sequence, then we can
approach the learning problem in a manner analogous to learning with a VC class. The situation
is not quite this simple, since we do not actually have a family of classifiers; fortunately, however,
the classical one-inclusion graph prediction strategy of Haussler, Littlestone, and Warmuth (1994) is
able to operate purely on the basis of the finite patterns on the data, and hence can be applied to
yield the claimed linear rate once the forbidden patterns have been identified. In order to achieve
an overall linear learning rate, it then remains to modify the “eventually correct” algorithm so it
attains a VC pattern class at an exponentially fast rate when it is trained on random data, using
analogous ideas to the the ones that were already used in section 4.

Throughout this section, we adopt the same setting and assumptions as in section 4.

5.1 The VCL game

We begin presently by developing the online learning algorithm associated to linear rates. The
construction will be quite similar to the one in Section 3.2. However, in the present setting, the
notion of a Littlestone tree is replaced by Vapnik-Chervonenkis-Littlestone (VCL) tree, which was
defined in Definition 1.8 (cf. Figure 3). In words, a VCL tree is defined by the following properties.
Each vertex of depth k is labelled by a sequence of k + 1 variables in X. Its out degree is 2*T1, and
each of these 2F*! edges is uniquely labeled by an element in {0, 1}**1. A class H has an infinite
VCL tree if every finite root-to-vertex path is realized by a function in H. In particular, if { has an
infinite VCL tree then it has an infinite Littlestone tree (the other direction does not hold).
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Remark 5.1. Some features of Definition 1.8 are somewhat arbitrary, and the reader should not
read undue meaning into them. We will ultimately be interested in whether or not H has an infinite
VCL tree. That the size of the sets z, grows linearly with the depth of the tree is not important; it
would suffice to assume that each x, is a finite set, and that the sizes of these sets are unbounded
along each infinite branch.® Thus we have significant freedom in how to define the term “VCL tree”.
The present canonical choice was made for concreteness.

Just as we have seen for Littlestone trees in Section 3.2, a VCL tree is associated with the
following game ¥. In each round 7:

e Player Pa chooses points & = (£2,...,&771) € A7,
e Player Py, chooses points 1, = (n2,...,n771) € {0,1}7.
e Player P, wins the game in round 7 if He, 5, .6, 0, = D.

Here we have naturally extended to the present setting the notation
Heymobom, =ih€H h(E)=nlfor0<i<s, 1<s<7}

that we used previously in Section 3.2. The game U is a Gale-Stewart game, because the winning
condition for Py, is finitely decidable.

Lemma 5.2. If H has no infinite VCL tree, then there is a universally measurable winning strategy
for Py, in the game Q0.

Proof By the same reasoning as in Lemma 3.2, the class H has an infinite VCL tree if and only if
P4 has a winning strategy in 0. Thus if 7 has no infinite VCL tree, then Py, has a winning strategy
by Theorem A.1. To obtain a universally measurable strategy, it suffices by Theorem B.1 to show
that the set of winning sequences for Py, is coanalytic. The proof of this fact is identical to that of
Corollary 3.5. [ |

When #H has no infinite VCL tree, we can use the winning strategy for Py, to design an algorithm
that learns to rule out some patterns in the data. We say that a sequence (z1,y1, Z2,¥y2,...) € (X X
{0,1}) is consistent with H if for every ¢ < oo, there exists h € H such that h(z,) = ys for s < .
Assuming H has no infinite VCL tree, we now use the game U to design an algorithm that learns to
rule out some pattern of labels in such a sequence. To this end, denote by 1, : [[, _, X7 — {0,1}7
the universally measurable winning strategy for P, provided by Lemma 5.2 (cf. Remark A.4).

e Initialize 79 + 1.

e At every time step t > 1:

- It T]Tr,71(§1a s ?th,—l_l?xt_Tt—l"Fl? s ,13,5) = (yt—Tt—1+1’ s ’yt):
> Let 57'171 — ($t77t71+17 v axt) and Te < Tt—1+ 1.
- Otherwise, let 7 < 74_1.
In words, the algorithm traverses the input sequence (x1,y1,Z2,¥2,...) while using the assumed

winning strategy 7. to learn a set of “forbidden patterns” of length 7; that is, an assignment which
maps every tuple 2’ € X" to a pattern y'(2’) € {0,1}™ such that after some finite number of steps,

6. Given such a tree, we can always engineer a tree as in Definition 1.8 in two steps. First, by passing to a subtree,
we can ensure that the cardinalities of x, are strictly increasing along each branch. Second, we can throw away
some points in each set zy together with the corresponding subtrees to obtain a tree as in Definition 1.8.
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the algorithm never encounters the pattern indicated by y’(z’) when reading the next 7, examples z’.
in the input sequence. Let us denote by

Vi1(z1, s 2 _) =N (G0 o &y —15 20 ey 2y )
the “pattern avoidance function” defined by this algorithm.
Lemma 5.3. For any sequence x1,y1,T2,Y2,... that is consistent with H, the algorithm learns, in
a finite number of steps, to successfully rule out patterns in the data. That is,
Ve1(Ttory 4155 %) F (Ytory 4155 Yt)y Te=Te-1 <00, Ft =11
for all sufficiently large t.

Proof Suppose §+—1(Tt—r,_1+1,- -+ &t) = (Yt—r,_1+1, - - - » Y ) OCCurs at the infinite sequence of times
t =11,t2,... Because 7, is a winning strategy for Py, in the game U, we have H¢, 5, ... ¢p.ne = @ for
some k < oo, where & = (Tt;—7, ,+41,---,%t,) and 0 = (Yt,—r, _y+1,---,Ys;). But this contradicts
the assumption that the input sequence is consistent with . |

Remark 5.4. The strategy 7, depends in a universally measurable way on z<;, y<;. The map §,(-)
is universally measurable jointly as a function of x<¢,y<;. and of its input. More precisely, for each
t > 0, there exist universally measurable functions

T, (X x {0,1)f = {1,...,t+1}, Y1 (X x{0,1})! x (st) {01}

such that

Tt = Tt(xlvyla cee 7xt7yt)7 f’t(217 ce ,Z‘I’t) = Yt(xlayl, s Tty Yty 215 - '7ZTt)'

Remark 5.5. The above learning algorithm uses the winning strategy for P, in the game U. In
direct analogy to Section 3.4, one can construct an explicit winning strategy in terms of a notion of
“ordinal VCL dimension” whose definition can be read off from the proof of Theorem B.1. Because
the details will not be needed for our purposes here, we omit further discussion.

5.2 Linear learning rate

In this section we design a learning algorithm with linear learning rate for classes with no infinite
VCL trees.

Theorem 5.6. If H does not have an infinite VCL tree, then H is learnable at rate %

The proof of this theorem is similar in spirit to that of Theorem 4.1, but requires some additional
ingredients. Let us fix a realizable distribution P and let (X1,Y7), (X2,Y3),... be i.i.d. samples from
P. We assume in the remainder of this section that 7 has no infinite VCL tree, so that we can run
the algorithm of the previous section on the random data. We set

Tt = E(X17Y17"-7Xta}/t)7 yt(zl7"'7z7't) = Yt(XhYly"' aXtvi/tvzla"'aZﬂ,)a

where the universally measurable functions T}, Y, are the ones defined in Remark 5.4.
For any integer k > 1 and any universally measurable pattern avoidance function g : X* —
{0,1}*, define the error

per(.g) = perk(g> = P®k{($17y17' .. 7Ik:ayk) :g(‘rlw .. 7'7;19) = (y17' .. 7y/€)}

to be the probability that ¢ fails to avoid the pattern of labels realized by the data. (The index k
can be understood from the domain of g.)
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Lemma 5.7. P{per(§;) > 0} — 0 ast — oc.

