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ABSTRACT. Fixing t ∈ R and a finite field Fq of odd characteristic, we give an explicit
upper bound on the proportion of genus g hyperelliptic curves over Fq whose zeta function
vanishes at 1

2 + it. Our upper bound is independent of g and tends to 0 as q grows.

1. INTRODUCTION

Let p be an odd prime, set q = pk for some positive integer k, and denote by Fq the
finite field with q elements. To (the smooth completion of) any hyperelliptic curve C over
Fq one associates a zeta function ZC(s). Weil has shown that ZC(s) = 0 implies that
s = 1

2 + it for some t ∈ R.
It is widely believed that for any fixed s = 1

2 + it, the ‘vast majority’ of (hyperelliptic)
curves do not have s as a zero of their zeta function. For example, it follows from the
work [6] of Chavdarov (and its improvement by Kowalski [13]) that for any fixed (large
enough) g, the proportion of genus g hyperelliptic zeta functions vanishing at s tends to
0 as q→ ∞.

Here we are concerned with the growing g regime. Namely, for fixed q (and s), we give
an upper bound on

(1.1) hq,s := sup
g

∣∣{C ∈ Hg(Fq) : ZC(s) = 0}
∣∣∣∣Hg(Fq)

∣∣
whereHg(Fq) is the family of genus g hyperelliptic curves over Fq. Our bound is better

once q is large, as given by our main result.

Theorem 1.2 (Theorem 3.2). Fix a prime p, a real number t, and set s = 1
2 + it. Then as k→ ∞

we have

(1.3) hpk,s � p−k/276.

In particular, hpk,s tends to 0 as k tends to ∞.

This complements (but does not quite match) lower bounds on hq,s obtained by Li in
[15].

Restricting q to powers of a fixed prime p is not always necessary. In case s 6= 1
2 , one

can show (see [19]) using transcendental number theory (six exponentials theorem [14,
Chapter 2, Section 1]) that there are only finitely many p for which p−s is algebraic, so
hq,s = 0 for any q not divisible by these p (as ZC(s) is a rational function in q−s). Hence,
it suffices to work with one characteristic at a time, as we do in the theorem above. For
s = 1

2 , since the upper bound in Corollary 2.6 holds for any ` when q is a perfect square,
we can conclude limq→∞ hq,s = 0 ranging over q which is an even power of a prime.
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Additional motivation for Theorem 1.2 comes from the ability to write ZC(s) as a ra-
tional function in q−s, with the numerator being a quadratic Dirichlet L-function. Inter-
preted in this language of Dirichlet characters, Theorem 1.2 improves (for all sufficiently
large q) upon [5, Corollary 2.1] of Bui and Florea (they give a lower bound of more than
94.27% nonvanishing at s = 1

2 ). Regarding the analogous vanishing problem for quadratic
Dirichlet L-functions over Z, we refer to the work [22] of Soundararajan and references
therein1.

As we explain in the last section, our theorem can be rephrased as an upper bound for
the number of quadratic twists of a constant abelian variety which have positive rank.

Corollary 1.4 (Corollary 3.3). Let A be a constant abelian variety defined over Fq(x). For
each f ∈ Fqm [x], denote by A f the quadratic twist of A ⊗ Fqm(x) by f . Let Rn,m be the set
{ f ∈ Fqm [x], squarefree, of deg n : A f has positive rank}. Then,

lim
m→∞

lim sup
n→∞

|Rn,m|
qm(n+1)

= 0.

Motivated by [5, Corollary 2.2] and the analogous results over Z of Conrey, Ghosh
and Gonek from [7], we bound the multiplicity of the zeros of ZC, and obtain further
information on nonvanishing at s = 1

2 .

Theorem 1.5. Let C be a hyperelliptic curve of genus at least 2 over Fq and S be the set of
Weierstrass points of C. The Frobenius acts on S by permuting the 2g + 2 Weierstrass points via
some permutation π. Suppose that either

• g is even and π is a (2g + 2)-cycle; or
• π is the product of two disjoint cycles of odd length.

Then:
(1) The point s = 1

2 is not a zero of ZC.
(2) All zeros of ZC are of multiplicity at most 2. Moreover, if π is the product of two disjoint

cycles of coprime lengths, all zeros of ZC are simple.

In the language of Dirichlet characters, this implies in particular the nonvanishing (at
the central point) in the case of prime conductor of degree not divisible by 4 and therefore
gives an explicit set of size on order X/ log X of Dirichlet characters of conductor at most
X which have L-functions nonvanishing at the critical point. See the statement below.

Corollary 1.6. Let χ be a quadratic character over Fq(x) with conductor f ∈ Fq[x]. If f is
irreducible and 4 - deg f , then L(1/2, χ) 6= 0.

In particular, the number of quadratic characters with irreducible conductor of size at
most X whose L-function does not vanish at s = 1/2 is � X/ log X as X → ∞. This
result improves on [3, Corollary 2.6] of Andrade and Keating and on [2, Corollary 2.8] of
Andrade, Bae, and Jung, which give a proportion on order (log X)−2, and goes beyond
the methods of [1] by Andrade and Baluyot. For the analogous problem over Z, we refer
to the recent work [4] of Baluyot and Pratt.

1Results in [5] and [22] were stated at point s = 1/2 but the methods can be extended to prove the
statement for any point on the critical line.
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In fact, there is nothing special about hyperelliptic curves in Theorem 1.5. A similar
“genus-theory” argument allows us to handle the case of cyclic `-covers of P1 for an odd
prime `.

