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1 Introduction

The resolution of singularities in general relativity (GR) is of paramount interest as it holds
the key to uncovering fundamental aspects of black holes and big bang initial conditions.
In general, singularities in physical theories signal presence of new degrees, which in the
case of black holes or cosmological singularities, are expected to generically correspond to
new states of quantum gravity. On the other hand, quantum states can be coherent and
admit descriptions in classical theories. Particularly in classical theories of gravity, it is
interesting to ask whether there exist such coherent states that resolve singularities. These
would correspond to solitons of the nonlinear field equations, i.e. smooth asymptotically
flat stationary solutions with finite energy.

The question on the existence of solitons in gravity is as old as the subject, dating back
to the work of Serini in 1918 [1]. This was pushed forward by Einstein [2], Einstein-Pauli [3]
and Lichnerowicz [4]. The results in these work lead to the theorem in four dimensions: If
a solution is asymptotically flat, topologically trivial and globally stationary (i.e. admits an
everywhere timelike Killing vector field) then it must be flat space. This is a no-go theorem
for solitons that are topologically trivial.1

More recently, Gibbons and Warner [5] revisited the soliton no-go theorem in the
context of supergravity and distilled important loopholes for evading them. These involve
allowing for interesting topological structures in spacetime, topological interactions such
Chern-Simons terms and nontrivial electromagnetic fluxes to support them. A particular
interest of this work is to understand how microstate geometries [7, 8] — smooth horizonless
geometries that describe coherent black hole microstates — could exist in theories of gravity.

There is an extensive body of literature [7–16] describing supersymmetric solitonic
solutions that resolve black hole horizons. In this paper, we are interested in describing
non-supersymmetric solitons in general relativity that resolve curvature singularities. We
employ a novel mechanism discovered by the authors in [17–19], motivated by [5, 20, 21],
to construct solitons with interesting topology in the six dimensional space M4×T2 (four
dimensional Minkowski space times a two-torus) without the help of supersymmetry.

The work in [19] provides a new mechanism that allows for linear superposition of
smooth, regular and charged solitonic objects in gravity beyond supersymmetry.2 The scope
of the result is unprecedented given the non-linear structure of Einstein equations. The
constructions provide a framework for describing and studying new classes of ultra-compact
objects with arbitrary size from microscopic to macroscopic scales. As interestingly, these
solutions are completely characterized within the gravitational theory without any appeal
to new UV physics. On the other hand, they naturally embed in string theory where the
topological structure can be reinterpreted as geometric transition of strings and branes.

1For an enlightening discussion of the interesting history of solitons in gravity, see [5, 6] and references
thereof.

2Previous work [22–26] has extended the scope of the microstate geometry program by developing a
mechanism for constructing non-supersymmetric charged solitons that resolve the horizon of non-extremal
unphysical black holes in five dimensions. Their mechanism is different from ours, resulting in very different
solutions. However, their method is also to linearize Einstein equations without the help of supersymmetry
while retaining sufficient degrees of freedom for the construction of non-trivial topological structures.
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Our mechanism also provides the first resolution of curvature singularities using topology
in gravitational theories without the aid of supersymmetry.

Our new ultra-compact objects can live in the same regime of parameter space as
non-supersymmetric and non-extremal black holes, and therefore have particular importance
for astrophysical studies and observation of black holes by gravitational-wave detectors.
The phenomenological properties of our constructions can provide a new way to test gravity
and its possible higher-dimensional nature. In particular, these topological structures can
correspond to new geometric phases of matter.

New mechanism for bubbling geometries. The construction of solitonic objects in
theories of gravity with extra compact dimensions by directly treating Einstein equations
has been historically a long and winding road. Starting with five dimensions, i.e. a M4×S1

background (four dimensional Minkowski times a circle), there exist spherically symmetric
static vacuum solutions with a locus where the S1 collapses to zero size. In this region,
the spacetime is smooth and decomposes as Rt×S2 × R2 — the time direction, a finite
size S2 and an R2 obtained from a radial direction combined with the collapsing circle.
The spacetime is smooth and carries zero energy in five dimensions. It is topologically
non-trivial as it admits a finite size S2, referred to as a “bubble of nothing” in its interior.
This object in vacuum is unstable and wants to grow, and in doing so mediate a decay of
the Kaluza-Klein vacuum [27].

The instability of the bubble of nothing can be mitigated by considering Kaluza-
Klein (KK) backgrounds with non-trivial electromagnetic fluxes wrapped on the S2. The
presence of the fluxes lifts the vacuum to a background with a non-trivial ADM mass and
electromagnetic charges; more importantly it provides a counterbalance to the expanding
bubble and stabilizes it to a finite size [17, 18, 20].3

The charged bubble is a non-trivial solution to the non-linear equations of gravity.
A more careful study on how they solve the equations, allowed us in [18] to discover a
framework to add electromagnetic charges and fluxes to vacuum Weyl solutions of [28, 29].
Here, a family of static multi-bubble solutions with nontrivial electromagnetic charges that
are supported along a line with struts between them has been constructed. In figure 1a, we
summarize the structure of the solutions. The rod sources correspond to regions where the
KK S1, with coordinate y1, shrinks forming a finite size charged bubble. The struts are
strings of negative tension that correspond to regions where the φ-circle that parametrizes
the U(1) action around the structure in M4 shrinks. The struts provide a counterbalance
to the attraction of the bubbles. In the limit where the strut shrinks to zero size, two
neighboring bubbles merge to a single bubble. Throughout the paper, we use the term rod
source and bubble synonymously.

Although the charged multi-bubble solutions of [18] possess no curvature singularities
or horizons, they contain struts which are regions with negative energy density with no

3Even in the stable case, regularity conditions of the simple smooth bubble leads to a bound of its
diameter to be smaller than the radius of the KK circle. An important result in [17, 18] is that the regularity
conditions can be loosen by allowing orbifold singularities which lifts the bound on the size of the bubble.
These orbifold singularities can then be resolved with Gibbons-Hawkins bubbles. This leads to the proposal
of new astrophysically interesting ultra-compact objects dubbed topological stars [17, 18].
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(a) Bubble-strut system in five dimensions. (b) Struts replaced with new species of rods.

Figure 1. In figure 1a, there are multiple rod sources along the z-axis of three dimensional
cylindrical base. Each rod source corresponds to a region where the KK circle with coordinate y1
collapses defining a bubble locus. The struts are segments where the base circle shrinks. Solutions
with arbitrary chain of struts and bubbles can be constructed. In figure 1b, we add a new circle and
substitute the struts with a new species of rod sources. This leads to a smooth topological structure
that grows with the number of rod sources.

known UV origin. An important question is whether topology can be used in lieu of struts
to support these structures instead. A hint came from the study of vacuum Weyl solutions
in [21] where static solutions composed of a vacuum bubble sandwiched between two black
holes in M4×S1 were constructed. The two black holes are kept from colliding onto each
other by the vacuum bubble instability to expand.

Building from [18], a new mechanism to construct and support charged solitons in the
M4×T2 is proposed in [19]. It is the most complete and non-trivial framework for building
regular solitonic objects with the Weyl formalism. One circle in the torus is identified with
the one in the five-dimensional setup of [18] and the other is new. Instead of having struts
to support bubbles, they are replaced by rod sources where the new circle collapses as
in figure 1b forming a chain of two species of bubbles. The instability to expand for one
species of rods provides the gravitational counterbalance between the neighboring rods of
the other species [18]. This alternative pattern stabilizes the internal rods. The overall
structure and the edge rods are kept from expanding by adding electromagnetic fluxes.
This is an interesting and rather counter-intuitive aspect of our mechanism. Indeed, in
the Gibbons-Warner paradigm [5] and in generic BPS microstate geometries, the role of
electromagnetic fluxes is to avoid from collapsing and to counterbalance the gravitational
attraction. Here, their role is strictly opposite by preventing from expanding and fluxes are
not required to counterbalance the gravitational attraction.

The solutions obtained from the setup in figure 1b are smooth and geodesically complete.
In this paper, we construct and study bubbling solutions that are made from a large number
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Figure 2. In the first figure we consider a coarse graining of the rod sources to obtain a singular
solution, dubbed bag spacetime. The singularity is resolved by Weyl star geometries.

of smooth bubbles wrapped by fluxes, referred as Weyl Stars. Their geometries are very
curious as they exhibit a minimal S2 that makes the spacetime to suddenly opens up before
capping off to a region with non-trivial topology made by microscopic bubbles (see figure 3).
We define such a feature as Bubble Bag End.

So far we have described the framework for constructing smooth and regular solutions
with the Weyl formalism. It is also interesting to consider solutions where the full torus
collapse instead of the alternating pattern of the circles as depicted in the first figure of
figure 2. Not surprisingly, the solutions with these sources in M4×T2 have a curvature
singularity where the size of the surrounding S2 diverges. However, the smooth bag end
spacetimes coincide with this singular solution in regions arbitrarily close to the singularity
and resolve it entirely by capping off the spacetime at their bubbly surface. For these reasons
we refer to the singular solutions as Bag spacetimes. We then have the first resolution of
a curvature singularity with topological cycles wrapped by fluxes beyond the framework of
supersymmetry and supergravity.

Summary of results. In this section, we summarize the results of the paper and provide
a road map for the different sections. We start in section 2 with the explicit construction
of the solitons and describe their smoothness and regularity conditions. We also discuss
various interesting limits of our solutions.

To implement the mechanism outlined above, we consider Einstein-Maxwell theory with
a two-form gauge field in six dimensions. We have shown in [19] that the Weyl formalism can
be generalized to this context where the non-linear Einstein equations, with an appropriate
Weyl ansatz, can be reduces to a set of linear equations that allows us to superpose different
species of sources (see appendix A for a review). This system can be embedded in IIB
supergravity where the sources in our constructions correspond to non-BPS bound states of
D1-D5-KKm systems.
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Our solutions describe ultra-compact axially-symmetric smooth horizonless solitons in
M4×T2 that can live in the same parameter regimes as non-BPS and non-extremal black
holes. Upon KK reduction to four dimensions on the torus, the geometries correspond
to asymptotically flat singular solutions of Einstein-Maxwell-Dilaton theories. The four-
dimensional singularities are resolved by uplifting to the six-dimensional or type IIB frame
with the bubbling geometries.

The Weyl stars have a large number of rod sources where the algebraic constraints
from regularity conditions are solvable. The size of a soliton scales with the number of
bubbles and with the asymptotic radii of the KK circles. An important success here is that
the stars can be made large without requiring conical defects at the bubbles, in contrast
to the previous geometries of smooth non-BPS bubbling geometries constructed by the
authors [17–19].

As noted, the surface of Weyl stars is characterized by the degeneration pattern of
the T2 along the rod sources. An important objective is to fully characterize this surface
and the spacetime away from it. This is the subject of section 3. We develop a procedure,
using the Riemann sum approximation, that allows us to drastically simplify generic Weyl
solutions a small distance away from the sources. With this method, we show that “slightly
above” their surface Weyl star spacetimes are indistinguishable from bag spacetimes.

To illustrate the bag in the summary, we consider a specific family of neutral Weyl stars,
where the fluxes have been turned off. The corresponding bag spacetimes that approximate
the solutions above their surface are very simple solutions given by a single parameter M :

ds2
6 = −dt2 +

√
1− 2M

r

(
dy2

1 + dy2
2

)
+
(

(r −M)2 −M2 cos2 θ

r(r − 2M)

) 1
4
(

r dr2

r − 2M + r2 dθ2
)

+ r2 sin2 θ dφ2 ,

where (y1, y2) parametrize the two additional compact dimensions. These bag spacetimes
have not been studied before because they exhibit a naked singularity at r = 2M . They
have a T2 that degenerates at the singularity, and more radically the size of the S2, that
surrounds the singularity in M4, diverges. As one falls toward the structure, the size of
the S2 is decreasing up to certain radius, r ≈ 2.1M, where there is a minimal surface. The
space will then suddenly open up to a larger space similar to a “bag”, and ultimately end
at the singularity. A Weyl star has the same property above its surface: it has a minimal
S2 surface and suddenly opens to a larger space (see figure 3). However, the spacetime caps
off smoothly at its surface by non-trivial, smooth and horizonless topological structure, like
a bubble bag end.

Furthermore, we demonstrate that in the large mass limit, the Weyl star spacetime
becomes more and more indistinguishable from the bag spacetime. We have the first
examples, without the help of supersymmetry, of scaling smooth solutions that resemble a
singular geometry up to an arbitrarily small distance above the singularity and resolve it
into non-trivial smooth topologies.

Finally, we compare the basic properties of Weyl stars and bag spacetimes to four-
dimensional black holes with the same conserved charges. We show that the radius of
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Figure 3. Schematic description of a Weyl star spacetime. The T2 circles are colored in red and
green. The S2 at the surface of the star is recovered by axisymmetric microscopic bubbles (7 in the
figure) where one of the T2 circles shrink smoothly.

the minimal S2 of the former is between 1.5 and 2.3 times larger than that of the S2

horizon, depending on the range of masses and charges. Therefore, these solutions should
be considered more as examples of ultra-compact objects build with “topological matter”
than generic classical microstate geometries of non-extremal black holes. However, since
they use the same ingredients as the well-known BPS microstate geometries, i.e. non-trivial
topologies and fluxes, we believe that turning on more degrees of freedom would allow them
to scale more and more towards the black hole geometry, as classical microstate geometries
of non-extremal black hole should do, if they exist.

