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Abstract This study examines axisymmetric and asymmetric aspects of secondary eyewall formation
(SEF) in tropical cyclones (TCs) by applying a nonlinear boundary layer model to tangential wind
composites of observed TCs with and without SEF. SEF storms were further analyzed at times prior to
and after SEF, as defined by the emergence of a secondary maximum in axisymmetric tangential wind.
The model is used to investigate the steady-state boundary layer response to the free-tropospheric pressure
forcing derived from observed tangential wind fields. The axisymmetric response to the Post-SEF wind
field displayed a secondary updraft maximum associated with a mature secondary eyewall; the model
correctly produced no secondary updraft for non-SEF storms. The Pre-SEF response also exhibited a
secondary updraft associated with an incipient secondary eyewall largely due to the broadened outer
tangential wind field that commonly precedes SEF events. The asymmetric wind fields and model
response were analyzed relative to the 850-200 hPa environmental wind shear vector. In Pre-SEF storms,
the tangential wind field displayed a broadened tangential wind structure in the downshear quadrants.
The boundary layer response shows a downwind shift toward the left-of-shear quadrants, exhibiting the
clearest secondary maxima in updrafts, tangential wind, and radial inflow. This left-of-shear response was
the leading contributor to the secondary eyewall signals in the Pre-SEF axisymmetric response. Sensitivity
analyses confirmed the robustness of these asymmetric signals. These findings suggest that enhanced
tangential wind and boundary layer updrafts in the left-of-shear sectors may be early indicators and
critical features of SEF in sheared TCs.

Plain Language Summary SEF in TCs marks the beginning of an eyewall replacement

cycle, a process that has impacts on the storm intensity and structure. The initiation of the SEF process is
generally not well-forecasted or fully understood. This study uses airborne observations and a nonlinear
numerical model to examine the role of the boundary layer during SEF. We find that the earliest boundary
layer signs of SEF are clearest in the left-of-shear sectors. We also show that these early left-of-shear
signals of SEF are robust and systematically stronger than that of the other sectors, indicating that these
sectors are the preferred location where initiation of SEF repeatedly occurs in these observed cases. The
results of this study provide new insight to the evolution of TCs and can be potentially used for improving
TC forecasts.

1. Introduction

Secondary eyewall formation (SEF) is an inner-core process that occurs in some mature tropical cyclones
(TCs) and can cause significant intensity and structural changes of the storm (Black & Willoughby, 1992;
Willoughby et al., 1982). Despite the frequent occurrence of SEF (Hawkins et al., 2006), the underlying
physical mechanisms for SEF have yet to be fully determined. Previous studies have hypothesized that cer-
tain dynamical features are important for SEF, including outward-propagating vortex-Rossby waves (VRWSs)
(Guimond et al., 2020; Menelaou et al., 2012; Montgomery & Kallenbach, 1997), convectively generated
potential vorticity anomalies from inward-spiraling rainbands (Judt & Chen, 2010; Qiu et al., 2010), an en-
hanced background vorticity radial gradient (Abarca & Corbosiero, 2011; Terwey & Montgomery, 2008), and
a region of rapid filamentation that supports the formation of a precipitation-free moat outside a primary
eyewall (Rozoff et al., 2006; H. Wang et al., 2019; Y. Wang, 2008).
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Previous modeling studies have also explored the role of axisymmetric boundary layer processes in SEF.
Several studies have shown that SEF occurs in association with the development of enhanced supergra-
dient flow in the upper boundary layer (Abarca & Montgomery, 2013, 2014; Abarca et al., 2015; Huang
et al., 2012; Wu et al., 2012). These studies make a connection between outwards acceleration in the super-
gradient flow region and horizontal convergence, leading to an updraft which can lead to SEF. Alternatively,
Kepert (2013) showed that, using a nonlinear steady-state model of the TC boundary layer developed by
Kepert and Wang (2001; hereafter the KWO01 model), significant outer updrafts could be produced by fric-
tional convergence collocated with locally strong radial vorticity gradients in the cyclone's gradient wind
field. The flow adjustment in this area also produced a region of supergradient flow in the upper boundary
layer. He further proposed a hypothesis that a positive feedback between frictional convergence, convection,
and vortex-tube stretching could contribute to SEF. Using the full-physics Weather Research and Forecast-
ing (WRF) model, Kepert and Nolan (2014) and F. Zhang et al. (2017) later explored these ideas and showed
that the simulated response from the KW01 model agrees well with the boundary layer evolution of the
WREF simulations, including a realistic representation of the secondary eyewall updraft.

Many of the previously mentioned theories require some pre-existing vorticity anomaly outside of the eye-
wall to modulate or initiate a certain axisymmetric dynamical mechanism, where this vorticity anoma-
ly is generated by rainband convection. On the other hand, the VRW SEF theory does not require such
pre-existing rainband convection, but rather the source of vorticity comes from the inner core in the form
of outward-propagating filaments (convectively coupled VRWs), as discussed by Fischer et al. (2020) and
Guimond et al. (2020). To investigate the dynamical coupling between rainband and boundary layer pro-
cesses, Kepert (2018, K18 hereafter) modified the KW01 model (hereafter the K18 model) to incorporate
the nonlinear balanced pressure field corresponding to an asymmetric vorticity forcing that represents the
forcing of a spiral rainband, and examined the asymmetric, steady-state boundary layer response to the rain-
band forcing. He showed that the boundary layer response to an asymmetric rainband vorticity forcing is
structurally similar to that of an annular vorticity forcing representing a secondary eyewall, which strongly
suggests a close dynamical linkage between rainbands and secondary eyewalls.

The K18 model (a modified KW01 model) has demonstrated its usefulness as a tool to understand the
steady-state boundary layer response to simulated TC circulations during the SEF process. But this model
has yet to be tested with actual TC observations. The current study performs these tests with the goal of
uncovering new insight to SEF in real storms.

Wunsch and Didlake (2018, hereafter WD18) examined SEF in a composite analysis of aircraft 700 hPa
level observations from 17 yr of Atlantic basin TCs. They showed that storms prior to SEF exhibited an
axisymmetric broadening of the outer tangential wind field. This broadened wind field has commonly been
identified as a precursor to SEF in observational studies (Bell et al., 2012; Didlake & Houze, 2013; Sit-
kowski et al., 2011) and modeling studies (Rozoff et al., 2006, 2012; Sun et al., 2013; Tang et al., 2017; Wang
et al., 2016, 2019). Furthermore, WD18 showed that storms prior to SEF experience the largest change of
the tangential wind field in the storm quadrants left of the 850-200 hPa environmental wind shear vector.
This finding aligns with previous studies identifying a mesoscale descending inflow (MDI) pattern in left-
of-shear stratiform rainbands that locally accelerates the tangential wind field prior to SEF (Didlake & Hou-
ze, 2013; Didlake et al., 2018; Yu et al., 2021). Given these results, WD18 hypothesized that the evolution
of these wind-shear-induced asymmetries were indicative of recurring asymmetric rainbands that initiate
SEF.