Theorem 1.7. Let ` be an odd prime different from the characteristic of Fq. Let C be a smooth
projective curve over Fq which admits a degree ` map f : C → P1

Fq
such that f is Galois over Fq

with Galois group isomorphic to Z/`Z. Let S ⊂ P1(Fq) be the set of branch points of f . Let π
be the permutation induced by the Frobenius action on S, and suppose that π is the composition
of disjoint cycles of orders k1, k2, . . . , kr, all prime to `.

(1) Suppose q is congruent to 1 modulo `, the ki are mutually coprime, and r ≤ 3. Then every
zero of ZC has degree `− 1.

(2) Define κi to be ki if ki is odd and ki/2 if ki is even. Suppose that either
• q is congruent to 1 modulo ` and r = 2, with both cycles of odd length; or
• There is no i such that qκi is congruent to 1 modulo `.

Then the point s = 1
2 is not a zero of ZC.

We remark that this theorem, like Theorem 1.5 above, can be used to produce a set of
size on order X/ log(X)a of order-` Dirichlet characters of conductor at most X whose
zeta functions are non-vanishing at s = 1/2, for some power a ∈ (0, 1]. See Corollary 1.8
for example. This lower bound improves, for ` = 3, upon Corollary 1.3 of recent work by
David–Florea–Lalin [8] which gives a lower bound of the form X1−ε (for any ε > 0).

Corollary 1.8. Let ` be an odd prime different from the characteristic of Fq. Let d be the order
of (q mod `) in (Z/`Z)∗. Let N(X) be the number of primitive degree ` Dirichlet characters
χ f : (Fq[t]/ f )∗ → C∗ with conductor f satisfying qdeg f ≤ X and L(1/2, χ f ) 6= 0. We show
the following:

• if d = 1, then N(X)� X
log X for X → ∞;

• if d is even, then N(X)� X

(log X)
1− `−1

2d
for X → ∞. In particular, since d | `− 1, we have

N(X)� X
(log X)1/2 for X → ∞.

We do not get a lower bound of this quality in the case where q has odd order modulo
`.

The main idea that connects all the theorems in this paper is the study of L-functions
modulo `. The value of an L-function over Fq(x) at a complex number s can be expressed
as a polynomial P(T) ∈ Z[T] evaluated at T = q−s. So if we want to prove that P(T)
is nonvanishing, it suffices to prove that P(T) is nonvanishing modulo ` for some prime
`. For Theorem 1.2, we will show that, for suitably chosen `, the vanishing mod ` of the
L-function is related to the dimension of a certain Frobenius eigenspace in the `-torsion of
a hyperelliptic Jacobian over Fq; the average size of this eigenspace can then be controlled
by a point count on a moduli space over a finite field, which is a modest generalization
and explication of the arguments in [10] and [16] respectively. For Theorem 1.5, on the
other hand, we argue that under the given condition on Weierstrass points the L-function
of χ f is nonvanishing mod 2 at s = 1/2. For the similar Theorem 1.7, the ` is again the
order of the Dirichlet character in question.

Acknowledgments. The authors are grateful to Chantal David, Zeev Rudnick, Alexan-
dra Florea, and Emmanuel Kowalski for helpful comments and suggestions. The first



4 JORDAN S. ELLENBERG, WANLIN LI, MARK SHUSTERMAN

author was partially supported by NSF grant DMS-1700885 and by a fellowship from the
Simons Foundation. We thank the referees for the valuable feedback and comments.

2. MAIN THEOREM AND PROOF

2.1. Setup and Notations. Throughout the paper, Fq is a finite field of odd characteristic
p. Let Qn,q be the set of squarefree polynomials over Fq of degree n. For each f ∈ Qn,q,
write J f for the Jacobian of the hyperelliptic curve

y2 = f (x)

and Pf (x) ∈ Z[x] for the characteristic polynomial of geometric Frobenius acting on the
`-adic Tate module of J f . Let ` be a prime not equal to the characteristic of Fq and let a be
an element of (Z/`Z)∗. The elements R of J f [`](Fq) which satisfy

Frobq ·R = aR.

form a finite-dimensional vector space over Z/`Z and we denote by ma( f ) the number
of nonzero elements of this vector space. Note that m1( f ) is just the number of Fq-rational
nontrivial `-torsion points of J f . Let Qa,`

n,q be the set of squarefree polynomials f over Fq
of degree n such that ma( f ) is greater than 0.

Let α be a q-Weil number of weight 1 with minimal polynomial gα(x) ∈ Z[x]. Namely,
it is an algebraic integer whose absolute values under all complex embeddings equal√

q. Let Qα
n,q be the subset of Qn,q defined by { f ∈ Qn,q | Pf (α

−1) = 0}. With notation

introduced as above, if gα(a) = 0 mod `, then |Qα
n,q| ≤ |Qa,`

n,q|.

2.2. Rational points on twisted Hurwitz spaces over finite fields. Our main tool will
be the following result about the average size of the subspace of Jac(C)[`](Fq) on which
Frobenius acts by some specified scalar a, as C ranges over hyperelliptic curves over Fq.
More precisely, we study the variation as we range over y2 = f (x) with f ranging over
squarefree polynomials in Fq[x]; this amounts to the same, since each isomorphism class
of hyperelliptic curves is represented in this form the same number of times (assuming,
of course, that the isomorphism classes are weighted inversely to the number of automor-
phisms they possess.)