In section 4, we classify precisely the family of bag spacetimes that can be resolved
by our smooth bubbling horizonless geometries. The neutral ones look generically like
the metric above with one extra parameter, D, that we can identify with the relative
contribution of one species of rods to the other in the corresponding Weyl star. This
parameter is also intimately related to the ratio of the asymptotic radii of the torus circles
in the resolved spacetime.

2 Bubbling Weyl solutions in six dimensions

In this section, we review the work of [19] where six-dimensional static axisymmetric
solutions with two compact dimensions have been constructed using the Weyl formalism.
We review the general framework in appendix A, and focus here on the construction of
smooth bubbling solutions. Our general setup is obtained from the following six-dimensional
Einstein theory coupled to a two-form gauge field

S6 = 1
16πG6

∫
d6x

√
− det g

(
R− 1

2 |F3|2
)
, (2.1)

where F3 = dC2,4 is the three-form field strength of the two-form gauge field in the theory.
4The norm is given as |F3|2 = 1

3! F3µνσ F
µνσ

3 .
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We restrict to solutions that are asymptotic to T2 ×M4. The T2 will be parametrized
by (y1, y2) with 2πRya periodicities. The equations of motion are

d ? F3 = 0 , Rµν = 1
2

(
Tµν −

gµν
4 T α

α

)
, (2.2)

where Tµν = 1
2

[
F3µαβF

αβ
3 ν − gµν |F3|2

]
is the stress energy tensor of the gauge field.

2.1 Weyl ansatz

The ansatz that allows to build closed-form axisymmetric solutions is given by (see ap-
pendix A for a review)

ds2
6 = 1

Z1

[
−W0 dt

2 + dy2
1

W0

]
+ Z1
Z0

(dy2 +H0 dφ)2 + Z0Z1
[
e2ν

(
dρ2 + dz2

)
+ ρ2dφ2

]
,

F3 = d [H1 dφ ∧ dy2 + T1 dt ∧ dy1] , (2.3)

where (ρ, z, φ) are the cylindrical Weyl’s coordinates of an asymptotically-R3 base and the
warp factors (Z0, Z1,W0, ν) and the gauge potentials (H0, H1, T1) are functions of ρ and z.
Therefore, the solutions can carry electric and magnetic line charges along the y1-circle (in
T1 and H1 respectively), and Kaluza-Klein magnetic charges (in H0) along the y2-circle.

The solutions are given according to three harmonic functions that solve a cylindrical
Laplace equation for a flat three-dimensional base5

L (logW0) = L (L0) = L (L1) = 0 , L ≡ 1
ρ
∂ρ (ρ ∂ρ) + ∂2

z . (2.4)

The scalars (Z0, H0) and (Z1, H1, T1) are given by6

ZI = G(I)
` (LI) , ?3d (HI dφ) = dLI , dT1 = dL1

G(1)
` (L1)2

, (2.5)

where ?3 is the Hodge star operator with respect to the three-dimensional base, and G(I)
` is

chosen from one of the two generating functions of one variable given by7

G(I)
1 (x) = sinh(aI x+ bI)

aI
, G(I)

2 (x) = x+ bI , aI ∈ R+, bI ∈ R . (2.6)

Note that G(I)
2 can be obtained from G(I)

1 by taking aI → 0 and rescaling bI appropriately.
5The Laplacian operator L can be also written in form formalism as ?3d ?3 d when it is applied on a

scalar. Because all functions are not depending on φ, ν does not enter in the equation and we have a Laplace
equation in an apparent flat base.

6We have assumed self-duality F3 in this paper for brevity. In [19], one adds a constant parameter q to
move away from self-duality that corresponds to the ratio between electric and magnetic charges in F3:

Z1 = G(1)
` (L1) , ?3d (H1 dφ) =

√
2

1 + q2 dL1 , dT1 = q

√
2

1 + q2
dL1

G(1)
` (L1)2

,

7There are four possible generating functions [19], but only two are considered in this article.
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The function ν satisfies the first order equations:

1
ρ
∂zν= 1

2 ∂ρ logW0∂z logW0+ a2
0

2 ∂ρL0∂zL0+a2
1∂ρL1∂zL1, (2.7)

1
ρ
∂ρν= 1

4
(
(∂ρ logW0)2−(∂z logW0)2

)
+ a2

0
4
(
(∂ρL0)2−(∂zL0)2

)
+ a2

1
2
(
(∂ρL1)2−(∂zL1)2

)
,

where aI = 0 if G(I)
` = G(I)

2 . The integrability of these equations is guaranteed by the
harmonic equations in (2.4).

It is important to note that W0 is a pure “vacuum” warp factor, as it is not related
to any gauge potentials, whereas the ZI are generated and induced by the gauge fields.
However, one can take a neutral limit by sending all gauge potentials to zero while keeping
ZI non-trivial, which then satisfies the vacuum equation L(logZI) = 0. The neutral limit is
possible only for the case ` = 1 in (2.5) by sending bI →∞ with ebI/aI and aILI held fixed.

We have defined a family of axisymmetric static Weyl solutions with a very large phase
space. In [19] and in the appendix A.2, we have shown that taking ` = 2 and sourcing the
harmonic functions by point particles corresponds to multicenter BPS solutions.

As discussed in the appendix A.3, generic Weyl solutions are obtained by taking ` = 1
and sourcing the harmonic functions by rods on the z-axis. The physical rod sources consist
of six-dimensional embedding of four-dimensional non-extremal black holes, and two species
of bubbles, species-1 and species-2, where either the y1 or y2 circle degenerates smoothly.
Furthermore, if the rods are not connected, strings with negative tension, or struts, appear
to prevent the structure from collapsing. These struts disappear when the rod sources touch,
and the structure is prevented from collapsing by pure topology [19]. Therefore, unlike the
BPS regime, electromagnetic fluxes are not necessary to construct Weyl solutions and one
can even take a neutral limit without changing the topology [19]. The flux, however, can
play another crucial role. Vacuum KK bubbles mediate a decay of the spacetime where they
expand to eat up all the gravitational background [27]. The presence of the electromagnetic
flux provides different asymptotic boundary conditions of spacetime with conserved charges
and therefore can stabilize the overall bubble structure from expanding [19, 20].

In this paper, we are interested in smooth non-BPS bubbling geometries consisting of a
succession of species-1 and species-2 bubbles on a line with an odd number of bubbles. We
will review this specific class of solutions in the next subsection.

2.2 Smooth bubbling Weyl solutions

We consider the branch of solutions with ` = 1 (2.5). The harmonic functions are sourced
by n = 2N + 1 touching rods of length Mi > 0 and centered on z = zi. Without loss of
generality, we can order them as zi < zj for i < j and fix the origin of the z-axis such that
zN+1 = 0. Our conventions are illustrated on the left side of figure 4. The coordinates of
the rod endpoints on the z-axis are given by

z±i ≡ zi ±
Mi

2 =
i∑

j=1
Mj −

N+1∑
j=1

Mj + MN+1 − (1∓ 1)Mi

2 . (2.8)

– 8 –



J
H
E
P
1
0
(
2
0
2
1
)
1
6
5

Figure 4. Rod profile of the n-bubble solutions and the behavior of the circles on the z-axis.

We define the distances to the endpoints r(i)
± and the generating functions E(i,j)

±± such as

r
(i)
± ≡

√
ρ2 +

(
z − z±i

)2
, E

(i,j)
±± ≡ r

(i)
± r

(j)
± +

(
z − z±i

) (
z − z±j

)
+ ρ2. (2.9)

The harmonic functions sourced at the rods are given by

logW0 =
n∑
i

Gi log

r(i)
+ +r

(i)
− +Mi

r
(i)
+ +r

(i)
− −Mi

 , LI =
n∑
i

P
(I)
i log

r(i)
+ +r

(i)
− +Mi

r
(i)
+ +r

(i)
− −Mi

 , (2.10)

where (Gi, P (0)
i , P

(1)
i ) are specific weights associated to each rod that depend whether the

ith rod corresponds to a black hole (A.15) or a species-1 bubble (A.18) or a species-2
bubble (A.21). We therefore consider the weights that correspond to a configuration of
species-1 and species-2 bubbles as depicted in figure 4:

sinhb1P (1)
2i−1 = sinhb0P (0)

2i−1 =G2i−1 = 1
2 , sinhb0P (0)

2i = 1 , P
(1)
2i =G2i = 0 . (2.11)

We can now insert the expressions of the harmonic functions to derive the warp factors
and gauge potentials (2.5) and (2.7) with the condition aI = sinh bI necessary to have an
M4×T2 asymptotic spacetime (see appendix A.3 for more details). Note that aI ≥ 0 (2.6)
restricts the gauge-field parameters bI to be

bI ≥ 0 . (2.12)

Finally, smooth bubbling Weyl solutions can be recast such that

ds2
6 = 1
Z1

[
−dt2 + U1dy

2
1

]
+ U2Z1
Z0

(dy2 +H0 dφ)2 + Z0Z1
U1U2

[
e2ν

(
dρ2 + dz2

)
+ ρ2dφ2

]
,

F3 = dH1 ∧ dφ ∧ dy2 + dT1 ∧ dt ∧ dy1 , (2.13)

– 9 –
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where the quantities,8 which are independent of the gauge fields, are given by

U1 =
N+1∏
i=1

1− 2M2i−1

r
(2i−1)
+ + r

(2i−1)
− +M2i−1

 , U2 =
N∏
i=1

1− 2M2i

r
(2i)
+ + r

(2i)
− +M2i

 ,

e2ν = E
(1,n)
−+√

E
(n,n)
++ E

(1,1)
−−

N∏
i=1

N+1∏
j=1

√√√√E
(2i,2j−1)
−− E

(2i,2j−1)
++

E
(2i,2j−1)
−+ E

(2i,2j−1)
+−

, (2.14)

and the ones depending on the gauge fields are

Z0 = eb0 − e−b0 U1 U2
2

2 sinh b0
, Z1 = eb1 − e−b1 U1

2 sinh b1
,

H0 = 1
2 sinh b0

[
r

(1)
− − r

(2N+1)
+ +

N∑
i=1

(
r

(2i)
− − r(2i)

+

)]
, (2.15)

H1 = 1
2 sinh b1

N+1∑
i=1

(r(2i−1)
− − r(2i−1)

+ ) , T1 = − sinh b1
eb1 + e−b1 U1
eb1 − e−b1 U1

,

It follows from the expression of the rod-endpoint distances (2.9) that 0 ≤ UI < 1 and
that U1 and U2 vanish at the odd and even rods respectively. Therefore, the y1 and y2 circles
indeed alternatively shrink on the segment of the z-axis along the sources as depicted on the
right-hand side of figure 4. The regularity of these degeneracies will impose n = 2N+1 bubble
equations that will constrain the local geometry with respect to the extra-dimensional radii
Rya . These equations will be made clearer for our bubbling configuration in the next section.

2.3 Regularity and bubble equations

The solutions are regular out of the z-axis and asymptote to T2×M4. Moreover, the z-axis
is an axis of rotational symmetry where at least one of the three circles shrink for any z.
Therefore, the spacetime is geodesically complete for ρ ≥ 0 and z ∈ R. More precisely, the
local geometry on the z-axis depends on z such as:

• For the semi-infinite segments above and below the bubble configuration, z ≥ z+
2N+1

and z ≤ z−1 , U1, U2 and ZI are finite while e2ν = 1. Therefore, the φ-circle shrinks
smoothly as the origin in cylindrical coordinate system. One can also check that the
three-form flux, F3, is regular in this region.

• The bubbles are located on the segment z−1 ≤ z ≤ z+
2N+1. At each individual segment

z−i ≤ z ≤ z+
i , we have U1 ∝ ρ2 and U2 finite if i is odd or U2 ∝ ρ2 and U1 finite if

i is even, and e2ν ∝ ρ2 in both cases. Therefore, the φ-circle have a finite size in
these regions (see figure 4). On the other hand, the y1-circle (y2-circle) shrink if U1
(U2) vanish. We require each rod region to be regular and allow for conical defects

8The functions here are related to the ones in (2.3) as

Z1 = Z1

W0
, U1 = 1

W 2
0
,

Z0

U2
= Z0

W0
.
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associated to orbifold parameters ki ∈ N. This leads to 2N + 1 conditions9 referred to
as bubble equations and given as (see (A.19) and (A.22) for general bubble systems)

2
k1
M1

N∏
j=1

√
1 + M2j∑2j−1

`=1 M`

N∏
j=1

1 + M2j+1∑2j
`=1M`

= R̃y1 ,

2
ki
Mi

i−1∏
j=1

2N+1∏
k=i+1

((
1 + Mj∑k

`=j+1M`

)(
1− Mj∑k−1

`=j M`

))αjk
(2.16)

×
i−1∏
j=1

(
1 + Mj∑i

`=j+1M`

)αij 2N+1∏
j=i+1

(
1 + Mj∑j−1

`=i M`

)αij
=

R̃y1 if i > 1 is odd,
R̃y2 if i > 1 is even,

where αjk is 1 if j and k have the same parity or 1/2 otherwise, and (R̃y1 , R̃y2) are
the extra-dimensional radii rescaled by the gauge field parameters:

R̃y1 ≡
2 sinh b1
eb1

√
2 sinh b0
eb0

Ry1 , R̃y2 ≡
2 sinh b0
eb0

Ry2 . (2.17)

There are 2N + 1 bubble equations for 2N + 1 rod lengths, Mi; all rod lengths are
then fixed according to the orbifold parameters and the rescaled radii R̃ya . The
unconstrained internal degrees of freedom are then the orbifold parameters, the gauge
field parameters bI and the number of bubbles.
We refer the reader to [19] for a complete analysis of the local topology of the solutions
at the bubble loci. In short, all the bubbles are sitting at the origin of a R2/Zki , and
the two bubbles at the ends of the configuration have an S3 topology while those in
the middle have an S2×S1 topology.

