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1 Introduction

The observation of gravitational waves by the LIGO collaboration [1] from colliding black
holes has lead to a paradigm shift in how we think about black holes: they are physical
objects that can be observed and studied in nature. Furthermore, gravitational-wave in-
terferometers [2] and telescope arrays [3] have began to measure effects that are sensitive
to possible new physics at the scale of the horizon, and this sensitivity is only bound to
increase with the advent of space-based gravitational-wave interferometers [4] and third-
generation ground-based ones [5].

On the other hand, black holes have served as the primary theoretical lab for ex-
ploring quantum gravity. Their theoretical studies have led to many interesting puzzles
and paradoxes which have offered important windows into quantum gravity; chief among
them are the origin of the microstates that make up the Bekenstein-Hawking entropy, and
the unitary problem of black hole evaporation. The study of microstates is an inherently
top-down question as it requires an understanding of the microscopic degrees of freedom
of quantum gravity. In contrast, the unitary problem can be studied from a bottom-up
perspective by exploring consistency of quantum mechanics near black hole environments.
An important lesson from the latter is that black-hole evaporation is compatible with the
standard rules of quantum mechanics only when there is new structure at the scale of the
black horizon [6]. This is also articulated more recently in the firewall paradox [7].

One of the crowning successes of string theory is reproducing the Bekenstein-Hawking
entropy for a wide classes of supersymmetric black holes from stringy microscopic states [8].
A fundamental question that follows is: what are the gravitational properties of such mi-
crostates? While generically it is hard to characterize their quantum mechanical properties,
there can exist wide classes of microstates that are sufficiently coherent to admit classical
descriptions as smooth horizonless geometries [9, 10]. These states are called microstate
geometries. These geometries are indistinguishable from their corresponding black hole up
to the region of the would-be horizon, where the spacetime ends in a smooth horizonless
cap that contains non-trivial topological cycles wrapped by fluxes.

The key lesson from the top-down studies of microstate geometries and as well as the
bottom-up analysis is: black holes as observed in nature may correspond to ultra compact
objects made up of new phases of matter from quantum gravity. In the fast emerging field
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of gravitational-wave astronomy and astrophysics, an important goal will be to character-
ize the possible deviations from astrophysical Kerr black holes in general relativity (GR)
coming from the new black hole microstructure in string theory.

An important class of observables that can distinguish microstate geometries with
horizon-size structure from classical GR black holes is the tower of gravitational multi-
pole moments. These observables are already astrophysically interesting and will become
more so in the era of gravitational-wave astronomy. In this paper, we aim to character-
ize gravitational multipole moments of microstate geometries that correspond to a class
of four-dimensional non-supersymmetric spinning extremal black holes, dubbed almost-
BPS [11–15]. There are several benefits in studying the almost-BPS black holes and their
microstates:

First, almost-BPS black holes and their microstate geometries are constructed from
supergravity by subtly breaking supersymmetry while maintaining the general linear struc-
ture that allows for solvability [11, 12]. This has several benefits as compared to their
widely studied supersymmetric1 cousins. Indeed, the supersymmetric four-dimensional
black holes in string theory are non-rotating, extremal and carry large charges;2 these fea-
tures undermine their phenomenological interest. In contrast, almost-BPS black holes can
have angular momentum, small charge-to-mass ratios,3 and can therefore have the same
conserved charges as astrophysical black holes. In this regard, it is phenomenologically rel-
evant to study the multipole structure of these black holes and compare it to the multipole
structure of Kerr black holes. This initial analysis will provide the baseline to study devi-
ations of multipoles caused by horizon-scale microstructure in the almost-BPS microstate
geometries when compared to the almost-BPS black holes and to the Kerr black holes.

Another benefit of studying almost-BPS solutions is to contrast them with the phe-
nomenological modeling of Exotic Compact Objects (ECOs) [20–22]. These are bottom-up
objects that force structure at horizon scale and thereby violate black hole no-hair theorems
and the Buchdahl bound [23]. Their description require exotic matter with no UV physics.
Almost-BPS solutions on the other hand can be understood directly in string theory.

The multipole structure of almost-BPS black holes and their microstate geometries
is very rich. This is owed to the non-trivial four-dimensional angular momentum that is
absent in the non-spinning supersymmetric black holes. We show that the multipoles of
almost-BPS black holes have a similar functional dependence on the mass-to-spin ratio as
the multipoles of Kerr(-Newman) black holes. Moreover, unlike the latter, almost-BPS
multipoles also have an interesting dependence on the charge-to-mass ratio. Furthermore,
the generic almost-BPS black holes have all non-zero multipoles, including the odd-parity
multipoles which vanish in Kerr; the presence of these multipoles indicates a breaking of
equatorial symmetry (θ ↔ π − θ) which could have interesting observable consequences.
This is a significant deviation from Kerr black holes.

1For recent study of gravitational multipoles for supersymmetric microstate geometries see [16–19]. For
a more general discussion of observables of supersymmeric microstate geometries see [20].

2These charges emerge from string theory and can be associated to dark Maxwell fields.
3Even if almost-BPS black holes are extremal, their four-dimensional charges can be made arbitrarily

small compared to their mass by turning on non-trivial scalar fields that modify the effective electromagnetic
coupling in four dimensions. We discuss this in detail in section 3.3.3.
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Multipoles of almost-BPS microstate geometries have a highly non-trivial dependence
on the internal degrees of freedom of the geometry. These deviate from the multipoles of
the almost-BPS black hole at the same scale as the size of the microstructure in the near
horizon region.4 We show that the deviations are rather “random” as they depend on the
geometry of the topologically non-trivial bubbles that give the horizon-scale structure, and
they can be either positive or negative; this is in contrast with the analysis of [17], where
the multipoles of certain microstate geometries were found to be larger than the multipoles
of their corresponding black holes. In a broader scope, our constructions and studies in
this paper allow us to understand the physics of potential microstructure of the Kerr black
hole much better than what one could hope from naively extrapolating the supersymmetric
microstate results as was previously done in [16–19].

The structure of the paper is as follows. In the next subsection we summarize our
main results. In section 2, we review non-supersymmetric four-dimensional solutions ob-
tained by the almost-BPS ansatz and some generalities about the derivation of multipole
moments. In section 3, we construct non-supersymmetric rotating almost-BPS black holes
that look almost neutral and we compare their physics to that of Kerr-like GR black holes.
In section 4, we construct a family of multicenter microstate geometries and discuss their
physics and their multipole structure with respect to the almost-BPS black holes they
correspond to. In particular, we compare and contrast properties of the almost-BPS mi-
crostate multipoles with previous work and conjectures on (supersymmetric) microstate
geometry multipoles. Finally, we conclude in section 5 with a brief overview of possible
future directions.

1.1 Summary of our results

Using the almost-BPS ansatz in N = 2 four-dimensional supergravity, we construct four-
charge non-supersymmetric rotating black holes and smooth horizonless microstate ge-
ometries thereof. We describe the new (astro)physics brought about by the horizon-scale
structure compared to the classical black holes of general relativity. The expected modifi-
cations can be separated in two categories:

• Deviations between the physics of almost-BPS black holes and the physics of Kerr
black holes.

• Deviations that arise from the presence of a smooth horizonless microstructure re-
placing the horizon of almost-BPS black holes.

The physics of almost-BPS black holes. Our discussion starts with non-
supersymmetric four-charge extremal black holes constructed from the almost-BPS ansatz.
We highlight the role of a dimensionless parameter, h, that allows to dial the ratio between
the four-dimensional mass and charges. Therefore, our string-theory black holes can have
the same mass, charges and spin as an almost-neutral Kerr-Newman black hole.

We first discuss the geometrical differences between the near-horizon regions of these
two solutions. Being extremal, rotating almost-BPS black holes have no ergosphere and the

4Extremal black holes have a throat of infinite length, that an infalling observer can traverse in finite
proper time, so the“size” of the microstructure above the horizon is subtle to define [24].
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area of their horizon and their cosmic censorship bounds scale differently with the charges
compared to Kerr black holes. Second, the multipoles of almost-BPS black holes have a
similar dependence on the mass/spin ratio compared to Kerr black holes. However, they
also depend non-trivially on the mass/charge ratio (determined by the parameter h) unlike
Kerr(-Newman) solutions. Moreover, all multipoles of the rotating almost-BPS black hole
are non-zero, irrespective of their parity.

We highlight the important similarities and differences that exist between the multipole
moments of generic almost-BPS black holes in string theory and those of Kerr black holes.

For h = 1, the almost-BPS black hole is the purest spinning black hole: all its mul-
tipoles except the mass and angular momentum vanish. This is unique among rotat-
ing gravitational solutions (for example Kerr has infinite towers of non-zero multipole
moments).

The physics of almost-BPS microstate geometries. In the second part of the paper,
we discuss the physics of almost-BPS microstate geometries (near their black hole limit)
and compare it to the physics of their corresponding almost-BPS black holes.

• The multipole moments of microstate geometries are equal to the multipoles of the
black hole they correspond to with deviations proportional to the “size” of the mi-
crostructure above the would-be black-hole horizon. More concretely,

Mult (Microstate) = Mult (BH) (1 +O (δmicro)) , (1.1)

where δmicro � 1 is the scale of the solution which characterizes how “close” in moduli
space the microstate geometry is to the black hole [25, 26]. When δmicro → 0, the
microstate geometry becomes identical to the black hole.

• When δmicro is finite, the microstate-dependent contribution proportional to O (δmicro)
can modify the classical-black-hole result. In particular, in [17, 19] an analysis of
certain families of microstate geometries suggested that microstate geometries have
bigger multipoles than the black hole with the same charges, implying that perhaps
the black hole is an extremum in the phase space of solutions for certain observ-
ables.5 We have constructed a number of almost-BPS microstate geometries that
show explicitly that the black hole is not an extremum in solution phase space, at
least not as far as multipoles are concerned. For the geometries we construct, the
multipoles deviate from their expected average black hole values by O (δmicro) terms
that behave as small microstate-dependent “noise-type” contributions and that can
be either positive or negative.

5This conjecture came from comparing supersymmetric non-scaling microstate geometries to Kerr black
holes. As mentioned at the beginning of the summary section, a careful analysis should be done in two
steps: (i) comparing scaling microstate geometries to their corresponding black hole in string theory, and
then (ii) comparing this black hole to the astrophysical Kerr black hole with the same conserved charges
(or at least the same mass and angular momentum).
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2 The class of solutions and multipole moments

In this section, we review the construction of non-supersymmetric almost-BPS four-
dimensional solutions and give a few generalities about the computation of gravitational
multipole moments.

2.1 Almost-BPS solutions

We work with non-supersymmetric solutions of string theory that are asymptotic to four-
dimensional Minkowski space times a six-dimensional CY manifold. More specifically,
our solutions fit within the so-called almost-BPS ansatz, in which one can construct multi-
center non-supersymmetric black holes as well as horizonless microstate geometries [11–15].
Despite breaking supersymmetry, the equations governing the solutions in this ansatz can
be solved using a linear algorithm. This linear structure comes because of an underlying
nilpotent algebra [27], and is present in several other ansatze governing non-supersymmetric
solutions [28, 29].

In general the almost-BPS ansatz can be used obtain solutions to any U(1)n five-
dimensional supergravity, but in this paper we will focus on the STU solutions that arise
from a compactification of M-theory on T 6 × S1 [30–32]. The solutions have a Taub-NUT
base space, and have an additional isometry, which allows us to compactify them to four
dimensions. We describe in detail the four-dimensional STU Lagrangian in appendix A,
starting from the string theory realization of these solutions. This Lagrangian contains,
besides the four-dimensional metric, four vector gauge fields (hence generic solutions have
four electric and four magnetic charges) and three complex scalar fields that are all non-
trivially coupled.

The metric of an almost-BPS solution is described by eight scalar functions
(V,K1,K2,K3, Z1, Z2, Z3, µ), together with an angular momentum one-form $:

ds2
4 = −I4

− 1
2 (dt+$)2 + I4

1
2 ds2

3 , I4 ≡ Z1Z2Z3V − µ2V 2 , (2.1)

where ds2
3 is the metric of a flat three-dimensional base that we parameterize by the spher-

ical coordinates
ds2

3 = dρ2 + ρ2
(
dθ2 + sin2 θ dφ2

)
. (2.2)

The gauge fields and scalars also have a specific form (which depends on all of the functions
(V,K1,K2,K3, Z1, Z2, Z3, µ)), which we give in appendix A.3.

These almost-BPS solutions have ten conserved quantities: four electric charges qΛ
(Λ = 0, · · · , 3) and four magnetic charges pΛ in addition to a four-dimensional mass M and
an angular momentum J . We work in units where Newton’s constant in four dimensions
is G4 = 1. Thus, asymptotically we always have:

I4 ∼ 1 + 4M
ρ

, I−
1
2

4 $
∣∣
dφ
∼ 2J

ρ
sin2 θ , (2.3)

The almost-BPS ansatz contains a non-BPS extremal four-charge black hole (the
“almost-BPS black hole”), as well as horizonless solutions that are smooth in string the-
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ory6 and allow scaling limits where they can approach the black hole geometry arbitrarily
well [13]. Thus, we can think about these solutions as “almost-BPS microstate geometries”.
Crucially, the equations of motion for these microstate geometries have an “almost-linear”
structure (see (A.26)), which allows one to generate multi-center configurations. In ap-
pendix C, we review the method to solve these equations for solutions where all the centers
are collinear [12].

2.2 Gravitational multipole moments

One important physical property that we will study in detail for almost-BPS solutions is
the structure of their gravitational multipoles. For asymptotically-flat four-dimensional
solutions, these can most easily be read off by using the ACMC-coordinate7 formalism
developed by Thorne [33], which we briefly review here. All of the almost-BPS solutions
constructed thus far are stationary and axisymmetric, so we will only discuss ACMC space-
times satisfying these symmetries.

We will follow [18] by first writing the metric in AC coordinates: these are asymptot-
ically Cartesian coordinates that are not necessarily mass-centered. This means that the
mass dipole moment, M̃1, does not necessarily vanish (as it must in ACMC coordinates).
One can then obtain ACMC coordinates from any AC coordinate system by a simple shift
of origin.

