
Variations of stress field and stone fracture produced at different lateral locations in a
shockwave lithotripter field
Gaoming Xiang, Xiaojian Ma, Cosima Liang, et al.

Citation: The Journal of the Acoustical Society of America 150, 1013 (2021); doi: 10.1121/10.0005823
View online: https://doi.org/10.1121/10.0005823
View Table of Contents: https://asa.scitation.org/toc/jas/150/2
Published by the Acoustical Society of America

ARTICLES YOU MAY BE INTERESTED IN

Model-based localization of deep-diving cetaceans using towed line array acoustic data
The Journal of the Acoustical Society of America 150, 1120 (2021); https://doi.org/10.1121/10.0005847

A three-dimensional finite difference model for ocean acoustic propagation and benchmarking for topographic
effects
The Journal of the Acoustical Society of America 150, 1140 (2021); https://doi.org/10.1121/10.0005853

A landmark article on nonlinear time-domain modeling in musical acoustics
The Journal of the Acoustical Society of America 150, R3 (2021); https://doi.org/10.1121/10.0005725

Ultra-sparse metamaterials absorber for broadband low-frequency sound with free ventilation
The Journal of the Acoustical Society of America 150, 1044 (2021); https://doi.org/10.1121/10.0005850

Experimental realization of an active non-reciprocal metamaterial using an eigen-structure assignment control
strategy
The Journal of the Acoustical Society of America 150, 1092 (2021); https://doi.org/10.1121/10.0005874

Analysis of a passive radio frequency excited acoustic transducer
The Journal of the Acoustical Society of America 150, 1133 (2021); https://doi.org/10.1121/10.0005848

https://images.scitation.org/redirect.spark?MID=176720&plid=1225645&setID=407059&channelID=0&CID=414012&banID=519951227&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=7e7e30d6798a3241c86931e1e778ab1601dd31fb&location=
https://asa.scitation.org/author/Xiang%2C+Gaoming
https://asa.scitation.org/author/Ma%2C+Xiaojian
https://asa.scitation.org/author/Liang%2C+Cosima
/loi/jas
https://doi.org/10.1121/10.0005823
https://asa.scitation.org/toc/jas/150/2
https://asa.scitation.org/publisher/
https://asa.scitation.org/doi/10.1121/10.0005847
https://doi.org/10.1121/10.0005847
https://asa.scitation.org/doi/10.1121/10.0005853
https://asa.scitation.org/doi/10.1121/10.0005853
https://doi.org/10.1121/10.0005853
https://asa.scitation.org/doi/10.1121/10.0005725
https://doi.org/10.1121/10.0005725
https://asa.scitation.org/doi/10.1121/10.0005850
https://doi.org/10.1121/10.0005850
https://asa.scitation.org/doi/10.1121/10.0005874
https://asa.scitation.org/doi/10.1121/10.0005874
https://doi.org/10.1121/10.0005874
https://asa.scitation.org/doi/10.1121/10.0005848
https://doi.org/10.1121/10.0005848


Variations of stress field and stone fracture produced at
different lateral locations in a shockwave lithotripter field

Gaoming Xiang,1,a) Xiaojian Ma,1,b) Cosima Liang,1 Hongyang Yu,1 Defei Liao,1 Georgy Sankin,1 Shunxiang Cao,2

Kevin Wang,2 and Pei Zhong1,c)
1Department of Mechanical Engineering and Materials Science, Duke University, Durham, North Carolina 27708, USA
2Department of Aerospace and Ocean Engineering, Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061, USA

ABSTRACT:
During clinical procedures, the lithotripter shock wave (LSW) that is incident on the stone and resultant stress field

is often asymmetric due to the respiratory motion of the patient. The variations of the LSW-stone interaction and

associated fracture pattern were investigated by photoelastic imaging, phantom experiments, and three-dimensional

fluid-solid interaction modeling at different lateral locations in a lithotripter field. In contrast to a T-shaped fracture

pattern often observed in the posterior region of the disk-shaped stone under symmetric loading, the fracture pattern

gradually transitioned to a tilted L-shape under asymmetric loading conditions. Moreover, the model simulations

revealed the generation of surface acoustic waves (SAWs), i.e., a leaky Rayleigh wave on the anterior boundary and