We are free to fix the values of the orbifold parameters, ki, as long as they are quantized.
We will refer to individual bubbles that are free from conical defects, ki = 1, as microscopic
bubbles. The term “microscopic” is apt since the bubble equations constrain Mi ≤ Rya if
ki = 1 [19]. When ki > 1, it rescales R̃ya in the bubble equations and therefore allows for
larger solutions of Mi [19].

In principle, smooth solutions exist if and only if the bubbles are microscopic. However,
geometries with conical defects are usually considered as smooth in string theory. On
one hand, conical defects have a well-known classical resolution by blowing up smooth
Gibbons-Hawking cycles [12, 30]. On the other hand, in AdS/CFT the corresponding
worldsheet conformal field theory is completely well-defined and there are many examples,
for instance in AdS3/CFT2 [22, 31, 32], where regular CFT states have bulk duals with
conical defects.

In [19], three-bubble solutions with potential conical defects at the bubbles have been
constructed. This example can be derived from (2.13) and was appropriate to illustrate
the physics of the replacement of struts by smooth bubbles in six dimensions. Moreover,
the bubble equations were completely solvable with Mi = O(ki R̃ya). Thus, one needs large
conical defects, ki � 1, to have a rod configuration larger than the KK scales.

9We have used a notation such that
∏j

i
(. . .) = 1 if i > j.
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We aim to construct solutions with a large number of bubbles and investigate their
physics. In particular, we can ask whether increasing the number of bubbles can avoid
taking large orbifold parameters, or even allow solutions with large structure made from
microscopic bubbles. We will refer to them as Weyl star. The main difficulty will be to
solve the bubble equations generically and to simplify the form of the warp factors (2.14)
and (2.15) at large N .

First, we describe the solutions from a four-dimensional point of view after compactifi-
cation on the T2, some interesting limits of the gauge field parameters bI and the type IIB
embedding of the solutions as D1-D5-KKm bubbling geometries in the non-BPS regime.

2.4 Kaluza-Klein reduction and conserved charges

In this section, we discuss the compactifications to four dimensions, and consider a truncation
that keeps only the non-trivial fields of the solutions.

Reduction to four dimensions. The compactifications on y2 and y1 give rise to a scalar
and KK gauge field (Φ2, H0dφ) and a scalar Φ1 respectively. We obtain a four-dimensional
Einstein-Maxwell-dilaton action

SKK
4 = 1

(16πG4)

∫
d4x

√
− det g (R− L4) , (2.18)

L4 = 1
2 ∂µΦ2 ∂

µΦ2 + 1
2 ∂µΦ1 ∂

µΦ1 −
e
−2
√

2√
3

Φ2− 1√
3

Φ1

2
∣∣∣F (m0)

∣∣∣2
+ e

√
2√
3

Φ2− 1√
3

Φ1

2
∣∣∣F (m1)

∣∣∣2 + e
−
√

2√
3

Φ2+ 1√
3

Φ1

2
∣∣∣F (e1)

∣∣∣2 .
with G4 ≡ G6

(2π)2Ry1Ry2
. Note that we have turned off a KK vector associated to y1 and

the components of F3 orthogonal to y1 and y2 in the truncation. The smooth bubbling
geometries (2.13) are solutions of this action with

ds2
4 = −

√
U2U1
Z0Z2

1
dt2 +

√
Z0Z2

1
U2U1

[
e2ν

(
dρ2 + dz2

)
+ ρ2dφ2

]
,

e
1√
3

Φ1 = 1√
U1

(
Z2

1Z0
U2

) 1
6

, e
1√
6

Φ2 =
( Z0
U2Z1

) 1
3
,

F (m0) = dH0 ∧ dφ , F (m1) = dH1 ∧ dφ , F (e1) = dT1 ∧ dt .

(2.19)

The four-dimensional metric and the scalars are singular in the region of the rods as it
can be checked with (2.14) and (2.15). Indeed, these singularities are genuine curvature
singularities that signal the breakdown of the four-dimensional system. These are resolved
by adding the degrees of freedom that uplift the system to the six-dimensional framework.

Conserved charges. To compute the conserved charges, we expand the solution at large
distance r →∞, where r is the asymptotic spherical coordinates, ρ ≡ r sin θ , z ≡ r cos θ.
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With the conventions of [33], the charges can be read from the expansion as follows√
U2U1
Z0Z2

1
∼ 1− 2G4M

r
, F (mI) ∼ −

√
16πG4Q(I)

m sin θ dθ ∧ dφ+ . . . ,

F (e1) ∼
√

16πG4Q(1)
e

r2 dt ∧ dr + . . . , (2.20)

whereM is the four-dimensional ADM mass, Q(1)
e is the electric charge, Q(0)

m and Q(1)
m are

the magnetic charges. We find for our solutions

M = 1
4G4

[
coth b0

N∑
i=1

M2i + coth b0 + 2 coth b1 − 1
2

N+1∑
i=1

M2i−1

]
, (2.21)

Q(1)
e = Q(1)

m = 1
8
√
πG4 sinh b1

N+1∑
i=1

M2i−1 , Q(0)
m = 1

8
√
πG4 sinh b1

[2N+1∑
i=1

Mi +
N∑
i=1

M2i

]
.

Note that the electric and magnetic charges that descend from F3, Q(1)
e and Q(1)

m , are
equal due to the self-duality of F3. This assumption can be lifted and one can allow a
general SO(2) rotation between both charges as discussed in [19].

We remind the reader that bI are restricted to positive or null values (2.12). There are
two interesting limits to consider: bI → 0 and bI →∞.

In the bI → 0 limit, the conserved charges seem to diverge. However, it can be verified
from the bubble equations (2.16) that all rod lengths, Mi, also go zero as sinh bI from the
R̃ya dependence. Therefore, the conserved charges can remain finite. We will see in a next
section that the complete structure shrinks to a point in this limit and smoothly transits to
a BPS Taub-NUT space.

For bI →∞, nothing special happens to the bubble equations and the lengths of the
rods remain finite. However, the electric and magnetic charges clearly vanish. As argued at
the end of the section 2.1, this limit corresponds to a smooth neutral limit which preserves
the bubbling geometry of the solutions.

2.5 Neutral and BPS limits

2.5.1 A neutral limit: smooth chain of vacuum bubbles

We consider the limit bI → ∞. From (2.15), the gauge potentials (HI , T1) and the warp
factors ZI simplify to constants, and the solutions dramatically reduce to

ds2
6 = −dt2 + U1 dy

2
1 + U2 dy

2
2 + 1

U1U2

[
e2ν

(
dρ2 + dz2

)
+ ρ2dφ2

]
, F3 = 0 , (2.22)

where U1, U2 and ν are the same as in (2.14). Because U1 and U2 are the main factors
that determine the topology, the y1 and y2 circles alternatively shrink at the rods, and the
bubbling geometries are preserved. Therefore, the neutral solution consists of a sequence of
alternating species of vacuum KK bubbles.

The regularity constraints are still given by (2.16) with R̃ya → Rya (2.17). An important
observation is that since R̃ya ≤ Rya , the rod lengths, Mi, and the size of the whole structure
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are bigger without fluxes. This is rather counter-intuitive as it is generally thought, from
the BPS multicenter solutions, that electromagnetic fluxes are necessary to compensate for
gravitational attraction, and that they then have rather a repulsive role. For Weyl solutions,
electromagnetic fluxes seem to have the opposite effect by compressing the geometry. As
argued in [19], electromagnetic fluxes have an attractive role in preventing bubbles from ex-
panding and the solutions are always prevented from collapsing gravitationally, regardless of
the fluxes. The interpretation is that KK bubbles are hardly compressible because they want
to expand. This gives a pressure of its own that counterbalances the gravitational attraction.

2.5.2 A BPS limit: Taub-NUT space

We now take bI → 0. In order to find non-trivial solutions to the bubble equations (2.16),
we also consider the specific limit b1 =

√
b0 → 1.10 In this limit, R̃y1 ∼ R̃y2 → 0 and the

rod lengths behaves as Mi = b0 qi, where qi are finite and positive. Therefore, the whole
rod structure smoothly shrinks to a point located at ρ = 0 and z = 0.

We now expand the solutions (2.13) at leading order in b0, and we obtain

ds2
6 = −dt2 + dy2

1 + 1
1 + Q0√

ρ2+z2

(
dy2 + z Q0√

ρ2 + z2 dφ

)2

(2.23)

+
(

1 + Q0√
ρ2 + z2

) [
dρ2 + dz2 + ρ2dφ2

]
, F3 = 0 , (2.24)

where

Q0 ≡
1
2

2N+1∑
i=1

qi, with qi = lim
b0→0

Mi

b0
. (2.25)

The solution is Rt × S1
y1 × TNk, where TNk is a Taub-NUT space with charge k = Q0

Ry2
. It

is smooth everywhere and the time slices at (ρ, z) = (0, 0) are a S1 fibration over R4/Zk.
It is quite remarkable that the limit bI → 0 has changed the topology smoothly: it has

transformed a chain of bubbles at some origins of an orbifold of R2 into an origin of an
orbifold of R4. By reversing the arguments, the parameters bI have blown up a Taub-NUT
space into non-trivial non-BPS bubbling geometries. They have moved away non-trivially
in the phase space of Einstein solutions, from the BPS regime to the non-BPS one, while
keeping the solutions smooth all along the flow.

2.6 Type IIB embedding: D1-D5-KKm solutions

The six-dimensional framework detailed in section 2 can be seen as the minimal pure
N = (1, 0) six-dimensional supergravity. This theory arises as a consistent truncation of
type IIB string theory on T4 [34].

Our Weyl solutions, given by the six-dimensional ansatz in section 2.1, can be embedded
in type IIB by considering

ds2
IIB = ds2

6 + ds(T 4)2 , C(2) = H1 dφ ∧ dy2 + T1 dt ∧ dy1, (2.26)

where C(2) is the 2-form R-R gauge fields. All other IIB potentials and dilaton vanish.
10Taking b1 ∝ bx0 with x ≥ 1

2 gives a similar result [19].
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From a type IIB perspective, the solutions can carry D1-brane charges in T1, D5-brane
charges in H1 and KKm charges in H0. The D1 and D5 charges must be equal for F3 = dC(2)

to be self-dual in six dimensions and the dilaton to be trivial.
With that respect, the branch of BPS solutions given by ` = 2 in (2.5) corresponds

to static extremal D1-D5-KKm black holes and static Gibbons-Hawking centers on a line
(see [19] or the appendix A.2). The branch of non-BPS solutions given by ` = 1 corresponds
to non-extremal static D1-D5-KKm black holes, smooth D1-D5-KKm bubbles and KKm
bubbles on a line (see [19] or the appendix A.3).

Therefore, the smooth bubbling Weyl solutions constructed in section 2.2 corresponds
to a chain of static non-BPS D1-D5-KKm bubbles and KKm bubbles. The conserved
charges are given by (2.21) where Q(1)

e and Q(1)
m are the equal D1 and D5 brane charges,

while Q(0)
m corresponds to the KKm charge. One can dial these charges with the gauge field

parameters bI , from the neutral limit of section 2.5.1 where the bubbles become vacuum
KK bubbles to the BPS limit of section 2.5.2 where the bubbles shrink to a smooth KKm
Taub-NUT center.

3 Weyl star: a bubble bag end

In the previous section, we have seen how smooth six-dimensional bubbling solutions can
be generically constructed using the Weyl formalism. In this section, we construct smooth
Weyl solutions with large number of connected bubbles, N � 1, that we refer to as Weyl
Stars. We will mostly focus on solutions made of a large number of microscopic bubbles free
from conical defects, ki = 1, i.e. on solutions that are entirely free from conical singularities.

The basic rod setup for the Weyl star is depicted in figure 4, and the solutions are
given by the metric and gauge field (2.13) with (2.14) and (2.15). The internal degrees of
freedoms characterized by the Mi’s are fixed according to the radii of the extra dimensions
by the bubble equations (2.16). These equations are the key conditions that constrain the
physics of the bubbling solutions. For the ease of simplicity, we will focus on solutions with
R̃y1 = R̃y2 = R̃y (2.17) in this section.