Proof We showed in the proof of Lemma 4.3 that the random data sequence X1,Y7, Xo,Ys,... is
a.s. consistent with . Thus Lemma 5.3 implies that

T = Sup{s >1: 5’571(X5775,1+1, cee 7Xs) = (st'rsflJrh ceey Ys)}

is finite a.s., and that 5 = §; and 74 = 7 for all s > ¢ > T. By the law of large numbers for
m-dependent sequences,’

t+S
P{per™(§:) = 0} :P{ lim - Y LK Xrry ) =Yoo Vot 1) 20}

S—o0
s=t+1

t+S

!

2 P{ Jm = ;l L (Xero Xatrym1)=(YereYoir ) = 0, T < t}
o2

= P{T < t}.

As T is finite with probability one, it follows that P{per™(§;) > 0} <P{T' >t} - 0ast—oco. M

Lemma 5.7 ensures that we can learn to rule out patterns in the data. Once we have ruled out
patterns in the data, we can learn using the resulting “VC pattern class” using (in a somewhat
non-standard manner) the one-inclusion graph prediction algorithm of Haussler, Littlestone, and
Warmuth (1994). That algorithm was originally designed for learning with VC classes of classifiers,
but fortunately its operations only rely on the projection of the class to the set of finite realizable
patterns on the data, and therefore its behavior and analysis are equally well-defined and valid when
we have only a VC pattern class, rather than a VC class of functions.

Lemma 5.8. Let g : X* — {0,1}! be a universally measurable function for some t > 1. For every
n > 1, there is a universally measurable function

Y9 (X x{0,1)" ' x X = {0,1}

such that, for every (x1,y1,...,Tn,Yn) € (X x {0,1})™ that satisfies g(xiy,..,Ti,) # WYiys--+»Yi,)
for all pairwise distinct 1 < iy,...,1; < n, we have

1 1 t
n! Z Y (Zo(1) Yo (1) To(n=1) Yo (n—1)To(n)) ZYo(n) < n’
o€Sym(n)

where Sym(n) denotes the symmetric group (of permutations of [n]).

Proof Fixn >1and X = {1,...,n}. In the following, F € 20013 denotes a set of hypotheses
f:+X — {0,1}. Applying (Haussler, Littlestone, and Warmuth, 1994, Theorem 2.3(ii)) with z =
(1,...,n) yields a function A : 2{0. 137 (X x {0,1})" 1 x X — {0,1} such that

1
] Z LA(F0(1),£(0(1))io(n=1), f(o(n—1)),0(n) £f (o(n)) <=
o€Sym(n)

ve(F

n

for any f € F and F € 2{0’1}X, where vc(F') denotes the VC dimension of F. Moreover, by
construction A is covariant under relabeling of X, that is, A(F,o(1),y1,...,0(n —1),yn—1,0(n)) =

7.1t Z1,Za,... is an i.i.d. sequence of random variables, then we have limy_ oo % S f(Zig1s - Zigm) =
% Sy limp oo T Z]LiémJ F(Zmj+1+is- - Zm(j+1)+i) to(1) = E[f(Z1,..., Zm)] by the law of large numbers.

29



A(Foo,1,y1,...,n—1,y,_1,n) for all permutations o, where Foo :={foo: f € F}. The domain
of A is a finite set, so the function A is trivially measurable.

Given any input sequence (z1,¥1,-..,Zn,Yn), define the concept class Fyx as the collection of all
f € {0,1}* so that g(z;,,...,x;,) # (f(i1),..., f(ir)) for all pairwise distinct 1 < iy,...,43; < n.
Define the classifier

Yﬁq@?l,yla-- '7xn71ayn717xn) = A(an15y17"',n_ 17yn71an)-

As ¢ is universally measurable, the classifier Y9 is also universally measurable. Moreover, as A is

covariant and as F, = Fy, ...z, 00, we have

LTo(1)r Lo (n) n

YI(Zo(1)s Yo(1)s - - - s To(n1)s Yo(n-1)s To(n))
= A(an 0(1)7 Yo(1)s - - - ,O'(’rl - 1)7 Yo(n—1)» U(n))
Now suppose that the input sequence (1,1, ..., Zn, yn) satisfies the assumption of the lemma.

The function y(i) := y; satisfies y € Fx by the definition of Fy. It therefore follows that for any such
sequence

1 ve(F;
L _ velB)
n! W (1) Yo (1)1 Ta(n—1) Yo (n—1) %o (n)) ZYo(n) n
oc€Sym(n)
Finally, by construction, ve(Fy) < t. ]

Remark 5.9. Below we choose the function g in Lemma 5.8 to be the one generated by the algorithm
from the previous section. By Remark 5.4, the resulting function is universally measurable jointly
in the training data and the function input. It follows from the proof of Lemma 5.8 that in such a
situation, )A’ng is also universally measurable jointly in the training data and the function input.

We are now ready to outline our final learning algorithm. Lemma 5.7 guarantees the existence
of some t* such that P{per(§:) > 0} < %. Given a finite sample X1,Y1,...,X,,Y,, we split it
in two parts. Using the first part of the sample, we form an estimate ¢, of the index t*. We then
construct, still using the first half of the sample, a family of pattern avoidance functions. For each
of these pattern avoidance functions, we apply the algorithm from Lemma 5.8 to the second part
of the sample to obtain a predictor. This yields a family of predictors, one per pattern avoidance
function. Our final classifier is the majority vote among these predictors.

We now proceed to the details. We first prove a variant of Lemma 4.4.

Lemma 5.10. There exist universally measurable t,, = t,(X1,Y1,...  Xiny, YL%J)7 whose definition
does not depend on P, so that the following holds. Given t* so that

P{per(y) > 0} < g,
there exist C,c > 0 independent of n (but depending on P,t*) so that
P{t, € Taooa} > 1— Ce™ ",

where
Teood = {1 <t < t*: P{per(y;) > 0} < 2}.

Proof The proof is almost identical to that of Lemma 4.4. However, for completeness, we spell out
the details of the argument in the present setting. For each 1 <t < [%]and 1 <i <[], let

7= Ty (X (i—1ye41, Yiim 1)t 10 - - - Xits Yie),
5’%(2’1» s Zﬁ) = Yt(X(i—l)t+17 Y(i—l)t-s-la ey Xy Yig, 21, - »ZTg)
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be as defined above for the subsample X(;_1)i41, Y(i—1)e41,-- -, Xit, Yie of the first quarter of the
data. For each t, estimate P{per(9;) > 0} by the fraction of §; that make an error on the second
quarter of the data:

) %Y

et &= ———— 1 o i p— . n no__ il
= ] > 1: (91 (Xar 10Xy ) =(Var1,0Y, ) for some % <s< —ri}
1=

Observe that

1 [n/4t]
(3 S [ W ; ]‘per(f’i)>0 a.s.

Finally, we define
tp=inf{t < |7]:é < i},
with the convention inf @ = co.
Let t* be as in the statement of the lemma. By Hoeffding’s inequality

P{i‘n > t*} S P{ét* Z i} S P{et* _ E[et*] Z %} S e_\_n/4t*J/32.

In addition, by continuity, there exists & > 0 so that for all 1 < ¢ < ¢* such that P{per(y¢) > 0} > 2
we have P{per(§;) > e} > 1 + .
Now, fix 1 < ¢ < t* such that P{per(y;) > 0} > %. By Hoeffding’s inequality, and choice of ¢,

1 [n/4t] 1
) - —|n/4t*]/128
P{ /] &y st < 4} =° |

Observe that for any g : X — {0,1}” that satisfies per > ¢, we have
P{g(Xoits o Xopr) = (Vortse o, Yars) for some & <5 < & — 7
>1—-(1—¢) L(n—4)/4r]

because there are [(n —4)/47] disjoint intervals of length 7 in [ + 1, 2] N N. Since (7/,91)i<|n/at]
are independent of (X, Ys)s>n /4, applying a union bound conditionally on (X, Y;)s<n 4 shows that

the probability that every §¢ with pethi (§%) > ¢ makes an error on the second quarter of the sample
is

P{lped (§1)>e < 1{yg(xs+1,...,xs+Tz)=(YS+1,...,YS+TZ) for some 2<s<Z—7}} for all i}
21— |g)(1 - e)ln 0/,
where we used that Tti < t*. It follows that
P{fn = 1} < P{ey < 1} < [§1(1 — o) /40 e n/aer)/iz,
Putting together the above estimates and applying a union bound, we have

P{fn g ,Tgood} < ean/4t*j/32 S+t L%J(l 7€)L(n74)/4t*J +t*67Ln/4t*j/128'

The right-hand side is bounded by Ce™¢" for some C, ¢ > 0. |

We are now ready to put everything together.