In such AC coordinates,8 the asymptotic expansion of the metric is:

gtt =−1+ 2M
ρ

+
∞∑
`≥1

2
ρ`+1

M̃`P`+
∑
`′<`

c
(tt)
``′ P`′

 , (2.4)

gtφ =−2ρsin2 θ

 ∞∑
`≥1

1
ρ`+1

 S̃`
`
P ′`+

∑
`′<`

c
(tφ)
``′ P

′
`′

 , (2.5)

gρρ = 1+
∞∑
`≥0

1
ρ`+1

∑
`′≤`

c
(ρρ)
``′ P`′ , gθθ = ρ2

1+
∞∑
`≥0

1
ρ`+1

∑
`′≤`

c
(θθ)
``′ P`′

 ,
gφφ = ρ2 sin2 θ

1+
∞∑
`≥0

1
ρ`+1

∑
`′≤`

c
(φφ)
``′ P`′

 , gρθ = (−ρsinθ)

 ∞∑
`≥0

1
ρ`+1

∑
`′≤`

c
(ρθ)
``′ P

′
`′

 ,
(2.6)

The argument of the Legendre polynomials P` (and their derivatives) appearing above is
always cos θ. The terms that contain c

(ij)
``′ correspond to non-physical “harmonics”, and

6In four dimensions, the centers of these solutions correspond to D6 branes and D4 branes with Abelian
worldvolume flux, hence are singular. However, the metric near each of these centers becomes completely
smooth and non-singular when uplifted to a six-dimensional duality frame.

7Asymptotically-Cartesian and Mass-Centered.
8Note that here we are only discussing ACMC-∞ coordinates, from which all of the multipoles M`, S`

can be read off. More generically, one can also have ACMC-N (or AC-N) coordinate systems from which
we can only read off the multipoles to order N + 1. Fortunately, for almost-BPS solutions the coordinates
we find are AC-∞.
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depend on the particular AC(MC)-N coordinates used. Even though these coefficients c(ij)
``′

are unphysical, it is a condition of ACMC coordinates that only c(ij)
``′ appear with `′ < `.9

As mentioned above, AC coordinates are also ACMC if and only if the mass dipole
vanishes, M̃1 = 0. The gravitational multipolesM`, S` are then simply the M̃`, S̃` quantities
appearing above. However, if our AC coordinate system has M̃1 6= 0, it is easy to obtain
ACMC coordinates by a simple shift of the origin along the z-axis by z0 = −M̃1/M̃0. We
can then express the true multipoles M`, S` in terms of the M̃`, S̃` for any AC coordinate
system [18]:

M` =
∑̀
k=0

(
`

k

)
M̃k

(
−M̃1

M̃0

)`−k
, S` =

∑̀
k=0

(
`

k

)
S̃k

(
−M̃1

M̃0

)`−k
(2.7)

The coordinate-independent multipoles then consist of the mass multipoles M` (of which
the mass is M0 = M) and the current (or angular momentum) multipoles S` (of which the
angular momentum is S1 = J).

3 Almost-BPS extremal black hole

In this section, we review the stationary and axisymmetric almost-BPS black hole con-
structed in [13]. We shall add to the solutions of [13] non-trivial asymptotic values for the
eight scalar functions (V,KI , ZI , µ). These asymptotic values, parameterized by h, will
add interesting physical decorations to the black hole solution as they can be used to dial
the ratio between the mass and the charges in four dimensions. We will further compute
the multipole moments of this black hole, and compare them to those of Kerr-Newman
black holes.

3.1 The solution

We consider a specific family of almost-BPS black holes that has the form (2.1), with:

V =h+Q0
ρ
, ZI = 1

h
+QI
ρ
, KI = 0 , µV =m∞+αcosθ

ρ2 , $=−αsin2 θ

ρ
dφ.

(3.1)
Note that in order to have a physical solution, one needs I4 > 0 in (2.1). A necessary
condition is that h and QΛ have the same sign, which we will assume to be positive.
These solutions are asymptotically flat when I4 → 1 in (2.1). This requires

h−2 −m2
∞ = 1 ⇐⇒ m∞ = ±

√
1− h2

h
. (3.2)

We can define the warp factor

∆ ≡ ρ2
√
V Z1Z2Z3 − µ2V 2

=
√

(Q0 + h ρ)
(
Q1 + ρ

h

)(
Q2 + ρ

h

)(
Q3 + ρ

h

)
− (m∞ ρ2 + α cos θ)2 ,

(3.3)

9For example, the gρρ component of the Kerr metric in Boyer-Lindquist coordinates does not satisfy this
condition, since there is a gρρ component already at order ρ−2 [18, 33].
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and then express the four-dimensional metric as:

ds2
4 = −ρ

2

∆

(
dt− αsin2 θ

ρ
dφ

)2

+ ∆
[
dρ2

ρ2 + dθ2 + sin2 θ dφ2
]
, (3.4)

The spherical coordinates we use are isotropic coordinates for the black hole, where the
horizon is at ρ = 0; the timelike Killing vector ∂t vanishes at this locus. As mentioned
above, this solution is supported by three non-trivial complex scalars and four gauge fields,
which are given in detail in appendix B.

3.2 Properties

The mass and angular momentum of this solution can be read off from (2.3) and are:

M = Q0 + h2(Q1 +Q2 +Q3)
4h3 , J = −α2 . (3.5)

Moreover, the electromagnetic charges pΛ, qΛ sourcing the solutions are given by (see ap-
pendix B): (

p0, p1, p2, p3; q0, q1, q2, q3
)

= (Q0, 0, 0, 0; 0, Q1, Q2, Q3) . (3.6)

The black hole thus has one magnetic charge and three electric charges. To consider this
black hole as an astrophysically relevant one, these charges should not be thought of as
standard model charges; rather, they should be viewed as “hidden” or dark charges, and
their corresponding gauge fields considered as dark photons. Interestingly, the bounds
on such dark charges (especially if they only interact gravitationally with standard model
fields) from gravitational wave observations [34] or black hole imaging [35, 36] are still very
weak — in particular, black holes with large (even near-extremal) dark charges have not
necessarily been ruled out yet.

The event horizon is located at ρ = 0, and has the topology of an S2. The horizon
area is

AH = 4π
√
Q0Q1Q2Q3 − α2 . (3.7)

which is the same as the area of the horizon of a supersymmetric extremal D6-D2-D2-D2-
D0 black hole in four dimensions. This comes from the fact that the near-horizon geometry
of the almost-BPS black hole is identical to the near-horizon geometry of its BPS cousin
when uplifted to five dimensions.

The metric (3.4) is already given in AC coordinates (as introduced in section 2.2). We
can then easily read off the coefficients M̃` and S̃`:

M̃0 = M , M̃1 = −1
2 m∞ α , M̃`

∣∣
`≥2 = 0 , (3.8)

S̃0 = 0 , S̃1 = J , S̃`
∣∣
`≥2 = 0 . (3.9)

Upon using (3.2) to express everything in terms of h, the multipoles (2.7) become:

M` = (∓1)` (1− `) M
(

1− h2

h2

) `
2 ( J

M

)`
, S` = (∓1)`−1 ` J

(
1− h2

h2

) `−1
2 (

J

M

)`−1
,

(3.10)
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where the expressions are valid for every ` ≥ 0 and where ∓1 corresponds to the choice of
branches form∞ in (3.2).10 Note that for h = 1, when the mass is determined by the sum of
the charges (3.5), all multipoles (except M0 and S1) vanish, despite the presence of a finite
angular momentum. This makes this solution unique among all spinning gravitational
solutions and, as we explained in the Introduction, we can think about it as the purest
spinning black hole.

3.3 Comparing with Kerr black holes

One can see that almost-BPS black holes have a common point with the electrically and
magnetically charged Kerr-Newman solution when Q0 = Q1 = Q2 = Q3. Taking in ad-
dition α = m∞ = 0 (implying h = 1) gives precisely the extremal Reissner-Nordstrom
metric in isotropic coordinates. However, more generic almost-BPS black holes have sig-
nificant differences that might affect their gravitational footprints compared to black holes
in general relativity. In this section we compare the almost-BPS black holes to Kerr and
Kerr-Newman black holes in order to further assess their phenomenological viability.

3.3.1 Cosmic censorship and ergosphere

A Kerr-Newman black hole of mass M , angular momentum J and carrying any number of
charges QI has an allowed regime of parameters dictated by the cosmic censorship bound:

M2 −
∑
I

QI −
J2

M2 ≥ 0 . (3.11)

This is very different from the cosmic censorship bound of the almost-BPS black hole,
which is given by demanding that (3.7) remains real and can be expressed in terms of the
angular momentum J and conserved charges p0, qi in (3.6) as:

p0q1q2q3 − 4J2 > 0 . (3.12)

Note that the mass M does not appear explicitly in this formula.
Moreover, a Kerr-Newman black hole generically has an ergosphere, where the asymp-

totically timelike Killing vector ∂t becomes spacelike. The almost-BPS black hole does not
have an ergosphere, despite having a non-zero angular momentum. It would be interesting
to understand how this could give rise to potential dynamical differences between Kerr(-
Newman) and almost-BPS black holes, for example for photon orbits or gravitational-wave
emission.

3.3.2 Multipole moments

We calculated the multipoles of the almost-BPS black hole in (3.10). We can compare
these to the multipoles of a Kerr(-Newman) black hole, of which the non-zero multipoles
can be written as:

Kerr: MKerr
2` = (−1)`M

(
J

M

)2`
, SKerr

2`+1 = (−1)` J
(
J

M

)2`
, MKerr

2`+1 = SKerr
2` = 0 .

(3.13)

10More precisely, (∓1)` is (−1)` if m∞ =
√

1−h2

h
and (+1)` if m∞ = −

√
1−h2

h
.
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Note that the gravitational multipoles of Kerr and (charged) Kerr-Newman are the same,
and thus (perhaps surprisingly) they are independent of the black hole charges [37]. For
an almost-BPS and Kerr-Newman black hole of equal mass M and angular momentum J ,
we can compare the even-mass and odd-current multipole moments:

M2`
MKerr

2`
= (−1)`+1 (2`− 1)

(
1− h2

h2

)`
,

S2`+1
SKerr

2`+1
= (−1)` (2`+ 1)

(
1− h2

h2

)`
. (3.14)

We see that the multipoles differ significantly because of the overall sign difference and the
presence of h. As we will discuss below, h is related to the ratio of mass and charges of
the black hole. For example, in the small h limit, 0 < h � 1, the mass M over charge Q
(where Q stands for any of the pΛ, qΛ charges) ratio scales as M/Q ∼ 1/h3 (see (3.16)), so
that (3.14) scales as:

0 < h� 1 : M2`
MKerr

2`
∼ (−1)`+1 (2`− 1)

(
M

Q

) 2`
3
. (3.15)

Hence, unlike Kerr-Newman black holes, the almost-BPS multipoles have a non-trivial
dependence on the charges of the solution, that comes through the dependence on h.

In the opposite regime, h = 1, we see from (3.10) that all of the almost-BPS multipoles
vanish with the exception of the mass M0 = M and of angular momentum S1 = J . It is
worth pointing out that this is an unique physical system — to our knowledge, no other
known (super)gravity solution can have a non-zero angular momentum S1 6= 0 without any
other multipole turned on. Hence, we can think about the h = 1 black hole as the purest
spinning black hole.

We can tune h in (3.14) to set the mass quadrupole moments equal, M2 = MKerr
2 ;

this sets h−1 =
√

2. Of course, then the higher-order multipoles will differ by larger and
larger factors as we increase `. We note that while current and near-future observations
(will) constrain the quadrupole moment rather well (constraining M2/M

3 within 10−4), it
is unlikely that for example eLISA will be able to constrain many higher multipole moments
to a similar degree [38–41].11

Finally, we also note that the odd mass multipoles M2`+1 and even current multipoles
S2` of the almost-BPS black hole do not vanish, in contrast to the Kerr(-Newman) black
hole. These multipoles are odd-parity: they correspond to terms in the metric that break
the equatorial symmetry (θ ↔ π− θ) and thus can give rise to interesting new equatorially
asymmetric phenomena [42–45]. Heuristically, the presence of these odd-parity multipoles
are a consequence of the curious fact that the center of mass of the black hole is not the
same location as the center of the black hole. The coordinates used in (3.4) are centered
around the location of the black hole horizon at ρ = 0. However, as discussed above, these
coordinates are AC and not ACMC (since the mass dipole M̃1 6= 0 in these coordinates).
Rather, the ACMC coordinates where the dipole vanishes are related to these coordinates
by a shift of the origin by a distance proportional to M̃1/M̃0 (see (2.7)).

11Although note that in most if not all such modeling, it is assumed that the odd parity multipoles
M2n+1, S2n vanish, so it is unclear to what extent observations will be able to distinguish spacetimes where
these are non-zero.
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3.3.3 The physics of the h parameter

From the discussions above, it is clear that the parameter h, which can be freely chosen
in the almost-BPS solution (3.1) between 0 < h ≤ 1, has a great influence on the physical
properties of the almost-BPS black hole. First of all, it sets the ratio between the mass (3.5)
and the conserved charges (3.6):

M(
pΛ, qΛ

) = O
h�1

( 1
h3

)
, and M

4 =
h=1

∑
Λ

(
pΛ + qΛ

)
. (3.16)

Taking h small introduces a large discrepancy between the four-dimensional mass and the
charges, M � (pΛ, qΛ). Consequently, our solutions can describe black holes with very
small charges and large mass. However, even it these charges are small, our black holes are
still extremal.

Similarly, one can compute the ratio of the mass squared over the area of the event-
horizon (3.7), assuming that the angular momentum parameter α ∼ O(h0):

M2

AH
= O

h∼0

( 1
h6

)
and M2

AH
= O

h=1
(1) . (3.17)

Therefore, h also changes the relative size of the horizon with respect to the mass; as the
mass becomes much larger than the charges, M � (pΛ, qΛ), the horizon area also becomes
relatively small, AH �M2 (note that the Schwarzschild black hole has AS

H = 16πM2.)
From a four-dimensional perspective, h corresponds to non-trivial profiles for the three

scalar fields of the solutions (B.3). Because the STU Lagrangian (A.16) has non-trivial
couplings between scalar and gauge fields, these profiles change the effective electromagnetic
couplings, increasing the effect of the charges on the deformation of the spacetime. More
precisely, taking h small increases the impact of a small charge on the geometry.