Proposition 2.1. Let a ∈ (Z/`Z)×. With notation as in Section 2.1, there exist constants
C`, N`, Q` only depending on ` such that∣∣∣∣∣∑ f∈Qn,q ma( f )

|Qn,q|
− 1

∣∣∣∣∣ ≤ C`q−1/2

for all n ≥ N` and q ≥ Q`.

Remark 2.2. While this paper was in proof, we learned that Proposition 2.1 follows from
the proof of Theorem 1.1 of [16], which is in fact more general, and the arguments used are
essentially the same as those here. We have left the proof of Proposition 2.1 in the present
paper because the form in which we present the proof here is conducive to proving the ex-
plicit bounds for the stable range obtained in Proposition 2.7 below. It would be interest-
ing to address the questions of explicit bounds for the stable range in the more general sit-
uations considered by [16], where the group-theoretic part of the proof of Proposition 2.7
would presumably be more complicated.
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When a = 1 and n is odd, Proposition 2.1 is essentially Theorem 8.8 of [10], and indeed
the proof here is a modification of the proof of that theorem.

The reader may note that [10, Thm 8.8] requires not only that q is not a multiple of ` but
that q is not congruent to 1 modulo `. We face no such restriction here. That’s because [10,
Thm 8.8] computes arbitrary moments of the Cohen-Lenstra distribution, whereas we are
only studying the analogue of the average size of the `-part of the class group. In the
language of [10, Thm 8.8], we are only considering the case A = Z/`Z. The difference is
as follows. In the proof, we will end up estimating the number of Fq-points on a moduli
space over Fp, and the result will depend on that space having just one geometrically irre-
ducible component defined over Fq. In the more general setting treated in [10, Thm 8.8],
that space has many geometric components, all but one of which have fields of definition
containing µ`; so when q is congruent to 1 mod ` there are multiple Fq-rational compo-
nents. In the case treated here, the moduli space in question is geometrically irreducible,
so this issue does not arise.

Proof. We begin by observing that ∑ f∈Qn,q ma( f ) can be interpreted as the number of Fq-
rational points of a certain moduli space.

To this end we briefly recall the setup of [10, Section 7].
Let k be a field, let G be a finite group with trivial center, denote by e the identity

element of G, and let c be a conjugacy-closed subset of G\e. By a tame G-cover of P1 with
monodromy type c we mean a triple (X, f , φ) where

• X is a smooth proper geometrically connected curve X/k;
• f : X → P1 is a tamely ramified finite cover;
• The image of tame inertia at each branch point of f excepting ∞ lies in c;
• f is Galois with group G; that is, Aut( f ) acts transitively on the geometric fibers of

f and φ is an automorphism from G to Aut( f ).
Here by an isomorphism between two covers f : X → P1 and f ′ : X′ → P1 we mean a

morphism ψ : X → X
′

with f ′ ◦ ψ = f , not a pair (ψ, ι) with ι a nontrivial automorphism
of P1 and f ′ ◦ ψ = ι ◦ f . In other words, our P1 is “labeled”.

Then, as in [10, Section 7] (more or less immediate from a theorem of Romagny and
Wewers [20]), there is a scheme Hnc

G,n over Z[1/|G|] whose k-points (as long as k has
characteristic prime to |G|) are in bijection with the isomorphism classes of tame G-covers
of P1 which have n branch points on A1 with monodromy type c. (We do not specify
whether or how the cover is branched at ∞.)2 In fact ([20, Theorem 2.1]), for a scheme
S, the set Hnc

G,n(S) corresponds to isomorphism classes of tame G-covers over S, suitably
defined; we will not need to spell out that definition here. Once the n branch points are
chosen on A1 there are finitely many choices for f and φ. Thus the dimension of Hnc

G,n
equals to n.

From now on, we suppose that k is Fq, that G is the dihedral group Z/`ZoZ/2Z, and
that c is the conjugacy class of an involution in G. We will now explain the relationship
between the space of G-covers and the `-torsion in the Jacobian of hyperelliptic curves.
The key point is that, for any algebraic curve C, the set of surjections Jac(C)[`]→ (Z/`Z)k

2The somewhat artificial special treatment of ∞ in this definition, as in [10], stems from the need to
compare with topology, where branched covers of the disc are technically easier to handle than branched
covers of the sphere.
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is naturally identified with the set of étale (Z/`Z)k covers of C. For details, see Section
3.9 of [17].

If f : X → P1 is a G-cover, the product structure of G allows us to factor f as

X
g→ C h→ P1

where h is a hyperelliptic cover and g is a Galois cover with group Z/`Z; that is, g is
endowed with an isomorphism φ : Z/`Z → Aut(g). What’s more, the fact that the
monodromy in f is of type c implies that g is an étale cover, at least away from the points
of C over ∞ ∈ P1.