Building upon the results from WD18 and other previous studies, this study uses the K18 model to exam-
ine the steady-state boundary layer response to the tropospheric forcing represented by the observational
composites of WD18. Both axisymmetric mean and asymmetric forcings are used to investigate how the
boundary layer responds to the free tropospheric forcing aloft during SEF events and within storms with-
out SEF. As emphasized in K18, since the nonlinear K18 model simulates the steady-state boundary layer
response under the steady pressure forcing above the boundary layer, the result is only a one-way response
of an apparent two-way interaction. However, because no feedback to the imposed tropospheric forcing is
included in the model, the one-way frictionally driven updraft response in the boundary layer can therefore
be isolated from an apparent two-way interaction in the coupling between the troposphere and boundary
layer processes. The intent of our analysis is not to emphasize any particular SEF theory (e.g., Abarca &
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Montgomery, 2013; Huang et al., 2012; Kepert, 2013; Miyamoto et al., 2018; Rozoff et al., 2006; Terwey &
Montgomery, 2008; F. Zhang et al., 2017), nor to fully determine the forcing mechanism of an incipient
secondary eyewall updraft. But rather, we used the K18 model as a skillful tool to examine where the earli-
est SEF-like structures might develop in the boundary layer and contribute most strongly to the azimuthal
mean SEF signal, if one develops, based on the observed tangential wind composites. This analysis will help
improve understanding of the axisymmetric and asymmetric structures and processes that are conducive to
secondary eyewall development.

The remaining parts of the article is organized as follows. Section 2 introduces the K18 model used in this
study, the data sets for each of the three SEF groups, and the preprocessing steps, as well as the forcings
used to drive the model simulations. Section 3 first discusses the axisymmetric features simulated using
the axisymmetric mean forcing, which is then followed by an analysis of the asymmetric response in a
shear-relative framework, together with sensitivity analyses to examine the robustness and variability of
these asymmetric features across the quadrants. Section 4 summarizes the conclusions of the study.

2. Data and Methodology
2.1. The K18 Model

To examine the boundary layer response to the observed free tropospheric wind distribution before and
after SEF, we use the nonlinear boundary layer model developed by Kepert and Wang (2001) and later mod-
ified by Kepert (2018, the K18 model). The K18 model simulates the steady-state boundary layer response
by integrating a set of prognostic three-dimensional nonlinear primitive equations to a near steady state.
The model is dry and is forced by the pressure forcing from the free-tropospheric wind at the top of the
integration domain, which is assumed to be above the boundary layer and is held constant in time. Since no
feedback to the forcing field is included in the model, the simulated response is a one-way response of the
boundary layer to the free tropospheric forcing. This simulated response includes boundary layer updrafts
that are purely driven by frictional convergence. If moist processes were included in this same model, we
would expect that the additional buoyancy effects would produce stronger updrafts. Different from the
axisymmetric KWO01 model, the pressure forcing used in the K18 model top can be either axisymmetric or
asymmetric. Throughout this study, we use the word “asymmetric” to describe a field or simulation that
includes non-axisymmetric features as part of the overall structure, as opposed to being purely asymmetric
in the sense that only perturbations to the azimuthal mean are described. When axisymmetric forcing is
used, the simulated result is equivalent to the KW01 model. When asymmetric forcing is used, it allows the
investigation of the boundary layer response to cyclone asymmetries induced by environmental influences,
such as environmental wind shear. This pressure forcing is implicitly represented by the gradient wind
assumption in the axisymmetric mode and by a nondivergent wind in the asymmetric case through a non-
linear balance relation (see Equation 10 of K18). The procedures of deriving this asymmetric nondivergent
wind field will be discussed in Section 2.3. More details of the model design can be found in K18.

The momentum equations in the K18 model include the horizontal and vertical momentum diffusion terms,
which can be parameterized by various schemes. Kepert (2012) tested several commonly used boundary lay-
er schemes and found that the Louis (Louis et al., 1982) and the Mellor-Yamada (Mellor & Yamada, 1982)
schemes both produce a realistic hurricane boundary layer structure. Following the recommendation of
Kepert (2012), the neutral Louis boundary layer scheme is used in the K18 model to parameterize mo-
mentum diffusion. The model has 20 vertical levels, covering from 10 m near the surface to 2.25 km. The
maximum vertical spacing is 200 m and the horizontal grid spacing is 3 km. All experiments are integrated
for 48 h to a nearly steady state.

2.2. Tangential Wind Composite From WD18

WD18 used the Extended Flight-Level Data set for TCs (FLIGHT+; Vigh et al., 2016) to perform a composite
analysis for Atlantic hurricanes at category 3 (49.6 m s~! maximum winds) or higher from year 1999 to 2015.
They first identified storms that underwent SEF and marked the SEF time at the first instance when the
axisymmetric tangential wind radial profile exhibited a secondary wind maximum. The 700 hPa level flight
legs are then selected, and divided into groups without, prior to, and after SEF (the “Non-SEF,” “Pre-SEF,”
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and “Post-SEF” groups). In order to accommodate the different storm sizes and flight leg coverages for
the composite analysis, the flight legs of each group were normalized. For the “Non-SEF” group, the wind
profiles are normalized by the radius of maximum wind (5, RMW). For the Pre-SEF and Post-SEF groups,
the flight legs were normalized by two length scales. For radii less than the RMW, the wind profile was
normalized by the RMW (), while outside the RMW, the wind profile was normalized by the width of the
moat (m), which is defined as the distance between the primary and secondary tangential wind maxima in
the observed tangential wind profiles (Wunsch & Didlake, 2018). The radius of the secondary maximum
wind (r,) is equal to 1; + m. More detailed descriptions of the data set and the normalization procedure can
be found in WD18.