This parameter h can have great implications in new black hole astrophysics. In this
paper, we have mostly focussed on its effect on the multipole structure of the almost-BPS
black holes and how it differs from that of Kerr black holes. It would be interesting to study
further processes, such as gravitational wave emission, tidal Love numbers, or scattering,
to understand further the implications of this parameter.

Because the almost-BPS and BPS black holes have a similar structure, one can wonder
what the effect would be of such a scalar profile on a four-dimensional supersymmetric
black hole. It appears that a similar parameter h for the BPS solutions can be used to
freely dial the ratio between the four-dimensional mass and charge ratio and construct an
effective neutral solution. However, the magnetic charge (Q0) needs to be turned off for
the BPS solutions when h 6= 1, so the area of the horizon will vanish and the BPS black
hole corresponds to a microscopic black hole (which, although microscopic, would have
potentially a large mass and small charges).

4 Smooth microstate geometries

The almost-BPS black hole is only one member of the very large family of almost-BPS so-
lutions [11–15]. This family of solutions is controlled by a specific ansatz (see (2.1), (A.14),
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and (A.15)), and the equations of motion have a nested linear structure (see (A.26)), sim-
ilar to that of BPS solutions. This allows the construction of almost-BPS multicenter
solutions [12], which include multicenter black holes and black rings, as well as solutions
that are smooth, horizonless microstate geometries. In this section, we will review their
construction heuristically (relegating most of the technical details to the appendices) and
discuss some of their basic properties.

4.1 Construction

In this section, we construct horizonless almost-BPS microstate geometries. First, we
review the principles behind this construction and then we give the specific details of the
family of microstate geometries that we consider in this paper.

4.1.1 Heuristics: blowing up topological cycles

The microstate geometries we are interested in are solutions that match the almost-BPS
black hole up to the region close to the would-be horizon. In this region, the multicenter
configuration has a non-trivial, horizonless structure. In four dimensions, those solutions
are singular at all the almost-BPS centers. When embedded in higher dimensions, these
singularities have a very specific form, and become smooth regions of spacetime in different
duality frames.

The construction of such solutions can be rather technical. However, the main philoso-
phy is simple to depict (see figure 1). By embedding the four-dimensional STU Lagrangian
in higher dimensions, some of the four-dimensional scalars and gauge fields become ge-
ometric, corresponding to metric components along the extra dimensions. In particular,
certain singularities of the four-dimensional solution have scalars and gauge fields that di-
verge in such a way that the uplift of the solution to higher dimensions is smooth, and the
singularity corresponds to an “end of spacetime”. The best example of this is the D6 brane
compactified on a six-torus, which appears singular from a four-dimensional perspective,
but is smooth when uplifted to M-theory.

As depicted in figure 1, having several end-of-spacetime loci gives a bubbling topology
induced by the behavior of the extra dimensions. These bubbles are kept from collapsing
by being wrapped by electromagnetic fluxes, which generate the same asymptotic charges
as the four-dimensional black hole, but without a horizon.

In a sense, the microstate geometry blows up or resolves the black-hole singularity,
dissolving the horizon into smooth topological cycles wrapped by fluxes in higher dimen-
sions. A crucial point with microstate geometries is that they allow a scaling limit, where
the centers can come arbitrarily close to each other [46–48] from the point of view of the
R3 base of the solution, |~ρi − ~ρj | ∼ λ� (M,Q, J), which makes the solution resemble the
black hole more and more, but still allows it to end in a smooth horizonless cap [47].

In the almost-BPS Ansatz, the main ingredients that are used as smooth end-to-
spacetime loci are supertube centers and Taub-NUT centers. A Taub-NUT center, located
at the position ~ρ0, sources only V and µV (2.1) such as

V = . . .+ Q
(0)
0

|ρ− ~ρ0|
+ . . . , µV = . . .+ m(0)

|ρ− ~ρ0|
+ . . . . (4.1)
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Figure 1: Schematic description of the time-slices of an almost-BPS black hole and their
corresponding multicenter smooth solutions. The horizon is resolved by blowing up topo-
logical cycles wrapped by fluxes in higher dimensions, where K denotes these extra com-
pact dimensions.

This will end up sourcing a magnetic charge p0 (through the equations of motion,
see (A.26)). The ith center is a supertube center of species “I”, with I = 1, 2, 3, located at
a position ~ρi. It has a source in KI , two sources in ZJ and ZK with I 6= J 6= K, and one
source in µV [49]:12

KI = . . .+ k(i)

|ρ−~ρi|
+. . . , ZJ = . . .+ Q

(i)
J

|ρ−~ρi|
+. . . , ZK = . . .+ Q

(i)
K

|ρ−~ρi|
+. . . , µV = . . .+ m(i)

|ρ−~ρi|
+. . . .

(4.2)
This will source a magnetic charge pI and two electric charges qJ , qK . Therefore, by
combining Taub-NUT centers and supertube centers of at least two species, we will be able
to construct solutions that have the same charges as the almost-BPS black hole.

When embedded in five dimensions, the metric near a Taub-NUT center is that of
smooth R4,1. For each of the species of supertube centers, one can dualize to a six-
dimensional supergravity where they are smooth [49] providing that their charges satisfy:13

m(1) = Q
(1)
J Q

(1)
K

2k(1) . (4.3)

4.1.2 Two supertubes in Taub-NUT

We now construct a specific family of horizonless, multicenter geometries that have the
same charges, mass and angular momentum as the almost-BPS black hole. In addition,

12These supergravity sources were shown in [49] to correspond to the backreaction of the supertubes
constructed using the DBI action [50, 51].

13At first sight, it may appear that we cannot have a unique duality frame where a solution with multiple
species of supertubes is smooth at each supertube. However, one can perform a “generalized spectral flow”
duality [52], that transforms each type of supertube into a smooth center [53]. These transformations
give a new solution that does not belong to the almost-BPS ansatz [14, 53], but from a four-dimensional
perspective they leave the metric invariant and simply reshuffle the scalars and the vectors [14]. Hence, for
simplicity, we will continue working with almost-BPS supertubes and Taub-NUT centers.
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the family of solutions we want to construct consists of scaling solutions, which means we
can make the distance between the centers arbitrarily small in the R3 base, so that the
multi-center solution matches the single-center black hole arbitrarily well.

As discussed above, the supertube and Taub-NUT centers of the solution look sin-
gular in four dimensions, but the origin of these singularities is understood: they are
16-supercharge fluxed D4 or fluxed D6 branes that make perfect sense in string theory, and
moreover can be uplifted to smooth solutions in higher dimensions.

The technical details of the construction can be found in appendix C. We will consider
multicentered configurations with centers on the z-axis, so that the resulting solution is
axisymmetric. We use the smallest number of ingredients that allow us to construct a
horizonless solution with the same charges as the almost-BPS black hole: one Taub-NUT
center and two supertube centers:

• The Taub-NUT center is at the origin of our spherical coordinates in the R3 base of
the solution. It has charge Q0 in V and a momentum parameter m(0) in µV .

• The first supertube center is of species 2, and is on the z-axis at position z = a2. It
carries a magnetic charge parameter k(2) in K2, two electric charges Q(2)

1 and Q
(2)
3

in the harmonic functions appearing in Z1 and Z3, respectively, and a momentum
parameter m(2) in the harmonic part of µV .

• The second supertube center is of species 3, and is located at z = a3. It has a magnetic
charge parameter k(3) in K3, two electric charges Q(3)

1 and Q
(3)
2 in the harmonic

functions appearing in Z1 and Z2, respectively, and a momentum parameter m(3) in
the harmonic part of µV .

The regularity of the supertubes requires, from (4.3)

m(2) = Q
(2)
1 Q

(2)
3

2k(2) , m(3) = Q
(3)
1 Q

(3)
2

2k(3) . (4.4)

For simplicity we consider a3 > a2 > 0. We introduce the local spherical coordinates
around the Ith center, (ρI , θI , φ),

ρI ≡
√
ρ2 + a2

I − 2ρaI cos θ, cos θI ≡
ρ cos θ − aI

ρI
.

The interested reader can find details on the resolutions of the equations of motion in
appendix C, and the gauge fields and scalars of the three-center solutions in appendix C.1.
The metric is still given by (2.1):

ds2
4 = −I4

− 1
2 (dt+$)2 + I4

1
2
[
dρ2 + ρ2

(
dθ2 + sin2 θ dφ2

)]
, I4 ≡ Z1Z2Z3V − µ2V 2 ,

(4.5)
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where now the functions (V,ZI , µ) and the rotation one-form $ are given by:

V = h+ Q0
ρ
, Z1 = 1

h
+ Q

(2)
1
ρ2

+ Q
(3)
1
ρ3

+
(
h+ Q0 ρ

a2 a3

)k(2) k(3)

ρ2 ρ3
,

Z2 = 1
h

+ Q
(3)
2
ρ3

, Z3 = 1
h

+ Q
(2)
3
ρ2

,

µ V = m∞ + m(0)

ρ
+ m(2)

ρ2
+ m(3)

ρ3
+
(
k(2)

2hρ2
+ k(3)

2hρ3

)
V + h

2 ρ2ρ3

(
k(2)Q

(3)
2 + k(3)Q

(2)
3

)
− Q0 cos θ

(a3 − a2) ρ2ρ3

(
k(2)Q

(3)
2 − k

(3)Q
(2)
3

)
+ Q0 (ρ2 + a2a3)

2(a3 − a2) ρρ2ρ3

(
k(2)

a2
Q

(3)
2 −

k(3)

a3
Q

(2)
3

)
,

$ = −
∑
I=2,3

k(I)

2

[
cos θI +Q0

ρ− aI cos θ
h aIρI

]
dφ+$0 dφ

+
(
m(0) cos θ +m(2) cos θ2 +m(3) cos θ3

)
dφ

+
∑
J 6=I

Q
(J)
I k(I)

2(aJ − aI)ρIρJ

[
h(ρ2 + aIaJ − (aI + aJ)ρ cos θ)

−Q0
ρ(aJ + aI cos 2θ)− (ρ2 + aIaJ) cos θ

aI

]
dφ . (4.6)

There are regularity conditions (see (C.19)) that the geometry must satisfy, as well
as the condition to be asymptotic to flat four-dimensional spacetime; together, these give
5 algebraic conditions. Three directly fix $0, m∞ and m(0); the other are called bubble
equations and are non-linear relations that constrain the distances between the centers:

m2
∞=± 1−h2

h2 ,

$0 = k(2)

2

(
hQ

(3)
2

a3−a2
− Q0
ha2

)
− k

(3)

2

(
hQ

(2)
3

a3−a2
+ Q0
ha3

)
,

m(0)

Q(0) =− k(2)

2ha2

(
hQ

(3)
2

a3−a2
+1
)

+ k(3)

2ha3

(
hQ

(2)
3

a3−a2
−1
)
,

m(2) = Q
(2)
1 Q

(2)
3

2k(2) =− 1
2(a3−a2)

(
k(3)Q

(2)
3

(
h+Q0

a3

)
−k(2)Q

(3)
2

(
h+Q0

a2

))
+ k(2)

2h

(
h+Q0

a2

)
,

m(3) = Q
(3)
1 Q

(3)
2

2k(3) = 1
2(a3−a2)

(
k(3)Q

(2)
3

(
h+Q0

a3

)
−k(2)Q

(3)
2

(
h+Q0

a2

))
+ k(3)

2h

(
h+Q0

a3

)
.

(4.7)
We can also calculate the integer magnetic charges of the supertube centers, by integrating
the corresponding gauge field around the centers [12, 15]. These magnetic charges, κ(I), are:

κ(I) ≡
(
h+ Q0

aI

)
k(I) . (4.8)

The solutions are guaranteed to be physical when the warp factors, ZI , and the quartic
invariant, I4, satisfy everywhere the inequalities [54, 55]:

ZI V ≥ 0 , I4 ≡ Z1Z2Z3 V − µ2V 2 ≥ |$|2 . (4.9)
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By expanding this expression near each pole one can obtain inequalities constraining the
supertube charges. The easiest way to satisfy these is to take all electric charges, Q(J)

I , to
be positive, and have one magnetic charge to be negative.14

4.2 Properties

The almost-BPS multicenter solutions constructed above have a rather complicated and
unintuitive form. It is therefore important to point out their key physical properties:

First of all, note that the system is only constrained by the two bubble equations (4.7),
so that the phase space of solutions is very large. An important subclass of solutions, called
scaling solutions, are the ones in which the intercenter distances can be made arbitrarily
small; we will mainly be interested in such scaling solutions.

When we approach this scaling limit and bring the centers close to each other, we can
call λ the overall size of the cluster of centers in the R3 base space, so that each center
position satisfies aI = O(λ). Far away from the centers, ρ � λ, the main functions (4.6)
determining the metric match the functions that enter in the almost-BPS black hole solution
with the same charges, up to O(λ) corrections. In other words, the solutions are virtually
indistinguishable from the black hole at these scales. In the IR, when ρ = O(λ), the
structure of the multicenter configuration starts to be visible and distinguishable from the
black hole horizon. We will quantify these statements further by comparing the conserved
quantities and the multipole moments of the solutions to the black hole results.