What happens over ∞ is slightly more delicate. The double cover h is branched at n
points on A1, but the total number of branch points of h must be even as C is a smooth
proper hyperelliptic curve. Thus, if n is odd, h is branched at ∞. The monodromy around
∞ in the cover X → P1 is thus an element of G projecting to the nontrivial element of
Z/2Z. Such an element must be an involution, and it follows that g is unramified at ∞. If
n is even, on the other hand, it is possible for g to be ramified. We thus wish to restrict our
attention to those G-covers X → C which are unramified over ∞. These are parametrized
by a closed and open subscheme of Hnc

G,n (indeed, it is the second term in the disjoint
union in the paragraph following (7.3.1) of [10]). Let Xn be this subscheme of Hnc

G,n when
n is even, and Hnc

G,n when n is odd. In both cases, dim Xn = n. We have explained how
every point of Xn(k) gives rise to a triple (g, φ, h)/k up to isomorphism, and in fact it is
not hard to check that the converse holds as well. (This is essentially the last paragraph
of the proof of [10, Proposition 8.7].)

If a is an element of (Z/`Z)∗, we denote by 〈a〉 the automorphism of Xn which sends
(g, φ, h) to (g, aφ, h). We then write Xa

n for the twist of Xn by the homomorphism

Gal(Fq/Fq)→ Aut(Xn)

which sends Frobq to a. (Reference: [18, §4.5].)

Lemma 2.3. With notation as in Section 2.1,

∑
f∈Qn,q

ma( f ) = (q− 1)|Xa
n(Fq)|

Proof. A point of Xa
n(Fq) is a point of Xn(Fq) such that Frobq ·x = 〈a〉 · x. In other words,

it is a triple (g, φ, h)/Fq such that Frobq ·(g, φ, h) is isomorphic to (g, aφ, h). The fact that
the isomorphism class of h is fixed by Frobenius implies that the branch locus of h is an
Fq-rational divisor. Let f (x) ∈ Fq[x] be the unique monic squarefree polynomial which
vanishes precisely at the branch locus of h. Then C is isomorphic (over Fq) to the smooth
completion of the hyperelliptic curve defined by y2 = f (x).

Fixing such an h, and thus such a C, we now consider the set of points of Xa
n(Fq) lying

over this h. First of all, the choices of (g, φ) such that (g, φ, h) ∈ Xa
n(Fq) = Xn(Fq) for

a specified h are in bijection with the `2g(C) − 1 surjections from J(C)[`](Fq) to Z/`Z.
Two such surjections s, s′ are isomorphic (that is, are parametrized by the same point of
Xa

n(Fq)) if and only if s = ±s′. The action of Frobenius on the set of surjections sends s to
a−1 Frobq s; so s descends to a point of Xa

n(Fq) if and only if Frobq ·s = ±as. We conclude
that the number of points of Xa

n(Fq) lying over h is (1/2)(ma( f ) + m−a( f )).
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Now if f in Qn,q is not monic then f = εF for some ε ∈ F∗q and some monic F. The curve
C f is isomorphic to CF if ε is a quadratic residue and to the nontrivial quadratic twist of
CF otherwise. In the former case, ma( f ) = ma(F), and in the latter, ma( f ) = m−a(F). In
particular, the quantity (1/2)(ma( f ) +m−a( f )) is the same for all q− 1 nonzero multiples
of F. We conclude that

∑
f∈Qn,q

(1/2)(ma( f ) + m−a( f )) = (q− 1)|Xa
n(Fq)|

Moreover, taking ε to be a non-residue in F∗q ,

∑
f∈Qn,q

ma( f ) = ∑
f∈Qn,q

ma(ε f ) = ∑
f∈Qn,q

m−a( f )

from which we obtain

∑
f∈Qn,q

ma( f ) = (q− 1)|Xa
n(Fq)|

as desired. �

We now argue exactly as in the proof of [10, Theorem 8.8].
Since |Qn,q| = (q− 1)(qn − qn−1), it suffices to prove that

(2.4) |q−n|Xa
n(Fq)| − 1| ≤ C`q−1/2

for some C` depending only on ` and for all n > N`, q > Q`.
Via the Grothendieck-Lefschetz trace formula, we have

(2.5) |Xa
n(Fq)| = ∑

i
(−1)iTr(Frobq |Hi

c,ét((Xa
n)Fq

; Qλ).

where λ is a prime greater than max{2`, q, n}.
Note that the étale cohomology is that of the base change of Xa

n to Fq, where it becomes
isomorphic to the untwisted space Xn; in particular, the choice of a affects the action of
Frobenius on the étale cohomology, but not the étale Betti numbers, bounds on which are
the main engine of the argument.

We begin by computing the main term:

Tr(Frobq |H2n
c,ét((Xa

n)Fq
; Qλ) = qn.

This follows immediately from the fact that (Xa
n)Fq

∼= (Xn)Fq
is irreducible. When n is

odd, this is shown in the proof of [10, Theorem 8.8] as a consequence of a big monodromy
theorem of J.K. Yu. (This is actually the only place where we need n to be large, and indeed
n = 3 would be enough.) When n is even, we argue as follows. The map from Xn to the
configuration space Confn A1 sending a G-cover to its branch locus is a finite cover ([10,
Section 2.2]), and irreducibility of Xn is equivalent to the monodromy group of this cover
acting transitively on the fiber. It suffices to check that this holds on a closed subvariety
of the base. So write Z for the subvariety of Confn A1 consisting of those configurations
containing some specified point p0 ∈ P1(Fq), and let Y be the preimage of Z in Xn. An
automorphism of P1 taking p0 to ∞ now identifies Y with Hnc

G,n−1, which we know to be
irreducible since n− 1 is odd. This implies that Xn is irreducible.
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We now turn to the error term. The moduli space Xn is a closed and open subscheme
of Hnc

G,n, so its Betti numbers are bounded by those of Hnc
G,n; by [10, (7.8.1)] we have

dim H2n−i
c,ét ((Xa

n)Fq
; Qλ) ≤ K`(B`)

i

where K`, B` are constants depending only on `.
Using the Deligne bound [9], the eigenvalue of Frobenius on Hi

c,ét((Xa
n)Fq

; Qλ) is bounded

in absolute value by qi/2; so the absolute value of the contribution of all i < 2n to (2.5)
is bounded above by the sum of a geometric series which converges for all q > B2

` . In
particular, as in [10, Section 1.8], this contribution is at most

K`B`q−1/2(1− B`q−1/2)−1qn.