Scholte wave on the posterior boundary of the stone. The propagation of SAWs on the stone boundary is accompa-

nied by a progressive transition of the LSW reflection pattern from regular to von Neumann and to weak von

Neumann reflection near the glancing incidence and, concomitantly, the development and growth of a Mach stem,

swirling around the stone boundary. The maximum tensile stress and stress integral were produced by SAWs on the

stone boundary under asymmetric loading conditions, which drove the initiation and extension of surface cracks into

the bulk of the stone that is confirmed by micro–computed tomography analysis.
VC 2021 Acoustical Society of America. https://doi.org/10.1121/10.0005823
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I. INTRODUCTION

Despite the rapid advances in ureteroscopy and laser

lithotripsy technologies and techniques (Kronenberg and

Somani, 2018; Matlaga et al., 2018), shock wave lithotripsy

(SWL) has remained the only noninvasive therapy for kidney

stone patients in the past three decades (Chaussy et al., 1984;
Lingeman et al., 2009; Assimos et al., 2016; New and

Somani, 2016; Turk et al., 2016; Alelign and Petros, 2018;

Pawar et al., 2018). The clinical treatment efficiency and

stone free rate of SWL, however, have been in steady decline

because of multiple contributing factors, including (1) a non-

idealized pressure waveform with a narrow focal width pro-

duced by most contemporary shock wave lithotripters com-

pared to the original HM3 (Qin et al., 2010; Neisius et al.,
2014); (2) bubble generation and entrapment in the coupling

gel at the interface between the shock wave source and

patient (Pishchalnikov et al., 2006); and (3) significant respi-
ratory motion of the patient as a result of increased use of

sedation instead of general anesthesia in SWL (Bohris et al.,
2003; Pishchalnikov et al., 2006; Leighton et al., 2008;

Sorensen et al., 2012). In particular, substantial movement of

the target stone during SWL will cause highly variable inci-

dent pressure on the stone surface and, consequently, dissim-

ilar fragmentation outcomes (Cleveland et al., 2004; Smith

and Zhong, 2013). Although it has been shown previously

(Smith and Zhong, 2012; Zhang et al., 2016) that stone com-

minution in SWL correlates closely with the average positive

peak pressure (pþ(avg)) of the incident lithotripter shock

wave (LSW), an in-depth study of the LSW-stone interac-

tions at different locations in a lithotripter field has not been

performed. Such knowledge will be important for under-

standing the dissimilar mechanisms of stone fragmentation

and, ultimately, enhancing the clinical treatment success of

kidney stone patients using SWL.

Renal calculi are mostly brittle materials that can be

disintegrated easily under tension or shear than under com-

pression (Zhong et al., 1993; Freund, 1998). Previous stud-
ies (Gracewski et al., 1993; Eisenmenger, 2001; Xi and

Zhong, 2001; Cleveland and Sapozhnikov, 2005) have dem-

onstrated various scenarios for the generation of a strong

tensile or shear stress inside the stone. In addition, a cohe-

sive zone model of dynamic fatigue (Lokhandwalla and

Sturtevant, 2000) has been proposed as a fundamental mech-

anism for stone fragmentation during SWL. Despite this,

most of the prior studies were performed using stone phan-

toms with simple geometries (e.g., cylinder, sphere, or slab)

placed at the lithotripter focus under line symmetric (for

simplicity, hereafter referred to as symmetric in this work)
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loading conditions. Under such idealized scenarios, the initi-

ation of microcracks and fractures was often observed near

the posterior surface of the stone phantom, which were

attributed to the phase change (from compression to tension)

or wave conversion from longitudinal (or P) wave to trans-

verse (or S) wave or vice versa with resultant internal wave

focusing upon reflection from the stone boundary (Zhong,

2013). For soft stones, such as U-30, strong shear can also be

generated by dynamic squeezing at the sharp corners under

the special circumstance when a LSW incidents normally to

the flat surface of the cylindrical stones (Sapozhnikov et al.,
2007). However, for most kidney stones of arbitrary geome-

try, the creation of a strong shear wave at the stone surface is

generally caused by mode conversion of the incident LSW

beyond the critical angle for total reflection of the P wave

inside the stone (Zhong, 2013). Overall, the location of the

maximum tensile or shear stress produced in the kidney

stones can be influenced by the stone properties, size and

geometry, their locations in the lithotripter field, in addition

to the characteristics of the incident LSW (Zhang et al.,
2016; Neisius and Zhong, 2019). Nevertheless, the correla-

tion between the varying stress field and stone fracture in

SWL under clinically prevalent asymmetric loading condi-

tions has not been vigorously investigated.