In order to convert the normalized azimuthal mean composite wind profiles into input for the K18 bound-
ary layer model, the following preprocessing steps are performed. First, each normalized flight legs are
rescaled back to physical space using the median values of , and r, of each group (only r is used for Non-
SEF group). Then, for the inner core region (r <; = RMW), the legs were linearly interpolated to zero due
to incomplete coverage of the flight legs. Individual legs that terminated at » <150 km were removed from
the composites to ensure that unphysical signals due to data unavailability were not displayed in the com-
posite. The wind composites at large radii (» > 150 km) become noisy as the sample size drops at these large
radii. Therefore, to provide a reasonable wind structure across the whole model domain, the wind profiles
at r > 150 km are replaced by Cr %, where C is a constant to ensure continuity at the extrapolation radii.
Figures la and 2a show the resulting azimuthal mean tangential wind and vorticity composites after the
above rescaling procedure is performed, along with indicated locations of statistically significant differences
(using the student's ¢ test at the 95% confidence level) between each profile. The median values of  and
1, for each groups are shown in the legend of Figure 1a. Kepert (2017) shows that the nonlinear boundary
layer dynamics exhibit an inherent low-pass filtering effect, which has length scale I = —u,,, / I, where u,, is
the radial wind at z =10 mand / = \/(Zv I'r+ f)(1/rorv | or + f) is the inertia stability parameter, both of
which are calculated using the outputs of the model simulations that will be discussed in Section 3.1. Fig-
ure 2b shows the radial distribution of / for the three groups. Our nominal SEF region is between r = 80 and
120 km for the data set. In these radii, the value of / ranges from 25 to 40 km. Therefore, we choose a 30 km
radial smoothing that is, applied to the vorticity profiles shown in Figure 2 to illustrate pertinent vorticity
features for the boundary layer updraft responses.

2.3. Axisymmetric and Asymmetric Forcing for the K18 Model

The pressure forcing at the K18 model top is represented by a single input of a two-dimensional nondiver-
gent wind field, which can be either axisymmetric or asymmetric. For the three sets of azimuthal mean
tangential wind composites discussed in Section 2.2, their corresponding two-dimensional axisymmetric
realization is nondivergent by definition and therefore can be directly used as the forcing for the K18 model.

To utilize the capability of the K18 model to incorporate an asymmetric forcing, an asymmetric nondiver-
gent wind field is required. This asymmetric nondivergent wind field was derived from the flight leg com-
posites by the following procedure. First, to increase the likelihood that the derived wind asymmetries in the
composites are organized by environmental wind shear, flight legs that have 850-200 hPa wind shear under
3ms™ are removed. Here, the 850-200 hPa wind shear for each flight legs are extracted from the Statistical
Hurricane Intensity Prediction Scheme database (DeMaria et al., 2005). Next, a running 90° azimuthal sec-
tor average is applied to the set of rescaled flight legs beginning at the shear vector pointing azimuth, and
incrementing 45° steps, resulting in eight sector-averaged wind profiles. The purpose of this 90° averaging
is two-fold. First, the sector averaging reduces the small-scale fluctuations in individual flight leg by incor-
porating information from multiple nearby flight legs. Second, this procedure assigns a relatively uniform
weight to each flight leg despite their irregular azimuthal distribution.

These eight sector averages constitute an asymmetric tangential wind field that is, analyzed in two distinct
ways. The first is by dividing the sectors into two quadrant sets. The first quadrant set (named Q1) is orient-
ed such that the shear vector lies at the dividing line between two quadrants, namely Downshear-Left (DL),
Upshear-Left (UL), Upshear-Right (UR), and Downshear-Right (DR). The second quadrant set (named Q2)
is shifted 45° from the Q1 set, namely Downshear (DS), Left-of-Shear (LS), Upshear (US), and Right-of-shear
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(RS). The orientations of these two sets of quadrants are shown in Figure 1b. The rescaled tangential wind
and vorticity profiles of these two quadrant sets for each of the three SEF groups are shown in Figures 1c-1h
and 2c—2h, along with locations of statistically significant differences. Similar to the azimuthal mean pro-
files, these sector-averaged profiles are used as individual axisymmetric forcing to drive the K18 model, as
will be examined in Sections 3.2.2 and 3.3.

The second analysis approach derives a smoothed asymmetric nondivergent wind field from the eight sec-
tor averaged profiles, which is used as asymmetric forcing for the K18 model. This nondivergent wind field
Vy is expressed in terms of a stream function w, that is, vy = (61// /or,—1/roy / 6/1). The stream function
w is solved by applying the method of optimal interpolation to a low-pass filtered tangential wind field,
which removes the signal of azimuthal wavenumbers greater than 4 (hereafter referred to as the filtered
wind field v ). It can be shown that the solution of the optimal interpolation is also the solution of the fol-

lowing generalized Poisson equation:

1oyt Ljaw |, Loy oy 1O v | o)
ror| \o?)or | s> 0A\op 04 ) ror o’

where (r,/i) are the polar coordinates, and crf and o-,zg are the variances of observational and background
uncertainties. The derivation of Equation 1, the solving procedure, and the method of determining the ob-
servational uncertainty o-f are discussed in the Appendix. Equation 1 is similar to the nondivergent compo-
nent of the typical Helmholtz decomposition, but it further incorporates the information about the variance
of observational uncertainty o?.

‘We show in Figure 3 the results for the Pre-SEF group as an example of our analysis technique. Figures 3a
and 3b show the plan view of the filtered asymmetric tangential wind (v,) and observational variance (o-f).
Multiple values of a§ have been tested, and it is found that the magnitude of o-,z,, mainly affects the mag-
nitude of Uy, but has little impact on y, v,,, and the simulated updraft response of the K18 model. For the

results shown in Figure 1, the value of o-,2g is taken to be 1.93 m?s 2, which equals the azimuthal mean value

of o2 at r = 150 km (highlighted by green circle in Figure 3b). From Figure 3a, we see that the tangential
wind field in the downshear half of the storm is noticeably broader than the upshear half. This wind field
broadening is in good agreement with WD18 and previous observational studies (e.g., Bell et al., 2012). As
highlighted by the red contour, this expanded wind field almost appears as a secondary wind maximum.
This structure of the tangential wind will be shown later as corresponding to a distinct band of local vor-
ticity maximum that covers the entire DL and LS quadrants. Figures 3c and 3d show the tangential and
radial components of the nondivergent wind v,, for the Pre-SEF group after solving Equation 1. Overall, the
tangential component of the nondivergent wind is more axisymmetric compared to the filtered asymmetric
tangential wind (Figure 3a), but has a similar broadened signature in the LS quadrant. Note also that the
radial component (Figure 3d) is about an order of magnitude smaller than the tangential component, and
mostly concentrates at the primary eyewall.

3. Results
3.1. Axisymmetric Response

WD18 showed a clear axisymmetric broadening of tangential wind field in both the Pre- and Post-SEF
groups, but not in the Non-SEF group. In this section, we first examine the K18 simulated axisymmetric
boundary layer response using the azimuthal mean forcing of the three groups. As seen in Figure 4, the sim-
ulated boundary layers capture the fundamental structure of the TC boundary layer and compare qualita-
tively well with observations and full-physics simulations (Kepert & Nolan, 2014; F. Zhang et al., 2017; J. A.