3.1 Solving the bubble equations

The bubble equations (2.16) are complicated multivariate polynomials of order N . It is
difficult to obtain analytic solutions for the system. However, in the large N limit, numerical
computations and analytic approximations can be found. We detail our methods for solving
the equations in this limit in the appendix B.

With odd number of rods, the configuration has a Z2 symmetry around the middle
(N + 1)th rod and we can fix M2N+2−i = Mi for i = 1, . . . , N . We find that the rods have
mostly the same size with O(N−1) corrections except the first and last one. We found that11

Mi ∼ κN−
3
4 R̃y , M1 = M2N+1 ≈ 0.655Mi , i = 2, 3, . . . , 2N , (3.1)

11More precisely, the ratio between the first rod M1 and the others, Mi, x = M1
Mi

is given by the equation
Γ[ 1+x

2 ]
Γ[ x

2 ] = 21/6√e
A6 .
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where κ ≡ A3

2
25
12 e

1
4
≈ 0.388 and A is the Glaisher-Kindelin constant A ≈ 1.282. Each bubble

is then microscopic as the rod lengths scale as N− 3
4 R̃y. Note that the size of an individual

bubble is not strictly speaking the length of the associated rod. The physical size can
be computed considering the curved background such as “bubble length”=

∫
ds|rod and

“bubble area”=
∫
d3x

√
det g|rod. Even with those considerations, the size of an individual

bubble will scale as N sR̃y with s negative. We discuss more of this around (3.3).

3.2 General properties and conserved charges

In the four-dimensional framework (2.19), Weyl stars correspond to static Einstein-Maxwell-
dilaton solutions with conserved charges (2.21)

M∼ N
1
4 (3 coth b0 + 2 coth b1 − 1) κR̃y8G4

, Q(0)
m ∼ N

1
4

3κR̃y
8
√
πG4 sinh b0

,

Q(1)
e = Q(1)

m ∼ N
1
4

κR̃y

8
√
πG4 sinh b1

,

(3.2)

with the neutral solutions existing in the limit bI →∞. Therefore, the conserved charges
scale as N 1

4 R̃y and Weyl stars with large number of smooth microscopic bubbles describe
spacetimes with mass (and potentially charges) that is larger than the Kaluza-Klein scales.
This is a novel mechanism as conical singularities have been so far the only ingredients
known to produce large bubbling solutions [17–19].

We have constructed a class of smooth horizonless solutions without conical singularities.
The solutions are uniquely determined by their asymptotic data since all the internal Mi are
fixed according to R̃y1 = R̃y2 = R̃y (2.17), and the number of bubbles n = 2N + 1 and the
gauge field parameters bI are in one-to-one relation with the ADM mass,M, and charges
(Qe,Qm).

However, in order to trust the classical description of the solutions and to neglect
quantum effect that may destroy the individual microscopic bubbles, their sizes must be
larger than the six-dimensional Planck volume. Hopefully, the area of individual bubbles
are computable analytically (A.20), and we must therefore impose

ABui ≡
∫
ya,z,φ

√
det g|Bui = (2π)2

(
eb0+b1

4 sinh b0 sinh b1

) 3
2

Mi R̃
2
y & `

(6)
P

3
. (3.3)

If we consider that Ry = λ `
(4)
P where λ is a dimensionless factor, and use the relation

between the four-dimensional and six-dimensional Planck lengths, `(6)
P

2
= Ry `

(4)
P , we find

that the maximum number of bubbles possible to have a trustworthy solution is

Nmax ≈ λ2 ⇒ Mmax ≈ λ
3
2 m

(4)
P , (3.4)

where m(4)
P is the four-dimensional Planck mass. More concretely, if the extra dimension

is λ = O(1014),12 bigger than the four-dimensional Planck length, which is already rather
12This corresponds to KK mass scale at 10 TEV.
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large (of order 10−13 m), the maximum mass for such solutions is O(1021) bigger than
the Planck mass (of order 1013 kg). It would be rather optimistic to state that those
solutions can live in an astrophysical regime. However, one can bypass this maximal bound
by allowing once again conical defects at the bubbles, that are classically resolved into
Gibbons-Hawking cycles [17, 18]. For instance, by imposing the same conical defect at each
bubble, parametrized by an integer k ∈ N, the solutions are identical with the rescaling
R̃ya → k R̃ya , i.e. R̃y → k R̃y. Considering k to be large allows to take arbitrary large mass
for the Weyl stars.

3.3 Profile of Weyl stars

To best describe Weyl star spacetimes, it is convenient to consider appropriate spherical
coordinates centered on the star. For that purpose, we define M , the half length of the rod
configuration,

M ≡ z+
2N+1 = 1

2

2N+1∑
i=1

Mi ∼ κN
1
4 R̃y, (3.5)

and we change coordinates to

ρ =
√
r(r − 2M) sin θ , z = (r −M) cos θ , r ≥ 2M , 0 ≤ θ ≤ π . (3.6)

The base metric, ds2
3 = e2ν(dρ2 + dz2) + ρ2dφ2, transforms to

ds2
3 = e2ν (r −M)2 −M2 cos2 θ

r(r − 2M)
(
dr2 + r(r − 2M) dθ2

)
+ r(r − 2M) sin2 θ dφ2 . (3.7)

The surface of the star, that is the rod configuration, is located at r = 2M and 0 ≤ θ ≤ π,
which forms a smooth end to spacetime as already argued.

3.3.1 Profile at the surface of the star

We first study the geometry at the end-to-spacetime locus, r = 2M . We move along the
microscopic bubbles spread across the surface of the Weyl star as θ varies from 0 to π with φ
fixed. In figure 5, we have plotted the size of the φ, y1 and y2 circles at r = 2M as functions
of θ for a configuration of 41 microscopic bubbles. The values of each Mi have been obtained
numerically and the overall behavior already matches well the large N approximation.

The y1 and y2 circles shrink alternatively as θ goes from 0 to π, and their sizes scale at
least as N− 1

2 R̃y. Moreover, the bubbles in the middle are more squeezed than the ones
at the periphery. The φ-circle is much bigger and scale like M which illustrates that the
microscopic bubbles indeed have made the φ-circle to blow up in size. In the large N limit
the radius of the φ-circle along θ direction is very similar to the standard sphere given as

√
gφφ |r=2M ∼

2M√
(1− e−2b0)(1− e−2b1)

sin θ . (3.8)

Note that the φ and y1 circles behave as
(
1−e−2b1

) 1
2 according to the gauge field parameters

while the y2 circle has an extra
(
1−e−2b0

)− 1
2 factor. The neutral limit is obtained for

bI→∞, and does not change the bubbling feature at the surface of the star as already argued.
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2M1-e-2 b0  1-e-2 b1 
0

π

gϕϕ

θ
Profile of ϕ-circle

0 1 - e-2 b1
Ry1

2 N

0

π

Ry1 gy1 y1

Profile of y1-circle

0 1-e-2 b1

1-e-2 b0

Ry2

2 N

0

π

Ry2 gy2 y2

Profile of y2-circle

Figure 5. Sizes of the φ, y1 and y2 circles on the z-axis for N = 20 and R̃y1 = R̃y2 = R̃y. We have
written illustrative values on the horizontal axis that are obtained by computing the values at the
middle bubbles while taking the large N limit.

Plotting gθθ as a function of θ is not physically meaningful since it is not associated to
any particular symmetry of the system. We can, however, compute the proper distance
from the North pole to the South pole and compare with the “east-to-west” distance on the
equatorial plane of the star. At leading order in N , these are given by

∆N-S =
∫ π

0

√
gθθ |r=2M dθ ∼ N

1
2 R̃y√

(1− e−2b0) (1− e−2b1)
= O

(
G2

4M2

R̃y

)
,

∆E-W =
∫ π

0

√
gφφ |r=2M dφ ∼ N

1
4 R̃y√

(1− e−2b0) (1− e−2b1)
= O (G4M) .

(3.9)

Therefore, the topological S2 at the surface of the star is highly squashed by a factor of√
N . More precisely, it is a kind of ellipsoid where the proper length from the North pole

to the South pole is much larger than the proper length between two opposite point in the
equatorial plane, ∆N-S ≈ G4M

R̃y
∆E-W (see figure 7). Note that the physical distance between

the North and South pole corresponds to the physical distance between the first and the
last microscopic bubbles in the configuration. However, this distance from the point of
view of the base is given by z+

2N+1 − z
−
1 ∼ G4M ∼ ∆E-W. The physical distance in six

dimensions is therefore magnified due to the warp factors.
As a summary, the surface of Weyl stars forms a very special and axisymmetric end-

to-spacetime locus with a squashed topological S2. The T2 has always one of its circle
shrinking on the surface defining a chain of axisymmetric bubbles as depicted schematically
in figure 7.

3.3.2 Spacetime away from the surface

It is quite difficult to get a good idea of how the solutions look because of the complicated
forms of the warp factors (2.14) and (2.15). However, now that we have argued that all the
rods are very small at large N ,

Mi = O
(
N−

3
4
)
⇒ z±i = cstN +O

(
i

N
3
4

)
, (3.10)
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one can make use of the Riemann sum approximation to greatly simplify the form of the
metric, i.e. For differential functions f and g,

N∑
i=1

f(xi) δx ∼
∫ xN

x1
f(x) dx ⇔

N∏
i=1

g(xi) ∼ exp
[ 1
δx

∫ xN

x1
log g(x) dx

]
(3.11)

if f = log g is slowly varying in between each segment of size δx. In our present case,
xi = iN−3/4, δx = N−3/4, and f will also be a function of the coordinates (r, θ).

The arguments of the warp factors, (2.14) and (2.15), do indeed vary slowly in segments
of size δx = N−3/4 outside the rods, i.e. outside the surface of the Weyl star r 6= 2M , and
vary rapidly on the rods as can be seen in figure 5. Our procedure is then to apply the
approximation to replace each product by an integral for r > 2M . The integrals are generally
derivable and give complicated expressions which we further simplify by considering N
large. Thus, there are two stages of approximations for which it is quite difficult to estimate
precisely when they fail. We detail our analysis in the appendix C. Taking some margins,
we found that the Riemann sum approximation is very accurate for estimating the warp
factors (2.14) and (2.15) when r & 2M

(
1 +O(N−1/2)

)
. For example, we have

U1 =
N+1∏
i=1

1− 2M2i−1

r
(2i−1)
+ + r

(2i−1)
− +M2i−1

 ∼
√

1− 2M
r

, (3.12)

in the region outside the star.
Applying the approximation at large N to each warp factor we find that, for r &

2M
(
1 +O(N−1/2)

)
, the neutral Weyl stars (2.22) are indistinguishable from the following

static axisymmetric spacetimes

ds2
6 = −dt2 +

√
1− 2M

r

(
dy2

1 + dy2
2

)
+
(

(r −M)2 −M2 cos2 θ

r(r − 2M)

) 1
4
(

r dr2

r − 2M + r2 dθ2
)

+ r2 sin2 θ dφ2 . (3.13)

The three-charge Weyl stars (2.13) are indistinguishable in regions r & 2M
(
1 +O(N−1/2)

)
from

ds2
6 = 1
Z1

−dt2 +
√

1− 2M
r

dy2
1

+ Z1
Z0

√
1− 2M

r

(
dy2 + 3M

2 sinh b0
cos θ dφ

)2

+ Z1Z0

((r −M)2 −M2 cos2 θ

r(r − 2M)

) 1
4
(

r dr2

r − 2M + r2 dθ2
)

+ r2 sin2 θ dφ2

 ,
F3 = M

2 sinh b1

 1
r2Z2

1

√
1− 2M

r

dt ∧ dr ∧ dy1 − sin θ dθ ∧ dφ ∧ dy2

 , (3.14)

where the Z functions greatly simplify to

Z0 ≡ 1− coth b0 − 1
2

((
1− 2M

r

) 3
2
− 1

)
, Z1 ≡ 1− coth b1 − 1

2

√1− 2M
r
− 1

 .
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Remarkably, these axisymmetric systems are exact solutions to Einstein equations with
naked curvature singularity at r = 2M . We refer to them as the bag spacetimes. Weyl stars
are indistinguishable from bag spacetimes for r & 2M +O(bubble size),13 but as soon as we
consider r ∼ 2M the smooth chain of microscopic bubbles starts to be manifest and ends
the spacetime smoothly as we already described. Weyl stars offer a non-trivial classical
resolution of the singularity by blowing up bubbles at its vicinity.

The size of the microscopic bubbles (3.3) behaves like R̃2
yM

−1, and the ADM mass,
M (3.2), is proportional to M . Therefore, Weyl stars scale more and more towards
the singular solutions as the mass gets large, i.e. the singular solution becomes more
indistinguishable from Weyl stars in the large mass limit. We have the first examples without
the help of supersymmetry of scaling smooth solutions that resemble a singular geometry up
to a small scale above its singularity and resolve it into smooth non-trivial topologies. Even
if the singular solution is not a black hole, and doing a similar construction at the vicinity
of a black hole horizon is a challenge, this illustrative example shows the strength of the
resolution of singularity by microscopic non-trivial smooth topologies in a non-BPS regime.