Proof of Theorem 5.6 We adopt the notations in the proof of Lemma 5.10. Our final learning
algorithm is constructed as follows. First, we compute t,. Second, we use the first half of the data
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to construct the pattern avoidance functions y;i for1 <i< Lﬁj Third, we use the second half of

the data to construct classifiers §* by running the algorithm from Lemma 5.8; namely,

VNS £
Yy (J?) = YL7L/2J+2(X("/2]’Y[”/2]’ e ,Xn, Yn,l‘).

Our final output h,, is the majority vote over j¢ for 1 < i < | ;7). We aim to show that Eler(hy,)] <

% for some constant C.
To this end, for every t € Tgo0a, because P{per(§,) > 0} < %, Hoeffding’s inequality implies

1 |n/4t] . .
' —|n/4t*]/128
P{ [n/4t| ; 1pcr(y;)>0 > 16} <e Ll

By a union bound, we obtain

1 [n/4t, | 7
P{Ln/4£nj 2 Loars], 120 g t"eﬂ"’"d}

=1
[n/4t)
EED D 2 L o R PR T
_teT \_n/4tj s per(yi)> 16 =
good 1=

Thus except on an event of exponentially small probability, the pattern avoidance functions yg have

zero error for at least a fraction of % of indices i.

16
Now let (X,Y) ~ P be independent of the data X1,Y1,...,X,,Y,. Then
1 Ln/4dx ] 1
Eler(h,)] = Phn(X) #Y] < P| ——— 1y > .
)] = P (X) £ YIS B[ 3 Ty 2 3]

We can therefore estimate using Lemma 5.10

Eler(hy)] < Ce™ " 4 t*e~ /471128

1 ln/4ty, ] 1 1 |n/4t, | 9
P! i, € Tooods ———— 1,0 > 1ooi g > —
n good I_n/4th ; §HX)AY 9 I_n/4th ; per(yfn)_[) 16
Since any two sets, containing at least % and 1% fractions of {1,...,[n/t,]}, must have at least %

fraction in their intersection (by the union bound for their complements), the last term in the above
expression is bounded above by

|n/4t, |
. 1
P|t, € Toood, ———— 1, 1 cr(oi =0 = ==
|: good I_n/4th ; AT (yf") 0 16:|

1 [n/4t, ]
<16E |:1£7Le7éood I_n/4£ J Z 1Qi(X)7£Y1Per(5’;§")_O:| )
n i=1

using Markov’s inequality. We can now apply Lemma 5.8 conditionally on the first half of the data
to conclude (using exchangeability) that

1 [n/4tn ]

R . Tt
Eler(h,)] < Ce™¢" + tre~ /4t J/128+16E{1A S t}
[ ( )} > tn€Tgood |_n/4th p I_n/2J +2

B -~ . 16(t* +1)
< Ce " 4 t*e |n/4t™ | /128 + ,
- [n/2] +2

32



where we used that Tgn <tp+1<t*+1fort, e Taood- [ |

5.3 Slower than linear is arbitrarily slow

The final step in the proof of our main results is to show that classes with infinite VCL trees have
arbitrarily slow rates.

Theorem 5.11. If H has an infinite VCL tree, then H requires arbitrarily slow rates.

Together with Theorems 4.6 and 5.6, this theorem completes the characterization of classes H
with linear learning rate: these are precisely the classes that have an infinite Littlestone tree but do
not have an infinite VCL tree.

The proof of Theorem 5.11 is similar to that of Theorem 4.6. The details, however, are more
involved. We prove, via the probabilistic method, that for any rate function R(¢) — 0 and any
learning algorithm with output h.,, there is a realizable distribution P so that Eler(h,)] > %g)
infinitely often. The construction of the distribution according to which we choose P depends on

the rate function R and relies on the following technical lemma.

Lemma 5.12. Let R(t) — 0 be any rate function. Then there exist probabilities py, pa, ... > 0 so that
Zk21pk = 1, two increasing sequences of integers (n;);>1 and (k;);>1, and a constant % <C<1
such that the following hold for all © > 1:

(a) Zk>ki pr < ,%
(b) nipr, < k;.
(c) pr, = CR(ny).

Proof We may assume without loss of generality that R(1) = 1. Otherwise, we can replace R by
R such that R(1) =1 and R(n) = R(n) for n > 1.
We start by a recursive definition of the two sequences (n;) and (k;). Let ny = 1 and ky = 1.
For i > 1, let o
)9i—i
n; = inf {n >n;_1: R(n) < minR(nj)}
j<t kj
and
k; = max { (an(nzﬂ Jkioq + 1}.

Because R(t) — 0, we have n; < oo for all i. The sequences are increasing by construction. Finally,
we define pp = 0 for k & {k; : 4 > 1} and
pi; = CR(n;)

. _ 1 —j+1 . . 1
with C = S R0 As R(nj) <279 for all j > 1 by construction, we have ;<0<

We now verify the three properties (a)—(c). For (a), by construction

\9i—J i—J
R(n)2'~7 _ R(1)2

R(n;) < for all 4 < j.

ks n;

Therefore, as C < 1, we obtain

S = Y =S < L

k>k; J>i J>1
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For (b), note that

Finally, (c) holds by construction.

We can now complete the proof of Theorem 5.11.

Proof of Theorem 5.11 We fix throughout the proof a rate R(t) — 0. Define C,py, ki, n;
as in Lemma 5.12. We also fix any learning algorithm with output h, and an infinite VCL tree
t={z, € X" 0<k <oo,ue{0,1} x-- x {0,1}*} for H.

Let y = (y1,y2,-..) be a sequence of independent random vectors, where y; = (y2,... ,y’,j_l) is
uniformly distributed on {0, 1}* for each k > 1. Define the random distribution P, on X x {0,1} as

Py{(w§,<k71,y,’;)}:% for0<i<k-—1, k>1.

In words, each y defines an infinite branch of the tree t. Given y, we choose the vertex on this branch
of depth £ — 1 with probability py. This vertex defines a subset of X’ of size k. The distribution P,
chooses each element in this subset uniformly at random.

Because t is a VCL tree, for every n < oo, there exists h € H so that h(x§,<k71) = yi for
0<i<k-—1land1l<k<n. Thus

ery () = P{(2,5) € X x {0,1} 1 h(z) £y} < 3 p
k>n

Letting n — oo, we find that P, is realizable for every realization of y. Finally, the map y — Py is
measurable as in the proof of Theorem 4.6.
Now let (X,Y), (X1,Y7), (X2,Y2),... be i.i.d. samples drawn from P,. That is,

I I I _ L
X = xyngﬂ Y = Yr> Xi = xygTi—17 Y = Yr,>

where (T,1),(Ty,11), (T2, I3), ... are i.i.d. random variables, independent of y, with distribution
P{T:kJ:z'}:% for 0<i<hk—1, k>1.