Figure 1. (a) Azimuthal mean tangential wind composite profiles for Non-, Pre-, and Post-SEF groups. The sample count and median values of 5 and r, are
indicated in the legend. The portion of profiles highlighted in red indicate extrapolated region. (b) Schematics showing the orientations of the two sets of shear-
relative quadrants, Q1 and Q2. (c) Quadrant averaged composite profiles for the Non-SEF group under Q1 quadrant definition (DL, UL, UR, and DR). (d) is the
same as (c), but for the Q2 quadrant set of the Non-SEF group (DS, LS, US, and RS). (e and f) are the same as (c and d), but for the Pre-SEF group. (g and h) are
the same as (c and d), but for the Post-SEF group. Statistically significant differences between each profile pair are plotted along the bottom of each plot with
colors corresponding to each profile.
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Figure 3. (a) The plan view of the filtered asymmetric tangential wind field v, for the Pre-SEF group. The contour of 29.5 ms " is contoured in red to highlight
the wind structure. The wind is contoured in black at every 0.5 ms™' below 30 ms™' and at every 1 ms™" above 30 ms". (b) The plan view of the observational
variance obtained by the bootstrapping procedure for the Pre-SEF group. The green circle indicates 150 km radius. The red arrow indicates the environmental
wind shear vector that defines the quadrant orientation. (c) The tangential component of the asymmetric nondivergent wind field v, after solving Equation 2.
Same contours are applied as in (a). (d) The radial component of the asymmetric nondivergent wind field Yy

Zhang et al., 2013). The boundary layer depth (as approximated by the height of 10% peak radial inflow) var-
ies between 0.5 and 1 km outside the eyewall and out to 200 km radius. These depths are slightly lower than
those found in the observations-based axisymmetric composites from J. A. Zhang et al. (2011), but these are
still realistic depths that fall within the range of observed boundary layer depths (Kepert et al., 2016; J. A.
Zhang et al., 2013). While discrepancies between our simulated depths and boundary layer depths in other
studies may occur, these do not impact our conclusions which are based on the emergence and location of

Figure 2. (a) Azimuthal mean vorticity composite profiles for Non-, Pre-, and Post-SEF groups. (b) Radial profile of the nonlinear filtering length scale

I=—uy, / I for Non-, Pre-, and Post-SEF groups, computed from the axisymmetric K18 model simulations for the three groups. Vertical dashed lines highlight
the 80 and 120 km radii. (c) Quadrant averaged vorticity composite profiles for the Non-SEF group under Q1 quadrant definition (DL, UL, UR, and DR). (d) is
the same as (c), but for the Q2 quadrant set of the Non-SEF group (DS, LS, US, and RS). (e and f) are the same as (c and d), but for the Pre-SEF group. (g and h)
are the same as (c and d), but for the Post-SEF group. Statistically significant differences between each profile pair are plotted along the bottom of each plot with
colors corresponding to each profile.
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Figure 4. Boundary layer axisymmetric simulation responses using the Non-SEF (left column), Pre-SEF (middle column), and Post-SEF (right column)

azimuthal mean profiles (Figure 1a). The top row (a, d, and g) displays vertical velocity (shaded) and radial velocity (black contours; dashed for inflow and
solid for outflow), with radial velocity contoured every 0.8 ms ' and the zero-line omitted. The middle row (b, e, and h) displays tangential wind v (shaded)
and positive gradient wind (contours), contoured at every 0.6 ms ™! with zero-line omitted. The bottom row (c, f, and i) displays radial velocity (shaded) and

horizontal divergence (red contours; dashed for convergence and solid for divergence), contoured at (+2,+ 4, + 8,+ 16, + 32, +64,+ 128,+ 256) x 10>s™". The
thick black solid contour shows the 10% contour level of the maximum inflow.

updraft responses; this is because the updrafts in our model are not sensitive to the simulated depth, but
rather the gradient wind structure aloft.

Figures 4a-4c show the boundary layer response of the Non-SEF group simulated by the K18 model. The
updraft maximum of the primary eyewall lies near the radius of 20 km, which is consistent with the RMW
of the Non-SEF group shown in Figure 1a. Figure 4b shows the boundary layer tangential wind. The posi-
tive gradient wind, calculated as the difference between the actual tangential wind and the gradient wind,
is shown by the blue contours. This field reveals the tangential wind jet of the primary eyewall, which is
supergradient in nature (KWO01; Kepert, 2013). The associated inflow maximum lies beneath and just slight-
ly outward (near » = 30 km) from the updraft maximum, as shown in Figure 4c. As expected, no secondary
eyewall signature is found outside of the primary eyewall. The updraft, supergradient wind, and horizontal
convergence maxima of the primary eyewall are the dominant features from each field.

Figures 4d-4f show the boundary layer response of the Pre-SEF group. Similar to the Non-SEF group (Fig-
ure 4a), in Figure 4d we see the updraft maximum of the primary eyewall near the r = 27 km, which is con-
sistent with the RMW of the forcing profile (1 in Figure 1a). Outside the primary eyewall, substantial up-
ward motion can be seen covering 80-140 km radii, with a secondary updraft maximum near 100 km radii,
roughly consistent with the r, value shown in Figure 1a. Associated with this secondary updraft maximum
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is a local outflow maximum at the same level. This overturning circulation is a preceding signature of the
incipient secondary eyewall.

Figure 4e shows the tangential wind structure within the boundary layer. Compared to the Non-SEF group
(Figure 4b), this boundary layer tangential wind field is more broadened, and contains a secondary super-
gradient tangential jet (blue contour in Figure 4e). Figure 4f shows the radial flow and divergence within
the boundary layer. Within the inflow layer, enhanced horizontal convergence occurs at 100 km due to a
slight local weakening of the boundary layer inflow nearby. This airflow then turns into the updraft seen
in Figure 4d. Overall, the existence of secondary maxima of boundary layer updraft, tangential wind jet,
and convergence signals the existence of an incipient secondary eyewall in the Pre-SEF group, which is not
seen in the Non-SEF group. These outer eyewall flow features are similar to those found in previous studies
using a similar model, as in Kepert (2013) and Kepert and Nolan (2014), and K18, but are here shown using
observational data.

Figures 4g-4i show the boundary layer response of the Post-SEF group. Compared to the Pre-SEF group, the
overall signatures of the now-developed secondary eyewall are significantly stronger. As shown by the verti-
cal velocity in Figure 4g, the secondary eyewall updraft is now located between r = 80 and 90 km, signaling
a clear inward contraction compared to the Pre-SEF group. This inward contraction is associated with the
inward shift of the outer vorticity anomaly between the Pre-SEF and Post-SEF groups (Figure 2a). Such in-
ward contraction is expected once the secondary eyewall is well established, which acts as an axisymmetric
heat source within a vortex (Shapiro & Willoughby, 1982). The secondary updraft maximum also becomes
noticeably stronger and deeper. In the radial wind (Figure 4i), a secondary inflow maximum emerges with
a magnitude similar to that of the primary eyewall. This associated convergence maximum is located just
radially inward of the secondary updraft, which is also stronger and occupies a broader radial range com-
pared to the Pre-SEF group. Compared to the Pre-SEF group, the Post-SEF tangential winds (Figure 4h)
of the secondary eyewall are strengthened significantly, and almost appear as an isolated tangential wind
maximum. The calculated tangential jet of the secondary eyewall is also more substantial.