If the bag spacetimes, (3.13) or (3.14), do not strictly match a black hole metric, it
has very interesting properties on its own. The singularity that the Weyl star resolves at
r = 2M is a naked curvature singularity since several metric coefficients either blow up
or vanish. In particular, gθθ and then the area of the S2 diverge. More precisely, the S2

of (3.14) has the expected growth with r at large distances, however, in regions very close
to the singularity, the spheres also grow with decreasing r. This implies a minimal surface
with respect to the coordinate r:

AreaS2 ≡
∫
S2

√
gθθgφφ ∼

r�2M
4πr , AreaS2 =

r∼2M
O
(

1
(r − 2M) 1

8

)
. (3.15)

We have plotted the area of the S2 for a neutral Weyl star of 41 microscopic bubbles
(orange thick line) and for its corresponding bag metric (3.13) (black dashed line) in
figure 6. The Weyl star resolves the divergence and the area converges to a finite value
of order N 3

4 R̃2
y ∼ (G4M)3R̃−1

y . Moreover, it matches the area obtained from the bag
metric (3.13) very well until incredibly close to r ∼ 2M . This is due to the fact that our
range, r & 2M

(
1 +O(N−1/2)

)
is mostly restricted to θ ∼ 0 or π and can be significantly

improve away from the axis. Thus, the Weyl stars have the same properties, as soon as we are
not considering its surface, as the bag metrics (3.13) and (3.14). Therefore, a Weyl star also
has a minimal S2 and suddenly opens up to a larger space until we reach its surface spread by
microscopic bubbles (see figure 7). We call such an atypical characteristic a bubble bag end.

The minimal surface of the Weyl star is sufficiently away from its surface to be well-
captured by the approximated bag metrics, (3.13) and (3.14). Their S2 area can be derived
exactly

AreaS2 = 2π r2Z0Z1

(r(r − 2M))
1
8

∫ 1

−1

[
(r −M)2 −M2u2

] 1
8 du , (3.16)

which can be also expressed in terms of hypergeometric functions. There is no analytic
expression for this minimal surface, however it can be studied with the integral form.

13We have replaced N−1/2M ∼ N−1/4R̃y by the cubic root of the area of each microscopic bubble (3.3)
which we considered as the “bubble size”.
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1 1.51.05

65.7M
2

218M
2

r

2M

A
re
a
S
2

1 1.00004

218M
2

r

2M

Figure 6. Area of the S2 as a function of r/2M of a neutral 41-bubble Weyl star (orange thick
line) and its approximate bag spacetime away from its surface (black dashed line). At r = 2M the
area for the Weyl star is finite, AreaS2 ≈ 218M2, but diverges for the bag geometry. Otherwise, the
two results are indistinguishable above r > 1.00004× 2M , that is very close to the surface of the
star even if N = 20.

Figure 7. Schematic description of a Weyl star spacetime. The T2 circles are colored in red and
green. The S2 at the surface of the star is recovered by axisymmetric microscopic bubbles (7 in the
figure) where one of the T2 circles shrink smoothly.

For neutral solutions, we find numerically that min (AreaS2) ≈ 65.69M2 at r
2M ≈ 1.049.

Moreover, even if the S2 at the surface of the Weyl star is highly squashed, one can check
that the S2 at the minimal surface is mostly round as 1.04M ≤ √gθθ|r∼2.1M ≤ 1.31M . In
other words, before reaching this region and opening up into a very axisymmetric space,
Weyl star backgrounds are nothing special and appear almost spherically symmetric.

Finally, we have represented the main profile of a Weyl star in figure 7. The left-hand
side describes the geometry away from its surface, obtained from (3.13) and (3.14). The
space opens up near the end-to-spacetime locus like a bubble bag. The right-hand side
corresponds to the smooth geometry of the T2×S2 at the surface of the star. The S2 is
squashed along the axis and spread by axisymmetric microscopic bubbles where the T2

directions alternately degenerate.
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From the perspective of the four-dimensional framework obtained by KK reduction
along (y1, y2) (2.19), three-charge Weyl stars are given by, for r & 2M

(
1 +O(N−1/2)

)
,

ds2
4 = −

√
1− 2M

r√
Z0Z1

dt2 +
√
Z0Z1√

1− 2M
r

((r −M)2 −M2 cos2 θ

r(r − 2M)

) 1
4
(

rdr2

r − 2M + r2 dθ2
)

+ r2 sin2 θ dφ2

 ,
e−
√

3 Φ1 =
1− 2M

r√
Z0Z1

, e−
√

3
2 Φ2 =

Z1
√

1− 2M
r

Z0
, (3.17)

F (m0) = − 3M
2 sinh b0

sin θ dθ ∧ dφ , F (m1) = − M

2 sinh b1
sin θ dθ ∧ dφ ,

F (e1) = M

2 sinh b1
1

r2Z2
1

√
1− 2M

r

dt ∧ dr ,

and the neutral solutions are obtained by taking bI →∞.

3.4 Comparison with a black brane

In this section, we compare the geometry of Weyl stars to the six-dimensional black brane
with the same conserved charges. To do this, we will compare with the bag spacetimes (3.13)
and (3.14).

Neutral solutions. In terms of conserved charges, the geometry of a neutral Weyl star
of four-dimensional massM is given by, for r & 4G4M

(
1 +O

(
R̃2
y

G2
4M2

))
,

ds2
6 = −dt2 +

√
1− 4G4M

r

(
dy2

1 + dy2
2

)
+ r2 sin2 θ dφ2

+
(

(r − 2G4M)2 − (2G4M cos θ)2

r (r − 4G4M)

) 1
4
(

r dr2

r − 4G4M
+ r2 dθ2

)
,

(3.18)

and its four-dimensional KK reduction gives

ds2
4 =

√
1− 4G4M

r

[
− dt2 + r2 sin2 θ dφ2 (3.19)

+
(

(r − 2G4M)2 − (2G4M cos θ)2

r (r − 4G4M)

) 1
4
(

r dr2

r − 4G4M
+ r2dθ2

)]
,

We consider the neutral two-dimensional brane with the same conserved charges

ds2
6 = −

(
1− 2G4M

r

)
dt2 + dy2

1 + dy2
2 + r dr2

r − 2G4M
+ r2

(
dθ2 + sin2 θdφ2

)
, (3.20)

which simply corresponds to a T2 fibration over a Schwarzschild black hole and the horizon
is located at rS = 2G4M. It is tempting to compare the radial distance r = 4G4M where
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the surface of the Weyl star is to the horizon radius rS = 2G4M which is twice smaller.
However, nothing indicates that the radial coordinates of the two objects are comparable.
A meaningful quantity to compare are the minimum S2 surfaces of both solutions and
their corresponding radii. For the neutral black brane, the area is obviously the horizon
area, AreaS2, hor = 16πG2

4M2 while for the Weyl star, min (AreaS2) ≈ 262.3G2
4M2 (3.16).

Therefore, the ratio of the radii gives

rmin
rS

=
√

min (AreaS2)
AreaS2, hor

≈ 2.29 . (3.21)

Thus, before the spacetime of the Weyl star opens up, the minimal S2 has a radius 2.28
bigger than its Schwarzschild radius, which means that the object is very much compact.

From a four-dimensional perspective the S2 of the Weyl star is pinching off at r ∼ 4G4M
unlike the Schwarzschild black hole. However, the full six-dimensional geometry should
start to be manifest close to this radius and the “bubble bag end” that we have already
described starts to be visible.

Pushing the comparison forward will require more work that we postpone for further
projects. It would be interesting to compute the multipole moments of Weyl stars that are
a priori non-zero due to the strong axisymmetry unlike the Schwarzschild black hole. More-
over, computing and comparing light geodesics could highlight some trapping properties
of Weyl stars.

Three-charge solutions. A three-charge Weyl star (3.14) must be compared to a three-
charge non-extremal static black brane [19], commonly known as a D1-D5-KKm black hole
in type IIB [35, 36]. Because the Weyl star has two equal charges (the D1 and D5 in type
IIB), we therefore consider the following black-brane solution

ds2
6 = −

(
1− rS

r

)
dt2 +

(
1− rB

r

)
dy2

1 +
(

1− rC
r

)−1
(dy2 + P0 cos θdφ)2

+ r(r − rC) dr2

(r − rS)(r − rB) + r (r − rC) dΩ2
2,

F3 = Q1
r2 dt ∧ dr ∧ dy1 −Q1 sin θ dθ ∧ dφ ∧ dy2 , H0 dφ = Q0 cos θ dφ ,

(3.22)

where we have

Q2
1 = rB rS , Q2

0 = (rB − rC) (rS − rC) , rS ≥ rB ≥ rC . (3.23)

And the conserved quantities in four dimensions are given by

M = 1
4G4

(2rS + rB − rC) , Q(1)
e = Q(1)

m = Q1√
16πG4

, Q(0)
m = Q0√

16πG4
. (3.24)

It terms of M , the conserved charges of a Weyl star (3.2) are given by

M = (3 coth b0 + 2 coth b1 − 1) M

8G4
, Q(0)

m = 3M
8
√
πG4 sinh b0

,

Q(1)
e = Q(1)

m = M

8
√
πG4 sinh b1

.

(3.25)
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Figure 8. Plots of 2M
rS

and
√

min(AreaS2)
AreaS2, hor

as functions of M
Q

(1)
m

for various values of Q
(0)
m

Q
(1)
m

. The plots
are in units of G4 (G4 = 1). The starting point of each line corresponds to the point in the phase
space where the three-charge black brane starts to exist, and then to its extremal limit where rS = rB
in (3.22).

To compare the Weyl star with the black brane at fixed conserved charges, we should invert
these expressions to obtain (rS, rB, rC) and (M, b0, b1) as functions of the conserved charges.
Unfortunately, this leads to cubic polynomials and the final results do not simplify, and we
will therefore refer to plots and illustrative examples.

In figure 8, the top plot corresponds to the ratio of the surface locus r = 2M over
the horizon locus r = rS for values of mass and charges where both solutions exist.
Even if it is interesting to see that in some regime 2M < rS, it does not mean that the
Weyl star is more compact than the corresponding black brane. Similar to the neutral
solutions, one needs to compare the minimal S2 surfaces of both solutions. The bottom
plot of figure 8 corresponds to the ratio of the radius of the minimal S2 for the Weyl star,
rmin = 1

2
√
π

√
min (AreaS2) computed from (3.16), over the horizon radius of the black brane,

rH = 1
2
√
π

√
AreaS2,hor =

√
rS(rS − rC). We see that the Weyl star is indeed less compact

that the black brane with same charges and mass as expected. Moreover, at a given Q
(0)
m

Q
(1)
m

,
the Weyl star is more compact with respect to the black brane at the extremal point when
rS = rB. Numerically, we found that the most compact Weyl star with respect to the black
brane of same charges is when Q

(0)
m

Q
(1)
m

is approaching zero with the ratio

rmin
rH

=
√

min (AreaS2)
AreaS2, hor

≈ 1.54 . (3.26)
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Finally, all curves converge to the neutral limit asM gets large compared to Q(1)
m = Q

(1)
e

and Q(0)
m . Moreover, the ratios of the minimal S2 areas are always smaller than the neutral

limit. In other terms, the charged Weyl stars are more compact with respect to the black
brane than the neutral configurations. One can wonder then if one can construct even
more compact bubbling solutions by turning on other gauge field degrees of freedom (that
will allow for instance Chern-Simons interaction). A remarkable scenario will be to have
geometries that can be as compact as the equivalent black brane, in the same way that
some BPS bubble geometries can be scaling and resemble its corresponding extremal black
brane until very close to the horizon.

As for the neutral Weyl stars, it will be interesting to push the comparison forward
through the computation of multipole moments, light geodesics, etc.

4 Bag spacetimes and their bubbly resolution

In the previous section, we highlighted the presence of bag spacetimes which are static and
axisymmetric solutions of our six-dimensional action (2.1). These are singular solutions
for which the singularity can be resolved into a chain of a large number of smooth bubbles
forming a Weyl star. In this section, we reverse the perspective, and we aim to classify and
characterize all bag spacetimes and singularities that can be resolved by Weyl stars.

4.1 The family of singular bag spacetimes

The bag spacetime obtained in (3.14) is axisymmetric and static. Therefore, it should
have a description in terms of the six-dimensional Weyl formalism pioneered in [19] and
reviewed in section 2.1 and appendix A. It is clearly sourced by a unique singular rod, and
should be characterized in terms of three harmonic functions, logW0, L0 and L1, (2.10),
and the weights (G,P (0), P (1)) of the source. These singular solutions are not part of the
classification of physical Weyl solutions, given in (A.15), (A.18) and (A.21). However, we
now know that these singularities can be classically resolved by chains of large number of
smooth bubbles, and it is therefore relevant to consider them as physical Weyl solutions.