Numerical simulations can provide valuable physical

insight into the evolution of the transient stress field pro-

duced by LSW-stone interaction and their potential connec-

tions to the resultant fracture patterns produced. Cleveland

and Sapozhnikov (2005) constructed a two-dimensional

(2D) finite-difference linear elasticity model to analyze the

stress field in stones during SWL. The model was later used

to calculate the maximum tensile stress produced in cylin-

drical U30 stones under different exposure conditions with

or without the use of acoustic baffles to elucidate the mecha-

nism for dynamic squeezing and correlate with the location

of stone fractures observed in the experiments (Sapozhnikov

et al., 2007). Other groups have conducted similar investiga-

tions by using different stone phantoms and numerical meth-

ods (Wijerathne et al., 2010; Wang, 2017). More recently,

continuum damage mechanics have been incorporated in the

numerical simulations to account for the accumulation of

microscopic damage produced by a single or multiple

shocks (Fovargue et al., 2018; Cao et al., 2019). Despite
these efforts, no previous numerical simulations have been

performed to investigate LSW-stone interactions at different

locations in a lithotripter field. As such, the stress field and

damage potential in the stones under the influence of respi-

ratory motion during SWL are largely unknown.

Furthermore, weak shock reflection at the stone bound-

ary in SWL has not been investigated, although nonlinear

wave propagation in fluid, leading to shock and Mach stem

formation at the lithotripter focus, has been previously dem-

onstrated (Sturtevant, 1996; Averkiou and Cleveland, 1999;

Fovargue et al., 2013). In a few studies that examined the

weak shock reflection within the Mach number range (Ms

< 1.035) relevant to SWL, the rigid boundary was consid-

ered (Marchiano et al., 2007; Karzova et al., 2015).

Therefore, the LSW-stone interaction with mode conversion

from the pressure wave in the fluid into elastic waves in the

solid and surface acoustic waves (SAWs) at the boundary

and their possible connection to Mach stem formation and

stone fracture have not yet been thoroughly investigated.

In this work, we employ both experimental and computa-

tional methods to investigate the variations of stress field and

fracture pattern produced at different locations in a shock

wave lithotripter field. In the experiments, dynamic photoelas-

tic imaging is used to characterize the generation, propagation,

and evolution of various transient stress waves and their inter-

actions inside the PSM-1 (PhotoStress Material) solid phan-

toms, and stone fracture tests and microCT (lCT) imaging are

used to characterize the microcracks in the BegoStone phan-

toms (BEGO USA, Lincoln, RI). In the numerical computa-

tions, a three-dimensional (3D) fluid-solid interaction (FSI)

solver, which had been verified and validated for SWL and

underwater shock-solid interactions (Farhat et al., 2010;

Wang et al., 2011; Wang, 2017; Cao et al., 2019), is used in

parallel to quantify the tensile and shear stress fields produced

inside the solid phantoms, assess damage potential, and com-

pare with the experimental observations. Moreover, the

numerical simulation results are used to facilitate the analysis

of SAW generation and propagation, as well as Mach stem

formation during LSW-stone interaction, especially under

asymmetric loading conditions.

II. MATERIALS AND METHODS

A. Photoelastic imaging

We applied a photoelastic imaging technique to visual-

ize the transient stress field produced by the LSW-stone

interaction. The setup was adapted from Xi and Zhong

(2001) with minor modifications to incorporate (1) an elec-

tromagnetic (EM) shock wave source, (2) a 10 ns pulsed

laser for illumination, and (3) a cylindrical stone phantom

(D¼ 15mm and T¼ 10mm) made of PSM-1 birefringence

material (Measurements Groups, Raleigh, NC). Most impor-

tantly, photoelastic imaging sequences were captured with

the stone phantom placed at various lateral positions in the

lithotripter focal plane, and the results were compared with

the numerical stimulations.

1. Shock wave source

An axisymmetric EM shock wave generator used in the

Siemens Modularis lithotripter was mounted horizontally on

the wall of a water tank (L�W � H¼ 50� 30� 30 cm).