3.2. Asymmetric Response

Even though the azimuthal mean profile of the Pre-SEF does not have a clear secondary wind maximum
(Figure 1a), the forcing profile was sufficient to force a clear but weak secondary maximum of inflow,
updraft, and supergradient tangential wind jet within the boundary layer (Figures 4d-4f). We now seek ev-
idence to determine if there is a specific azimuthal region that contributes more to this incipient secondary
eyewall signal by using the K18 model in conjunction with the asymmetric nondivergent wind field of the
Pre-SEF group, as shown in Figures 3c and 3d. The results can provide insight into which quadrant possess-
es the earliest asymmetric features that can induce boundary layer responses favorable to the subsequent
SEF process.

3.2.1. Asymmetric Simulation of the Pre-SEF Group

Figure 5 summarizes the results of the asymmetric response simulated by the K18 model using the 2-dimen-
sional asymmetric forcing (from Figures 3c and 3d). Figure 5a shows the azimuthal average of the response.
Comparing this to Figure 4, the azimuthal mean response based on the 2D asymmetric forcing is in nice
agreement with the axisymmetric response simulated using the azimuthal mean forcing (Figures 4d-4f).
The radial location, structure, and magnitude of the azimuthal mean secondary updraft and radial outflow
maxima are consistent with the axisymmetric forcing simulation, despite the fact that the nonlinear K18
simulation is driven by asymmetric vorticity forcing (Figure 5b).

Figure 5c shows the plan view of the updraft response near 1 km altitude. The shear direction that defines
the quadrant orientation is illustrated by the red arrows. From Figure 5c, we see that the azimuthal mean
updraft at the secondary eyewall location mostly comes from the left-of-shear half of the storm (DL, LS, and
UL quadrants). Here, a distinct updraft band begins in the downshear direction, strengthens downwind,
and maximizes in the LS quadrant of the storm. This updraft band also coincides both radially and azimuth-
ally with a distinct vorticity band in the forcing field (Figure 5b). This collocation of the updraft response
and vorticity forcing is consistent with the theoretical analysis presented in Kepert (2001 and 2013), which
showed that in the steady-state limit the updraft response is directly linked to the vorticity forcing aloft.
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Figure 5. (a) Azimuthal mean of the boundary layer asymmetric simulation response using the Pre-SEF forcing (forcing field shown in Figure 3c). Shown are
the azimuthal mean vertical velocity (shading), supergradient wind (blue contours, at every 0.8 ms "), and radial velocity (black contours, at every 0.6 ms™"' with
0 line omitted). (b) The plan view of the vorticity forcing at the model top. (c—e) same as (b), but for vertical velocity response at z =1.05 km; divergence forcing

at z=0.85 km; and gradient wind at z=0.85 km. The red arrows illustrate the environmental shear vector.
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use forcing from quadrant averages of the Pre-SEF forcing field. These experiments are called “quadrant-axisymmetric” simulations.

Figures 5d and 5e show the plan view of convergence and gradient wind at z = 850 m, which is just under-
neath the updraft shown in Figure 5c. The convergence field follows the pattern of the updraft response,
which is expected from the continuity equation. However, it is also interesting to note that compared to the
enhanced updraft and convergence regions, the strongest supergradient wind displays a noticeable down-
wind shift toward the upshear quadrants.

3.2.2. Quadrant-Averaged Analysis of the Pre-SEF Group

Figures 6a and 6b show the quadrant-averaged cross-sections of vertical motion and radial velocity across
the Q1 and Q2 quadrant sets. Consistent with the plan view of the updraft response (Figure 5c), the quad-
rant-averaged structures show that secondary updraft maxima can be found in all the quadrants, but the
outer updraft maxima in the DL and LS quadrants are noticeably enhanced. In the DL quadrant, a clear
secondary inflow maximum underneath the outer updraft appears. Traveling downwind, the updraft and
inflow maxima reach their strongest intensity in the LS quadrant. Further downwind, these secondary eye-
wall signals start to weaken, as seen in the UL and US quadrants. The secondary updraft and inflow maxima
in the DL, LS, and UL are noticeably stronger than both the azimuthal means of the asymmetric (Figure 5a)
and the axisymmetric simulations (Figure 4d). These greater magnitudes indicate that the incipient ax-
isymmetric secondary eyewall signal found in Figures 5a and 4d indeed comes largely from the left-of-shear
quadrants.

Meanwhile, both the supergradient wind and radial outflow maxima exhibit a noticeable downwind shift
compared to the azimuthal locations of the updraft and boundary layer inflow maxima. The supergradient
wind is strong in the LS quadrant (second panel of Figure 6b) and becomes strongest in the UL quad-
rant (third panel of Figure 6a), while strong updrafts begin more upwind in DL, and maximize in the LS
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quadrant. Furthermore, the downwind shift in the outflow is even more apparent. For instance, the strong
outflow actually begins in the LS, and then becomes strongest in the UL and US quadrants. This shift is
consistent with the tangential wind jet and supergradient outflow as occurring after and as a result of the
enhanced inflow and updraft (Kepert, 2001, 2013).

We have so far examined quadrant averages of the asymmetric simulation response using the 2D asymmet-
ric forcing. Following the analyses of K18, we now will compare these results to axisymmetric simulation
responses using quadrant averages of the 2D forcing field; we will call these experiments “quadrant-ax-
isymmetric” simulations as opposed to the earlier quadrant averages of the asymmetric simulations. We
first compute the quadrant averages of the nondivergent tangential wind (as in Figure 3c), which are then
used as to force the axisymmetric K18 simulations. Figures 6¢ and 6d show these quadrant-axisymmetric
simulation responses for each quadrant. The quadrant-axisymmetric responses are able to capture the radial
location and magnitude of the secondary updraft and inflow maxima, as seen in Figures 6a and 6b. This
is particularly clear for the DL, LS, and UL quadrants (second panels of Figures 6¢ and 6d and third panel
of Figure 6¢) where the outer updraft is strong. Associated with these outer updrafts, the vorticity profiles
for the DL and LS quadrants also show local maxima near r = 100 km (Figures 2e and 2f), where the DL
maximum is also statistically significant compared to the other Q1 quadrants. Differences in the updraft
response can be found in the US quadrant, where the quadrant-axisymmetric simulation (third panel of Fig-
ure 6d) has some weak, intermittent updrafts in the moat region between 60 and 80 km radius, while these
intermittent updrafts appear to be weaker in the asymmetric simulation (third panel of Figure 6b). This
indicates that the distinct outer updraft signal in the US quadrant of the asymmetric simulation may be due
to the downwind influence from the upwind quadrants (DL, LS, and UL). The generally good agreement
in the updraft responses between Figures 6a and 6b and Figures 6¢c and 6d indicates that the outer vorticity
forcing at the DL and LS quadrants exert significant influence on the quadrant-averaged updraft and inflow
in the local and downwind quadrants.