For all n and k,

P{h,(X) #Y,T =k}
k—1
>N P{ha(X) #£yi, T =k, I =i,Tr,..., Ty <k, (T1, 1), ..., (Tn, 1)) # (k,i)}

i=0
1k—1
=52 P =kI=iT,. .. T <k (T1, 1), (To 1) # (k,0)}
1=0
2 Tk

>k

where we used that conditionally on T =k, I = ,Ty,...,T, < k,(Th, 1), ..., (Tn, I,) # (k,1), the
predictor A, (X) is independent of yi.
We now choose k = k; and n = n;. By Lemma 5.12,

. CR(n;) 2\" _ CR(n;)
Plhn, (X) # V.7 =k} > T (1n) > CR
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for ¢ > 3. By Fatou’s lemma,

1 ~
B[ lim sup ———P{hy, (X) # Y, T = kily}

isoo  R(1;)
> lim sup —— P{h,, (X)#Y,T k}>c
1m su s R =k} > —;
- 7;_>oop R(’I’Ll) ‘ 18

Fatou applies as ﬁP{En (X)2Y, T =kily} < ﬁP{T =k;} = C a.s. Because
P{h, (X) # Y. T = kily} < P{hs,(X) # Y|y} = Elery (hn,)ly] as.,
1

there must exist a realization of y such that E[ery(ﬁn)\y] > %R(n) > 4oR(n) infinitely often.

Choosing P = Py for this realization of y concludes the proof. |

Appendix A. Mathematical background
A.1 Gale-Stewart games

The aim of this section is to recall some basic notions from the classical theory of infinite games.

Fix sets Xy, Vs for t > 1. We consider infinite games between two players: in each round ¢ > 1,
first player Pa selects an element z; € A, and then player Py, selects an element y; € );. The
rules of the game are determined by specifying a set W C [[,~, (X x ;) of winning sequences
for Py,. That is, after an infinite sequence of consecutive plays z1,y1, T2, Yo, . . ., we say that P, wins
if (z1,y1,22,Y2,...) € W; otherwise, Py is declared the winner of the game.

A strategy is a rule used by a given player to determine the next move given the current position
of the game. A strategy for P, is a sequence of functions f; : Hs<t(X5 x Vs) = X fort > 1, so
that Pa plays x; = fe(x1,y1,---,%e—1,%:—1) in round ¢. Similarly, a strategy for P, is a sequence
of gr : [[ci(Xs x Vs) x X — Yy for t > 1, so that Py plays yr = ge(x1,91,- -, Tt—1,¥4-1,2¢) in
round t. A strategy for P, is called winning if playing that strategy always makes P win the
game regardless of what Py, plays; a winning strategy for Py, is defined analogously.

At the present level of generality, it is far from clear whether winning strategies even exist.
We introduce some additional assumption in order to be able to develop a meaningful theory. The
simplest such assumption was introduced in the classic work of Gale and Stewart (Gale and Stewart,
1953): W is called finitely decidable if for every (z1,y1,22,¥a2,...) € W, there exists n < co so
that

(1, Y15+ Ty Uns Ty 1 Y 1> T2 Ymprgs - --) €W
for all choices of @, 1,y 11, % 2, Ynias--- In other words, that W is finitely decidable means that
if Py, wins, then she knows that she won after playing a finite number of rounds. Conversely, in this
case Py wins the game precisely when Py, does not win after any finite number of rounds.

An infinite game whose set W is finitely decidable is called a Gale-Stewart game. The funda-
mental theorem on Gale-Stewart games is the following.

Theorem A.1l. In a Gale-Stewart game, either Po or Py, has a winning strategy.

The classical proof of this result is short and intuitive, cf. (Gale and Stewart, 1953) or (Kechris,
1995, Theorem 20.1). For a more constructive approach, see (Hodges, 1993, Corollary 3.4.3).

Remark A.2. If one endows X; and ), with the discrete topology, then W is finitely decidable if
and only if it is an open set for the associated product topology. For this reason, condition of a
Gale-Stewart game is usually expressed by saying that the set of winning sequences is open. This
terminology is particularly confusing in the setting of this paper, because we endow &} and ); with a
different topology. In order to avoid confusion, we have therefore opted to resort to the nonstandard
terminology “finitely decidable”.
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Remark A.3. In the literature it is sometimes assumed that X; = ); = X for all ¢. However,
the more general setting of this section is already contained in this special case. Indeed, given sets
Xy, Y, for every t, let X = J,(X; UDy) be their disjoint union. We may now augment the set W of
winning sequences for Py, so that the first player who makes an inadmissible play (that is, z; € X}
or y; & Y) loses instantly. This ensures that a winning strategy for either player will only make
admissible plays, thus reducing the general case to the special case. Despite this equivalence, we
have chosen the more general formulation as this is most natural in applications.

Remark A.4. Even though we have defined a strategy for Po as a sequence of functions x; =
fe(x1,y1, ..., xe—1,y:—1) of the full game position, it is implicit in this notation that x1,...,z;—; are
also played according to the previous rounds of the same strategy (z;—1 = fi—1(z1, 91, ., Tt—2, Yt—2),
etc.). Thus we can equivalently view a strategy for P as a sequence of functions z; = fi(y1,...,4t—1)
that depend only on the previous plays of Pr. Similarly, a strategy for Pr, can be equivalently
described by a sequence of functions y; = g¢(x1, ..., x¢).

A.2 Ordinals

The aim of this section is to briefly recall the notion of ordinals, which play an important role in our
theory. An excellent introduction to this topic may be found in (Hrbacek and Jech, 1999, Chapter
6), while the classical reference is (Sierpiriski, 1965).

A well-ordering of a set S is a linear ordering < with the property that every nonempty subset
of S contains a least element. For example, if we consider subsets of R with the usual ordering
of the reals, then {1,...,n} and N are well-ordered but Z and [0, 1] are not. We could however
choose nonstandard orderings on Z and [0, 1] so they become well-ordered; in fact, it is a classical
consequence of the axiom of choice that any set may be well-ordered.

Two well-ordered sets are said to be isomorphic if there is an order-preserving bijection between
them. There is a canonical way to construct a class of well-ordered sets, called ordinals, such that
any well-ordered set is isomorphic to exactly one ordinal. Ordinals uniquely encode well-ordered
sets up to isomorphism, in the same way that cardinals uniquely encode sets up to bijection. The
class of all ordinals is denoted ORD. The specific construction of ordinals is not important for our
purposes, and we therefore discuss ordinals somewhat informally. We refer to (Hrbacek and Jech,
1999, Chapter 6) or (Sierpiriski, 1965) for a careful treatment.

It is a basic fact that any pair of well-ordered sets is either isomorphic, or one is isomorphic to
an initial segment of the other. This induces a natural ordering on ordinals. For «, 3 € ORD, we
write a < § if « is isomorphic to an initial segment of 3. The defining property of ordinals is that
any ordinal S is isomorphic to the set of ordinals {« : @ < 8} that precede it. In particular, < is
itself a well-ordering; namely, every nonempty set of ordinals contains a least element, and every
nonempty set S of ordinals has a least upper bound, denoted sup S.

Ordinals form a natural set-theoretic extension of the natural numbers. By definition, every
ordinal S has a successor ordinal § + 1, which is the smallest ordinal that is larger than 8. We
can therefore count ordinals one by one. The smallest ordinals are the finite ordinals 0,1,2,3,4, .. .;
we naturally identify each number & with the well-ordered set {0,...,k — 1}. The smallest infinite
ordinal is denoted wj; it may simply be identified with the family of all natural numbers with its usual
ordering. With ordinals, however, we can keep counting past infinity: one counts 0,1,2,... w,w +
lLLw+2,...,w+w,w+w+1,... and so on. The smallest uncountable ordinal is denoted w;.

An important concept defined by ordinals is the principle of transfinite recursion. Informally,
it states that if we have a recipe that, given sets of “objects” O, indexed by all ordinals o < £,
defines a new set of “objects” Opg, and we are given a base set {O, : @ < ap}, then Og is uniquely
defined for all 8 € ORD. As a simple example, let us define the meaning of addition of ordinals
~v 4 B. For the base case, we define v+ 0 = v and v + 1 to be the successor of «. Subsequently,
for any 8, we define v+ 8 = sup{(y+ @) + 1 : @ < 8}. Then the principle of transfinite recursion
ensures that v+ 5 is uniquely defined for all ordinals 5. One can analogously develop a full ordinal
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arithmetic that defines addition, multiplication, exponentiation, etc. of ordinals just as for natural
numbers (Hrbacek and Jech, 1999, section 6.5).