So if we take Q` = 4B2
` and q > Q`, we may take C` = 2K`B` and conclude

|Xa
n(Fq)− qn| = |

2n−1

∑
i=0

(−1)iTr(Frobq |Hi
c,ét((Xa

n)Fq
; Qλ)| < C`qn−1/2

which proves (2.4) and thus the desired result.
�

Proposition 2.1 allows us to bound the proportion of hyperelliptic curves whose étale
cohomology has a Frobenius eigenvalue congruent to a mod `. Recall from Section 2.1 that
Qa,`

n,q is the set of squarefree polynomials over Fq of degree n such that ma( f ) is greater
than 0.

Corollary 2.6. There are constants C′`, Q`, N` such that for any a ∈ (Z/`Z)× we have

|Qa,`
n,q|

|Qn,q|
≤ 1

`− 1
+ C′`q

−1/2

for all n ≥ N`, q ≥ Q`.

Proof. Write δ for the quantity |Qn,q|−1|Qa,`
n,q| to be bounded.

Since ma( f ) is the number of nonzero elements of a vector space over Z/`Z, it is at
least `− 1 if it is greater than 0. In particular,

|Qn,q|−1 ∑
f∈Qn,q

ma( f ) ≥ |Qn,q|−1(`− 1)|Qa,`
n,q| = (`− 1)δ

By Proposition 2.1, we now have

(`− 1)δ < 1 + C`q−1/2

for all sufficiently large n, q, which yields the desired result by taking C′` = C`/(`− 1). �

So far, we have used the results of [10] as they appear in that paper. However, for the
present application, it is useful to compute explicit values C`, Q` for which Corollary 2.6
holds. We do so by going back to the main body of [10] and working out explicit bounds
for quantities that are given in [10, (7.8.1)] only as unspecified constants.

Proposition 2.7. Corollary 2.6 holds with C′` = 2(`− 1)−1(4`)138 and Q` = 4 · (4`)156.
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Proof. By the proof of Corollary 2.6, we may take C′` to be C`/(` − 1), where C` is the
constant appearing in the statement of Proposition 2.1. Moreover, we may take C` to be
2K`B` and Q` to be 4B2

` , where B`, K` are the constants appearing in the proof of Proposi-
tion 2.1 controlling the exponential growth of the Betti numbers of the relevant Hurwitz
space. We now explain how to bound B` explicitly.

In [10, 7.8.1], the bound

dim Hi
ét((Xa

n)Fq
; Qλ) ≤ K`(B`)

i

arises from two facts. First, there is a stability theorem [10, 6.2], which tells us in this
context that

(2.8) dim Hi
ét((Xa

n)Fq
; Qλ) = dim Hi

ét((Xa
n+D)Fq

; Qλ)

for all n > Ai + B, where A, B, and D are constants we shall specify. Second, there is an
absolute bound [10, 2.5] which tells us that

dim Hi
ét((Xa

n)Fq
; Qλ) ≤ (4`)n.

These two facts together imply that

dim Hi
ét((Xa

n)Fq
; Qλ) ≤ (4`)Ai+B+D

so we may take B` = (4`)A and K` = (4`)B+D. It remains to compute A, B, and D.
The key object of computation is the ring R defined in [10, §3]. This ring is defined

for any finite group G and any conjugacy-closed subset of G; we will consider here just
the case relevant to us, which is that where G is the dihedral group of order 2` and c is
the class of involutions in G. The set of n-tuples of involutions (τ1, . . . , τn) ∈ Gn carries
a natural action of the n-strand braid group; the ring R is a graded Q-algebra whose
degree-n part is spanned by the set of orbits of that action, which set we denote Σn. The
multiplication in R is given by concatenation of n-tuples.

The key fact about R is that it contains a central element U with the property that
R[U] and R/UR both have finite degree (that is, they are supported in only finitely many
grades.) In the dihedral case, R and U are particularly easy to describe. For any n, there
is map from Σn to G sending (τ1, . . . , τn) to the product τ1 . . . , τn, which is called the
boundary monodromy. Each n-tuple in Σn also has a monodromy group; namely, the group
generated by τ1, . . . , τn. The possible monodromy groups are just the order-2 subgroups
of G and G itself. It is not hard to check that, for all n ≥ 4, the elements of Σn are
determined by their boundary monodromy and their monodromy group; to be precise,
Σn consists of ` orbits consisting of the single element (τ, τ, . . . , τ) as τ ranges over the
` involutions, and ` more orbits, each of which consists of all n-tuples with monodromy
group G and boundary monodromy g, as g ranges over the index-2 cyclic subgroup of G
(when n is even) or its nontrivial coset (when n is odd.) In particular, dim Rn = 2` for all
n ≥ 4. We may take U to be the degree-2 central operator