By comparing the supergradient wind and radial outflow between Figures 6¢ and 6d and Figures 6a and 6b,
we see that the downwind shift signature of the supergradient wind and outflow is not present in the quad-
rant-axisymmetric simulation responses. In the quadrant-axisymmetric simulation (Figures 6c and 6d),
strong supergradient wind and radial outflow maxima are only seen in the DL and LS quadrant, while in
the asymmetric simulation the strongest outer maxima of supergradient wind and radial outflow clearly
shift further downwind and extend into the upshear quadrants (UL and US). This suggests that the down-
wind shift in the supergradient wind and outflow in the steady-state response is the consequence of the
azimuthal advection acting upon the asymmetric flow induced by the localized asymmetric forcing (consist-
ent with K18), and that the supergradient wind and outflow are dynamically connected (as consistent with
Kuo [1971], KWO01, Abarca and Montgomery [2013]).

3.2.3. Quadrant-Averaged Analysis of the Non-SEF and Post-SEF Groups

As for the Non-SEF and Post-SEF groups, it is found that the Post-SEF boundary layer response is domi-
nated by the axisymmetric component, while the Non-SEF response at the outer core region is generally
weaker. Given the results in our previous section that the axisymmetric simulation response using quad-
rant-averaged forcing (the quadrant-axisymmetric simulation) is a good approximation for the quadrant-av-
eraged response of the asymmetric simulation, for simplicity, we only present the result of the quadrant-ax-
isymmetric simulations.

Figure 7 shows the comparison of the responses using the quadrant-averaged wind profiles as forcing for
the Non-SEF (Figures 1c and 1d) and Post-SEF groups (Figures 1g and 1h). For the Post-SEF group, as
shown in Figures 7a and 7b, the boundary layer response displays clear secondary maxima of updraft,
inflow, and supergradient outflow across all eight overlapping quadrants. Comparing the strength of these
signals, it is found that the strongest secondary eyewall signature lies in the DL, LS, UL, and US quadrants.
These left-of-shear dominant signatures are consistent with that of the Pre-SEF signatures, but stronger and
extending further downwind into the US quadrants.

Looking into the Non-SEF response (Figures 7c and 7d), we note that while most quadrants only have a
signal at the primary eyewall, noticeable outer updrafts are found in the US and UR quadrants. As shown
in Figures 1c, 1d, 2c and 2d, the quadrant-averaged profiles for these two quadrants do exhibit discernible
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Figure 7. Quadrant-axisymmetric simulation responses using forcing from quadrant-averaged profiles of the (a and b) Post-SEF and (c and d) Non-SEF groups
(forcing profiles shown in Figure 1). Shown are the vertical velocity (shading), radial inflow (contoured in black at every 1 ms™' with 0 line omitted), and
supergradient wind (contoured in blue, at every 1 ms™'). Quadrant-averaged profiles are taken throughout the Q1 (a and c) and Q2 (b and d) quadrant sets.

wind field broadening, where the associated vorticity anomalies induce local updraft responses in these
quadrants. However, these responses are weaker than that in the Pre-SEF responses (Figures 6¢c and 6d),
and are only isolated within these two quadrants. Thus, these signals are not able to project strongly onto
the azimuthal mean (Figure 4a), unlike for the Pre-SEF group.

3.3. Sensitivity Analysis of Updraft Variability

The results from the previous section demonstrated that the early secondary eyewall signature present in
the azimuthal mean response of the Pre-SEF group largely comes from an outer band of updraft maximum
located in the left-of-shear half of the storm, which persists and further extend to the upshear quadrants in
the Post-SEF group. This updraft band is dynamically tied to the vorticity maximum near the same region.
In order to further examine the robustness of the updrafts in this region, this section explores the sensitivity
of the updraft signature to variability in forcing structures across different storm quadrants.

3.3.1. Bootstrapping Analysis of the Outer Updraft Strength

This variability analysis uses the bootstrapping method and subset samples that determined the tangential
wind variance field (Figure 3b). For each of the overlapping quadrants, 30 representative sets of bootstrap
samples are selected based on specific criteria. In each bootstrap sample, any member can only repeat at
most one time, and exactly a quarter of the members are repeated. The requirement on the maximum
number of reoccurrences of the members is to avoid over-emphasizing the forcing profiles of any particular
member, and the requirement of having a quarter of members being repeated is to ensure that the set of
selected bootstrap samples in each quadrant are subject to the same degree of variability. Next, the average
of each bootstrap sample set is computed, which is then used as an axisymmetric forcing for the K18 model.
We use axisymmetric forcing for each quadrant (the quadrant-axisymmetric simulations) since, as shown
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Figure 8. Box plots (showing the 25th, 50th, and 75th percentiles) of the outer maximum updraft distributions for the Q1 and Q2 quadrants for (a) the Non-
SEF group; (b) the Pre-SEF group and (c) the Post-SEF group. The outer maximum updraft is defined as the maximum updraft in between 90 and 140 km radii.

Note that the ranges of vertical velocity for (a and b) are up to 0.25 ms™', but for (c) is up to 0.45 ms™".
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in Figure 6, its updraft response closely approximates that of the quadrant-averaged response to asymmet-
ric forcing. In total, the K18 model is run with 240 sample sets (30 per quadrant) for each of the three SEF
groups.

Figure 8 summarizes the results of the sensitivity experiments by showing the quartiles and the extreme val-
ues of the maximum outer updraft in all quadrants of the three groups. Here, the maximum outer updraft is
defined as the maximum value of the vertical velocity between 90 and 140 km radial range. For the Non-SEF
group (Figure 8a), the bootstrapping result shows that only the US and UR quadrants show higher medium
values of the outer updrafts, while the other quadrants have medium updraft values less than 0.05 ms™". This
verifies the findings of Figures 7c and 7d that the outer updrafts in the US and UR quadrants are weak and
isolated, and therefore not sufficient to project strongly into the azimuthal mean.

Figure 8b shows the bootstrapping results for the Pre-SEF group, which is distinct contrast compared to the
Non-SEF. Not only the outer updrafts generally become stronger in most quadrants, the updraft strength in
the DL and LS quadrants are noticeably higher. Specifically, the median updraft strength of DL (0.1337 ms™")
and LS (0.1393 ms™') are both as strong as that of the strongest member of the other quadrants (0.1357 ms™"
in RS). Furthermore, the 25th percentiles of DL and LS are both higher than the 75th percentiles of most of
the other quadrants. This result shows that the outer updraft signals in the DL and LS quadrants are notice-
ably stronger than the other quadrants, and that these left-of-shear signals are robust features that emerge
before other regions leading into SEF.