4.2.1 Conserved quantities

We compute the ADM mass, the angular momentum and the four electric and magnetic
charges of the solution. We can again obtain the mass and angular momentum via (2.3):

M = 1
4h3

[
Q0+h2

(
Q

(2)
1 +Q(3)

1 +Q(3)
2 +Q(2)

3 +Q0
k(2)k(3)

a2a3
∓2
√

1−h2
(
k(2)+k(3)

))]
,

J = Q0
4h

(
2hk(3)Q

(2)
3

a3
+k(2)+k(3)

)
+h

4
(
k(3)Q

(2)
3 −k

(2)Q
(3)
2

)
,

(4.10)

where the “∓” depends on which choice of branch have been chosen for m∞ in (4.7). Note
that these expressions are obtained “on shell”, after enforcing the bubble equations (4.7).
The four magnetic and electric charges are given by (see (A.25)):(

p0, p1, p2, p3
)

=
(
Q0 , 0 ,−h k(2) ,−h k(3)

)
(q0, q1, q2, q3) =

(
k(2) + k(3)

h
, Q

(2)
1 +Q

(3)
1 +Q0

k(2)k(3)

a2a3
, Q

(3)
2 , Q

(2)
3

) (4.11)

Note that there are more charges turned on compared to the almost-BPS black hole solution
of (3.6). This is because of the presence of the magnetic dipole charges, k(2) and k(3), which
are crucial elements that allow the spacetime to be smooth around the centers in higher

14By reshuffling the bubble equations above, one can see that at least one charge needs to be negative.
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dimensions. However, although they must be non-vanishing, we can freely take them small
compared to the main charges: ki � Q0, Q

(j)
k . In this limit, the D0 charge can be ignored

as well, and we have(
p0, p1, p2, p3; q0, q1, q2, q3

)
∼
(
Q0, 0, 0, 0; 0, Q(2)

1 +Q
(3)
1 +Q0

k(2)k(3)

a2a3
, Q

(3)
2 , Q

(2)
3

)
,

M ∼ 1
4h3

[
Q0 + h2

(
Q

(2)
1 +Q

(3)
1 +Q

(3)
2 +Q

(2)
3 +Q0

k(2)k(3)

a2a3

)]
,

J ∼ h

4
(
k(3)Q

(2)
3 − k

(2)Q
(3)
2

)
+Q0

k(3)Q
(2)
3

2a3
,

(4.12)
so that the microstate geometry has the same conserved charges as the black hole.

4.2.2 Multipole moments

In appendix D, we derive the multipole moments of generic multicenter solutions in Taub-
NUT. In this section, we apply these formulas to our specific three-center solutions.

Note that the coordinates used in the almost-BPS ansatz (2.1) are automatically AC
coordinates as defined in section 2.2. Therefore, one can read off the coefficients M̃`, S̃` from
simply expanding the metric in powers of 1/ρ, and obtain the true multipoles using (2.7):

M` =
∑̀
k=0

(
`

k

)
M̃k

(
−M̃1

M̃0

)`−k
, S` =

∑̀
k=1

(
`

k

)
S̃k

(
−M̃1

M̃0

)`−k
. (4.13)

For our specific three-center solution, the relevant AC-coordinate frame coefficients, M̃`,
are then given by (D.23):

4M̃` =
(
Q0

h3 −2m∞m(0)
)
a0
`+

3∑
I=2
J,K=1

|εIJK |
2h

(
Q

(I)
J +Q(I)

K −hm∞
(
k(I)+Q

(I)
J Q

(I)
K

k(I)

))
aI
`

+
3∑

I,J=2

Q0 |εIJ |
h

[
k(I)k(J)

2aIaJ
q

(2)
` (aI ,aJ)−hm∞

k(J)Q
(I)
J

aI−aJ

(
q

(2)
` (aI ,aJ)

aJ
− 2`

2`−1q
(2)
`−1 (aI ,aJ)

)]
(4.14)

where εIJ and εIJK are the Levi-Civita tensors of dimension two and three respectively
and we have defined a0 = 0 as the coordinate of the Taub-NUT center, with also a0

` ≡ δ`0.
We define the polynomial

q
(2)
` (aI , aJ) ≡

(
2`
`

)−1 ∑
p+q=`

(
2p
p

)(
2q
q

)
aI
paJ

q . (4.15)

The coefficients S̃`, are given by (D.33)

4S̃` = −2m(0) a0
` +

3∑
I=2
J,K=1

|εIJK |
2

(
k(I) − Q

(I)
J Q

(I)
K

k(I)

)
aI
`

−
3∑

I,J=2
Q0 |εIJ |

k(J)Q
(I)
J

aI − aJ

(
q

(2)
` (aI , aJ)

aJ
− 2`

2`− 1q
(2)
`−1(aI , aJ)

)
.

(4.16)
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It is of particular interest to consider the scaling limit of (4.14)–(4.16), or more generally
of (D.23)–(D.33), when aI = O(λ) and λ → 0. Using the regularity conditions (4.7)
(or (C.19)), one can see that the AC coefficients behave as (for h 6= 1):

M̃0 = MBH (1 + µ0λ) +O
(
λ2
)
,

M̃1 = M̃BH
1 (1 + µ1λ) +O

(
λ2
)
, S̃1 = JBH (1 + σ1λ) +O

(
λ2
)
,

M̃` = M̃BH
1

(
M̃BH

1

)`−1

(MBH)`−1 µ` λ
`−1 +O

(
λ`
)
, S̃` = JBH

(
M̃BH

1

)`−1

(MBH)`−1 σ`λ
`−1 +O

(
λ`
)
,

(4.17)
where MBH, M̃BH

1 , SBH
1 = JBH are the non-vanishing AC coefficients for the almost-BPS

black hole with the same charges in (3.8) and (3.9), and µ`, σ` are microstate-dependent
dimensionless numbers. The ACMC multipole moments then behave as:

M0 = MBH (1 + µ0λ) +O
(
λ2
)
, (4.18)

S1 = JBH (1 + σ1λ) +O
(
λ2
)
, (4.19)

M` = MBH
`

(
1 +

[
(1− `)µ0 + `

(
µ1 −

1
2µ2

)]
λ

)
+O

(
λ2
)
, (4.20)

S` = SBH
`

(
1 +

[
(1− `)µ0 + σ1 + (`− 1)

(
µ1 −

1
2σ2

)]
λ

)
+O(λ2), (4.21)

where the black hole ACMC multipoles MBH
` , SBH

` were given in (3.10). Note that (4.17)–
(4.21) are only valid for h 6= 1; when instead h = 1 and thus m∞ = 0, it is easy to show
that M̃` ∼ O(λ`) and S̃` ∼ O(λ`−1) so that also M` ∼ O(λ`) (for ` 6= 1) and S` ∼ O(λ`−1)
(for ` ≥ 1) — interestingly, this is similar but not exactly the same as the scaling with λ

that one has for multipoles of scaling supersymmetric microstate geometries [16, 18], which
is (MSUSY

` , SSUSY
` ) ∼ O(λ`).

We can summarize the behavior of the multipole moments of scaling almost-BPS mi-
crostate geometries in an (intuitive) conjecture:

All multipoles of scaling microstate geometries match the values of the black hole they
correspond to, up to small deviations proportional to the scale for which the microstructure
starts to be manifest and resolve the horizon into smooth topologies.

Clearly, smooth horizonless solutions can mimic classical black hole characteristics with
a very high accuracy. As λ gets vanishingly small, this implies that the microstructure of
the microstate geometry can become virtually indetectable, at least as far as the multipole
moments are concerned.

Moreover, nothing dictates a priori the value of µ` and σ` as they depend on the
internal degrees of freedom of the family of solutions. As we illustrate later, they can
either be positive or negative. In particular, as we show explicitly in section 4.4, this leads
to counterexamples to conjectures based on the analysis of [19], where it was suggested
that multipole moments of smooth horizonless geometries will be larger than those of the
corresponding black hole.
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4.3 Explicit examples

We give several examples of three-center almost-BPS microstate geometries, whose general
form is given in (4.6). We also give the parameters of the almost-BPS black hole with the
same charges.

Finding explicit parameters that give rise to physical three-center solutions in the
family constructed above is relatively easy. Our family initially contains 16 parameters.
After imposing the supertube regularity (4.4) and the regularity conditions (4.7), we end up
with 9 free parameters. The physicality condition (4.9) gives a bound on the parameters;
it is sufficient to assume that all charges are positive except one magnetic dipole charge,
that we will assume to be κ(2). Moreover, we aim to construct scaling solutions for which
the centers can be tuned to come arbitrarily close to each other.

4.3.1 A simple example

The first solution we consider is given by the following charges:15

−4κ(2) = 4κ(3) = 2Q0 = 4
3Q

(2)
1 =Q

(3)
1 = 4

3Q
(2)
3 = 20000 , Q

(3)
2 = 15001 , h= 0.01 ,

(4.22)
The bubble equations (4.7) fix the distance between the centers

a2 ' 0.21 , a3 ' 0.28 , (4.23)

which gives, from (4.8)
k(2) ' −0.11 , k(3) ' 0.14 , (4.24)

The mass and angular momentum of the solution (4.10) are

M ' 2.5× 109 , J = −3.7× 107 , (4.25)

and the eight charges (4.11) are(
p0, p1, p2, p3

)
' (10000 , 0 , 0.0011 ,−0.0014)

(q0, q1, q2, q3) ' (3.5 , 32500 , 15001 , 15000)
(4.26)

The scaling point can be obtained by shifting Q(2)
3 → 15000 which gives a2, a3 → 0.

The solutions match very closely the non-BPS extremal black hole detailed in sec-
tion 3.1 with a mass and an angular momentum given by (4.25), and one magnetic charge
Q0 = p0 and three electric charges QI = qI . As detailed in section 3.3.1, the ratio between
the mass and charges is of order h−3 = 106.

4.3.2 A one-parameter family

We can easily expand the above example to a one-parameter family of microstate geome-
tries, where we allow h to vary while we keep the other charges in (4.22) fixed. For example,
when h� 1, the intercenter distances are then approximately:

a2 ' 21h , a3 ' 28h , (4.27)
15Recall that the effective dipole charges κI are given by (4.8).
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The mass, angular momentum and eight charges of the solutions are, at leading order in h:

M ' 2500
h3 , J ' −3.7× 107 ,(

p0, p1, p2, p3
)
' (10000 , 0 , 0 , 0)

(q0, q1, q2, q3) ' (3.5 , 32500 , 15001 , 15000)

(4.28)

Interestingly, h does not change the topology of the IR geometry since it acts as a scaling
factor. As expected and discussed above, by fine-tuning h to be small, one can construct
solutions that look almost neutral from a four-dimensional perspective.

4.4 Aspects of microstate multipoles

In this section, we discuss some aspects of the gravitational multipoles for the almost-BPS
solutions. For the black holes, the multipole formulas were derived in section 3.3.2, whereas
the microstate geometry multipoles can be found in section 4.2.2. We will focus in this
section on discussing multipoles (and certain ratios) as studied in [17, 19] for families of
supersymmetric black holes. In appendix D.4, we also show that the multipole ratio analysis
of [16, 18] for supersymmetric black holes and their multicentered microstate geometries
can also be extended straightforwardly to the multipole ratios of almost-BPS black holes
and their microstate geometries described here. It would be interesting to expand this
analysis (in the spirit of [18] for supersymmetric black holes); we leave this for future work.

It will be convenient to define the following dimensionless, positive quantities:16

M` :=
∣∣∣∣∣M`M

`−1
0

S`1

∣∣∣∣∣ , S` :=
∣∣∣∣∣S`M `−1

0
S`1

∣∣∣∣∣ , (4.29)

In [17, 19] these multipole ratios were computed for supersymmetric multi-center mi-
crostates, and compared to those of the non-supersymmetric Kerr(-Newman) black holes
of the same mass and angular momentum. Note that for any Kerr(-Newman) black hole,
M2n = S2n+1 = 1 andM2n+1 = S2n = 0. The analysis of the families of supersymmetric
microstate geometries in [17, 19], had certain striking universalities, which suggests the fol-
lowing conjectures regarding the universal behavior of multipoles of microstate geometries:

• C.i: genericallyM2 > 1. In other words, the (absolute value of) the quadrupole moment
M2 of microstate geometries is generically larger than that of Kerr with the same
mass and angular momentum. Similar statements are valid for higher-order multipole
moments that are non-zero for Kerr-Newman (in particular, S3 > 1 is mentioned
explicitly) [17, 19].

• C.ii: both M` and S` (for any `) are always monotonically increasing functions of the
intercenter distance λ for scaling solutions [19]. In particular, a corollary is that
(∂λM`(λ))λ=0 > 0 and similar for S`.

16These were denoted by M` and S` in [19].
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While these conjectures are based on extrapolations of suggestive features of supersym-
metric microstate geometries, here we will show that they are contradicted explicitly by
the physics of the more realistic non-supersymmetric microstate geometries we built.

To illustrate this, we take a family of microstate geometries (as constructed in sec-
tion 4.1.2) with charge parameters:17

m∞ = (−1)n
√

1− h2

h
, κ(2) = −7000, κ(3) = 5000,

Q0 = 7000, Q
(2)
1 = 6000x, Q

(2)
3 = 6000,

a0 = 0, a2 = λ, a3 = 2λ.

(4.30)

The parameters Q(3)
1 , Q

(3)
2 are then determined by the bubble equations (4.7). Thus, this

family of solutions depends on the choice of branch for m∞ through n (where n = 1, 2) and
has three free parameters, given by h, x, and the distance λ between centers. The mass,
angular momentum, and electromagnetic charges of this family is given by:

M ' 250
7h3

(
49 + h2 115 + 36x (13x− 3)

6x− 5

)
+O (λ) , J ' −15× 106 +O (λ)(

p0, p1, p2, p3
)
' (7000 , 0 , 0 , 0) +O (λ)

(q0, q1, q2, q3) '
(

0 , 1000
(
36x2 + 25

)
6x− 5 ,

36000x
7 − 30000

7 , 6000
)

+O (λ)

(4.31)

When the centers merge at λ = 0, the solution corresponds to the almost-BPS black hole
with the conserved charges above. We will show that by varying the parameters h and x
in this family of microstates, one can easily invalidate both conjecture C.i and C.ii.

For the almost-BPS black hole, M`/MKerr
` was calculated in (3.14). We can already

see from this expression that the value of, say, M` for the almost-BPS black hole can be
made smaller or larger than the corresponding Kerr(-Newman) value (for a black hole of
equal mass and angular momentum), by adjusting the value of h. For the microstates
(whose λ → 0 limit corresponds to an almost-BPS black hole), this is then obviously also
true; see figure 2. This shows that conjecture C.i is not generically true for almost-BPS
microstates and more generically for non-supersymmetric microstate geometries.