A.3 Well-founded relations and ranks

In this section we extend the notion of a well-ordering to more general types of orders, and introduce
the fundamental notion of rank. Our reference here is (Kechris, 1995, Appendix B).

A relation < on a set S is defined by an arbitrary subset R4y C S x S as x < y if and only if
(z,y) € R4. An element x of (S, <) is called minimal if there does not exist y < . The relation is
called well-founded if every nonempty subset of S has a minimal element. Thus a linear ordering
is well-founded precisely when it is a well-ordering; but the notion of well-foundedness extends to
any relation.

To any well-founded relation < on S we will associate a function p~ : S — ORD, called the rank
function of <, that is defined by transfinite recursion. We say that p-(x) = 0 if and only if z is
minimal in S, and define for all other x

p<(x) =sup{p<(y) +1:y <z}
The rank p<(z) quantifies how far x is from being minimal.

Remark A.5. Observe that every element x € S indeed has a well-defined rank (that is, it appears
at some stage in the transfinite recursion). Indeed, the transfinite recursion recipe defines p~(z) as
soon as p<(y) has been defined for all y < z. If p<(x1) is undefined, then there must exist z2 < x1 so
that p<(x2) is undefined. Repeating this process constructs an infinite decreasing chain of elements
x; € S. But this contradicts the assumption that < is well-founded, as an infinite decreasing chain
cannot contain a minimal element.

Let (S,<) and (S’,<’) be sets endowed with relations. A map f : S — S’ is called order-
preserving if © < y implies f(x) <’ f(y). It is a basic fact that ranks are monotone under
order-preserving maps: if <’ is well-founded and f : S — S’ is order-preserving, then < is well-
founded and p<(z) < p<(f(x)) for all x € S (this follows readily by induction on the value of
p=(@)).

Like ordinals, the rank of a well-founded relation is an intuitive object once one understands
its meaning. This is best illustrated by some simple examples. As explained in Remark A.5, a
well-founded relation does not admit an infinite decreasing chain z1 > z2 > x3 > -+, but it might
admit finite decreasing chains of arbitrary length. As the following examples illustrate, the rank
p<(x) quantifies how long we can keep growing a decreasing chain starting from x.

Example A.6. Suppose that p<(z) = k for some finite ordinal 0 < k < w. By the definition of
rank, p<(y) < k for all y < z, while there exists x; < x such that p<(z1) = k — 1. It follows readily
that p<(x) = k if and only if the longest decreasing chain that can be grown starting from x has
length k + 1.

Example A.7. Suppose that p-(x) = w. By the definition of rank, p<(y) < w is an arbitrarily
large finite ordinal for y < x. We can grow an arbitrarily long decreasing chain starting from =z,
but once we select its first element z; < z we can grow at most finitely many elements as in the
previous example. In other words, the maximal length of the chain is decided by the choice of its
first element x.

Example A.8. Suppose that p-(x) = w+k for some k < w. Then we can choose x = x1 = -+ > x}
so that p<(zx) = w. We can still grow arbitrarily long decreasing chains after selecting the first k
elements judiciously, but the length of the chain is decided at the latest after we selected xj41.

Example A.9. Suppose that p-(z) = w + w. Then in the first step, we can choose for any k < w
an element z1 < x so that p<(z1) = w + k. From that point onward, we proceed as in the previous
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example. The maximal length of a decreasing chain starting from x is determined by two decisions:
the choice of z; decides a number k, so that the maximal length of the chain is decided at the latest
after we selected xyo.

These examples can be further extended. For example, p(z) = w - k + k' means that after &’
initial steps we can make a sequence of k decisions, each decision being how many steps we can grow
the chain before the next decision must be made. Similarly, p~(x) = w? means we can decide on
arbitrarily large numbers k, k' < w in the first step, and then proceed as for w - k + k'; etc.®

A.4 Polish spaces and analytic sets

We finally review the basic notions of measures and probabilities on Polish spaces. We refer to
(Cohn, 1980, Chapter 8) for a self-contained introduction, and to (Kechris, 1995) for a comprehensive
treatment.

A Polish space is a separable topological space that can be metrized by a complete metric. Many
spaces encountered in practice are Polish, including R™, any compact metric space, any separable
Banach space, etc. Moreover, any finite or countable product or disjoint union of Polish spaces is
again Polish.

Let X,) be Polish spaces, and let f : X — ) be a continuous function. It is shown in any
introductory text on probability that f is Borel measurable, that is, f~1(B) is a Borel subset of X
for any Borel subset B of V. However, the forward image f(X) is not necessarily Borel-measurable
in Y. A subset B C ) of a Polish space is called analytic if it is the image of some Polish space
under a continuous map. It turns out that every Borel set is analytic, but not every analytic set is
Borel. The family of analytic sets is closed under countable unions and intersections, but not under
complements. The complement of an analytic set is called coanalytic. A set is Borel if and only if
it is both analytic and coanalytic.

Although analytic sets may not be Borel-measurable, such sets are just as good as Borel sets
for the purposes of probability theory. Let .# be the Borel o-field on a Polish space X. For any
probability measure on 1, denote by .%,, the completion of .# with respect to p, that is, the collection
of all subsets of X' that differ from a Borel set at most on a set of zero probability. A set B C X is
called universally measurable if B € %, for every probability measure p. Similarly, a function
f: X — Y is called universally measurable if f~!(B) is universally measurable for any universally
measurable set B. It is clear from these definitions that universally measurable sets and functions
on Polish spaces are indistinguishable from Borel sets from a probabilistic perspective.

The following fundamental fact is known as the capacitability theorem.

Theorem A.10. Every analytic (or coanalytic) set is universally measurable.

The importance of analytic sets in probability theory stems from the fact that they make it
possible to establish measurability of certain uncountable unions of measurable sets. Indeed, let X
and ) be Polish spaces, and let A C X x ) be an analytic set. The set

B .= U{xeX:(m,y)eA}

yey

can be written as B = f(A) for the continuous function f(z,y) := x. The set B C X is also analytic,
and hence universally measurable.

We conclude this section by stating a deep fact about well-founded relations on Polish spaces.
Let X be a Polish space and let < be a well-founded relation on X. The relation < is called analytic
if R C X x X is an analytic set.

8. Our discussion of the intuitive meaning of the rank of a well-founded relation is based on the lively discussion in
(Evans and Hamkins, 2014) of game values in infinite chess.
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Theorem A.11. Let < be an analytic well-founded relation on a Polish space X. Its rank function
satisfies supge x p<(x) < wi.

This result is known as the Kunen-Martin theorem; see (Kechris, 1995, Theorem 31.1) or (Del-
lacherie, 1977) for a self-contained proof and historical comments.

Appendix B. Measurability of Gale-Stewart strategies

The fundamental theorem of Gale-Stewart games, Theorem A.1, states that either player Py or Py,
must have a winning strategy in an infinite game when the set of winning sequences W for Pp, is
finitely decidable. This existential result provides no information, however, about the complexity
of the winning strategies. In particular, it is completely unclear whether winning strategies can be
chosen to be measurable. As we use winning strategies to design algorithms that operate on random
data, non-measurable strategies are may be potentially a serious problem for our purposes. Indeed,
lack of measurability can render probabilistic reasoning completely meaningless (cf. Appendix C).
Almost nothing appears to be known in the literature regarding the measurability of Gale-Stewart
strategies. The aim of this appendix is to prove a general measurability theorem that captures all
the games that appear in this paper. We adopt the general setting and notations of Appendix A.1.