Moving on to the Post-SEF group (Figure 8c), consistent with the quadrant average structure shown in Fig-
ures 7a and 7b, the outer updraft distributions in Post-SEF becomes substantially stronger across the eight
quadrants across the eight quadrants, with a smaller medium value of 0.175 ms ™! lying at the DS quadrant.
Starting from DL and cyclonically downwind, the outer updraft maximum is noticeably stronger, with the
25 percentiles of the DL, LS, UL, and US quadrants greater than the 75 percentiles of the DS and DR quad-
rants. This verifies the findings in Section 3.2.3 that the left-of-shear enhancement of the outer updraft
in the Pre-SEF is a robust signal that persists and extends further cyclonically downwind in the Post-SEF

group.

3.3.2. Variability of the Boundary Layer Response in Pre-SEF Ensemble

Bootstrapping results in Section 3.3.1 show that the outer updraft in the DL and LS quadrants of Pre-SEF
groups is noticeably stronger than the other quadrants, which persists into the Post-SEF groups and extends
further downwind. To further examine the structural variability of these signals, in this section we examine
the differences in the boundary layer structure across the bootstrapping ensemble members of the Pre-SEF
group.
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Figure 9. (a) Composites of the simulation responses using the 8 Pre-SEF members with the strongest outer updrafts in the Q1 quadrant set. Shown are the
composite of the vertical velocity (shading), radial inflow (contoured in black at every 1 ms™ with 0 line omitted), and supergradient wind (contoured in blue, at
every 1 ms ™). (b) Same as (a), but for the strong composite of the Q2 quadrant set. Panels (c and d) are the same as (a and b), but for the weak composites of the
Q1 and Q2 quadrant sets of the Pre-SEF group.

Figure 9 shows the cross-section composites of the strongest and weakest eight members of the 30 bootstrap
samples in each of the quadrants of the Pre-SEF group (herein referred as the strong and weak composites,
respectively). Consistent with the previous results, in the strong composites (Figures 9a and 9b) both the
DL and LS quadrants have a clean distinct outer updraft maximum and a clear moat region. The outer in-
flow and supergradient maxima are also distinct. In the quadrants downwind, just as with the full sample
response (Figure 6), the outer updraft maxima become noticeably weaker (US) with a less clear moat that
has weak intermittent updrafts. The radial inflow and supergradient wind also do not have a clear isolated
maximum at these quadrants.

Similarly, for the weak composites (Figures 9c and 9d), the secondary updraft maxima in the DL and LS
quadrants are still clear and are noticeably stronger than that of the other quadrants. The moat remains
well-defined with no clear intermittent updrafts. The result herein shows that the isolated outer maxi-
ma of updraft and radial inflow in the DL and LS quadrants are robust features that exist cross both the
strongest and weakest subsets of the bootstrap samples. In contrast, the signals in most other quadrants
are less consistent in comparison. For instance, the isolated outer updraft maximum in the strong compos-
ite of UR is found absent in the weak composite, indicating that the signal seen in strong composite could
be due to a small subset of flight legs not included in the weak composite. The findings here suggest that
the DL and the LS quadrants in the Pre-SEF group possess the earliest robust signature of an emerging
secondary eyewall.
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4. Discussion and Conclusions

In this study, we examined the TC boundary layer response to imposed free-tropospheric forcing derived
from observations to investigate the axisymmetric and asymmetric boundary layer response during SEF.
Observed tangential wind composite profiles of storms without SEF, prior to SEF, and after SEF (Non-, Pre-,
and Post-SEF; Wunsch & Didlake, 2018) are used to the force the Kepert (2018) diagnostic boundary layer
model (the K18 model), which is integrated for 48 h to examine the steady-state boundary layer response to
the tropospheric forcing.

The axisymmetric Post-SEF composite observation profile exhibited the expected secondary wind maximum
of the secondary eyewall, and the simulated boundary layer response to this profile showed the canonical
structure of an existing secondary eyewall, with strong maxima of updraft, boundary layer inflow, and con-
vergence. Although the axisymmetric Pre-SEF composite profile did not have a noticeable secondary wind
maximum, this profile exhibited a notably broadened wind field compared to the Non-SEF composite, and
that the vorticity structure was sufficient to induce a clear simulated boundary layer response associated
with the incipient secondary eyewall. In contrast, the Non-SEF profile did not induce any notable response
outside of the primary eyewall.

We next derived an asymmetric nondivergent wind field from the Pre-SEF composite and then used it to
drive the K18 model. This asymmetric wind field displayed a broadened tangential wind field and an en-
hanced vorticity band in the downshear and left-of-shear regions. The simulated boundary layer response
had a clear band of outer updraft and strengthened boundary layer inflow, corresponding to the vorticity
band in the asymmetric wind field, primarily in the left-of-shear quadrants. When applying the model with
quadrant-averaged forcing, our goal was to determine which quadrants possess early signals of wind struc-
tures that can best support and accompany a burgeoning secondary eyewall updraft and circulation. Our
results indicate that the strongest signal is indeed in the DL and LS quadrants of the Pre-SEF group, which is
driven largely by the vorticity structure of the broadened tangential wind field in these quadrants. Applying
the quadrant-averaged analysis to the other two groups, our results indicate that the K18 model correctly
produces no organized secondary updraft in most quadrants of the Non-SEF groups, while also diagnosing
clear secondary eyewall updraft in all quadrants of the Post-SEF composites.

It is also confirmed via bootstrapping analyses that the enhanced updrafts in the DL and LS quadrants of
Pre-SEF group are a more robust signal than that of the other quadrants, with a clear moat and secondary
updraft maximum exist in both the strong and weak member composites. The Post-SEF bootstrapping ex-
periment shows that the already-formed secondary eyewall exhibits the strongest updraft in the DL and LS
quadrants and extends cyclonically downwind into the upshear quadrants. The bootstrapping analysis for
the Non-SEF group, on the other hand, shows that the outer updraft signals in non-SEF period are weaker
and more localized azimuthally, and thus fail to project onto the azimuthal mean.