For cooling purposes, a water reservoir and pump were used

to circulate water between the coil and acoustic lens. The

acoustic field of the shock wave source has been character-

ized previously (Neisius et al., 2014). At an output voltage

of 14.8 kV, a typical pressure waveform measured at the

lithotripter focus is shown in Fig. 1(a), which has a positive

peak pressure pþ¼ 52.0MPa, a negative peak pressure

p-¼ –11.5MPa, with a focal width (defined by the full width

at half-maximum of pþ) of 7.4mm and a maximum energy

flux density of 0.84mJ/mm2. A cylindrical coordinate
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system was set up with its origin (z¼ 0, r¼ 0) aligned with

the lithotripter geometric focus, z axis along the LSW propa-

gation direction, and r axis along the transverse radial direc-

tion. The inset in Fig. 1(a) shows the radial distribution of

pþ and p- in the lithotripter focal plane (i.e., z¼ 0mm).

2. Experimental protocol

Figure 1(b) shows, schematically, the experimental setup

for the high-speed shadowgraph and photoelastic imaging (Xi

and Zhong, 2001). To visualize the transient stress field in the

PSM-1 phantom (Table I) during SWL, a digital delay genera-

tor (model 555 pulse/delay generator, BNC, San Rafael, CA)

was used to trigger a pulsed laser (SI-LUX-640, Specialised

Imaging, Pitstone, UK; wavelength, 640 nm; pulse energy, 2

lJ), a CCD camera (Imager intense, Lavision, Germany), and

the shock wave generator. As shown in Fig. 1(c), by adjusting

the delay time of the transistor-transistor logic (TTL) trigger

pulse with respect to the shock wave generation, a series of

high-speed photoelastic and shadowgraph images could be

captured at various stages of the incident LSW propagation in

water and its interaction with the stone phantom and the resul-

tant stress distribution. As shown in Fig. 1(d), the leading edge

of the anterior surface of the PSM-1 phantom was always

aligned with the lithotripter focal plane (i.e., z¼ 0mm),

whereas the lateral position of the phantom was varied among

r¼þ9,þ6,þ3, 0,�3,�6, and�9mm.

B. Stone fracture experiments

Cylindrical stone phantoms (10� 5mm,D�T) were fab-
ricated by thoroughly mixing BegoStone Plus (BEGO USA,

FIG. 1. (Color online) (a) The temporal pressure waveforms measured at the geometric focus of the LSW field and its maximum (pþ) and minimum (p-)
pressure variations in the lithotripter focal plane (i.e., z¼ 0mm and r¼ –9, �6, �3, 0, þ3, þ6, and þ9mm). (b) The schematic drawing of the experimental

setup (top view) (1) laser source, (2) concave lens, (3) convex lens A, (4) mirror A, (5) spherical schlieren mirror (focus length, 1524mm) A, (6) polarizer,
(7) quarter-wavelength plate A, (8) water tank glass window A, (9) EM shock wave generator, (10) stone phantom, (11) water tank glass window B, (12)
quarter-wavelength plate B, (13) analyzer, (14) spherical schlieren mirror (focus length, 1524mm) B, (15) mirror B, (16) convex lens B, and (17) high-speed

camera. (c) The time sequence diagram illustrating the triggering relationship between the pulsed laser, high-speed camera, and incident LSW. (d) The seven

radial positions of the PSM-1 phantom (D¼ 15mm) that are investigated in this work.

TABLE I. Dimensions and physical properties of the PSM-1 phantom.

Material Diameter D (mm) Thickness T (mm) Stress optical coefficient C (kPa/fringe/m) Elastic modules E (GPa) Poisson’s ratio �

PSM-1 15.0 10.2 7.0 2.5 0.38
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Lincoln, RI) with filtered water at a 5:2 ratio by weight follow-

ing an established protocol (Esch et al., 2010). Table II sum-

marizes the wave speed data for P (cP), S (cS), leaky Rayleigh
(cLRW), and Scholte (cScholte) waves, together with the density