In figure 3, we plotted M2 and S3 (normalized by the λ = 0 black hole value) for
h = 433/500, n = 1, and various values of x; we can clearly see that M2 and S3 are not
always a monotonically increasing function of λ; in particular, these are counterexamples
to conjecture C.ii.

Note that the plots in figures 2 and 3 show the behaviour of the multipole ratios for
a range of center separation λ near the scaling point λ = 0; these plots can be extended
for larger values of λ, although this generally does not show any additional interesting
physical phenomena. The maximum possible value of λ depends also on the details of the

17We wish to thank J. F. Morales for pointing out the unphysicality of the microstate geometry family
we had in an earlier version of this paper.
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Figure 2: Plots of M2/MKerr
2 and S3/SKerr

3 (where the corresponding Kerr(-Newman)
black hole is chosen to have the same mass and angular momentum as the microstate) as
a function of λ for x = 1 and the different values of h and n indicated by the legend.
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Figure 3: Plots ofM2 and S3 (normalized with respect to their λ = 0 black hole values)
as a function of λ for h = 433/500, n = 1, and x taking on various values indicated by
the legend.

microstate. We illustrate the two main possibilities in figure 4 and 5. In figure 4, we show
a choice of parameters for which there is a maximum possible λ value at which the mass
diverges; a consequence is that considering a microstate with such a λ which is close to
this point will no longer have a mass comparable to that of the corresponding λ = 0 black
hole. In figure 5, we show a choice of parameters where there is no maximum for λ: the
intercenter distance can be chosen arbitrarily large without introducing any pathologies;
the mass and multipoles all have relatively simple behaviour as λ gets larger.18

One of the main hopes coming from the conjectures of [17] was that microstate ge-
ometries might be observationally distinguishable from astrophysical (Kerr) black holes
by their multipole moments; in particular, (most of) the microstate geometries considered
in [17] had quadrupole moments larger than those of the corresponding Kerr black hole
with equal mass and angular momentum, which in turn led to conjecture C.i. The analysis
in [17, 19] and the conjectures C.i and C.ii seemed to imply that the black hole solution is

18Note that there can be spurious values of λ at which certain multipoles happen to vanish. (For example,
in figure 5, we have M2 = 0 at λ ≈ 421.68.) These values of “accidental symmetry” are an artifact of the
microstate geometry having a low number of centers; see also appendix C of [18].
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Figure 4: For n = 1, h = 69/100, x = 1, we plot the normalized massM(λ)/M(λ = 0) and
M2/MKerr

2 for the complete allowed range of λ. Note that when λ gets near the maximal
allowed value, it no longer makes any sense to compare the microstate geometry to the
λ = 0 limit as the mass is drastically different.
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Figure 5: For n = 1, h = 433/500, x = 3, we plot the normalized mass M(λ)/M(λ = 0)
andM2(λ)/M2(λ = 0). There is no maximum value for λ in this case. (Note that there
is an “accidental symmetry” at λ ≈ 421.68 at which the quadrupole M2 happens to vanish
for this microstate geometry.).

somehow an extremum on the space of solutions. However, we show here that there exist
microstate geometries for which this is not true.

In particular, we show that the multipole moments of the almost-BPS black hole and
its microstate geometries can be larger or smaller than those of Kerr for equal mass and
angular momentum. Nevertheless, we want to emphasize that the multipole moments
are generically different from those of the Kerr black hole, so that they remain a good
distinguishing criteria and can be observationally relevant.
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5 Conclusions

In this paper, we have argued for using the almost-BPS class of black holes and microstate
geometries as phenomenological models of black holes. These solutions have two advantages
over the more commonly-used supersymmetric microstate geometries: first, our solutions
are not supersymmetric and in particular can have a large mass over charge ratio. Second,
and most importantly, the almost-BPS solutions can have arbitrarily large rotation, in
stark contrast to the supersymmetric geometries which have small and limited angular
momentum (which moreover must vanish in the scaling limit).

There has already been a considerable body of work studying supersymmetric mi-
crostate geometries as phenomenological models [20]. While these geometries already give
rise to interesting observable phenomena, it is important to start considering string theory
geometries that are more realistic and can be made to resemble actual astrophysical black
holes more closely. The almost-BPS class of black holes and their microstates thus present
a prime target for phenomenological study.

We initiated the phenomenological study of almost-BPS geometries here by describ-
ing their multipoles (and multipole ratios) in some detail. As we have mentioned in sec-
tion 3.3.2, the particular family of almost-BPS black holes we have considered can be tuned
(by choosing the parameter h) such that the quadrupole moment matches that of a Kerr
black hole (with equal mass and angular momentum); the deviations of the almost-BPS
black hole from Kerr then only show up at higher multipole moments — such deviations at
higher multipole orders will be harder (but not impossible) to detect at future experiments.

In addition, the almost-BPS black holes break equatorial symmetry θ ↔ π − θ by
having non-zero parity-odd multipoles (M2n+1 and S2n). Equatorial symmetry breaking
of black holes has been largely unexplored phenomenologically; it would be interesting to
understand if this can lead to clear observational signatures [56].

Recent studies of supersymmetric microstate geometries include the analysis of their
shadows and images [57] (relevant for EHT observations), and scalar field echoes on these
geometries [58] (relevant for the ringdown phase in mergers). These studies showed the
intricate and subtle behavior that allows the supersymmetric microstate geometries to
behave very similarly to a black hole, but nevertheless allowing for certain observable
signatures when far from the scaling point. Expanding these studies to include almost-BPS
black holes and their microstates would show how moving away from supersymmetry and
adding rotation will alter these mechanisms, and is an important next step to understand
possible observable signatures of string theoretic black hole models.
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A The almost-BPS ansatz in different dimensions

Our microstate geometries can be dualized to many duality frames, some of which are
better suited for their description than others. In particular, in the duality frame in which
the charges of the black hole correspond to D1 branes, D5 branes, momentum and KKM
charge, some of the supertube centers that appear singular from a four- or five-dimensional
perspective are smooth. These IIB solutions on T4 can be trivially truncated to six-
dimensional N = (1, 0) supergravity coupled to one extra tensor multiplet, which then can
be reduced to four-dimensional N = 2 supergravity with three extra vector multiplets.

A.1 Six-dimensional frame

Six-dimensional N = (1, 0) supergravity coupled to a tensor multiplet has the following
bosonic fields coming from the graviton multiplet and the extra tensor multiplet [59–62]:

• A gravitational field gµν .
• 2 two-form gauge fields BI

µν and their field strengths GI = d6B
I .

• 2 scalars vI in the coset space SO(1, 1)/SO(1). It is convenient to group them into a
constrained SO(1, 1) matrix:

S =

vI
xI

 , I = 0, 1 ,

vIv
I = 1 , vIvJ − xIxJ = ηIJ , vIxI = 0 ,

(A.1)

where the scalar indices, I or J , are raised by the SO(1, 1) Minkowski metric in
light-cone coordinates with the mostly-minus signature,

η =

0 1
1 0

 . (A.2)

The scalars are involved in the tensor dynamics through the metric

MIJ =
(
ηSTSη

)
IJ

= vIvJ + xIxJ = 2 vIvJ − ηIJ ,

which dictates the twisted self-duality conditions of the tensors

MIJG
J = ηIJ ?6 G

J . (A.3)

This implies that the tensor vIGI is self-dual and belongs to the gravity multiplet whereas
the tensor xIGI is anti self-dual and belongs to the tensor multiplet. One can write down
a “pseudo-action” [60, 62]

(16πG6)S6 =
∫
d6x
√
−g

(
R− ηIJ ∂µvI∂µvJ −

1
3MIJ G

I
µνρG

J µνρ
)
, (A.4)
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The dynamics of the solutions of the action given in (A.4) is governed by the following
Einstein-Maxwell-scalar equations [60, 62]19

Rµν + ∂µv
I∂νvI −MIJ G

I
µαβG

J
ν
αβ = 0 ,

xMI d6 ?6 d6v
I + 4xMI vJ GI ∧ ?6G

J = 0 ,
d6G

I = 0.
(A.5)

We work with the floating-brane ansatz [53] that encompasses BPS and almost-BPS so-
lutions. The axisymmetric solutions we consider have three spatial isometries and a flat
three-dimensional base. The two isometries are parametrized by the coordinate y and the
angle ψ, whereas the flat space is parameterized by the spherical coordinates (ρ, θ, φ):

v1 =
√
Z2
2Z1

, G1 = 1√
2

[
?4d4Z2−d6

(√
Z2
Z1

(dt+ω)∧(dy+β)
)

+(dy+β)∧Θ1
]
,

v2 =
√
Z1
2Z2

, G2 = 1√
2

[
?4d4Z1−d6

(√
Z1
Z2

(dt+ω)∧(dy+β)
)

+(dy+β)∧Θ2
]
,

ds2
6 =− 1

Z3
√
Z1Z2

(dt+ω)2+
√
Z1Z2 ds4(B)2+ Z3√

Z1Z2
(dy+β−Z−1

3 (dt+ω))2 ,

(A.6)

where ds4(B)2 is a Gibbons-Hawking metric

ds4 (B)2 = V −1
(
dψ − w0

)2
+ V

(
dρ2 + ρ2

(
dθ2 + sin2 θ dφ2

))
, ?3d3w

0 = ± d3V

(A.7)
and we have defined

ω = µ
(
dψ − w0

)
+$ , β = K3

(
dψ − w0

)
+w3 , Θa = d4

(
Ka

(
dψ − w0

)
+ wa

)
.

(A.8)
The “±” for the connection w0 corresponds to different choice of orientation that leads
to different types of solution. In our conventions the minus sign gives supersymmetric
solutions while the plus sign gives almost-BPS solutions [11, 14].

A.2 Five-dimensional frame

The STU model can be embedded in five-dimensional N = 2 supergravity coupled to
two extra vector multiplets. It can be obtained from a KK reduction along y of the six-
dimensional frame studied above [63] or more generically from the low-energy limit of M
theory on T6 [64].

Five-dimensional N = 2 supergravity coupled to 2 vector multiplets has the following
bosonic-field content:

• One gravitational field gµν .
• Three U(1) vector gauge fields AIµ and their field strengths F I = d5A

I . One is
coming from the graviton multiplet and is usually referred as the “graviphoton” and
the others come from the extra vector multiplets.

• Three scalars XI in the symmetric space SO(1, 1)× (SO(1, 2)/SO(2)).

19We used the self-duality condition to simplify the equations. This also reduces the usual Maxwell
equations for the tensor fields to the Bianchi identity.
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One can write down the five-dimensional action for the bosonic fields [65, 66]

(16πG5)S5 =
∫
d5x
√
−gR−QIJ

∫ (
F I∧?5F

J−d5X
I∧?5d5X

J
)

+ |εIJK |6

∫
AI∧F J∧FK ,

(A.9)
where εIJK is the antisymmetric Levi-Civita tensor and the coupling QIJ depends on the
scalars via [65, 66]

QIJ = 9
2 XIXJ −

1
2 |εIJK |X

K . (A.10)

The dynamics of solutions of the action given in (A.9) is governed by the following Einstein-
Maxwell-scalar equations [67]

Rµν +QIJ

(
∂µX

I∂νX
J + F Iµρ F

J
ν
ρ − 1

6 gµν F
I
ρσ F

Jρσ
)

= 0 ,

d5
(
QIJ ?5 F

J
)

+ 1
4 CIJK F

J ∧ FK = 0 ,

−d5 ?5 d5XI +
(
CIJKXLX

K − 1
6CILJ

)(
FL ∧ ?5F

J − dXL ∧ ?5dX
J
)

= 0 .

(A.11)

In the floating-brane ansatz [53], we have

XI = ZI

(Z1Z2Z3)1/3 =
(
XI
)−1

, F I = d5A
I = d5

(
−dt+$

ZI
+
(
KI− µ

ZI

)(
dψ−w0

)
+wI

)
,

ds2
5 =−(Z1Z2Z3)−

2
3
(
dt+µ

(
dψ−w0

)
+$

)2
+(Z1Z2Z3)

1
3 ds(B)2 ,

(A.12)

where ds(B)2 is the Gibbons-Hawking metric (A.7).

A.3 Four-dimensional frame and the STU model

The further reduction along the ψ isometry direction leads to four-dimensional N = 2
supergravity coupled to three vector multiplets. Now, there are four gauge fields, AΛ, for
Λ = {0, I} = {0, 1, 2, 3}, with one belonging to the supergravity multiplet (A0 is induced
by the metric fibration along ψ in five dimensions). The four-dimensional metric for the
floating-brane ansatz takes the form

ds2
4 = −I4

− 1
2 (dt+$)2 + I4

1
2 ds2

3 ,

I4 = Z1Z2Z3V − µ2V 2 .
(A.13)

We have three complex scalars

zI = KI − µ

ZI
− i
√
I4

V ZI
, (A.14)

Then, the four gauge fields are

A0 = µV 2

I4
(dt+$) + w0 , AI = − V

I4 ZI

(
Z1Z2Z3 − µV KIZI

)
(dt+$) + wI .