U = ∑
τ∈c

(τ, τ)

and check that U induces an isomorphism from Rn to Rn+2 for all n ≥ 4. In particular,
deg R[U] and deg R/UR are both at most 4, where by the degree of a graded ring we
mean the highest grade represented in its support.
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This combinatorial information about the dihedral group is what goes into the com-
putation of constants in [10]. The constant D in [10, 6.1] is just the degree of U, which
is 2. The stability result in [10, 6.1] is derived from a general theorem [10, 4.2] about
R-modules. The R-module M governing the Hi of Hurwitz space, to which we apply
[10, 4.2] is the one called Mi in [10, 6.1], So (using the constants appearing in those the-
orems) stability begins when n = max(h0, h1) + A0, where hj is the quantity denoted
deg Hj(K(Mi) in [10, 6.1]. In turn, as asserted in the first paragraph of the proof of [10,
6.1], we have

deg Hj(K(Mi)) ≤ A2 + A0(3i + j)

So we find that (2.8) holds for all n ≤ A2 + A0(3i + 1) + A0 = 3A0i + (2A0 + A2). In other
words, we may take A = 3A0 and B = 2A0 + A2.

Finally, the values of A0 and A2 are given in [10, 4.5.3]. They are defined in terms of
A(R) = max(deg R[U], deg R/UR), which for us is 4. Now A0 = 6A(R) + deg U = 26
and A2 = A(R) + deg U = 6. Thus, A = 78 and B = 58. Since D = 2, we conclude
that we may take B` = (4`)78 and K` = (4`)60. So we have Q` = 4 · (4`)156 and C′` =

2(`− 1)−1(4`)138, as claimed.
�

3. APPLICATION TO NONVANISHING OF L-FUNCTIONS

We can use the above reasoning to bound the number of quadratic L-functions over
function fields which vanish at a specified point on the critical line. For the rest of this
section we fix an odd prime p and consider only fields of characteristic p. We note that,
if χ f is a quadratic character of Fq(x), then L(s, χ f ) can vanish only at a point s such
that qs is a q-Weil number of weight 1. We first recall the following lemma relating the
vanishing of the L-function of a quadratic character in terms of the Frobenius eigenvalues
of a hyperelliptic curve;

Lemma 3.1. Let f be a monic squarefree polynomial in Fq[x] and χ f be the quadratic character
with conductor f . Let C be the hyperelliptic curve defined by y2 = f (x) and let P ∈ Z[x] be the
characteristic polynomial of geometric Frobenius acting on the Jacobian of C. Then for any s 6= 0,
L(s, χ f ) = 0 if and only if P(qs) = 0.

This is immediate from the description of P as the numerator of the zeta function of C,
and the connection of the latter to L(s, χ f ) (see, for instance, [21, Section 2]).

Theorem 3.2. For any squarefree polynomial f ∈ Qn,q, let L(s, χ f ) be the Dirichlet L-function
associated to the quadratic character χ f as was defined in Section 2.1. Then for any s 6= 0,

lim sup
n→∞

|{ f ∈ Qn,q | L(s, χ f ) = 0}|
|Qn,q|

� q−1/276

where the limit is taken over all powers q of a fixed odd prime number p.

Proof. Fix an odd prime number p, and let q be a power of p. By Lemma 3.1, L(s, χ f ) = 0 is
equivalent to P(q−s) = 0 where P(x) ∈ Z[x] is the characteristic polynomial of Frobenius
acting on the Jacobian of the hyperelliptic curve defined by y2 = f (x). Thus, the set
{ f ∈ Qn,q | L(s, χ f ) = 0} is the same as Qqs

n,q.
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By Chebotarev’s density theorem, we can (for large enough q) find a prime

` =
1
4

(q
4

)1/276
(1 + o(1))

mod which gps , the minimal polynomial of ps, splits completely. Let a ∈ Z/lZ such that
gps(a) = 0 mod `. If q = pt, then any f with L(χ f , s) = 0 has mat( f ) > 0. So

|Qqs

n,q|
|Qn,q|

≤
|Qat,`

n,q |
|Qn,q|

and now we can apply Corollary 2.6 to conclude using the second equation of 2.1 that, for
all sufficiently large t, we have

lim sup
n→∞

|Qqs

n,q|
|Qn,q|

≤ 1
`− 1

+ C′`q
−1/2.

The required bound follows from Proposition 2.7.
�

Results on the vanishing of quadratic L-functions over function fields can be used to
study the rank distribution of quadratic twist families of constant abelian varieties. In
the following corollary, we show that as the constant field grows (so the characteristic is
not changing), the probability for a quadratic twist of a constant abelian variety to have
positive rank goes to 0. In the elliptic curve case, this agrees with the general “Minimalist
Conjecture” philosophy, which holds that positive ranks should be a density-0 phenom-
enon except when forced by parity considerations from the functional equation (in this
setting the functional equation never forces positive rank, and the rank is always even.)

Corollary 3.3. Let A be an abelian variety defined over a finite field Fq of odd characteristic. For
each f ∈ Qn,qm , denote by A f the quadratic twist of A ×Fq Fqm(x) by f . Let Rn,m be the set
{ f ∈ Qn,qm : A f has positive rank}. Then

lim
m→∞

lim sup
n→∞

|Rn,m|
|Qn,qm | = 0.