(q), Young’s (E), bulk (K), and shear (G) moduli, as well as

Poisson’s ratio (�) of the stone phantom. Before SWL, each

phantom was soaked in water for more than 1 h. The anterior

surface of the phantom was always aligned with z¼ 0mm,

whereas its lateral position was varied among r¼þ9,þ6,þ3,

0,�3,�6, and�9mm. As shown in Fig. 2(a), the stone phan-

tom was placed in a 3D printed holder with two cylindrical

rubber stoppers on the back (diameter, 3.175mm) and sand-

wiched between two parallel transparent Mylar films (thick-

ness, 30lm). In addition, a thin layer of clay (Tack-It, Faber-

Castell, USA) was used to adhere the phantom surface on the

Mylar film to prevent the phantom from either rotating or

translating during SWL. A video camera (HC-V270,

Panasonic, Japan) was used to monitor and record the shock

wave treatment administered at 14.8 kV and a pulse repetition

frequency (PRF) of 0.5Hz. The number of shocks that were

required to initiate the crack and fracture the stone phantom

were determined from the video post treatment. In addition,

residual stone pieces were collected with the fracture pattern

photographed. To ensure consistence, the experiment was

repeated six times at each field position. lCT images were

acquired at a resolution of 8lm (Nikon XTH 225, ST, Japan)

from additional stone samples either prior to or after 4 and 12

shocks at r¼ 0mm and�6mm positions to examine the crack

initiation and propagation direction inside the stone.

C. 3D FSI numerical model

In our notation, F and S denote the fluid and solid subdo-

mains occupied by the liquid (i.e., water) and BegoStone,

respectively. Given that this is a shock-dominated problem,

the fluid is assumed to be compressible and inviscid and,

therefore, governed by the following Euler equations express-

ing the conservation of mass, momentum, and energy:

@Wðx; tÞ
@t

¼ rFðwÞ ¼ 0; 8x 2 XFðtÞ; t > 0; (1)

with

W ¼
q
qV
qet

2
4

3
5; F ¼

qVT

qV � V þ pI
qet þ pð ÞVT

2
64

3
75;

where q denotes the fluid density, V ¼ u; v;w½ �T is the fluid

velocity vector, and p is the fluid pressure. et ¼ eþ 1
2
VV

denotes the total energy per unit mass in which e represents

the internal energy per unit mass. I is the 3� 3 identity matrix.

Equation (1) is closed by an equation of state (EOS), i.e.,

p ¼ ðcL � 1Þqe� cLpL; (2)

where cL ¼ 6:12 and pL ¼ 343MPa for water (Johnsen and

Colonius, 2006). The speed of sound in the fluid is calcu-

lated based on the EOS as a function of the local density and

pressure. The incident LSW is prescribed as the initial con-

dition of the fluid governing equations using the method pre-

sented in Cao et al. (2019).
Within the solid subdomain, we adopt the Lagrangian

frame and solve the following equation of motion that enfor-

ces the balance of the linear momentum:

qs€u X; tð Þ �r � r u; _uÞ ¼b; 8X 2 XS 0ð Þ; t > 0;
�

(3)

where u denotes the displacement vector in the solid, qs is
its density, and r is the Cauchy stress tensor. b denotes the

body force acting in XS, which is assumed to be negligible.

We model the BegoStone as a linear elastic and isotropic

solid with the constitutive equation given by

r ¼ E�

1þ �ð Þ 1� 2�ð Þ trð�ÞIþ
E

1þ v
�; (4)

where � ¼ 1
2
ruþ ruð ÞT
h i

is the strain tensor, and E and �

denote the Young’s modulus and Poisson’s ratio of the

material, respectively.

The fluid–solid interface is assumed to be impermeable

and governed by two interface conditions, i.e.,

ðV � _uÞ � n ¼ 0; (5)

�pn ¼ n � r; (6)

which enforce the continuity of normal velocity and trac-

tion. n denotes the outward unit normal to the interface.