(A.15)
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More generally, the reduction to four dimensions leads to the four-dimensional STU model,
for a Lagrangian of the form

L4 = 1
2R− gIJ∂µz

I∂µz̄J + 1
8IΛΣF

Λ
µνF

Σµν + 1
8RΛΣF

Λ
µν (∗4F )Σµν (A.16)

with (∗4F )µν = 1
2
√
−gεµνρσF ρσ and FΛ = dAΛ. Relabelling the scalar fields as zI = {S =

σ − is, T = τ − it, U = v − iu}, the metric of the scalar σ -model gIJ follows from the
Kähler potential

K = − log(8stu) (A.17)

the gauge kinetic couplings are

I = −stu


1 + σ2

s2 + τ2

t2 + v2

u2 − σ
s2 − τ

l2 −
v
u2

− σ
s2

1
s2 0 0

− τ
l2 0 1

t2 0
− v
u2 0 0 1

u2

 (A.18)

and the axionic couplings are

R =


2στv −τv −σv −στ
−τv 0 v τ

−σv v 0 σ

−στ τ σ 0

 (A.19)

We are interested in computing electric and magnetic charges in four dimensions, which
requires us to compute the electromagnetic dual of AΛ, AΛ. From the Lagrangian, we see
that the dual field strength is not simply given by the Hodge star of F . Instead, we have

GΛ = dAΛ = RΛΣ F
Σ − IΛΣ ∗4 FΣ . (A.20)

One can then rewrite the STU Lagrangian with the dual field and obtain a more usual
Maxwell term, with a trivial electric coupling:

L4 = 1
2R− gIJ∂µz

I∂µz̄J + 1
8F

Λ
µν (∗4GΛ)µν (A.21)

This non-trivial electromagnetic duality gives a non-standard charge lattice obtained from

Γ = − 1
4π

∫
S2
∞

F =


q0

qI

pI

p0

 , (A.22)

where S2
∞ is the asymptotic two-sphere parametrized by θ and φ and where

Fµν =

GΛµν

FΛ
µν

 . (A.23)
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Thus, we need to compute the value of AΛ as well. We have

AΛ = ζΛ(dt+$) + vΛ , (A.24)

where the important parts encoding the electric charges, vΛ, are present in the expressions
of the tensors of the six-dimensional solution described above.

The magnetic charges pΛ and the electric charges qλ are obtained by integrating:

pΛ = − 1
4π

∫
S2
∞

dAΛ = − 1
4π

∫
S2
∞

dwΛ , qλ = − 1
4π

∫
S2
∞

dAΛ = − 1
4π

∫
S2
∞

dvΛ . (A.25)

A.4 Equations of motion

The almost-BPS solutions are stationary solutions governed by the following reduced equa-
tions of motion

d ?3 dZI = |εIJK |2 V d ?3 d
(
KJKK

)
, d (µV )− ?3d$ = V ZI dK

I ,

?3dw
0 = dV , ?3dw

I = KI dV − V dKI ,

?3dv0 = ZIdKI −KIdZI + V d
(
K1K2K3

)
−K1K2K3 dV ,

?3dvI = dZI −
|εIJK |

2
(
V d(KJKK)−KJKK dV

)
,

(A.26)

where εIJK is the three-dimensional Levi-Civita tensor and ?3 is the Hodge star in the
three-dimensional flat base. When considering more general U(1)N supergravities in five
dimensions and the four-dimensional reductions thereof, |εIJK | is replaced by the corre-
sponding symmetric tensor CIJK .

By resolving these equations, one can extract the four-dimensional metric (A.13), the
three scalars, zI (A.14), the four gauge fields, AΛ (A.15), and their duals AΛ (A.24), using
the fact that [14]

ζ0 = I4
−1
[
Z1Z2Z3 − µV

(
V K1K2K3 +

∑
I

ZIK
I

)
+ V

∑
J<K

KJKKZJZK

]
,

ζI = I4
−1

ZI
µ−∑

J 6=I
KJZJ

+ |εIJK |2 V µKJKK

 . (A.27)

B Almost-BPS black hole: details

To complement the presentation of the metric of the almost-BPS black hole in the four-
dimensional frame on section 3.1, we give the relevant expressions for the gauge fields and
scalars. We have considered a single-center solution given by

V =h+Q0
ρ
, ZI = 1

h
+QI
ρ
, KI = 0 , µV =m∞+αcosθ

ρ2 , $=−αsin2 θ

ρ
dφ.

(B.1)
The equations of motion (A.26) are solved by

$=−αsin2 θ

ρ
dφ, w0 =Q0 cosθdφ, wI = 0 , v0 = 0 , vI =QI cosθdφ. (B.2)
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Scalars. The three scalars are given by (A.14), which gives for the almost-BPS black hole:

zI = − m∞ ρ
2 + α cos θ

(Q0 + hρ)
(
QI + ρ

h

) − i ∆
(Q0 + hρ)

(
QI + ρ

h

) , (B.3)

where ∆ has been defined in (3.3).

Gauge fields. The gauge fields are given by the generic equation (A.15), which for the
black hole gives20

A0 = Q0 cos θ dφ+
(
m∞ ρ

2 + α cos θ
)

(Q0 + h ρ)
∆2

(
ρ dt− α sin2 θ dφ

)
− hm∞ dt ,

AI = −Q0 + h ρ

∆2

∏
J 6=I

(
QJ + ρ

h

) (
ρ dt− α sin2 θ dφ

)
+ h−1 dt .

(B.4)

Using (A.24), we can also derive the dual gauge fields, AΛ:

A0 =
∏
I

(
QI + ρ

h

)
∆2

(
ρ dt− α sin2 θ dφ

)
− h−3 dt ,

AI = QI cos θ dφ+
(
m∞ ρ

2 + α cos θ
) (
QI + ρ

h

)
∆2

(
ρ dt− α sin2 θ dφ

)
− h−1m∞ dt .

(B.5)

C Axisymmetric almost-BPS multicenter solutions in Taub-NUT

In this section, we review the solutions derived in [12] for axisymmetric multi-center con-
figurations in Taub-NUT where the centers are at positions aj on the z axis of the R3 base,
j = 1 . . . n. We consider the Taub-NUT harmonic function sourced at the center of the R3

spherical coordinates (ρ, θ, φ):

V = h+ Q0
ρ
, w0 = Q0 cos θ dφ .

We assume that the centers that source the vector fields are all distinct from the Taub-
NUT center, aj 6= 0. The shifted spherical coordinates around the jth center, (ρj , θj , φ),
are given by

ρj =
√
ρ2 + a2

j − 2ρ aj cos θ cos θj = ρ cos θ − aj
ρj

. (C.1)

We will sometimes use the index j = 0 to denote the Taub-NUT center (ρ0, θ0) = (ρ, θ)
and a0 = 0. We proceed step by step by solving first the magnetic field strengths before
the warp factors and the angular momentum one-form. We end the discussion by deriving
the regularity constraints.

20Note that we have gauged away the irrelevant asymptotics of the gauge fields by adding −hm∞dt and
h−1dt to A0 and AI respectively.
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• The anti-self dual magnetic two-forms ΘI :

The two-form field strengths, ΘI , are given by (A.8) with Θ3 = dβ. We will assume
for simplicity that the KI are harmonic with no constant terms and no source at the
Taub-NUT center

KI =
n∑
j=1

k
(j)
I

ρj
. (C.2)

For axisymmetric center configurations, we have

∗3 dwI = KIdV − V dKI ⇒ wI = −
n∑
j=1

k
(j)
I

(
h cos θj +Q0

ρ− aj cos θ
ρj aj

)
dφ . (C.3)

• The warp factors ZI :

The warp factors, ZI , are determined by the harmonic equations with quadratic
sources (A.26). For axisymmetric centers in Taub-NUT, the generic solutions are

ZI = LI + |εIJK |2

n∑
j,k=1

(
h+ Q0 ρ

ajak

)
k

(j)
J k

(k)
K

ρjρk
. (C.4)

The functions LI are the electric harmonic functions one can freely add to the ZI :

LI = l∞I + Q
(0)
I

ρ
+

n∑
j=1

Q
(j)
I

ρj
.

• The angular momentum one-form ω:

The last equation of the first line in (A.26) determines the two components, µ and $,
of the angular momentum one-form, ω. The source terms are

V ZId3K
I =

n∑
j=1

l∞I k
(j)
I

(
h s

(1)
j +Q0 s

(2)
j

)
+

n∑
j=1

Q
(j)
I k

(j)
I

(
h s

(3)
j +Q0 s

(4)
j

)

+
n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

(
h s

(5)
ij +Q0 s

(6)
ij

)

+ |εIJK |2

n∑
i,j,k=1

k
(i)
I k

(j)
J k

(k)
K

(
h2 s

(7)
ijk +Q2

0 s
(8)
ijk + hQ0 s

(9)
ijk

)
.

(C.5)

where we have defined 9 generating functions, s(α),

s
(1)
j ≡ d3

(
1
ρj

)
, s

(2)
j ≡

1
ρ
d3

(
1
ρj

)
, s

(3)
j ≡

1
ρj
d3

(
1
ρj

)
, s

(4)
j ≡

1
ρρj

d3

(
1
ρj

)
,

s
(5)
ij ≡

1
ρi
d3

(
1
ρj

)
, s

(6)
ij ≡

1
ρρi

d3

(
1
ρj

)
, s

(7)
ijk≡

1
ρi ρj

d3

(
1
ρk

)
+perm. ,

s
(8)
ijk≡

1
ai ajρi ρj

d3

(
1
ρk

)
+perm. , s

(9)
ijk≡

(
1
ρ

+ ρ

ai aj

)
1

ρi ρj
d3

(
1
ρk

)
+perm. . (C.6)
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We define the corresponding pairs of solutions (f (α), t(α)) that solve

d3 f
(α) − ?3d3 t

(α) = s(α) .

One can also freely add the pair of solution (f (10), t(10)) of the homogeneous equation

f (10) = M , ?3d3t
(10) = d3M , (C.7)

where M is a harmonic function that generically takes the form

M = m∞ + m(0)

ρ
+ α

cos θ
ρ2 +

n∑
j=1

m(j)

ρj
+ αj

cos θj
ρ2
j

, (C.8)

which leads to

t(10) = $0 dφ+m(0) cos θ dφ− α sin2 θ

ρ
dφ+

∑
j

(
m(j) cos θj − αj

ρ2 sin2 θj
ρ3
j

)
dφ (C.9)

Solving for each generating functions s(α) gives

f
(1)
j = 1

2 ρj
, t

(1)
j = −1

2 cos θj dφ , f
(2)
j = 1

2 ρ ρj
, t

(2)
j = −1

2
ρ− aj cos θ

aj ρj
dφ ,

f
(3)
j = 1

2 ρj2 , t
(3)
j = 0 , f

(4)
j = cos θ

2 aj ρj2 , t
(4)
j = −ρ sin2 θ

2 aj ρj2 dφ ,

f
(5)
ij = 1

2 ρi ρj
, t

(5)
ij = ρ2 + aiaj − (ai + aj)ρ cos θ

2(ai − aj)ρiρj
dφ , f

(7)
ijk = 1

ρiρjρk
, t

(7)
ijk = 0 ,

f
(6)
ij = ρ2 + aiaj − 2ajρ cos θ

2 aj (ai − aj)ρρiρj
, t

(6)
ij = ρ (ai + aj cos 2θ)−

(
ρ2 + aiaj

)
cos θ

2aj(aj − ai)ρiρj
dφ ,

f
(8)
ijk = ρ cos θ

aiajakρiρjρk
, t

(8)
ijk = − ρ2 sin2 θ

aiajakρiρjρk
dφ ,

f
(9)
ijk = ρ2 (ai + aj + ak) + aiajak

2aiajak ρ ρiρjρk
,

t
(9)
ijk = −ρ

3 + ρ (aiaj + aiak + ajak)−
(
ρ2(ai + aj + ak) + aiajak

)
cos θ

2aiajak ρiρjρk
dφ ,

(C.10)

The complete expression for µ and $ is then

µ =
n∑
j=1

l∞I k
(j)
I

2ρj
+

n∑
j=1

Q
(j)
I k

(j)
I

2V ρ2
j

(
h+ Q0 cos θ

aj

)

+
n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

2V ρiρj

(
h+Q0

ρ2 + aiaj − 2ajρ cos θ
aj (ai − aj) ρ

)

+
n∑

i,j,k=1

k
(i)
1 k

(j)
2 k

(k)
3

V ρiρjρk

(
h2 +Q0

2 ρ cos θ
aiajak

+ hQ0
ρ2 (ai + aj + ak) + aiajak

2aiajakρ

)
+ M

V
,

(C.11)
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$=

−
n∑
j=1

l∞I k
(j)
I

2

(
hcosθj+Q0

ρ−aj cosθ
ajρj

)
dφ−

n∑
j=1

Q
(j)
I k

(j)
I

Q0 ρsin2 θ

2ajρ2
j

dφ

+
n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

2(ai−aj)ρiρj

(
h
(
ρ2+aiaj−(ai+aj)ρcosθ

)
−Q0

ρ(ai+aj cos2θ)−
(
ρ2+aiaj

)
cosθ

aj

)
dφ

−
n∑

i,j,k=1

k
(i)
1 k

(j)
2 k

(k)
3

aiajakρiρjρk

(
Q0

2ρ2 sin2 θ+hQ0
ρ3+ρ(aiaj+aiak+ajak)−

(
ρ2(ai+aj+ak)+aiajak

)
cosθ

2

)
dφ

+$0 dφ+m(0) cosθdφ−α sin2 θ

ρ
dφ+

n∑
j=1

(
m(j) cosθj−αj

ρ2 sin2 θj
ρ3
j

)
dφ. (C.12)

• The electric one-forms vΛ:

Since we are interested in the profile of the solutions in four dimensions, we need to derive
the electromagnetic dual gauge fields AΛ (A.24). For this purpose we need to integrate the
equations for the one-forms vΛ (A.26). We first decompose the source terms by defining
some generating functions:

?3d3vI = Q
(0)
I ?3 d3T

(0) +
n∑
j=1

Q
(j)
I ?3 d3T

(1)
j + |εIJK |2

n∑
j,k=1

Q0k
(j)
J k

(k)
K

ajak
?3 d3T

(3)
jk ,

?3d3v0 = l∞I

n∑
j=1

k
(j)
I ?3 d3T

(1)
j +Q

(0)
I

n∑
j=1

k
(j)
I ?3 d3T

(2)
j +

n∑
j,k=1

Q
(j)
I k

(k)
I ?3 d3T

(4)
jk

+ |εIJK |6

n∑
i,j,k=1

Q0k
(i)
I k

(j)
J k

(k)
K ?3 d3T

(5)
ijk ,

(C.13)

where T (0), T (1)
j , T (2)

j , T (3)
jk , T (4)

jk and T (5)
ijk satisfy

?3dT
(0) = d

(1
ρ

)
, ?3dT

(1)
j = d

(
1
ρj

)
, ?3dT

(2)
j = 1

ρ
d

(
1
ρj

)
− 1
ρj
d

(1
ρ

)
,

?3dT
(3)
jk =

(
1− ajak

ρ2

)
d

(
ρ

ρjρk

)
, ?3dT

(4)
jk = 1

ρj
d

( 1
ρk

)
− 1
ρk
d

(
1
ρj

)
, (C.14)