Proof. Let P(x) be the characteristic polynomial of Frobenius acting on the Tate module
of A and let q−s be one of its roots. Then rank A f > 0 is equivalent to L(s, χ f ) = 0. (See
[15, Proposition 4.6] for a similar statement with the same proof.) Thus, the statement is
a direct application of Theorem 3.2. �

We now prove Theorem 1.5, which makes use of the mod 2 Galois representations on
J(C) rather than the representations modulo odd primes.

Proof of Theorem 1.5. Let x1, ..., x2g+2 be the set of Weierstrass points of C. The 2-torsion
subgroup J(C)[2] is spanned by the degree-0 2-torsion divisors xi − xj. That is, the group
of divisors of the form ∑ aixi with ∑ ai = 0 surjects onto J(C)[2]. Note also that x1 + . . . +
x2g+2 − (2g + 2)x1 is a principal divisor and thus x1 + . . . + x2g+2 is 0 in J(C)[2]. See [11,
Secion 4] for detailed discussion. This identifies J(C)[2] with an explicit subquotient of
F

2g+2
2 ; namely, J(C)[2] is the quotient of the subspace (a1, . . . , a2g+2) : ∑ ai = 0 by the

1-dimensional subspace spanned by (1, . . . , 1).
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This identification is equivariant for the Frobenius action on both sides, so it allows us
to describe the mod 2 Galois representation afforded by J(C) in terms of the permutation
π which Frobenius induces on x1, . . . , x2g+2. To be precise, the action of S2g+2 on J(C)[2]
is a representation ρ : S2g+2 → Sp2g(Z/2Z), and the action of Frobenius on J(C)[2] is
given by ρ(π).

The conditions on π given in Theorem 1.5 are equivalent to the condition that π2 is a
product of two disjoint odd cycles. Thus, the action of π2 in its permutation represen-
tation F

2g+2
2 has eigenvalues given by µk and µ2g+2−k for some odd 1 ≤ k ≤ 2g + 1;

passing to the subquotient J(C)[2] removes two eigenspaces of ρ(π2) with the eigenvalue
1. So the eigenvalues of Frob2 on J(C)[2] are the multiset µ′k ∪ µ′2g+2−k where µ′n denotes
the nontrivial nth roots of unity. We see in particular that ρ(π2) does not have 1 as an
eigenvalue. But if the zeta function ZC had a zero at 1/2, then

√
q would be a Frobenius

eigenvalue on C, which would mean that q was an eigenvalue of Frob2; we have shown
that Frob2 has no eigenvalue congruent to 1 mod 2, which rules this out. This proves (1).

What’s more, the multiset µ′k ∪ µ′2g+2−k contains any eigenvalue at most twice, and if
(k, 2g + 2− k) = 1, no eigenvalue appears more than once. This proves (2) (or rather, it
proves (2) for the zeta function of C/Fq2 , from which (2) is immediate.)

�

Proof of Corollary 1.6. By assumption, f is an irreducible polynomial over Fq. So when
deg f = n is even, Frobenius acts on the set of Weierstrass points of C f : y2 = f (x) as a
n-cycle. If deg f = n is odd, then Frobenius acts on the set of Weierstrass points of C f as
a disjoint union of a n-cycle and a 1-cycle. In either case, when 4 - deg f we can apply
Theorem 1.5 to conclude that ZC f does not vanish at 1/2 and so behaves L(s, χ f ).

For any X = q2g+2, the set of irreducible polynomials of odd degree at most 2g + 1
gives quadratic characters with bounded conductor whose L-function does not vanish at
the central point s = 1/2. By the prime number theorem for function fields, the number
of irreducible polynomials in Fq[x] of degree at most n is� qn/n. This gives the lower
bound in statement.

�

The proof of Theorem 1.7 is very similar to that of Theorem 1.5, but we treat it separately
in order to make the hyperelliptic case above more readable.

Proof of Theorem 1.7. Let x1, . . . , xm be the ramification points of the (Z/`Z)-cover of P1

in S, where m = k1 + · · · + kr. The Jacobian J(C) of C carries an action of Z[(Z/`Z)];
write λ ∈ Z[(Z/`Z)] for ζ` − 1, where ζ` is a generator of (Z/`Z). A Riemann-Hurwitz
computation shows that the genus of C is (m− 2)(`− 1)/2, so the Tate module T` J(C) is
a free Z`[ζ`]-module of rank m− 2, and J(C)[λ] has dimension m− 2.

The λ-torsion subgroup of J(C) is spanned by the degree-0 λ-torsion divisors xi − xj.
That is, the group of divisors of the form ∑ aixi with ∑ ai = 0 surjects onto J(C)[λ]. This
surjection is not an isomorphism; there is a 1-dimensional kernel, which we can describe
as follows. Over Fq, the curve C has an affine model of the form y` = f (x) with f a
rational function with no zeroes or poles at ∞. Then the principal divisor associated to y
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is ∑ aixi where ai = ordxi f . We have now expressed J(C)[λ] as an explicit subquotient of
Fm
` .
This identification is equivariant for the Frobenius action on both sides, so it allows us

to describe the mod ` Galois representation afforded by J(C) in terms of the permutation
π which Frobenius induces on x1, . . . , xm.