The findings discussed above suggest an important dynamical connection between the expanded wind and
vorticity fields in the left-of-shear quadrants and the subsequent occurrence of the SEF process, and that
these left-of-shear enhancements are an unambiguous and repeatable signal of ongoing SEF processes in
these composite observed cases. This is an intriguing result because in observed and simulated sheared
TCs, the outer regions are often populated by a shear-organized rainband complex, with its convectively
active portion lying to the right of the wind shear vector and broad stratiform precipitation in the left-of-
shear quadrants (Hence & Houze, 2012a, 2012b; Li et al., 2017; Willoughby et al., 1984). Within the left-of-
shear stratiform rainband, a MDI feature has been frequently identified in observations (Didlake & Hou-
ze, 2013; Didlake et al., 2017, 2018) and has been largely attributed to latent cooling in the stratiform regions
(Chen, 2018; Chen et al., 2018; Dai et al., 2017; Qiu & Tan, 2013; Tyner et al., 2018; Yu & Didlake, 2019; Zhu
et al.,, 2015). Yu et al. (2021) showed that the MDI in the left-of-shear stratiform precipitation region was
accompanied by inward advection of angular momentum, which preceded the emergence of a sustained
low-level updraft in the left-of-shear regions. It is possible that MDIs are present in some form in our com-
posite storms, and led to the observed asymmetric storm-scale broadening of the tangential wind above the
boundary layer. The left-of-shear wind field expansion may not be necessary for SEF to occur, but it is at least
critical for this particular sequence of pre-SEF processes in sheared TCs—a sequence that emphasizes outer
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rainbands accelerating the left-of-shear tangential wind field and reinvigorating low-level updrafts through
interactions with the boundary layer.

While our results here suggest the importance of left-of-shear processes prior to the onset of SEF, the com-
posite mean of the tangential wind observations can only reveal the general features that commonly exist
in the storm samples. Uncertainty remains in determining what exact processes are responsible for these
asymmetric features in these quadrants. In addition, the exact mechanisms that led to the observed SEF
in our data set still require further investigation. It remains possible that VRWs in the left-of-shear quad-
rants led to acceleration of the left-of-shear tangential winds and thus enhanced local vorticity, as described
by Guimond et al. (2020). The resulting VRW-induced left-of-shear vorticity enhancement would induce
a boundary layer response like that seen in the current results. It also remains possible that VRWs led
to a direct spin-up of the axisymmetric secondary tangential wind maximum in our SEF cases (Fischer
et al., 2020; Guimond et al., 2020; Montgomery & Kallenbach, 1997). Distinct from direct spin-up mecha-
nisms, the axisymmetrization of the observed left-of-shear features also remains a possible factor via pre-
viously proposed axisymmetrization theories (e.g., Abarca & Montgomery, 2013; Huang et al., 2012; Kep-
ert, 2013; Kepert & Nolan, 2014; Miyamoto et al., 2018; Rozoff et al., 2006; Y. Wang, 2008). Additional case
studies and careful modeling studies are needed to further address which hypotheses are best for explaining
SEF dynamics. Furthermore, given the implication of the current findings, future work could further exam-
ine if these identified asymmetric signals vary in strength and structure for storms experiencing different
shear magnitudes.

Appendix:

The asymmetric mode of the K18 model required an asymmetric pressure forcing, which is represented by a
nondivergent wind field through a nonlinear balanced relation (see Equation 10 of K18). This appendix de-
scribes the procedure that uses the method of optimal interpolation (Daley, 1991) to obtain this asymmetric
nondivergent wind field given the eight sector averages of tangential wind composites.

The procedure begins by first applying a low-pass filter to the eight sectors averaged profiles to remove
signals of azimuthal wavenumber higher than or equal to 4 (hereafter referred to as the filtered tangential
wind field). Given this filtered tangential wind field, the method of optimal interpolation solves for the
stream function y of the nondivergent wind v, (i.e., v, :(61// /or,=1/roy / 6&)) that minimizes a cost
function J (z//) of the following form:

2/ (y)=(Dy —v,) R0 R (Dy —v,)+ (7R"D/11//)T R B'R™(-R "Dy, (A1)
where v, is the filtered tangential wind; D, and D , are matrix representation of the radial and azimuthal
differential operators; R is the radius in a diagonal matrix form; O is the variance of observational uncer-
tainty; B is the variance of uncertainty of the initial guess; 7 denotes transpose of a matrix. The first term
measures the squared distance between the tangential components of the nondivergent wind of the analysis
and the observed values, taking into account the uncertainty of the observation, while the second term, on
the other hand, measure the squared distance of the radial component. Here, we assume that the observed
tangential component of the nondivergent wind is the filtered tangential wind v,, while the observed nondi-
vergent radial wind is zero. This is a reasonable assumption because the tangential wind is dominated by the
nondivergent component, and thus the filtered tangential wind v, is a good approximation of the observed
tangential component of the nondivergent wind. On the other hand, the radial wind is generally an order
smaller than the tangential wind component, and is dominated by the irrotational flow associated with the
secondary circulation of the TC. An alternative interpretation of the second term is that the analysis begins
with an axisymmetric background guess, since the second term essentially measures the asymmetry of the
stream function . In this sense, the second term essentially is a regularizer that constrains the magnitude
of the asymmetries introduced into the analysis. At the analysis, the solution y satisfies V.J (1//) = 0, which
yields:

(D -v,) R"?07'R"D, + (7R’1D/11,//)T R BR"(-R'D;)=0 (A2)

Rearranging the terms involving y to one side yields, and taking transpose of the equation yields:
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D'R"?0'R"*D,y + (R*IDI)RT’ : B’IR”z(R’lDl)w = D'R"0'R "y, (A3)

For simplicity, in this study both O and B are taken to be diagonal (i.e., O = diag(o-2 ); B = diag(o,zg )), with

o
o having radial and azimuthal dependence and o3 being a constant. When assuming a diagonal O and B,
Equation A3 can be further simplified into the following generalized Poisson equation:

1ol L|ov

1 1 1
_21 _26_‘/’ 1o, V_oz ] (A4)
r oA Op oA r or o

"n—
r or o, or .

Equation A4 is similar to the nondivergent component of the typical Helmholtz decomposition, but it fur-
ther incorporates the information about the variance of observational uncertainty o.. The information of
the variance o-f (r,ﬂ) can be obtained from the observational composite using a bootstrapping method. At
each of the eight azimuthal directions where the quadrant averaging is performed, the set of flight legs
within that quadrant are bootstrapped by 1,000 times, and then the variance of the bootstrap mean is com-
puted. After performing this bootstrap procedure for all quadrants, the resulting variance profiles are passed
through the same low-pass filter to retain only signals from wavenumber 0-3. On the other hand, since
the magnitude of radial wind is typically an order smaller than the tangential component, 0-123 is therefore
bounded by the value of 0'3. For simplicity, o-,2g can be taken as the far field value of o-f. Multiple values of
o2 have been tested, and it is found that the magnitude of 0-,2, only has a small influence on y, as well as the
simulated updraft response of the K18 model. Therefore, the value of aé will be taken to be the azimuthal
mean o atr = 150 km.

Given v,, o2, and o7, Equation A4 is solved in a circular domain of 300 km radius with a Neumann bound-

0’

ary condition, oy / Or |,_350km =V, (r = 300km) using the method of LU decomposition. The Neumann
boundary condition is a natural choice, since it simply implies that the nondivergent tangential wind of the
analysis exactly matches with the observed value at the outer boundary.
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