?3dT
(5)
ijk =

(
1
aiaj

+ 1
ρ2 −

1
aiak

− 1
ajak

)
ρ

ρiρj
d

( 1
ρk

)

+
(

1
aiak

+ 1
ρ2 −

1
aiaj

− 1
ajak

)
ρ

ρiρk
d

(
1
ρj

)

+
(

1
ajak

+ 1
ρ2 −

1
aiaj

− 1
aiak

)
ρ

ρjρk
d

( 1
ρi

)

+
(
− 1
ρ2 + 1

aiaj
+ 1
aiak

+ 1
ajak

)
ρ2

ρiρjρk
d

(1
ρ

)
. (C.15)
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We find

T (0) = cos θ dφ , T
(1)
j = cos θj dφ , T

(2)
I = ρ− aj cos θ

aj ρj
dφ ,

T
(3)
jk = (ρ2 + ajak) cos θ − (aj + ak)ρ

ρjρk
dφ , T

(4)
jk = ρ2 + ajak − (aj + ak)ρ cos θ

(ak − aj) ρjρk
dφ ,

T
(5)
ijk = ρ3 + ρ(aiaj + aiak + ajak)−

(
ρ2(ai + aj + ak) + aiajak

)
cos θ

aiajak ρiρjρk
dφ . (C.16)

Thus, v0 and vI are given by

vI =Q
(0)
I cosθdφ+

n∑
j=1

Q
(j)
I cosθj dφ+ |εIJK |2

n∑
j,k=1

Q0k
(j)
J k

(k)
K

(
ρ2+ajak

)
cosθ−(aj+ak)ρ

ajak ρjρk
dφ,

v0 = l∞I

n∑
j=1

k
(j)
I cosθj dφ+Q(0)

I

n∑
j=1

k
(j)
I

ρ−aj cosθ
aj ρj

dφ+
n∑

(j 6=k)=1
Q

(j)
I k

(k)
I

ρ2+ajak−(aj+ak)ρcosθ
(ak−aj) ρjρk

dφ

+ |εIJK |6

n∑
i,j,k=1

Q0k
(i)
I k

(j)
J k

(k)
K

ρ3+ρ(aiaj+aiak+ajak)−
(
ρ2(ai+aj+ak)+aiajak

)
cosθ

aiajak ρiρjρk
dφ.

(C.17)

• The regularity constraints:

The solutions constructed above are regular if:

- The one-form $ does not have Dirac-Misner string and must vanish on the z-axis.
- The absence of closed timelike curves requires the positivity of some metric compo-
nents. It leads to

ZI V ≥ 0 , I4 ≡ Z1Z2Z3 V − µ2V 2 ≥ |$|2 . (C.18)

The first condition implies n + 1 algebraic equations. One can make these constraints
explicit, for example, by solving them with respect to the n + 1 variables $0, m(0) and
m(i) for i = 1, . . . , n. If one considers, for definiteness, a configuration in which all the
poles ai lie on one side of the Taub-NUT center (0 < a1 < . . . < an), then the regularity
constraints are:

$0 =Q0

n∑
j=1

l∞I k
(j)
I

2aj
+h

n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

2(aj−ai)
+hQ0

n∑
i,j,k=1

k
(i)
1 k

(j)
2 k

(k)
3

2aiajak
,

m(0) =−Q0

n∑
j=1

l∞I k
(j)
I

2aj
−h

n∑
j=1

Q
(0)
I k

(j)
I

2aj
+Q0

n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

2aj (aj−ai)
−hQ0

n∑
i,j,k=1

k
(i)
1 k

(j)
2 k

(k)
3

2aiajak
,

m(i) = l∞I k
(i)
I

2

(
h+Q0

ai

)
+

n∑
j=1

1
2|ai−aj |

[
Q

(j)
I k

(i)
I

(
h+Q0

ai

)
−Q(i)

I k
(j)
I

(
h+Q0

aj

)]

+hQ0
2

k(i)
1 k

(i)
2 k

(i)
3

a3
i

+ |εIJK |2
k

(i)
I

ai

n∑
j,k=1

sign(aj−ai)sign(ak−ai)
k

(j)
J k

(k)
K

ajak

 (i≥ 1) .

(C.19)
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Those equations are equivalent to the Denef equations or bubble equations [46, 68, 69]
but for almost-BPS solutions. The requirement that the quartic invariant be everywhere
positive does not translate in a set of algebraic conditions and must be verified for all (ρ, θ).

C.1 Three-center solution

For the family of three-center solutions used in the text in section 4.1.2, the one-forms
(vΛ, w

Λ) that encodes the charges of the gauge fields are given by:

w0 =Q0 cosθdφ, w1 = 0 ,

w2 =−k(2)
(
hcosθ2+Q0

ρ−a2 cosθ
ρ2a2

)
dφ, w3 =−k(3)

(
hcosθ3+Q0

ρ−a3 cosθ
ρ3a3

)
dφ,

v0 = k(2)

h
cosθ2 dφ+ k(3)

h
cosθ3 dφ−

(
k(2)Q

(3)
2 −k

(3)Q
(2)
3

) ρ2+a2a3−(a2+a3)ρcosθ
(a3−a2) ρ2ρ3

dφ,

v1 =Q
(2)
1 cosθ2 dφ+Q(3)

1 cosθ3 dφ+Q0k
(2)k(3)

(
ρ2+a2a3

)
cosθ−(a2+a3)ρ

a2a3 ρ2ρ3
dφ,

v2 =Q
(3)
2 cosθ3 dφ, v3 =Q

(2)
3 cosθ2 dφ.

(C.20)

D Multipole moments of multicenter almost-BPS solutions in Taub-
NUT

In this section, we will compute the multipole moments of axisymmetric multicenter almost-
BPS solutions. Given the expression of the fields ZI (C.4) and µ (C.11)), the procedure
constructed in [18] to compute multipole moments of BPS multicenter solutions does not
apply here, so in the following we generalize this procedure to almost-BPS multicenter
solutions.

D.1 Algebra of multipole-decomposable functions

We expand every pole 1/ρi on the z-axis with the multipole expansion in Legendre poly-
nomials Pl:

1
ρi

= 1√
ρ2 + a2

i − 2rai cos θ
=
∞∑
l=0

ai
lPl(cos θ)

ρl+1 . (D.1)

Let F be a function such as

F = f∞ +
∞∑
l=0

1
ρl+1 [Pl(cos θ)Dl(F ) + (lower harmonics than Pl(cos θ))] , (D.2)

where the “lower harmonics” are comprised of products of Legendre polynomials Pl1 . . . Plm
with ∑j lj < l. In other terms, the polynomial degree of lower harmonic terms Pl1 . . . Plm
is at most X l−1. We say that these functions “decompose into a multipole expansion”,
and will call the class of these functions to be “multipole-decomposable”. For instance, a
harmonic function G expands as

G = g∞ +
∑
i

g(i)

ρi
= g∞ +

∑
i

g(i)
∞∑
l=0

ai
lPl(cos θ)

ρl+1 , (D.3)
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so H is multipole-decomposable and its multipole decomposition at order l is Dl(H) =∑
i g

(i)ali.
Applied on the vector space of multipole-decomposable functions, the multipole de-

composition operator Dl satisfies linearity. When we multiply two multipole-decomposable
functions together, at O(ρ−(l+1)) we get:

(FAFB)O(ρ−l−1) = (f∞A Dl(FB) + f∞B Dl(FA))Pl(cos θ)
ρl+1 + LHl

ρl+1 , (D.4)

where LHl denotes terms with lower harmonics than Pl (which are polynomials in cos θ of
degree less or equal to l − 1). Thus, the vector space is an algebra and we read

Dl(FAFB) = f∞A Dl(FB) + f∞B Dl(FA) . (D.5)

To extract the l-th multipole from a generic functional f(F1, . . . , FN ) of multipole-
decomposable functions FA, the formula above generalizes to:

Dl [f(F1, . . . , FN )] =
N∑
B=1

∂f∞B [f(F1, . . . , FN )∞]Dl(FB) , (D.6)

where we introduced the notation f(F1, . . . , FN )∞ := limr→∞ f(F1, . . . , FN ) to denote the
functional evaluated when the radius r is taken to infinity; this can be thought as a function
of the moduli f∞A .

D.2 Mass multipoles

We want to compute the multipole moments of a class of almost-BPS bubbling multi-center
solutions whose four-dimensional metric is:

ds2 = −(Q(FI))−1/2(dt+ ω)2 + (Q(FI))1/2
(
dρ2 + ρ2dθ2 + ρ2 sin2 θdφ2

)
, (D.7)

where the warp factor of the four-dimensional solution Q(H) is given by the expression:

Q(F1, . . . , FN ) = Z1Z2Z3V − (µV )2. (D.8)

In this class of almost-BPS solutions, only five moduli f∞ are potentially turned on:
l∞1 , l∞2 , l∞3 , h ≡ v∞ and m∞.21 Therefore, we will use the following five multipole-

21By comparison, the class of BPS solutions in the same STU model will admit in addition the magnetic
moduli k∞1 , k∞2 , k∞3 .

– 36 –



J
H
E
P
1
0
(
2
0
2
1
)
1
3
8

decomposable functions FI = (Z1, Z2, Z3, V, µV ):

ZI = l∞I +Q
(0)
I

ρ
+

n∑
j=1

Q
(j)
I

ρj
+ |εIJK |2

n∑
j,k=1

(
h+Q0 ρ

ajak

)k(j)
J k

(k)
K

ρjρk
,

V =h+Q0
ρ

µV =m∞+m(0)

ρ
+

n∑
j=1

m(j)

ρj
+αcosθ

ρ2 +
n∑
j=1

αj
cosθj
ρ2
j

+
∑
j

l∞I k
(j)
I

(
hf

(1)
j +Q0 f

(2)
j

)
+
∑
j

Q
(j)
I k

(j)
I

(
hf

(3)
j +Q0 f

(4)
j

)

+
n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

(
hf

(5)
ij +Q0 f

(6)
ij

)
+CIJK

6
∑
i,j,k

k
(i)
I k

(j)
J k

(k)
K

(
h2 f

(7)
ijk+Q0

2 f
(8)
ijk+hQ0 f

(9)
ijk

)
(D.9)

where the functions f (m)
i , f (m)

ij and f
(m)
ijk are given in appendix C and are multipole-

decomposable.
We wish to apply (D.6) with f(Z1, Z2, Z3, V, µV )=−Q− 1

2 =−
(
Z1Z2Z3V − (µV )2)− 1

2 .
As the quartic invariant at infinity equals

Q∞ = l∞1 l
∞
2 l
∞
3 h−m∞2 , (D.10)

we deduce

Dl

[
−Q−

1
2
]

= 1
2 l
∞
1 l
∞
2 l
∞
3 Dl[V ]+ 1

2h(l∞1 l∞2 Dl[Z3]+l∞2 l∞3 Dl[Z1]+l∞3 l∞1 Dl[Z2])−m∞Dl[µV ] ,
(D.11)

where we have used that Q−
3
2∞ = 1 since we want to have an asymptotic flat space R3. Thus,

it remains to compute Dl[FI ]; by linearity, we only need to compute Dl[f (m)
i ], Dl[f (m)

ij ]
and Dl[f (m)

ijk ].
By reading off the coefficient of the leading-degree monomial in cos θ, we deduce that

1
ρiρj

expands as

1
ρiρj

=
∞∑
l=1

1
ρl+1

p,q≥0∑
p+q=l−1

ai
paj

qPpPq

=
∞∑
l=1

1
ρl+1

[
q

(2)
l−1(ai, aj)Pl−1 + LHl−1

]
,

(D.12)

where the bivariate polynomial q(2)
n is defined as

q(2)
n (ai, aj) ≡

1(2n
n

) ∑
p+q=n

(
2p
p

)(
2q
q

)
ai
paj

q . (D.13)

Similarly, we define the multivariate polynomial q(3)
n :

q(3)
n (ai, aj , ak) ≡

1(2n
n

) ∑
p+q+s=n

(
2p
p

)(
2q
q

)(
2s
s

)
ai
paj

qak
s . (D.14)
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Note that
q(2)
n (1, 1) = 4n(2n

n

) , q(3)
n (1, 1, 1) = 2n+ 1 . (D.15)

The following functions then expand as

ρ

ρiρj
=
∞∑
l=0

1
ρl+1

[
q

(2)
l (ai, aj)Pl + LHl

]
(D.16)

1
ρiρjρk

=
∞∑
l=2

1
ρl+1

[
q

(3)
l−2 (ai, aj , ak)Pl−2 + LHl−2

]
(D.17)

ρ

ρiρjρk
=
∞∑
l=1

1
ρl+1

[
q

(3)
l−1 (ai, aj , ak)Pl−1 + LHl−1

]
(D.18)

ρ2

ρiρjρk
=
∞∑
l=0

1
ρl+1

[
q

(3)
l (ai, aj , ak)Pl + LHl

]
. (D.19)

Following Bonnet’s recursion formula, we have, for l ≥ 1, XPl−1 = l
2l−1Pl + LHl. We

deduce

cos θ
ρiρj

=
∞∑
l=1

1
ρl+1

[
q

(2)
l−1(ai, aj)

l

2l − 1Pl + LHl
]

(D.20)

ρ cos θ
ρiρjρk

=
∞∑
l=1

1
ρl+1

[
q

(3)
l−1(ai, aj , ak)

l

2l − 1Pl + LHl
]

(D.21)

cos θi
ρ2
i

= r cos θ − ai
ρ3
i

=
∞∑
l=1

1
ρl+1

[
q

(3)
l−1(1, 1, 1) l

2l − 1a
l−1
i Pl + LHl

]
. (D.22)

Thus, we deduce the expansions Dl[f (m)
i ], Dl[f (m)

ij ] andDl[f (m)
ijk ], which in turn, provide

the mass multipoles from (D.11):

4M̃l = l∞1 l
∞
2 l
∞
3 Q0a0

l + h
|εIJK |

2 l∞I l
∞
J

n∑
j=0

Q
(j)
K aj

l + hQ0
∑
J 6=K

l∞J l
∞
K

2

n∑
j,k=1

k
(j)
J k

(k)
K

q
(2)
l (aj , ak)
ajak

− 2m∞
n∑
j=0

m(j)aj
l − 2m∞

n∑
j=0

αj laj
l−1 −m∞hl∞I

n∑
j=1

k
(j)
I aj

l

−m∞Q0

n∑
j=1

Q
(j)
I k

(j)
I

4l−1(2(l−1)
l−1

) l

2l − 1aj
l−2

− 2m∞Q0

n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

 q
(2)
l (ai, aj)

2aj (ai − aj)
− l

2l − 1
q

(2)
l−1(ai, aj)
ai − aj


− 2m∞Q0

2 ∑
1≤i,j,k≤n

k
(i)
1 k

(j)
2 k

(k)
3

l

2l − 1
q

(3)
l−1(ai, aj , ak)
aiajak

.