We employ a recently developed 3D computational

framework, referred to as FIVER (a finite volume method

with exact fluid-solid Riemann solvers; Farhat et al., 2010;

TABLE II. Physical properties of the BegoStone (5:2 powder-to-water

ratio) phantom (Esch et al., 2010).

q (kg/m3) cS (m/s) cP (m/s)

cLRW
(m/s)

cScholte
(m/s) � E (GPa) K (GPa)

15636 23 18136 34 31486 58 1836 1496 0.25 12.9 8.6

FIG. 2. (Color online) (a) The schematic drawing of the stone holder in the

SWL experiment and (b) setup of the numerical simulation. The stone phan-

tom was made of BegoStone with a powder-to-water ratio of 5:2 by weight

in a cylinder (diameter¼ 10mm and thickness¼ 5mm). The LSW was inci-

dent from the side surface of the cylinder stone. In the simulation setup, the

symmetry plane of the stone phantom was fixed with respect to the lithotrip-

ter field, yet the center of the stone could be adjusted along the transverse

direction of the incident LSW axis. The plot is not drawn to scale.
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Wang et al., 2011; Farhat et al., 2012; Wang et al., 2012;
Main et al., 2017), to solve this fluid-solid coupled problem.

FIVER couples a finite volume compressible fluid solver

with a finite element structural dynamics solver using a

second-order accurate partitioned procedure. It enforces the

interface conditions using an embedded boundary method,

which features the construction and solution of one-

dimensional fluid-solid Riemann problems.

Figure 2(b) depicts the setup of the numerical simula-

tions. In the stone fracture experiments described above, the

2D plane that contains the middle cross section of the cylin-

drical stone can be considered as a symmetry plane.

Therefore, only half of the stone in the thickness direction is

used in the simulations, and the symmetry boundary condi-

tion is enforced in both the fluid and solid solvers. The fluid

domain is defined to be a circular cylinder that shares the

same axis as the stone with far-field boundaries sufficiently

far from the stone so that any wave reflections would not

affect the simulation result. The density and linear elastic

properties of the stone are specified based on the experimen-

tal measurements for soft BegoStone (Table II). The ambient

fluid (i.e., liquid water) density and pressure are set to

1000 kg/m3 and 0:1MPa, respectively. The incident LSW in

the experiments is applied in the simulation as an initial con-

dition for the fluid solver. The radial variation of the incident

LSW is approximated by a fourth-order polynomial function,

which is fitted to match with the positive peak pressure dis-

tribution measured experimentally under the same output set-

ting. The details regarding implementing the initial

conditions are described in Cao et al. (2019). To simulate

stones at various lateral locations with respect to the LSW,

we shift the focus of the LSW while the fluid and solid

domains are fixed. The solid domain is discretized using a

mesh with 574 383 nodes and 3 348 381 tetrahedron ele-

ments. The characteristic element size is around 0.052mm.

The fluid domain is discretized using a mesh with 5 414 860

nodes and 34 456 987 tetrahedron elements. In the most

refined region (i.e., around the stone), the characteristic ele-

ment size is 0.05mm, which is selected based on the grid

sensitivity analysis described in Cao et al. (2019).

D. Ray tracing analysis and SAW generation
at the stone-fluid boundary

To facilitate the interpretation of the numerical simula-

tion results, we have also performed ray tracing analysis of

the positions of various stress wavefronts and their evolu-

tion inside the stone following previous studies (Gracewski

et al., 1993; Xi and Zhong, 2001). As the incident LSW

sweeps across the anterior surface of the stone, the incident

angle (hi) of the LSW will increase from 0� to 90� while

traversing through several critical incident angles. Based on

the Snell’s law, the critical incident angle (h�iðjÞ) for the P
or S or leaky Raleigh wave (LRW) in the stone will be

reached at

h�iðjÞ ¼ sin�1 cL
cj

� �
; (7)

where the subscript j denotes either P or S or LRW with cj
representing their corresponding wave speed either in the

solid or at the fluid-solid boundary, respectively, and cL is

the pressure wave speed in the liquid (i.e., water). Usually,

the variations of the wave speeds follow the order of: cP >
cS > cLRW (>cL). Therefore, based on Eq. (7), the critical

incident angle of the stress waves will be reached in the

reversed order of h�iðPÞ< h�iðSÞ< h�iðLRWÞ. However, previous
studies have also shown that cLRW may be larger than cS but
smaller than cP (Schr€oder and Scott, 2001).