Theorem B.1. Let {X,};>1 be Polish spaces and {);}i>1 be countable sets. Consider a Gale-
Stewart game whose set W C [],~,(X; x V) of winning sequences for Py, is finitely decidable and
coanalytic. Then there is a universally measurable winning strategy.

A characteristic feature of the games in this paper is the asymmetry between Pa and Pry,.
Player P plays elements of an arbitrary Polish space, while Py, can only play elements of a count-
able set. Any strategy for P is automatically measurable, as it may be viewed as a function of the
previous plays of Py, only (cf. Remark A.4). The nontrivial content of Theorem B.1 is that if Py, has
a winning strategy, such a strategy may be chosen to be universally measurable.

To prove Theorem B.1, we construct an explicit winning strategy of the following form. To
every sequence of plays z1,¥y1, ..., T,y for which Py, has not yet won, we associate an ordinal value
with the following property: regardless of the next play ;11 of Pa, there exists y;11 that decreases
the value. Because there are no infinite decreasing chains of ordinals, Py, eventually wins with this
strategy. To show that this strategy is measurable, we use the coanalyticity assumption of Theorem
B.1 in two different ways. On the one hand, we show that the set of game positions of countable
value is measurable. On the other hand, the Kunen-Martin theorem implies that only countable
values can appear.

Remark B.2. The construction of winning strategies for Gale-Stewart games using game values is
not new; cf. (Hodges, 1993, Section 3.4) or (Evans and Hamkins, 2014). We, however, define the
game value in a different manner than is customary in the literature. While the proof ultimately
shows that the two definitions are essentially equivalent, our definition enables us to directly apply
the Kunen-Martin theorem, and is conceptually much closer to the classical Littlestone dimension
of concept classes (cf. Section 3.4).

B.1 Preliminaries

In the remainder of this appendix we assume that the assumptions of Theorem B.1 are in force, and
that Py, has a winning strategy.

Let us begin by introducing some basic notions. A position of the game is a finite sequence of
plays x1,91, ..., T, Yn for some 0 < n < oo (the empty sequence @ denotes the initial position of
the game). We denote the set of positions of length n by

P, == [ [ (X x W),

t=1
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(where Pg := {@}), and by P := (Jy<,,co Pn the set of all positions. Note that, by our assump-
tions, P,, and P are Polish spaces.

An active position is a sequence of plays x1,¥y1,...,Zn,yn after which Pr, has not yet won.
Namely, there exist Zy11,Yn+1, Tnt2, Ynt2,--. S0 that (x1,y1,22,¥2,...) € W. The set of active
positions of length n can be written as

A, = U {veP,: (v,w)e W
WETTFZ 1 (XX V)

Because W is coanalytic, A, is an analytic subset of P,,. We denote by A :=Jj,, .o, An the set of
all active positions. -

Remark B.3. The notion of active positions is fundamental to the definition of Gale-Stewart games.
The fact that W is finitely decidable is nothing other than the property W = {(z1,y1,z2,¥y2,...) :
(1,915 -y TnyYn) € Ay, for some 0 < n < 0o}

We now introduce the fundamental notion of active trees. By assumption, there is no winning
strategy for Po. That is, there is no strategy for P that ensures the game remains active forever.
However, given any finite number n < oo, there could exist strategies for P that force the game
to remain active for at least n rounds regardless of what Pr, plays. Such a strategy is naturally
defined by specifying a decision tree of depth n, that is, a rooted tree such that each vertex at
depth t is labelled by a point in X;, and the edges to its children are labelled by );. Such a tree
can be described by specifying a set of points {zy, € X111y € Hi:l V5,0 <t < n}. This tree
keeps the game active for n rounds as long as (g, Y1, Ty, , Y25 - - - > Tyrroym_1> Yn) € Ay, for all possible
plays y1,...,yn of Pr. This notion is precisely the analogue of a Littlestone tree (Definition 1.7) in
the context of Gale-Stewart games.

We need to consider strategies that keep the game active for a finite number of rounds starting
from an arbitrary position (in the above discussion we assumed the starting position &).

Definition B.4. Given a position v € Py, of length k:

e A decision tree of depth n with starting position v is a collection of points

k+t
t:{$y€Xk+t+1:ye H ys,0§t<n}
s=k+1

By convention, we call t = @ a decision tree of depth 0.

o t is called active if (V,Zg, Yr41:Typrrs Yk+2s > Typirvoynin1s Yktn) € Akyn for all choices
k+n
of (yk+1a s 7yk+n) € Ht:k+1 yto

e We denote by Ty the set of all decision trees with starting position v (and any depth 0 < n <
o), and by T4 C T, the set of all active trees.

As the sets ); are assumed to be countable, any decision tree is described by a countable collection
of points. Thus Ty is a Polish space (it is a countable disjoint union of countable products of the
Polish spaces X;). Moreover, as Ay, is analytic, it follows readily that Th is analytic (it is a
countable disjoint union of countable intersections of analytic sets). The key reason why Theorem B.1
is restricted to the setting where each ); is countable is to ensure these properties hold.
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B.2 Game values

We now assign to every position v € P a value val(v). Intuitively, the value measures how long
we can keep growing an active tree starting from v. It will be convenient to adjoin to the ordinals
two elements —1 and € that are smaller and larger than every ordinal, respectively. We write
ORD* := ORD U {—1,Q}, and proceed to define the value function val : P — ORD".

By definition, T is empty if and only if the position v ¢ A is inactive, that is, if Py, has already
won. In this case, we define val(v) = —1.

Let us now assume that v € A is active. The definition of value uses a relation <, on T%. In this
relation, t' <, t if and only if the tree t is obtained from t’ by removing its leaves (in particular,
depth(t’) = depth(t) + 1). Let us make two basic observations about this relation:

e An infinite decreasing chain in (T%, <) corresponds to an infinite active tree, that is, a winning
strategy for P starting from v. In other words, <y is well-founded if and only if P has no
winning strategy starting from the position v.

e (TA, <y) has the tree @ of depth 0 as its unique maximal element. Indeed, any active tree
remains active if its leaves are removed. So, there is an increasing chain from any active tree
to <.

The definition of value uses the notion of rank from Section A.3.
Definition B.5. The game value val : P — ORD" is defined as follows.
e val(v) = —1if v € A.
o val(v) = Qif v € A and <y is not well-founded.
o val(v) = p< (@) if v € A and <y is well-founded.

In words, val(v) = —1 means Py, has already won; val(v) = Q means Py, can no longer win; and
otherwise val(v) is the maximal rank of an active tree in (T4, <), which quantifies how long Px
can postpone Py, winning the game (cf. section A.3).

For future reference, we record some elementary properties of the rank p-, .

Lemma B.6. Fiz v € P such that 0 < val(v) < Q.
(a) t' <y t implies p<, (t') < p<,(t) for any t,t' € Th.
(b) For any t' € T4, t' # O there is a unique t € T4 such that t' <, t.
(c) For anyt € T4 and k < p<,(t), there exists t' <y t so that k < p<, (t').

Proof For (a), it suffices to note that p<_(t') + 1 < p<_(t) for any t' <, t by the definition of
rank. For (b), note that t is obtained from t’ by removing its leaves. For (c), argue by contradic-
tion: if p<_ (t') < k for all t/ <y t, then x < p<,(t) < k + 1 where the second inequality follows by
the definition of rank. This is impossible, as there is no ordinal strictly between successive ordinals. l

In the absence of regularity assumptions, game values could be arbitrarily large ordinals (see
Appendix C). Remarkably, however, this is not the case in our setting. The assumption that W is
coanalytic implies that only countable game values may appear. This fact plays a crucial role in the
proof of Theorem B.1.

Lemma B.7. For any v € P, either val(v) = Q or val(v) < wy.
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Proof We may assume without loss of generality that 0 < val(v) < Q. There is also no loss in
extending the relation <y to T as follows: t' < t is defined as above whenever t,t’ € Té, while
t ¢ T4 has no relation to any element of T,. Then every t ¢ T4 is minimal, while the rank of t € T/
is unchanged.