For simplicity, we consider spacetimes sourced by a single rod only, and the generalization
to multiple sources on a line is straightforward with the Weyl formalism. We define 2M as
the length of the rod and the following weights in the harmonic functions:

G = P (1) = D

2 , P (0) = 1− D

2 , 0 < D < 1. (4.1)

The metric and gauge field are given by the generic ansatz (2.3), and the warp factors and
gauge potentials are derived from (A.10) such that

W0 = f−
D
2 , Z0 = eb0 f−1+D

2 − e−b0 f1−D2

2 sinh b0
, H0 = 2−D

2 sinh b0
(r− − r+) ,

Z1 = eb1 f−
D
2 − e−b1 f

D
2

2 sinh b1
, H1 = D

2 sinh b1
(r− − r+) , (4.2)

T1 = −

√
1 + sinh2 b1 Z2

1

Z1
, e2ν =

(
(r+ + r−)2 − 4M2

4r+r−

)1−D(1−D)

,
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where we have defined

r± ≡
√
ρ2 + (z ∓M)2, f ≡ 1− 4M

r+ + r− + 2M . (4.3)

It is more convenient to use spherical coordinates, (r, θ, φ), centered on the single rod by
considering the change of variables (3.6). The solutions are therefore given by

ds2
6 = 1
Z1

[
−dt2 +

(
1− 2M

r

)D
dy2

1

]
+ Z1
Z0

(
1− 2M

r

)1−D (
dy2 + (2−D)M

sinh b0
cos θ dφ

)2

+ Z1Z0

((r −M)2 −M2 cos2 θ

r(r − 2M)

)D(1−D) (
r dr2

r − 2M + r2 dθ2
)

+ r2 sin2 θ dφ2

 ,
F3 = DM

sinh b1

 1

r2Z2
1

(
1− 2M

r

)1−D dt ∧ dr ∧ dy1 − sin θ dθ ∧ dφ ∧ dy2

 , (4.4)

where the ZI functions are

Z0 ≡ 1− coth b0 − 1
2

((
1− 2M

r

)2−D
− 1

)
, Z1 ≡ 1− coth b1 − 1

2

((
1− 2M

r

)D
− 1

)
.

To better describe the geometries, it is useful to consider the neutral solutions obtained
by sending bI →∞, which have the same properties as the charged solutions without the
complexity due to the flux:

ds2
6 =− dt2 +

(
1− 2M

r

)D
dy2

1 +
(

1− 2M
r

)1−D
dy2

2 (4.5)

+
(

(r −M)2 −M2 cos2 θ

r(r − 2M)

)D(1−D) (
r dr2

r − 2M + r2 dθ2
)

+ r2 sin2 θ dφ2 ,

The specific bag spacetime highlighted in the previous section is obtained by taking
D = 1

2 (3.14). More generically, we have a one-parameter family of bag solutions with
0 < D < 1. All solutions have similar properties to the bag spacetimes with D = 1

2 . They
are regular for r > 2M . However, the T2 is degenerating while the size of the S2 is diverging
at r = 2M . Moreover, as D gets closer to 0, the solutions converge towards a single-center
species-2 bubble while, as D gets closer to 1, the solutions approach a single-center species-1
bubble. In between, we have an overlay of both sources where the parameter D dials
their relative contributions. At the level of the metric, D controls how fast the y1-circle is
shrinking compared to the y2-circle.
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From the perspective of the four-dimensional framework obtained by KK reduction
along (y1, y2) (2.19), bag spacetimes are given by

ds2
4 =−

√
1− 2M

r√
Z0Z1

dt2+
√
Z0Z1√
1− 2M

r

((r−M)2−M2 cos2 θ

r(r−2M)

)D(1−D)(
rdr2

r−2M +r2 dθ2
)

+ r2 sin2 θdφ2

 ,
e−
√

3Φ1 =

(
1− 2M

r

) 1
2 +D

√
Z0Z1

, e−
√

3
2 Φ2 =

Z1
(
1− 2M

r

)1−D

Z0
, (4.6)

F (m0) =−(2−D)M
sinhb0

sinθdθ∧dφ, F (m1) =− DM

sinhb1
sinθdθ∧dφ,

F (e1) = DM

sinhb1
1

r2Z2
1

√
1− 2M

r

dt∧dr .

Therefore, the four-dimensional ADM mass and the three charges (2.20) are given by

M = M (2D coth b1 + (2−D) coth b0 −D)
4G4

, Q(0)
m = (2−D)M√

16πG4 sinh b0
,

Q(1)
m = Q(1)

e = DM√
16πG4 sinh b1

.

(4.7)

In the previous section, we showed that the bag spacetimes with D = 1/2 can be
resolved by specific Weyl star geometries. In the next section, we discuss in general how
bag spacetimes with arbitrary D can be resolved in the same way.

4.2 Resolution as Weyl stars

In section 3, we have described Weyl stars for which the rescaled extra-dimensional radii,
R̃ya (2.17), are taken to be equal, R̃y1 = R̃y2 . It has allowed to treat the bubble equations in
a much simpler way in section 3.1, but it has obviously restricted to specific geometries. In
this section, we discuss what we can expect from generic Weyl stars with R̃y1 6= R̃y2 and how
they resolve the generic class of bag spacetimes described above. We will not go through the
details since constructing Weyl stars with R̃y1 6= R̃y2 requires a much better understanding
of the bubble equations (2.16) at large N , and we will just sketch the overall picture.

From the bubble equations (2.16), it is clear that considering R̃y1/R̃y2 6= 1 will induce
a ratio between the lengths of the species-1 bubble rods, M2i−1, with respect to the lengths
of the species-2 bubble rods, M2i. Moreover, as discussed in the appendix B.3, we have seen
that the distribution of the rod lengths is similar to the case when R̃y1/R̃y2 = 1, that is all
even rods have mostly the same length, with a similar property for the odd rods, except
the rods at the periphery. Therefore, for R̃y1/R̃y2 , the rod lengths are constrained by the
bubble equations such that

M2i+1 ∼ m1, M2i ∼ m2, i ≥ 1, with m1
m2

= h

(
N,

R̃y1

R̃y2

)
, (4.8)

where h is a monotically-increasing function of R̃y1
R̃y2

with h(N, 1) ∼ 1.
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By modifying R̃y1/R̃y2 we are therefore changing the density of species-1 bubbles
compared to the species-2 bubbles in the rod configuration. Indeed, such density is given by

D =
∑N+1
i=1 M2i−1∑2N+1
i=1 Mi

∼ m1
m1 +m2

= h

h+ 1 . (4.9)

Therefore, having a large R̃y1/R̃y2 should induce a large density of species-1 bubbles in the
configuration, D ∼ 1, while having a small R̃y1/R̃y2 induces a large density of species-2
bubbles, D ∼ 0. Beside this difference in the density of bubbles, such Weyl stars have the
same properties at the rods as the Weyl stars studied in section 3: the spacetime ends off
smoothly as a chain of bubbles sitting at origins of R2.

Moreover, one can apply the Riemann sum approximation on the warp factors and
gauge potentials (UI ,ZI , ν,HI , T1) (2.14) as in section 3.3.2. For U1 for instance, one would
find, unlike (3.12), that, at a distance r slightly away from the surface of the star,

U1 ∼
(

1− 2M
r

)D
, (4.10)

where r and M are defined as in (3.5) and (3.6). More precisely, the overall metric and
gauge field are indistinguishable from the bag spacetime described in (4.6).

Therefore, we expect a generic bag spacetime and its singularity (4.6) to be resolved into
a Weyl star, that is a chain of smooth species-1 and species-2 bubbles. The parameter M is
related to half the length of the configuration while D is remarkably related to the density
of species-1 bubble in the chain. This is consistent with the fact that as D approaches 1,
the bag spacetimes (4.6) converge towards a single-center species-1 bubble.

5 Discussion

In this paper, we have shown that interesting solutions can be constructed from the Weyl
formalism assuming at least two extra dimensions in addition to the four-dimensional
spacetime. In this framework, we have constructed Weyl stars that are smooth static
geometries without a horizon, composed of a large number of KK bubbles that can be
wrapped by fluxes. These geometries have interesting features with a compact minimal S2

surface that opens to a non-trivial solitonic structure. To that respect we refer them as
bubble bag end spacetimes.

An important question to immediately address for the potential astrophysical relevance
of such structures is about their stability. Several arguments have been given in [19].
Because vacuum KK bubbles suffer from a instability that forces them to expand [27], we
expect that the neutral Weyl stars suffer from the same kind of instability. Indeed, even if
the vacuum bubbles in the middle of the chain should be squeezed enough to be prevented
from expanding, nothing counterbalances the expansion of the two bubbles at the extremity
of the chain. However, it has been argued in [20] that KK bubbles can be stabilized by
adding fluxes. Therefore, we hope that the charged Weyl stars are stable and potentially
viable astrophysical solutions. To go further and evaluate the possible formation of such
structures, one should analyze their thermodynamic properties in the manner of [37–40].
This is particularly important to better understand the stability properties of Weyl stars.
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It is important to describe the gravitational footprints of Weyl stars and bag spacetimes.
First, we would like to calculate the geodesics in such backgrounds. It would be particularly
interesting to study how probe particles or light can be trapped in the bag region and to im-
age their shadows from an asymptotic observer in the manner of [41]. Secondly, one can think
of deriving multipole moments of Weyl stars (such as it has been done for families of BPS
and non-BPS horizonless microstate geometries [42–45]), Love number [46], quasi-normal
modes [47–49], and even gravitational wave emission from Weyl stars. These specific calcula-
tions are very relevant to assess how the ringdown signals of Weyl stars with potential echoes
may differ from the usual black hole picture or other ultra-compact objects constructed so far.

In this paper, we have also developed a new technique to simplify generic Weyl solutions
slightly away from the sources using the Riemann sum approximation, and to obtain
simpler backgrounds that solve the Einstein equations by themselves. This technique is not
limited to our six-dimensional construction and can be applied to other settings such as the
four-dimensional Israel-Khan solutions [50], which consist of static black holes on a line, or
the five-dimensional black hole-bubble chains [21]. This would lead to other interesting new
bag spacetimes that have not been considered in the past as valid GR solutions because of
their naked singularity. However, this singularity is resolved by the sources that constitute
the complete Weyl solutions, in the same way that the Weyl stars resolved the singularity
of the bag spacetimes constructed in this paper.

An advantage of our Weyl stars over other toy models of ultra-compact objects like
gravastars [51] or boson stars [52] is that they admit a well-defined UV description in
a quantum theory of gravity. Indeed, as described in section 2.6, they correspond to
D1-D5-KKm solutions in type IIB string theory. More precisely, Weyl stars consist of a
chain of D1-D5-KKm bubbles and non-BPS KKm bubbles. It would be interesting to
analyze the solutions from a more top-down perspective and to better understand their
microscopic origin as brane bound states. Furthermore, in this context, the Weyl ansatz
and the system of linear equations detailed in section 2.1 constitute a new example of closed-
form “floating brane” solutions in the non-BPS regime. The ansatz encompasses the static
D1-D5-KKm BPS floating brane ansatz but allows for a departure into the non-BPS regime
while retaining the possibility of adding linear brane sources. This is a very non-trivial
mechanism as BPS floating brane solutions make extensive use of supersymmetry to keep
the brane sources away from each other by imposing a balance between the gravitational
and electric interactions. In the present ansatz, the branes can still “float” and are kept
apart by pure topology, i.e. by KK bubbles. In a future article, we will discuss in more
detail, from a top-down point of view, how the Weyl formalism allows to derive a non-BPS
floating brane ansatz in M-theory [53].

As a final comment, we would like to draw a parallel between our solutions and
BPS microstate geometries [9–15] and address the question of whether Weyl stars could
correspond to classical microstate geometries of non-extreme D1-D5-KKm black holes. Weyl
stars share the same fundamental properties that have been theorized as the only viable
mechanism that allows sustainable smooth microstructure in a region where a horizon
should form from a GR perspective [5]: topological cycles wrapped by fluxes. However, our
solutions lack Chern-Simons interactions and are clearly not compact enough to have a
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microstructure as compact as a horizon. Nevertheless, Weyl stars offer good prototypes of
what could be the microstate geometries of non-extremal black holes. One can postulate
that such microstate geometries may have a minimal S2 of the same size as the horizon
of the non-extreme black hole with the same conserved charges. This may then open up
into a large smooth “bag” spacetime spread by microscopic bubbles. To move towards
this analysis, we would need to add extra degrees of freedom that allow Chern-Simons
interactions and ultimately rotation to our current Weyl ansatz. This will allow us to derive
the most generic non-BPS floating brane ansatz.
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A Weyl solutions in six dimensions

In this section, we construct static axisymmetric solutions of the six-dimensional Einstein-
Maxwell theory (2.1), assuming that ?F3 = F3.