The action of π splits x1, . . . , xm into cycles of length k1, . . . , kr, which by hypothesis are
prime to `, and which must be multiples of d, where d is the order of q in F∗` . So the eigen-
values of π in its action on Fm

` are the union (as multisets)
⋃r

j=1 µkj . Now the composition
factors of Fm

` as a representation of the cyclic group 〈π〉 are J(C)[λ], F`div(y), and the
π-trivial one-dimensional representation onto which Fm

` maps by summing coordinates.
The action of π on the latter factor is trivial, while π acts on F`div(y) as multiplication
by q. If the zeta function ZC had a zero at 1/2, then

√
q would be a Frobenius eigenvalue

of C, which would mean that some eigenvalue µ of the action of π on J(C)[λ] satisfied
µ2 = q.

In case q is congruent to 1 modulo ` (i.e., d = 1) the eigenvalues of π in its action on
J(C)[λ] are the multiset

⋃r
j=1 µ′kj

together with r − 2 copies of 1, where µ′n denotes the
nontrivial nth roots of unity. The hypotheses r = 2 and k j odd now guarantee that the
eigenvalues of π on J(C)[λ] contain no copies of either 1 or −1, completing the proof in
this case.

If d > 1, we note that our condition on qκj can be satisfied only when d is even. (If d is
odd, then κj is always a multiple of d, so qκj = 1.) When d is even, our condition in fact
says precisely that each ki is a multiple of d but not of 2d. The two square roots of q in F̄∗`
both have order 2d, and thus neither can appear among the eigenvalues of Frobenius on
J(C)[λ].

We now turn to the first assertion of the theorem. The fact that J(C) carries an action of
Z/`Z defined over Fq with trivial invariant subspace implies that the Frobenius eigen-
values on J(C) all appear with multiplicity a multiple of `− 1, and that a root of multi-
plicity k(` − 1) reduces to a root of multiplicity k in the action of Frobenius on J(C)[λ].
So we just need to show that the action of Frobenius on J(C)[λ] has no repeated eigenval-
ues. The coprimality of the ki guarantees that the union

⋃r
j=1 µ′kj

is disjoint; the remaining
eigenvalues are r− 2 copies of 1, so since r ≤ 3 we are done.

�

Proof of Corollary 1.8. We first consider the case d = 1 (i.e., q is congruent to 1 modulo `).
Let f1, f2 be two distinct monic irreducible polynomials in Fq[t] of degrees being odd

and prime to `. Let d1 = deg f1 and d2 = deg f2. Let e ∈ {1, . . . , `− 1} be such that ` |
d1 + ed2. The smooth projective curve C with affine model y` = f1 f e

2 admits a cyclic degree
` map to P1

Fq
where the set of branch points are roots of f = f1 f2. By Theorem 1.7(2), the

zeta function ZC does not vanish at s = 1/2. Thus, all degree ` Dirichlet characters with
conductor f have L-functions nonvanishing at the central point. Evidently, the number
of such pairs f1, f2 with d1 + d2 ≤ n is at least the number of irreducible polynomials of
degree n− 3; the number of characters with non-vanishing L-functions is thus bounded
below by a constant multiple of qn/n = X/(log X). This concludes the proof in the d = 1
case.
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We now turn to the case where q 6≡ 1 mod `. We recall that d is the order of q mod `
in (Z/`Z)∗. Let Σd,2d be the set of monic squarefree polynomials such that all of their
irreducible factors have degree divisible by d but not divisible by 2d. For any f ∈ Σd,2d
there exists a (Z/`Z) field extension K/Fq(x) with conductor f . The field K is the func-
tion field of a curve C/Fq which admits a cyclic degree ` map to P1

Fq
whose set of branch

points are roots of f . By Theorem 1.7(2), the zeta function ZC does not vanish at s = 1/2.
Thus, all degree ` Dirichlet characters with conductor f have their L-functions do not van-
ish at the central point. The number of such characters is (`− 1)ω( f ) where ω( f ) denotes
the number of irreducible factors of f .

So it remains to count the number of degree ` Dirichlet characters whose conductor is
in Σd,2d, which by the above discussion is given by

∑
f∈Σd,2d,| f |≤X

(`− 1)ω( f ).

To estimate this sum, we start by considering the Dirichlet series

G(s) = ∑
f∈Σd,2d

(`− 1)ω( f )| f |−s

where | f | = qdeg f . Then G(s) has a Euler product expansion

G(s) = ∏
P∈Σd,2d, irrd.

(1 + (`− 1)|P|−s).

Taking

H(s) = ∏
P∈Σd,2d, irrd.

(1 + |P|−s)2d,

we see that G(s)2d/H(s)`−1 is holomorphic at s = 1. Now define

Zd(s) = ∏
d|deg P, P irrd.

(1 + |P|−s)d

so that H(s) = (Zd(s))2/Z2d(s). Since Zd(s) and Z2d(s) each have a simple pole at s = 1,
so does H(s).

We conclude that G(s)2d has a pole at s = 1 with order `− 1 and is absolutely conver-
gent for <(s) > 1. By [12, Theorem 3.1], the sum of coefficients of G(s) has the following
asymptotic relation

∑
f∈Σd,2d,| f |≤X

(`− 1)ω( f ) ∼ C · X(log X)
`−1
2d −1

where the constant

C =
|(lims→1 G(s)2d(s− 1)`−1)

1
2d |

Γ((`− 1)/(2d))
.

And it gives the desired result.
�
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