(D.23)

The position of the Taub-NUT center is fixed at a0 = 0, and a0
l = δl,0. The binomial

coefficient in the third line of (D.23) is not defined for l = 0 but, as it is multiplied by l,
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one can set this term to be zero for l = 0 and extend the formula (D.23) for all l ∈ N. In
particular,

4M̃0 = l∞1 l
∞
2 l
∞
3 Q0 + h

|εIJK |
2 l∞I l

∞
J

n∑
j=0

Q
(j)
K + hQ0

∑
J 6=K

l∞J l
∞
K

2

n∑
j,k=1

k
(j)
J k

(k)
K

1
ajak

− 2m∞
n∑
j=0

m(j) −m∞hl∞I
n∑
j=1

k
(j)
I −m∞Q0

n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

1
aj(ai − aj)

.

(D.24)

and

4M̃1 =h
|εIJK |

2 l∞I l
∞
J

n∑
j=1

Q
(j)
K aj+hQ0

∑
J 6=K

l∞J l
∞
K

2

n∑
j,k=1

k
(j)
J k

(k)
K

aj+ak
ajak

−2m∞
n∑
j=1

m(j)aj−2m∞
n∑
j=0

αj−m∞hl∞I
n∑
j=1

k
(j)
I aj−m∞Q0

n∑
j=1

Q
(j)
I k

(j)
I

1
aj

−2m∞Q0

n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

(
ai+aj

2aj(ai−aj)
− 1
ai−aj

)
−2m∞Q0

2 ∑
1≤i,j,k≤n

k
(i)
1 k

(j)
2 k

(k)
3

aiajak
.

(D.25)

In the scaling limit, we scale the intercenter distances ai → λdi, with di ∼ O(1), and we
keep the charges κ̂(j)

I ≡ k
(j)
I /aj fixed, according to (4.8). The last term of (D.24) naively

scales like −λ−1m∞Q0
∑n
i=0

∑n
j=1,j 6=iQ

(i)
I κ̂

(j)
I (di − dj)−1. However, using the regularity

constraint (C.19), the scaling limit of the mass multipole M0 = M̃0 has no λ−1 term and
is in fact of the form

M̃0 = M̃
(0)
0 + λM̃

(1)
0 . (D.26)

We see from (D.23) that in the scaling limit, the dominant term in M̃l is of order
λl−1 for l ≥ 1.

D.3 Current multipoles

To get the expression of the current multipoles S̃l defined in (2.5), we need to determine
the sin2 θP ′l (cos θ) expansions in 1/ρl (l ≤ 0) of $ ≡ ωφ dφ in (C.12)

ωφ =
∑
j

l∞I k
(j)
I

(
h τ

(1)
j +Q0 τ

(2)
j

)
+
∑
j

Q
(j)
I k

(j)
I

(
h τ

(3)
j +Q0 τ

(5)
j

)

+
n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

(
h τ

(4)
ij +Q0 τ

(6)
ij

)
+ CIJK

6
∑
i,j,k

k
(i)
I k

(j)
J k

(k)
K

(
h2 τ

(7)
ijk +Q0

2 τ
(8)
ijk + hQ0 τ

(9)
ijk

)
+ τ (10) ,

(D.27)

where the one-forms τ (m)dφ ≡ t(m) are given in equations (C.10) and (C.9).
The additional difficulty in the computation of the current multipoles with respect to

the mass multipoles is that in order to check that the metric is AC-∞ in its gtφ part, one
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needs to be able to factorize by sin2 θ in the multipole development of gtφ. To do this, we
consider ωφ as a polynomial in X ≡ cos θ, before doing any expansion in 1

ρl
. The charges

and the poles ai satisfy the regularity constraints in the like of (C.19) to avoid Dirac-Misner
strings on the z-axis, that is to say ωφ(cos θ = 1) = 0 and ωφ(cos θ = −1) = 0. Therefore
ωφ is divisible by (1−X)(1 +X) = 1−X2 = sin2 θ.

We can now read off all the current multipoles simply by looking at the coefficient
in front of the dominant term, X l+1. Any polynomial of degree l or less is then counted
among the lower harmonics. For instance,

ρ2

ρiρj
=
∞∑
l=0

1
ρl

[
q

(2)
l (ai, aj)Pl + LHl

]
(D.28)

is counted among the lower harmonics LHl+1 and does not contribute to the current
multipole. It is easy to see that a generic function of the form

ρn cosm θ
ρi1 · · · ρip

=
∞∑

l=p−n

1
ρl

[
q

(p)
l+n−p(ai1 , . . . , aip)X

mPl+n−p + LHl+n+m−p
]

(D.29)

contributes to a polynomial of degree l + (n + m − p) in the 1
ρl
-expansion. (In practice,

m = 1 orm = 2.) The dominant multipole is a polynomial of degree l+1, which is achieved
when n+m− p = 1.

The last paragraph shows that in the expression gtφ = −2Q−1/2ωφ, Q−1/2 does not
contribute to the current multipoles. Indeed, because Q∞ = 1, we can write Q = 1 +R,
where R comprises only functions of the form (D.29) with n + m − p ≤ −1. Thus, the
same applies to Q−1/2, and the functions of R are absorbed in the lower harmonics of ωφ,
whose highest harmonic generating functions verifiy n+m− p = 1.

The relation between Pn and P ′n

X2 − 1
n

P ′n = XPn − Pn−1 (D.30)

ensures that

XmPl+n−p = (X2 − 1) cl+n−p
cl+n−p+m−1

1
l + n− p+m− 1P

′
l+n−p+m−1 + LHl+n+m−p , (D.31)

where cn = 1
2n
(2n
n

)
is the coefficient of the leading order Xn in Pn. In practice, the functions

that contribute to the dominant current multipole can be developed as

ρp cos θ
ρi1 · · · ρip

= cos θ +
∞∑
l=1

1
ρl

[(
X2 − 1

) 1
l
q

(p)
l

(
ai1 , . . . , aip

)
P ′l + LHl+1

]
,

ρp−1 cos2 θ

ρi1 · · · ρip
=
∞∑
l=1

1
ρl

[(
X2 − 1

) 1
2l − 1q

(p)
l−1
(
ai1 , . . . , aip

)
P ′l + LHl+1

]
.

(D.32)

Notice that XP0 = X = cos θ is not divisible by X2 − 1, so it cannot contribute to any
current multipole.
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Using (D.32), one can derive the expansion of the functions appearing in $ involving
a degree l + 1 polynomial, and by linearity, the expansion of ωφ itself. Finally, factorizing
gtφ = −2Q−1/2ωφ by sin2 θ, one deduces the current multipoles from (2.5)

S̃l = h

4

n∑
j=1

l∞I k
(j)
I aj

l − Q0
4

n∑
j=1

Q
(j)
I k

(j)
I

l

2l − 1
4l−1(2(l−1)
l−1

)aj l−2

− Q0
2

n∑
i=0

n∑
j=1,j 6=i

Q
(i)
I k

(j)
I

 l

2l − 1
q

(2)
l−1(ai, aj)
aj − ai

−
q

(2)
l (ai, aj)

2aj(aj − ai)


− Q0

2

2
∑

1≤i,j,k≤n
k

(i)
1 k

(j)
2 k

(k)
3

l

2l − 1
q

(3)
l−1(ai, aj , ak)
aiajak

− 1
2

n∑
j=0

m(j)aj
l − 1

2

n∑
j=0

αj l aj
l−1 .

(D.33)

It is easy to check that in the scaling limit, one gets the equality

M̃1 = m∞S̃1 , (D.34)

which is consistent with equations (3.8) and (3.9) for the almost-BPS black hole (3.4) with
a parameter α.

D.4 Multipole ratios

As it was shown in [16, 18], if one wants to calculate ratios of vanishing multipoles for
certain black holes, there exist two methods: the indirect and the direct one. In this
section we review these methods and apply them briefly to almost-BPS black holes, as
a proof of concept that the analysis of [16, 18] for supersymmetric black holes and their
multicentered microstates can be straightforwardly generalized to the almost-BPS case
(albeit only for h = 1).

D.4.1 Brief overview of indirect and direct methods

In the indirect method, we consider a generic STU black hole in maximal ungauged su-
pergravity [32]; these black holes are characterized by 10 parameters: a non-extremality
parameter, m, a rotation parameter, a, and four electric and four magnetic charge param-
eters, δI , γI . For such a generic STU black hole, all of the multipoles M`, S` are non-zero,
and so any multipole ratio, which we can generically denote as M, is well-defined. Then,
one can take the limit of M as we go from the generic STU black hole to the black hole
in question. Defined in this way as a limit, any ratio of vanishing multipoles,M, becomes
well-defined for any black hole. For example, in [16, 18] it was found that:

M2S2
M3S1

= 1, (D.35)

for any black hole; this includes the Kerr black hole for which this ratio is strictly speaking
undefined (since S2 = M3 = 0 for Kerr). The multipoles of a generic STU black hole can be
seen as functions of four variables: the mass, M , the angular momentum, J , the rotation
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parameter, a, and the dipole moment, M1.22 The indirect method of calculating a ratio of
vanishing multipoles,M, for a black hole with parameters (M0, J0, (M1)0, a0) can then be
summarized as:

Mind (M0, J0, (M1)0, a0) = lim
(M,J,M1,a)→(M0,J0,(M1)0,a0)

M (M,J,M1, a) . (D.36)

For further discussion, see [18] (and especially appendix B therein for the subtleties of this
indirect method).

The direct method instead uses scaling microstate geometries which tend to the black
hole geometry in the scaling limit λ → 0. This method calculates the ratios of vanishing
multipoles, M, by considering the multipole ratios of microstate geometries as one takes
the scaling limit:

Mdir = lim
λ→0
M(λ). (D.37)

It was shown in [16, 18] that ratios of vanishing multipoles can be computed in this way
for supersymmetric black holes, in which all multipole moments (except M0) vanish.

D.4.2 Almost-BPS multipole ratios at h = 1

The Chow-Compere STU black holes [32] and thus the indirect method [16, 18] are only
defined for the family of our almost-BPS black holes and microstates when we take the 4D
modulus h = 1.23 We therefore restrict ourself to these solutions; as mentioned above in
section 4.2.2, this implies M` ∼ O(λ`) and S` ∼ O(λ`−1) for microstate geometries in the
scaling limit λ→ 0.

The generic underrotating limit (to which the almost-BPS black hole belongs) of the
generic STU black hole family with parameters (M,J,M1, a) corresponds to the a → 0
limit keeping M,M1, J finite. However, as we saw in (3.10), our almost-BPS black hole
with h = 1 has all multipoles vanishing except M0 and S1. Thus, the indirect limit for our
almost-BPS black hole family involves also taking the limit M1 → 0, which we will always
consider taking after the underrotating limit.

Note that, precisely because all multipoles (except M0, S1) vanish for our almost-BPS
black holes with h = 1, any multipole ratio that involves two monomials in M`, S` is a
non-trivial quantity that we can compute and compare using both the direct and indirect
method. This is similar to the analysis of the difference between the indirect and direct
calculations of multipole ratios for supersymmetric black holes, which was discussed in
detail in [16, 18]. There, it was found that the two methods only gave (closely) matching
results for certain classes of (SUSY) black holes.

As an example, let us consider the following three multipole ratios:

M(A) ≡
M2M4
M3M3

, M(B) ≡
S2S4
S3S3

, M(C) ≡
M2S2
M3S1

. (D.38)

22Note that we are using a slightly different parameterization than in [18], where D = M1/a was used
instead; the one we use here is more natural for almost-BPS black holes and microstate geometries.

23This can be seen for example by comparing the asymptotic values of the matrices of scalar cou-
plings (A.18)–(A.19) for our ansatz to that of the STU black hole in [32].
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Figure 6: Plots of the direct method ratios Mdir
(A,B,C) (red lines) for the microstate fam-

ily (4.30) with h = 1 as a function of x. The blue dashed lines indicate the indirect method
values given in (D.39).

These have simple values when calculated with the indirect method:

Mind
(A) ≡ lim

M1→0
lim
a→0

M2M4
M3M3

= 3
4 , Mind

(B) = 8
9 , Mind

(C) = 1. (D.39)

Note that these indirect ratios are pure numbers and do not depend on the charges of the
black hole; this is a general feature of indirect ratios for the almost-BPS black hole we
consider here. However, the same ratios calculated in the direct method do depend on
the specifics of the microstate. As an illustration, in figure 6 we consider the three ratios
M(A,B,C) for the family of microstates defined by (4.30) with varying x (and h = 1).

Clearly, the indirect and direct methods do not necessarily agree with their predictions
for the values of multipole ratios of the almost-BPS black hole. It would be interesting to
conduct an analysis similar to [16, 18] to understand if there is a certain condition that the
black hole must satisfy in order for the two methods to give similar answers; we leave this
for future work.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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