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a n d  w a v el e n gt h d e gr e es  of  fr e e d o m all o w  d y n a mi c  tr a nsiti o n  b et w e e n  t h es e t w o 
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F l at  o pti cs  utili zi n g  m et as urf a c es  a n d  diffr a cti v e  c o m p o n e nts  h as  m a d e  tr e m e n d o us  a d v a n c es  i n t h e  d esi g n  a n d 
r e ali zati o n  of  c o m p a ct  o pti c al  c o m p o n e nts  c a p a bl e  of n e ar ar bitr ar y  w a v e -fr o nt  c o ntr ol.  A m o n g  t h e m,  fl at  o pti c al 
l e ns es a n d m et al e ns es h a v e g ai n e d p arti c ul arl y si g nifi c a nt att e nti o n a n d h a v e m at ur e d r a pi dl y  i n t er ms of p erf or ma n c e 
a n d  f u n cti o n alit y [ 1]. S e p ar at el y ,  met as urf a c es  wit h e n gi n e er e d  p h as e  pr ofil es  h a v e  b e e n  e m pl o y e d  t o  a c hi e v e  t w o 
di m e nsi o n al ( 2 D) a n d t hr e e di m e nsi o n al ( 3 D) a c c el er ati n g b e a ms , s u c h as fi nit e e n er g y Air y b e a ms a n d h alf -B ess el 
b e a ms [ 2– 4] . T h es e a c c el er ati n g b e a ms s h o w e x oti c pr o p erti es, s u c h as s elf-h e ali n g a n d t h e a bilit y t o pr o p a g at e i n a 
q u asi -n o n -diffr a cti n g  m a n n er  ar o u n d  l ar g e  b e n di n g  a n gl es . N ot a bl y,  s u c h a c c el e r ati n g b e a ms  o p e n  u p  a  n o v el 
c a p a biliti es i n o pti c al s yst e ms  s u c h as p arti cl e m a ni p ul ati o n, l as er m a c hi ni n g, mi cr os c o p y, a n d e xt e n d e d d e pt h of fi el d 
i m a gi n g.  H er e, w e  r e p ort h o w t h es e t w o t y pi c all y disti n ct f u n cti o n aliti es –  f o c usi n g a n d a c c el er ati n g li g ht –  c a n b e 
r e ali z e d  i n  a si m pl e 1 D  fl at  l e ns [ 5]. T his  attr a cti v el y  off ers m ultif u n cti o n alit y  as  w ell  as e n h a n c e d  c o ntr ol  o v er 
a c c el er ati n g b e a m c h ar a ct eristi cs i n a str ai g htf or w ar d  a n d c o m p a ct f or m f a ct or.   

C o nsi d er a fl at l e ns wit h a p h as e pr ofil e 𝜙 ( 𝑥 )  t h at f o c us es li g ht at a p oi nt i n 𝑧  wit h a f o c al l e n gt h of 𝑓 . At t h e 

s urf a c e of t h e l e ns, w e e x pr ess t h e tr a ns v ers e w a v e v e ct or: 𝑘 ! = 𝑘 " si n ( 𝜃 " ) =
# $

# !
− 𝑘 % si n ( 𝜃 % ) . H er e , 𝑘 = 2 𝜋 𝑛 / 𝜆  is 

at r efr a cti v e  i n d e x 𝑛 , 𝑑 𝜙 / 𝑑 𝑥  is  t h e l o c al  p h as e  gr a di e nt  a n d  t h e  a n gl es 𝜃 %  a n d 𝜃 "  ar e  as  s h o w n  i n  Fi g  1( a).  T h e 