A.1 Equations of motion

Using the Weyl’s coordinate system, the ansatz that is the most suitable to write down the
Einstein-Maxwell equations (2.2) is given by

ds2
6 = 1

Z1

[
−W0 dt

2 + dy2
1

W0

]
+ Z1
Z0

(dy2 +H0 dφ)2 + Z0Z1
[
e2ν

(
dρ2 + dz2

)
+ ρ2dφ2

]
,

F3 = d [H1 dφ ∧ dy2 + T1 dt ∧ dy1] (A.1)

The self-duality of F3 requires
dT1 = 1

ρZ2
1
?2 dH1 , (A.2)

where ?2 is the Hodge star operator in the flat (ρ, z) subspace. The Einstein and Maxwell
equations can be decomposed into the following layers:

Vacuum layer: L logW0 = 0 ,

Maxwell layer: L logZI =− 1
ρZ2

I

[
(∂ρHI)2+(∂zHI)2

]
,

∂ρ

(
1

ρZ2
I

∂ρHI

)
+∂z

(
1

ρZ2
I

∂zHI

)
= 0 ,

Base layer: ∂zν= ρ

2 ∂ρ logW0∂z logW0+ρ∂ρ logZ1∂z logZ1+ ρ

2 ∂ρ logZ0∂z logZ0

+ 1
2ρZ2

0
∂ρH0∂zH0+ 1

ρZ2
1
∂ρH1∂zH1 ,

∂ρν= ρ

4
(
(∂ρ logW0)2−(∂z logW0)2

)
+ ρ

2
(
(∂ρ logZ1)2−(∂z logZ1)2

)
ρ

4
(
(∂ρ logZ0)2−(∂z logZ0)2

)
+ 1

4ρZ2
0

(
(∂ρH0)2−(∂zH0)2

)
+ 1

2ρZ2
1

(
(∂ρH1)2−(∂zH1)2

)
, (A.3)
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where L is the cylindrical Laplacian (2.4). The equations can be treated linearly except the
Maxwell layer which is a non-trivial set of non-linear coupled differential equations. In [18],
a procedure have been found to extract closed-form solutions. The solutions are determined
by three harmonic functions that solve a Laplace equation (2.4), (2.6) and (2.7).

A.2 The BPS limit

We consider that the scalars (ZI , HI , TI)I=0,1 are given by G(I)
2 (2.5), which leads to

LI = ZI − bI . Therefore, the solutions can be better written such that ZI are harmonic
functions

L (logW0) = L (Z0) = L (Z1) = 0 , (A.4)

and the gauge potential are determined by

?3 d(H0 dφ) = dZ0 , ?3d(H1 dφ) = dZ1 , T1 = − 1
Z1

. (A.5)

We recognize the BPS equations of motion one can obtain from supersymmetric static
D1-D5-KKm solutions where the D1 and D5 have the same charges. Physical solutions are
necessarily sourced by point particles on the z-axis with W0 = 1.14 With such a choice,
ν = 1 (2.7) and the base is flat R3 as expected. Generic solutions are given by

ZI =
n∑
i

q
(I)
i√

ρ2 + (z − zi)2 , HI =
n∑
i

q
(I)
i (z − zi)√
ρ2 + (z − zi)2 . (A.6)

The sources at (ρ = 0, z = zi) are either static extremal two-dimensional black branes if
q

(1)
i 6= 0 (or D1-D5-KKm black holes when embedded in type IIB) or smooth Gibbons-
Hawking centers if q(1)

i = 0.

A.3 Generic three-charge Weyl solutions

We now move away from the BPS regime and consider that the scalars (ZI , HI , TI)I=0,1 are
given by G(I)

1 (2.5).15 Point sources lead to naked singularity, so we source the harmonic
function (logW0, L0, L1) by rods.

We consider n distinct rods of length Mi > 0 along the z-axis centered on z = zi.
Without loss of generality we can order them as zi < zj for i < j. Our conventions are
illustrated in figure 9. The coordinates of the endpoints of the rods on the z-axis are given by

z±i ≡ zi ±
Mi

2 . (A.7)

We define the distances to the endpoints r(i)
± , the distances R(i)

± and the generating functions
E

(i,j)
±± such as

r
(i)
± ≡

√
ρ2+

(
z−z±i

)2
, R

(i)
± ≡ r

(i)
+ +r(i)

− ±Mi , E
(i,j)
±± ≡ r

(i)
± r

(j)
± +

(
z−z±i

)(
z−z±j

)
+ρ2.

(A.8)
14More precisely, sourcing ZI by rods or sourcing logW0 leads to solutions with naked singularities.
15We could think about mixing the BPS branch with the non-BPS one, by taking G(0)

2 and G(1)
1 for

instance, but our attempts did not lead to any physical solutions.
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Figure 9. Schematic description of axisymmetric rod sources.

The harmonic functions sourced at the rods are given by

logW0 =
n∑
i

Gi log

R(i)
+

R
(i)
−

 , LI =
n∑
i

P
(I)
i log

R(i)
+

R
(i)
−

 , (A.9)

where (Gi, P (0)
i , P

(1)
i ) are weights associated to each rod. The metric warp factors and the

gauge potentials, obtained from (2.5) and (2.7), give

ZI = 1
2aI

ebI n∏
i=1

R(i)
+

R
(i)
−

aIP
(I)
i

− e−bI
n∏
i=1

R(i)
−

R
(i)
+

aIP
(I)
i

 , W0 =
n∏
i=1

R(i)
+

R
(i)
−

Gi ,

e2ν =
n∏

i,j=1

E(i,j)
+− E

(i,j)
−+

E
(i,j)
++ E

(i,j)
−−

 1
2 αij

, H0 =
n∑
i=1

P
(0)
i

(
r

(i)
− − r

(i)
+

)
, (A.10)

H1 =
n∑
i=1

P
(I)
i

(
r

(i)
− − r

(i)
+

)
, Z1 = −a1 coth

 n∑
i=1

a1P
(1)
i log R

(i)
+

R
(i)
−

+ b1

 ,
where the exponents αij are given by

αij ≡ GiGj + a2
0 P

(0)
i P

(0)
j + 2a2

1 P
(1)
i P

(1)
j . (A.11)

The solutions are asymptotic to T2 ×M4 if ZI → 1, which fixes

aI = sinh bI . (A.12)

This implies bI ≥ 0. Regularity at the rods fixes the weights (Gi, P (0)
i , P

(1)
i ) to three

categories of physical sources [19] (see figure 10 for a schematic description). The exponents
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Figure 10. Schematic description of the three possible categories of physical rods and the behavior
of the circles on the z-axis. The black rod sources a two-dimensional static black brane with a
T2×S2 horizon. The species-1 bubble rod corresponds to the degeneracy of the y1-circle inducing
a Sy2×S2 bubble and reversely for the species-2 bubble rod. Each section between sources has a
conical excess.

αij (A.11) simplifies to

αjk =

1 if the jth and kth rods have the same nature.
1
2 otherwise,

(A.13)

and it will be convenient to define the following functions of aspect ratios:

d1 ≡ 1 , di ≡
i−1∏
j=1

n∏
k=i

(
(z−k − z

+
j )(z+

k − z
−
j )

(z+
k − z

+
j )(z−k − z

−
j )

)αjk
when i = 2, . . . n . (A.14)

The three categories of physical rods are:

• Black rod: the ith rod corresponds either to the horizon of a static three-charge black
brane with a T2×S2 topology or a black string with a S1×S3 topology16 providing
that

P
(0)
i = 1

2 sinh b0
, P

(1)
i = 1

2 sinh b1
, Gi = −1

2 . (A.15)

The surface gravity and the area of the horizon are given by [19]

κi ≡
sinh b1
eb1

√
2 sinh b0
eb0

1
diMi

∏
j 6=i

(
z+
j − z

−
i

z−j − z
−
i

)sign(i−j)αij

, Ai = (2π)3

κi
MiRy1Ry2 .

(A.16)
16The topology might change whether the rod is connected to other rods (see figure 11).
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The gauge fields (A.10) are regular at the horizon and carries two magnetic charges
(one is coming from the Kaluza-Klein monopole along y2) and an electric charge, that
can be derived by integrating the fluxes at the rod. We find

Q(1)
e i = Q(1)

mi = 1
8
√
πG4

Mi

sinh b1
, Q(0)

mi = Mi

8
√
πG4 sinh b0

, (A.17)

where G4 = G6
(2π)2Ry1Ry2

is the four-dimensional Newton constant and we use the
convention of [33] to derive the charges. Note that the electric and magnetic charges
coming from F3 are equal due to the self-duality of F3. In [19], we did not assume
the self-duality which allowed an arbitrary ratio between these charges.

• Species-1 bubble rod: the ith rod corresponds to a static three-charge bubble where
the y1-circle shrinks providing that (see figure 10)

P
(0)
i = 1

2 sinh b0
, P

(1)
i = 1

2 sinh b1
, Gi = 1

2 . (A.18)

The bubble has a S1×S2 or S3 topology16 and the (ρ, y1) subspace defines an origin
of a R2/Zki space if

kiRy1 = eb1

sinh b1

√
eb0

2 sinh b0
diMi

n∏
j 6=i

(
z+
j − z

−
i

z−j − z
−
i

)sign(j−i)αij

, ki ∈ N . (A.19)

One can also check that the gauge fields are regular, and the bubble carries an electric
and two magnetic charges given by the same expression as in (A.17).
Finally, the area of the bubble for a configuration without black rods is remarkably
derivable [19], and gives

ABi =
∫

bubble

√
det g|bubble = (2π)2

√
eb1

2 sinh b1
kiMiRy1Ry2 . (A.20)

• Species-2 bubble rod: the ith rod corresponds to a static one-charge bubble where the
y2-circle shrinks providing that (see figure 10)17

P
(0)
i = 1

sinh b0
, P

(1)
i = Gi = 0 . (A.21)

The bubble has a S1×S2 or S3 topology16 and the (ρ, y2) subspace defines an origin
of a R2/Zki space if

kiRy2 = eb0

sinh b0
diMi

n∏
j 6=i

(
z+
j − z

−
i

z−j − z
−
i

)sign(j−i)αij

, ki ∈ N . (A.22)

Moreover, the gauge fields are regular at the rod and the bubble carries only a
magnetic charge in the KK gauge field H0dφ:

Q(1)
e i = Q(1)

mi = 0 , Q(0)
mi = Mi

4
√
πG4 sinh b0

. (A.23)

The area of the bubble is also derivable when the configuration has no black rods and
gives the same expression as (A.20)

17It is a one-charge bubble since P (1)
i = 0 and F3 is then not sourced at the rod.
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Figure 11. Schematic description of connected rods by making the rods of figure 10 to touch. The
φ-circle describes now a single bubble without struts. The black rod now describes a black string as
the φ-circle degenerates at its North pole and the y1-circle at its South pole. In between the two
different bubbles, both the y1 and y2 circle shrinks defining an origin of R4.

If we consider multiple bubbles on the axis, their regularity conditions (A.19) and (A.22)
constrain non-trivially the geometry and the size of the rods. These constraints are the
equivalent of the bubble equations for BPS multicenter solutions [54–56].

Details of the regularity analysis out of the rods but still on the z-axis can be found
in [19]. The φ-circle shrinks smoothly as the common cylindrical coordinate degeneracy in
the semi-infinite segments above and below the rod configuration. However, any segments
that separate two rods are struts and have a conical excess of order di < 1 given in (A.14)
(as depicted in figure 10). If two rods of different nature touch, the strut that separates
them disappears and the intersection is free from conical excess (as depicted in figure 11).
For instance, the intersection between two touching species-1 and species-2 bubbles is free
from conical excess and the local topology correspond to a Sφ fibration over an origin of an
R4 with the same potential orbifold defects as at each bubble.

At this level, there is a large diversity of solutions one can think about. On one side,
one can be interested in studying interacting static three-charge black branes either with
struts between them as in [57] or separated by bubbles as in [21]. The present black branes
are richer than the black holes studied in [21, 57] as they are non-trivially wrapped by fluxes
and can be seen as static D1-D5-KKm non-extremal black holes, also called Cvetic-Youm
black holes [35, 36]. On the other hand, one can be interested in the physics of smooth and
strut-free geometries made of connecting species-1 and species-2 bubbles, and this is the
subject of this paper. These solutions can be also described from a top-down perspective as
smooth D1-D5-KKm floating branes in a non-BPS regime as shown in section 2.6.
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B Bubble equations at large N

In this section, we review our analysis to solve the bubble equations (2.16) for a large
number of bubbles n = 2N + 1, with the extra assumption that R̃y1 = R̃y2 = R̃y (2.17) and
for bubbles that are free from conical defects, ki = 1. With these assumptions, one needs to
fix all {Mi}i=1,...,2N+1 such that

2M1

N∏
j=1

√
1 + M2j∑2j−1

`=1 M`

N∏
j=1

1 + M2j+1∑2j
`=1M`

= R̃y ,

2Mi

i−1∏
j=1

2N+1∏
k=i+1

((
1 + Mj∑k

`=j+1M`

)(
1− Mj∑k−1

`=j M`

))αjk
(B.1)

×
i−1∏
j=1

(
1 + Mj∑i

`=j+1M`

)αij 2N+1∏
j=i+1

(
1 + Mj∑j−1

`=i M`

)αij
= R̃y ,

where αjk is 1 if j and k have the same parity or 1/2 otherwise (A.14). These equations
are non-trivial multi-variate polynomials of highest degree that scales with N . To our
knowledge, we cannot solve them explicitly. We will first detail our numerical analysis
before our analytic computation at large N .