With this extension, the relation <y on T is defined by
Ry, ={(t',t) e Ty xTy:t' <, t, t' € TA};

here t is uniquely obtained from t’ € T4 by removing its leaves. Because T% is analytic, it follows
that < is a well-founded analytic relation on the Polish space T,. The conclusion follows from
Theorem A.11. |

B.3 A winning strategy

Our aim now is to show that the game values give rise to a winning strategy for Py. The key
observation is the following.

Proposition B.8. Fiz 0 < n < oo and v € P, such that 0 < val(v) < Q. For every © € Xp41,
there exists y € Vp11 such that val(v, z,y) < val(v).

Before we prove this result, let us first explain the intuition in the particularly simple case that
val(v) = m < w is finite. By the definition of value, the maximal depth of an active tree in Th
is m (cf. Example A.6). Now suppose, for sake of contradiction, that there exists = such that
val(v,z,y) > m for every y. That is, there exists an active tree t, € Témy of depth m for every y.
Then we can construct an active tree in T4 of depth m + 1 by taking = as the root and attaching
each t, as its subtree of the corresponding child. But this is impossible, as we assumed that the
maximal depth of an active tree in T4 is m.

We use the same idea of “gluing together trees t,” in the case that val(v) is an infinite ordinal,

but its implementation in this case is more subtle. The key to the proof is the following lemma.

Lemma B.9. Fiz 0 < n < oo, v € Py, © € X1, and 4,y € Vpiy1 such that val(v,z,y) <
val(v,z,y’). Then there exists a map f:TH . — T2 . such that:

v,Z,Y v,Z,Y

(a) depth(f(t)) = depth(t) for all t € T4

v, Z,y "

(b) t' <yayt implies f(t') <y f(t) for all t,t' € Th

v,z

A
v, z,y

Proof We first dispose of trivial cases. If val(v,z,y) = —1, then T
to prove. If val(v,z,y’) = Q, there is an infinite decreasing chain

= @ and there is nothing

o =t v,y £ v,y £ v,y £ vy

in Té’m’y,. In this case we may define f(t) = t*) whenever depth(t) = &, and it is readily verified the
desired properties hold. We therefore assume in the remainder of the proof that 0 < val(v,z,y) <
val(v,z,y") < Q.

We now define f(t) by induction on depth(t). For the induction to go through, we maintain the

following invariants:
e depth(f(t)) = depth(t).

® p,., )< P=y ey (f(t)).
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For the base, let f(2) = @. Because val(v, z,y) < val(v,z,y), we have p~, . (2) < p< . (f(9)).
For the step, suppose that f(t) has been defined for all t € T4 , = with depth(t) = k—1 such that the

v,T,Yy

above properties hold for all such t. Now consider t’ € T4 . with depth(t’) = k, and let t >y 4, t/
be the tree obtained by removing its leaves. Then we have p<, . (t') < p<, . (t) <p<,  (f(t))
by Lemma B.6(a) and the induction hypothesis. Therefore, by Lemma B.6(c), we may choose
f(t') <v,zy f(t)sothat p<, ,  (t') <p<,  (f(t')). In this manner we have defined f(t') for each
t' e Té,Ly with depth(t’) = k. Tt is readily verified that the desired properties of the map f hold
by construction. |

We can now complete the proof of Proposition B.8.

Proof of Proposition B.8 Fix z € X, 11 throughout the proof. If there exists y € V,, 11 so that
val(v,z,y) = —1, the conclusion is trivial. We can therefore assume that val(v,z,y) > 0 for all y.
This implies, in particular, that {zx} € T4.

Because any collection of ordinals contains a minimal element, we can choose y* € V,,+1 such that
val(v,z,y*) < val(v,z,y) for all y. The main part of the proof is to construct an order-preserving
map ¢ : Ty .« — T4 such that (@) = {z}. Because val(v) < Q, we know that < is well-founded.
It follows by monotonicity of rank under order-preserving maps that <y 4 4+ is well-founded and

val(v, z,y%) = p<, .- (9) < p<,({2}) < p<,(9) = val(v),

concluding the proof of the proposition.

It therefore remains to construct the map ¢. To this end, we use Lemma B.9 to construct for
every y an order-preserving map f, : T4, . — T4 . such that depth(f(t)) = depth(t). Given
any t € Té%y*,
subtree of the root-to-child edge labelled by y, for every y € V,,+1. By construction «(t) € T is an
active tree, (&) = {z}, and ¢ is order-preserving as each of the maps f, is order-preserving. ]

we define a decision tree ¢(t) by taking x as its root and attaching f,(t) as its

As we assumed at the outset that Py, has a winning strategy, the initial value of the game is an
ordinal val(&) < Q. We can now use Proposition B.8 to describe an explicit winning strategy. In
each round in which Py, has not yet won, for each point x; that is played by P, Proposition B.8
ensures that Pr, can choose y; so that val(x1,y1,...,x¢y:) < val(z1,y1,-..,%i—1,y:—1). This choice
of y; defines a winning strategy for Py, because the ordinals are well-ordered.

B.4 Measurability

We have constructed value-decreasing winning strategies for Py,. To conclude the proof of Theo-
rem B.1, it remains to show that it is possible to construct a universally measurable value-decreasing
strategy. The main remaining step is to show that the set of positions with any given game value is
measurable.

Lemma B.10. For any 0 <n < oo, v € P,,, and k € ORD, we have val(v) > k if and only if there
exists © € X411 such that val(v,z,y) > k for all y € Yny1.

Proof Suppose first there exists « such that val(v,z,y) > & for all y. If val(v) < Q, then it follows
immediately from Proposition B.8 that val(v) > k. On the other hand, if val(v) = €, the conclusion
is trivial.

In the opposite direction, let val(v) > k. If val(v) = Q, then choosing x to be the root label
of an infinite active tree yields val(v,z,y) = Q > k for all y. On the other hand, if val(v) < Q,
then we have p~ (@) = val(v) > k. By the definition of rank, there exists = such that {z} € Th
and p<, ({z}) + 1 > & or, equivalently, p~, ({z}) > . Thus it remains to show that p~ ({z}) <
val(v, z,y) for every y.
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To this end, we follow in essence the reverse of the argument used in the proof of Proposition B.8.
Denote by Téym C TA the set of active trees with root =, and by ~<v,¢ the induced relation. The

definition of rank implies p~, ({z}) = p<, , ({z}). On the other hand, for any t € T4 ,, denote by
fy(t) € TA its subtree of the root-to-child edge labelled by y. Then f, : TA = TA is an

v,T,Yy v,z v,T,Y

order-preserving map such that f,({z}) = @. Therefore, either val(v,z,y) = Q, or

r<,({z}) = p<,.({z}) < p<,,, (9) = val(v,z,y)

by monotonicity of rank under order-preserving maps. |

Corollary B.11. The set
Al i={v eA, :val(v) > K}

is analytic for every 0 <n < oo and —1 < Kk < ws.

Proof The proof is by induction on k. First note that A;* = A,, is analytic for every n. Now for
any 0 < kK < wi, by Lemma B.10,

Al = U ﬂ ﬂ{veAn:val(v,J;,y)>/\}

TEXn 1 YEYn+1 A<K

= U N NiveA: vy A}

TEXn 1 YEVn+1 ALK

As Kk < wi, the intersections in this expression are countable. Therefore, as A} 11 is analytic for
A < k by the induction hypothesis, it follows that Al is analytic. |

We can now conclude the proof of Theorem B.1.