u n wr a p p e d  p h as e  pr ofil e  is  gi v e n  b y:   𝜙 ( 𝑥 ) = − 2 𝜋 / 𝜆 	( 6 𝑥 " + 𝑓 " − 𝑓 ) . F or  o n  a xis  ill u mi n ati o n  (𝜃 = 0° ) , t h e 
i m p art e d p h as e is d efi n e d o n ly  b y t h e p h as e gr a di e nt t er m, a n d all r efr a ct e d r a ys c o n v er g e c o nstr u cti v el y t o t h e f o c us 
(Fi g. 1( b) ). H o w e v er, f or off-a xis ill u mi n ati o ns (𝜃 % ≠ 0° ), t h e n o n z er o s e c o n d t er m 𝑘 % si n ( 𝜃 % )  s hifts t h e tr a ns v ers e 
w a v e v e ct or, a n d t h e y n o l o n g er c o n v er g e. F or 𝜃 % = 6° , w e s e e a n e n v el o pi n g c a usti c c ur v e c( z) wit h a sl o p e of  𝑐 ′( 𝑧 ) . 
U n d er m o n o c hr o m ati c ill u mi n ati o n, t his r es ults i n a c o nstr u cti v e i nt erf er e n c e al o n g a  c a usti c tr aj e ct or y all o wi n g t h e 
f or m ati o n  of  a  n o n-p ar a xi al  a c c el er ati n g  b e a m. Fi g . 1( c)  s h o ws  li g ht  pr o p a g ati o n  i n  fi x e d 𝑓 = 3 5 𝜇 𝑚 ,  v ar yi n g 
n u m eri c al  a p ert ur e  ( N A)  fl at  l e ns es  u n d er  v ari o us  ill u mi n ati o n  a n gl es  u n d er  a  m o n o c hr o m ati c  ( 𝜆 = 6 0 0  n m)  li g ht 
s o ur c e.  U n d er n or m al i n ci d e n c e, all l e ns es i n Fi g. 1 s h o w diffr a cti o n li mit e d f o c usi n g.  F or m o d er at e N A = 0. 4, 𝜃 % =
2°  l e a ds t o tilti n g a n d s hifti n g of 
t h e f o c al s p ot. F or hi g h er N A of 
0. 8 or 0. 9 9, h o w e v er, it pr o d u c es 
si g nifi c a nt  c o m a  a n d  a  s h a p e 
pr es er vi n g  a c c el er ati n g b e a m 
g e n er at e d  al o n g  t h e  c a usti c 
tr aj e ct or y  i n  t h e  vi ci nit y  of  t h e 
f o c al s p ot. T h e  ~ 9 0°  b e n di n g 
d e pi ct e d i n  Fi g. 1( c) f or 
N A  =  0. 8, 𝜃 % = 6°  a gr e es cl os el y  
wit h  t h e  pr e di ct e d c a usti c 
tr aj e ct or y i n Fi g . 1( b). As  b ot h 
t h e  N A  a n d  t h e  b e a m  tilt  ar e 
i n cr e as e d, t h e b e n di n g tr aj e ct or y 
is t u n e d t h e  s h a p e  pr es er v ati o n 
b e c o m es str o n g er.  M o d eli n g w as  
p erf or m e d wit h  a  c o m m er ci al 
F D T D  s ol v er  ( L u m eri c al  I n c.) 
a n d  a p pli c ati o n  of  Kir c h off’s 
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Fi g ur e 1 ( a) Tr a ns v ers e w a v e v e ct or vs x f or i n ci d e nt a n gl es 0  a n d 6°  ( b) R a ytr a ci n g a n d 
c a usti c c ur v e c( z) , ( c) si m ul ati o ns s h o wi n g li g ht pr o p a g ati o n f or diff er e nt c o nfi g ur ati o ns 
of N A a n d i n ci d e nt a n gl e  w h er e  𝑓 = 3 5 	𝜇 𝑚 ,			𝜆 = 6 0 0 	𝑛 𝑚 .     
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integral, where we consider the 1D flat lens as a patterned refractive index metasurface in accordance with our recently 
developing nanomanufacturing technique[6].  

We refer to our particular type of beams as “comatic accelerating beams” (CABs) and they can exhibit 
sustained shape-preserving qualities around large bending angles similar to Matthieu and Weber beams[7]. However, 
unlike Matthieu and Weber beams that follow elliptical and parabolic trajectories respectively, the CABs follow 
hyperbolic trajectories. Importantly this trajectory can be tailored by varying the NA, focal length and tilt angle. It’s 
also possible to achieve such beams under normal incidence with a purposefully engineered phase profile: 𝜙&'((𝑥) =
𝜙%(𝑥) + 𝜙"(𝑥), where 𝜙%(𝑥) = − ")

*
D6(𝑥 − 𝑥+)" + 𝑓" − 𝑓E,  denotes a hyperbolic lens designed to focus on or off 

axis (𝑥+) while the  𝜙"(𝑥) imparts coma (a design tilt) for on axis illumination conditions 𝜙"(𝑥) = 𝑥 ")
*
𝑠𝑖𝑛(𝜃,-.,). 