Because the rod configuration is Z2 symmetric around the middle (N + 1)th bubble,
one can check that the bubble equations are invariant under the change i → 2N + 2 − i
and then M2N+2−i = Mi for i = 1, . . . , N . It is therefore enough to consider only the N + 1
first bubble equations.

B.1 Numerical analysis

We have numerically solved the bubble equations for several values of N with a maximal
value of N = 49 (that is a configuration of 99 bubbles). The results are presented in
figure 12. First, we have found that the rod lengths, for a given N , are mostly equal except
the first and last one. Second, the rod lengths are decreasing as a function of N . With
a numerical fit, we observed that Mi ∝ N−

3
4 . Finally, in the bottom plot, we see that

the even and odd rod lengths are mostly the same when R̃y1 = R̃y2 = R̃y, with a slight
difference that the even rods are slightly bigger than the odd ones.

B.2 Analytic analysis at large N

The numerical analysis suggests that an analytic computation can be performed by assuming
that all rod lengths are equal at large N except the first and last one. As a warm-up, we
will first derive the bubble equations by considering all rods equal.

When all Mi are taken to be equal. We assume that Mi = m, for all i ≤ 2N + 1.
The bubble equations drastically simplify to

21−N (1 + 2N)
√

(2N)!
N ! m = R̃y ,

2
√

2m
i−1∏
j=1

2N+1∏
k=i+1

(
1− 1

(k − j)2

)αjk 2N+1∏
j 6=i,i−1

(
1 + 1
|i− j|

)αij
= R̃y , i 6= 1 .
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Figure 12. Plots of the rod lengths Mi as a function of the rod label, i, for different rod
configurations. The top plot gives the lengths of the odd rods, M2i−1, for different total numbers of
bubbles, starting with a configuration of 9 bubbles up to a configuration of 99 bubbles. The bottom
plot shows the lengths of the even and odd rods for the configuration of 99 bubbles.

By expanding at large N , the bubble equations transforms to18

4mN 3
4

π
1
4

= R̃y ,
2j(1+2j)√(2j)!mN 3

4

πj+
1
4

 (2j+1
j

)
(j+2) j!

2
j−1∏
k=1

(
2k+4
k+1

)−2

= R̃y, 1≤ j ≤
⌊
N+1

2

⌋
.

(B.2)
Obviously, these relations cannot be satisfied since taking all Mi equal is a too strong
constraint. However, it is still instructive to see that all equations give

m

κj
N

3
4 = R̃y , (B.3)

where κj is a real number in between [κ1, κbN+1
2 c] = [π

1
4

4 , A3

2
25
12 e

1
4

] ≈ [0.33 , 0.39]. Because
all κj are very close to each other, the approximation is almost working. In the next
section we will improve the approximation by considering that the first and last rods have
a different length.

18We have taken j =
⌊
i
2

⌋
in the expansion.
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Figure 13. Plots of the rod lengths, Mi, as a function of the rod label, i, for a configuration of 99
bubbles. The “odd and even rods” dots are the numerical values while the “analytic approximation”
ones correspond to our analytic computation.

When M1 and M2N+1 are different. We do the same technique as above but with
now M1 = M2N+1 = m1 and Mi = m. By taking the large N expansion of the bubble
equations we find

2m1

√
Γ
(m1

2m
)

Γ
(

1
2 + m1

2m

)
Γ
(
1 + m1

2m
) N

3
4 = R̃y ,

2j(1+2j)+ 1
2(m1

m
−1)(2j)!m

j!πj+ 1
4

 (2j+1
j

)
(j + 2) j!

2
Γ
(
j + m1+m

2m
)√

Γ
(
2j + m1

m

) N 3
4

j−1∏
k=1

(
2k + 4
k + 1

)−2

= R̃y,

(B.4)

where 1 ≤ j ≤
⌊
N+1

2

⌋
. Taking the large N expansion for the middle rod j =

⌊
N+1

2

⌋
leads to

2 25
12 e

1
4 m

A3 N
3
4 = R̃y ⇒ m = N−

3
4
A3

2 25
12 e

1
4
R̃y . (B.5)

We can now fix m1 in order for the first equation in (B.4) to be identical to the one above.
We find

m1

√
Γ
(m1

2m
)

Γ
(

1
2 + m1

2m

)
mΓ

(
1 + m1

2m
) = 2 13

12 e
1
4 m

A3 ⇒ m1 ≈ 0.655m. (B.6)

Obviously, all the other equations in (B.4) with different j are not exactly the same.
However, they are very close to each other, and should be made equal by considering small
perturbations for each rod length Mi = m+O(N−1). To illustrate this, we have plotted in
figure 13 the values obtained from the approximation for N = 49 and compare it to the
numerical data discussed before. Our analytic procedure is already very accurate even if N
is not so large.

B.3 Analysis when R̃y1 6= R̃y2

We have also been interested in solving the bubble equations when R̃y1 6= R̃y2 . Since R̃y1

is related to the length of the odd rods (the species-1 bubbles) and R̃y2 is related to the

– 38 –



J
H
E
P
1
0
(
2
0
2
1
)
1
6
5

length of the even rods (the species-2 bubbles), we expect that the ratio R̃y1/R̃y2 dial the
density of species-1 bubbles with respect to the species-2 bubbles in the configuration. The
question is how the rod lengths, Mi, depend on this ratio.

We have solved the bubble equations numerically when R̃y1 6= R̃y2 (2.16). We have
found similar behaviors as in figure 12. We found that all the even rods have mostly the
same length which scales like N to some negative power in between −1 and 0 depending
on the value of R̃y2/R̃y1 , and the first and last species-2 bubbles in the chain can have
a different length from the other if R̃y2 � R̃y1 . Moreover, the odd rods share the same
property by reversing the role of R̃y1 and R̃y2 . However, instead of having the lengths of
the even and odd rods to be mostly the same as in figure 13, their mean values have a
non-trivial ratio which is a function of M2i+1

M2i
∼ h

(
N,

R̃y2
R̃y1

)
with h

(
N,

R̃y2
R̃y1

)
∼ 1. Moreover,

the difference between the lengths of the rods at the periphery and the lengths of the
middle rods can vary significantly according to R̃y2/R̃y1 and can be large for instance when
R̃y1/R̃y2 � 1 or � 1.

A better understanding of the bubble equations in this regime will be required to have
an exact description of Weyl stars with R̃y1 6= R̃y2 and the generic bag spacetimes they
resolve as described in section 4.

C Approximation out of the star surface

In this section we detail the procedure used in section 3.3.2 where the Riemann sum
approximation was applied to simplify the expressions for the warp factors and gauge
potentials, (2.14) and (2.15), off the surface of the star r > 2M . The method is the same
for each function, so we will do a careful analysis only for the warp factor U1,

U1 =
N+1∏
i=1

1− 2M2i−1

r
(2i−1)
+ + r

(2i−1)
− +M2i−1

 . (C.1)

The Riemann sum approximation states that, for continuous functions f and g,

N∑
i=1

f(xi) δx ∼
∫ xN

x1
f(x) dx ⇔

N∏
i=1

g(xi) ∼ exp
[ 1
δx

∫ xN

x1
log g(x) dx

]
(C.2)

if f = log g is slowly varying in between each segment.

C.1 Regime of validity

One can estimate the error using the generic inequality when f is derivable∣∣∣∣∣
∫ xN

x1
f(x) dx−

N∑
i=1

f(xi) δx
∣∣∣∣∣ ≤ (xN − x1)δx

2

∣∣∣∣∣ max
x∈[x1,xN ]

(f ′(x))
∣∣∣∣∣ . (C.3)

Note that this bound can give a poor estimation of what the real error is. Indeed the bound
is saturated when f is a linear function, but in our case f will be highly picked on small
localized regions, which means that max

x∈[x1,xN ]
(f ′(x)) can be large in tiny regions where the
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integral is almost zero anyway. However, the bound still gives a sufficient condition to
satisfy. If we find the domain of (r, θ) where

(xN − x1)δx
2

∣∣∣∣∣ max
x∈[x1,xN ]

(f ′(x))
∣∣∣∣∣� 1 , when N � 1 , (C.4)

we are guaranteed that the Riemann sum approximation will give very accurate results in
this region. Because the bound is not really accurate for our functions, it is most likely
that the region found will be smaller than the real region of validity.

To simplify U1, we define xi = i

N
3
4
− N

1
4

2 , which implies δx = N−
3
4 , x1 ∼ −N

1
4

2 and

xN = N
1
4

2 , and the function g is given by

g(x) ≡ 1− 2

1 +R(x) +R

(
x− 1

2N
3
4

) (C.5)

where we have defined

R(x)≡

√(2N+1
2

(
r

M
−1
)

cosθ−2N 3
4 x

)2
+(2N+1)2 r

2M

(
r

2M −1
)

sin2 θ . (C.6)

Therefore we have19

U1 =
N∏
i=1

g(xi) . (C.7)

We can use the Riemann sum approximation (C.2) if (C.4) is satisfied with f = log g. The
expression of f ′(x) is rather complicated in the interval x ∈

[
−N

1
4

2 , N
1
4

2

]
. We first rescale x

to be independent of N such that

w = x

N
1
4
, w ∈

[
−1

2 ,
1
2

]
. (C.8)

The large N expansion gives

(xN − x1)δx
2 f ′(x) = 1√

N
f ′(x) = 1

N
1
4

∞∑
j=1

fk(w, r, θ)
(h(w, r, θ)N)k+1/2 , (C.9)

where fk are complicated functions but finite and well-defined, while h is given by

h(w, r, θ) ≡
(

r

2M −
1
2
(
1 + 2w cos θ +

√
1− 4w2 sin θ

))
×
(

r

2M −
1
2
(
1 + 2w cos θ −

√
1− 4w2 sin θ

))
.

(C.10)

We therefore needs to find the region of (r, θ) where h(w, r, θ) & 1
N for any w ∈ [−1

2 ,
1
2 ].

This will imply, from (C.9), that N− 1
2 max
x∈[x1,xN ]

(f ′(x)) . N−
1
4 which guarantees the accuracy

of the Riemann sum approximation (C.4).
19We have considered that all Mi are equal to Mi = κN−

3
4 R̃y (3.1). The fact that M1 and M2N+1 are

slightly different is subleading in the large N limit. Therefore, we took z±i = N−
3
4
(
i− 1−N ± 1

2

)
κR̃y (2.8).
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We remind that the physical regime of (r, θ) is r ≥ 2M and 0 ≤ θ ≤ π. With a careful
look to the expression of h, we can check that the (w, θ) parts can be close to 1, and
therefore h can be close to zero, only at a specific point w for fixed θ given by

w = cos θ
2 ⇒ hmin(r, θ) =

(
r

2M − 1
)(

r

2M − cos2 θ

)
. (C.11)

Thus, imposing h(w, r, θ) & 1
N requires

r & 2M
(

1 +O
( 1
N

))
, if θ 6= 0, π ,

r & 2M
(

1 +O
( 1√

N

))
, if θ = 0, π ,

(C.12)

In this regime we have, from (C.4),∣∣∣∣∣
∫ xN

x1
log g(x) dx−

N∑
i=1

log g(xi) δx
∣∣∣∣∣ . 1

N
1
4
, (C.13)

which allows to take (C.2),

U1 ∼ exp

N 3
4

∫ N1/4
2

−N1/4
2

log g(x) dx

 = exp
[
N

∫ 1
2

− 1
2

log g
(
N

1
4 w
)
dw

]
. (C.14)

The regime of validity is therefore very close to the surface of the star r = 2M , and the
Riemann sum approximation will give a trustworthy description of the Weyl star until very
close to its surface. Moreover, note that the description is less accurate around the pole of
the surface than elsewhere.

C.2 Applying the integral formula

We first expand R(x) at large N (C.6)

R
(
N

1
4 w
)

=
√

2
√
h(w, r, θ)N

(
1 +O

( 1
N h(w, r, θ)

))
(C.15)

In the regime given by (C.12), we can then take R
(
N

1
4 w
)
∼
√

2
√
h(w, r, θ)N . Inserting

these expansions into log g
(
N

1
4 w
)
, we find

log g
(
N

1
4 w
)
∼ −

√
2

N
√
h(w, r, θ)

, (C.16)

which is hopefully derivable and gives

N

∫ 1
2

− 1
2

log g
(
N

1
4 w
)
dw ∼ 1

2 log
[
1− 2M

r

]
. (C.17)

As a final result, the Riemann sum approximation leads to

U1 ∼

√
1− 2M

r
, (C.18)
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where r and θ are in the regime of validity (C.12). One can apply the same strategy to the
other warp factors and gauge potentials (2.14) and (2.15). The analysis for U2 will be very
similar, and H1 and H0 will lead to

H0 ∼
3M

2 sinh b0
cos θ , H1 ∼

M

2 sinh b1
cos θ , (C.19)

in the same regime of (r, θ) as above. The most difficult part is to simplify e2ν , which is a
double product and therefore leads to a double integral. After some effort, we found

e2ν ∼
(

r(r − 2M)
(r −M)2 −M2 cos2 θ

) 3
4
, (C.20)

in the same regime of (r, θ).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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