Proof of Theorem B.1 We assume that Py, has a winning strategy (otherwise the conclusion is
trivial). For any 0 < n < oo, define

Dpt1:={(v,2,y) € Ppy1 : val(v,z,y) < min{val(v), val(2)}}

= U {(v,2,y) € Ppy1:val(v,z,y) < k < val(v)}
—1<k<val(@)

= U {(V,:C,y) € PnJrl : (V,£L'7y) € (AZ+1)C, v e ATKL})

—1<k<val(2)

where AZ is defined in Corollary B.11. As Pj, has a winning strategy, Lemma B.7 implies that
val(&) < w;y. Thus the union in the definition of D,,4+1 is countable, and it follows from Corollary
B.11 that D,,41 is universally measurable.

Now define for every ¢ > 1 the map g; : Py_1 X X; — ), as follows. As ) is countable, we may
enumerate it as Yy = {y',y%,v3,...}. Set

(va):= { ¥ i (vay) @D forj <i (v.a.y) €D,
gV, ) = ylif (v,z,97) € Dy for all j.

In words, g;(v,z) = " for the first index i such that (v, z,y’) € Dy, and we set it arbitrarily to y! if

(v,z,y7) & D; for all j. This defines a universally measurable strategy for Pr,. It remains to show
this strategy is winning.

44



To this end, suppose that val(x1,y1,...,2i—1,y—1) < val(&). By Proposition B.8, for every x;
there exists y; so that (z1,y1,...,%:,y:) € Dy. Thus playing y; = ge(z1, 91, - -, Te—1, Yt—1, T¢) yields,
by the definition of g,

Val($1791, s axtvyt) < Va’l(zla Yis - o xt—hyt—l)-
The assumption val(z1,y1,...,2t—1,y:—1) < val(&) certainly holds for ¢ = 0. It thus remains valid
for any ¢ as long as Py, plays the strategy {g:}. It follows that {g:} is a value-decreasing strategy,
so it is winning for Pr,. [ |

Appendix C. A nonmeasurable example

To fully appreciate the measurability issues that arise in this paper, it is illuminating to consider
what can go wrong if we do not assume measurability in the sense of Definition 3.3. To this end we
revisit in this section a standard example from empirical process theory (cf. (Dudley, 2014, Chapter
5) or (Blumer, Ehrenfeucht, Haussler, and Warmuth, 1989, p. 953)) in our setting.

For the purposes of this section, we assume validity of the continuum hypothesis card([0, 1]) = N;.
(This is not assumed anywhere else in the paper.) We may therefore identify [0, 1] with w;. In
particular, this induces a well-ordering of [0, 1] which we will denote <, to distinguish it from the
usual ordering of the reals.

To construct our example, we let X = [0, 1] and

H={r—1,<,:2€][0,1]}.

Every h € H is the indicator of a countable set (being an initial segment of wq). In particular, each
h € H is individually measurable. However, measurability in the sense of Definition 3.3 fails for H.

Lemma C.1. For the example of this section, the set
S = {((El,.TQ) S X2 Hzl,O,xg,l 75 @}

has inner measure 0 and outer measure 1 with respect to the Lebesgue measure. In particular, S is
not Lebesgue measurable.

Proof By the definition of H, we have
S = {($1,$2) S X2 To < $1}.

If S were Lebesgue-measurable, then Fubini’s theorem would yield

1 1 1 L
0= / </ 15(3)17332) d$2>dﬂf1 ; / (/ 15(],‘1’332) dxl)dl‘g — 17
0 0 0 0

where we used that xs — 1g(z1,23) is the indicator of a countable set and that z1 — 1g(z1,x2)
is the indicator of the complement of a countable set. This is evidently absurd, so S cannot be
Lebesgue-measurable. That the outer measure of S is one and the inner measure is zero follows
readily from the above Fubini identities by bounding S and S°¢ by its measurable cover, respectively.
|

Corollary C.2. The class H is not measurable in the sense of Definition 3.3.
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Proof If H were measurable in the sense of Definition 3.3, then the same argument as in the proof
of Corollary 3.5 would show that S is analytic. But this contradicts Lemma C.1, as analytic sets
are universally measurable by Theorem A.10. ]

Lemma C.1 illustrates the fundamental importance of measurability in our theory. For example,
suppose player P in the the game & of section 3.2 draws i.i.d. random plays z1, xs,... from the
Lebesgue measure on [0, 1]. Even if player Py, plays the simplest type of strategy—the deterministic
strategy y1 = 0, yo = 1—the fact that Py, wins in the second round is not measurable. Moreover,
one can show (see the proof of Lemma C.3 below) that any value-minimizing strategy for P, in the
sense of Section B.3 plays y; = 0, yo = 1 for (z1,22) € S¢. So, the same problem arises for the
winning strategies constructed by Theorem B.1.

This kind of behavior would undermine any reasonable probabilistic analysis of the learning
problems in this paper. Even the definitions of learning rates make no sense when the probabilities
of events have no meaning. The above example therefore illustrates that measurability is crucial for
learning problems with random data.

It is instructive to check what goes wrong if one attempts to prove the existence of measurable
strategies as in Theorem B.1 for the present example. The coanalyticity assumption was used in the
proof of Theorem B.1 in two different ways. First, it ensures that the sets of active positions A, and
the super-level sets of the value function A are measurable for countable x (cf. Corollary B.11).
This immediately fails in the present example (Lemma C.1). Secondly, coanalyticity was used to
show that only countable game values can appear (cf. Lemma B.7). We presently show that the
latter also fails in the present example, so that coanalyticity is really essential for both parts of the
proof.

Lemma C.3. In the present example, the game & satisfies val(&) > wy.

Proof As in Section 3.4, for the game & we denote LD(H) := val(@), and we recall that
Val(xlv Yi, ooy Tty yt) = LD(Hm,yh-..,zt,yt)-

We must recall some facts about ordinals (Sierpiriski, 1965, section XIV.20). An ordinal & is
called additively indecomposable if £ + k = & for every £ < k, or, equivalently, if the ordinal segment
[€, k) is isomorphic to k for all £ < k. An ordinal is additively indecomposable if and only if it is of
the form w? for some ordinal 8. Moreover, w; = w*?, so that w; is additively indecomposable.

For every ordinal 3, define the class of indicators H” = {\ — 1<, : k € WP} on &P = WP,
We now prove by induction on 3 that LD(H”) > 8 for each 3. Choosing 3 = w; then shows that
LD(H) > ws.

For the initial step, it suffices that LD(H?) = 0 because X° = 1 and H° = {0}. Now suppose we
have proved that LD(H®) > « for all & < 8. Note first that Hga’o = H, where we view the latter
as functions on X7, However, all functions in H® take the same value on points in X%\ X, so such
points cannot appear in any active tree. It follows immediately that LD(H&D) = LD(H%). By the
same reasoning, now using that [w®,w?) is isomorphic to w?, it follows that LD(’Hgayl) = LD(#H?).
Thus LD(H?) > LD(H®) > a by the induction hypothesis and Lemma B.10. As this holds for any
a < f3, we have shown LD(H?) > . [ |

Let us conclude our discussion of measurability by emphasizing that even in the presence of a
measurability assumption such as Definition 3.3 or coanalitycity of W in Theorem B.1, the key reason
why we are able to construct measurable strategies is that we assumed Pp, plays values in countable
sets V; (as is the case for all the games encountered in this paper). In general Gale-Stewart games
where both P and Py, play values in Polish spaces, there is little hope of obtaining measurable
strategies in a general setting. Indeed, an inspection of the proof of Corollary B.11 shows that the
super-level sets of the value function are constructed by successive unions over X; and intersections
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over );. Namely, by alternating projections and complements. However, it is consistent with the
axioms of set theory (ZFC) that the projection of a coanalytic set may be Lebesgue-nonmeasurable
(Jech, 2003, Corollary 25.28). Thus it is possible to construct examples of Gale-Stewart games where
Xy, Y, are Polish, W is closed or open, and the set A of Corollary B.11 is nonmeasurable for x = 0
or 1. In contrast, because we assumed ); are countable, only the unions over X; play a nontrivial
role in our setting and analyticity is preserved in the construction.
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