Through this approach we’ve realized the design of long range (~10 mm) hyperbolic trajectory beams under on-axis 
illumination at 𝜆 = 1.31	𝜇𝑚 with potential applications in optical probing[5, 8].  

Lastly, we report a compound multifunctional 
flat element consisting of a multichromatic lens on the 
bottom and a phase tilting blazed grating on top where 
either focusing and/or accelerating beams can be 
achieved with a wavelength and angle-controlled 
trajectory. Here, the 1D multi-chrome lens has an NA 
= 0.8 and an 𝑓 = 175	𝜇𝑚 that suppresses chromatic 
aberrations for 𝜆 = 450 nm (blue), 524 nm (green) and 
635 nm (red). The top layer is a blazed grating that 
imparts a chromatic phase tilt or a momentum 𝐺 =
𝑚(2𝜋/Λ/) to the refracted beam where 𝑚 = +1 is the 
diffraction order and Λ/ is the grating period. Fig. 3(b) 
shows that the effect of a non-zero 𝑘%,! = 𝑘%𝑠𝑖𝑛𝜃% can 
be exactly cancelled at a specific design wavelength 𝜆# 
where 𝑘! − 𝐺 = 0. As the wavelength is tuned away 
from 𝜆#, (𝑘! − 𝐺) can become either positive or 
negative, and as a result a caustic with either positive 
or negative curvature can be realized. Figure 3(c) 
shows such a simulated device with NA = 0.8, f = 175 
µm, and G = 4.5 µm-1.  

In summary, we show how a simple 1D flat 
lens can be used to generate non-paraxial comatic 
accelerating beams with Airy-like properties. The 
beam properties are readily tunable via inherent lens 
design such as NA, focal length, and also by 
illumination angle and wavelength. The ability to 
dynamically shift between a focused beam and an accelerating beam offers multifunctionality and enhanced beam 
control to prospective applications in optical probing, particle manipulation, and laser milling. 

 

Acknowledgements: This work was supported by National Science Foundation (NSF) Award 1825787.  The 
authors wish to thank Jeffrey Wilde for fruitful discussions. 
 

References: 
[1]   Khorasaninejad, M. and Capasso, F. “Metalenses: Versatile Multifunctional Photonic Components,” Science 358, eaam8100 (2017). 
[2]   Henstridge, M., Pfeiffer, C., Wang, D., Boltasseva, A., Shalaev, V. M., Grbic, A., and Merlin, R. “Accelerating Light with Metasurfaces,” 
Optica 5, 678–681 (2018). 
[3]   Fan, Q., Zhu, W., Liang, Y., Huo, P., Zhang, C., Agrawal, A., Huang, K., Luo, X., Lu, Y., Qiu, C., Lezec, H. J., and Xu, T. “Broadband 
Generation of Photonic Spin-Controlled Arbitrary Accelerating Light Beams in the Visible,” Nano Lett. 19, 1158–1165 (2019). 
[4]   Zhang, C., Divitt, S., Fan, Q., Zhu, W., Agrawal, A., Lu, Y., Xu, T., and Lezec, H. J. “Low-Loss Metasurface Optics down to the Deep 
Ultraviolet Region,” Light Sci. Appl. 9, 55 (2020). 
[5]   Talukdar, T. H. and Ryckman, J. D. “Multifunctional Focusing and Accelerating of Light with a Simple Flat Lens,” Opt. Express 28, (2020). 
[6]   Talukdar, T. H., Perez, J. C., and Ryckman, J. D. “Nanoimprinting of Refractive Index: Patterning Subwavelength Effective Media for Flat 
Optics,” ACS Appl. Nano Mater. 3, (2020). 
[7]   Zhang, P., Hu, Y., Li, T., Cannan, D., Yin, X., Morandotti, R., Chen, Z., and Zhang, X. “Nonparaxial Mathieu and Weber Accelerating 
Beams,” Phys. Rev. Lett. 109, 193901 (2012). 
[8]   Zhang, M., Ren, Z., and Yu, P. “Improve Depth of Field of Optical Coherence Tomography Using Finite Energy Airy Beam,” Opt. Lett. 44, 
3158–3161 (2019).  

Figure 2. (a) Multifunctional device showing a blazed grating over 
a multi-chrome flat lens (b) Transverse wavevector 𝑘! after 
momentum contribution from the incident beam tilt and blazed 
grating (c) FDTD simulation of the device showing 
reconfigurable focusing and accelerating of light under 𝜃" = 15°.  
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