The leaky Rayleigh wave speed (cLRW) can be obtained

by solving the characteristic equation for the SAWs at the

solid-liquid boundary (Viktorov, 1967; Zhu et al., 2004;

Carcione et al., 2018),

4k2qs� ðk2 þ s2Þ2 ¼ �i
qL
q

qk4sffiffiffiffiffiffiffiffi
k2L�

p
k2

; (8)

where q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2P

p
; s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2S

q
, k, kP, kS, and kL are

the wavenumbers of the LRW, P and S waves in the solid,

and pressure wave in the liquid, respectively. The real part

of the complex roots of Eq. (8) represent cLRW and the real

root of Eq. (8) represents the Scholte wave speed (cScholte),
which for soft BegoStone are 1836m/s and 1496m/s,

respectively. Based on these results and the data in Table II,

the critical incident angles (h�iðPÞ; h
�
iðSÞ; h

�
iðLRWÞ) for the soft

BegoStone are 28.5�, 55.8� and 54.8�, respectively. In addi-

tion, the Scholte wave is anticipated to be generated at the

glancing incidence of the LSW at the stone boundary.

III. RESULTS

A. Variation of the transient stress field
and stone fracture

1. Variation of the transient stress field

Figure 3 shows a compilation of the photoelastic image

sequences of the transient stress field produced by the LSW

in the cylindrical PSM-1 sample (D¼ 15mm), placed in the

lithotripter focal plane at seven different radial (or lateral)

locations. At r¼ 0mm, all of the stress wavefronts are nearly

symmetric both in shape and amplitude with respect to the

lithotripter axis, leading to a strong internal wave conver-

gence or focusing. Consequently, the highest fringe order is

produced after wave reflection (retarded time, t0 ¼ 14.0ls)
on the central axis of the sample along the LSW propagation

direction at about a distance D/3 from the posterior surface.

In comparison, at off-axis locations, such as r¼66mm, the

stress field becomes asymmetric with higher fringe orders

produced on the side of the sample swiped by the incident

pressure wavefront. Nevertheless, the focal spot correspond-

ing to the convergence of the reflected waves in the posterior

region is still visible at about the same time (t0 ¼ 14.0ls),
indicating geometric similitude in the LSW-sample interac-

tion at the various radial locations, as revealed by the ray

tracing analysis. A detailed and quantitative analysis of the
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LSW-stone interaction, which is based on the numerical sim-

ulations, are presented in Sec. III B.

Overall, as the sample is shifted away from the litho-

tripter axis, the transient stress field will evolve from sym-

metric to asymmetric with a reduced maximum fringe order

inside the stone at increased radial distances. For each pair

of samples placed at the same radial distance (i.e., r¼63,

66, 69mm), their stress fields appear to be a mirror image

of each other with respect to the central axis of the lithotrip-

ter field (i.e., r¼ 0mm).

2. Variation in stone fracture

Table III summarizes the number of shocks to create

the first visible crack line(s) (Nvc) and the number of shocks

to fracture the stone (Nf) into two or three separated pieces

at different lateral positions. In addition, cavitation erosion

with varying crater sizes was observed on the anterior sur-

face of the stone, facing the incident LSW. Representative

examples of the crack line formation and fracture pattern, as

well as cavitation damage at different lateral positions, are

shown in Fig. 4.

As shown in Fig. 4(a), when the incident LSW was

aligned with the central axis of the cylindrical stone

(r¼ 0mm), a T-shaped crack pattern was consistently

observed in the posterior region of the stone while a small

crater is produced by the collapse of the cavitation bubbles

in or near the focal region of the LSW on the anterior sur-

face of the stone. These two distinctly different damage pat-

terns are separated from each other. The transverse crack

was often observed first, initiated from the interior and then

propagated outward to the boundary, followed by the longi-

tudinal crack that developed rapidly from the apex of the

posterior surface of the stone and intersected with the trans-

verse crack at a distance about D/3 from the posterior sur-

face as indicated by the arrows in Fig. 4(b).

When the incident LSW was misaligned with the cen-

tral axis of the cylindrical stone (e.g., r¼66mm), the two

distinct damage patterns would shift to the side of the stone

facing the high incident pressure. In addition, the T-shaped
crack pattern (r¼ 0mm) was transformed to an L-shaped
crack pattern (r¼66mm). The number of shocks required

to either initiate crack lines or fracture the stone also

increased at large off-axis positions (r¼66 or 9mm) in

comparison to the on-axis or near-axis positions (r¼ 0 or

63mm). Moreover, the L-shaped crack pattern was tilted

with respect to the LSW propagation direction, which might

FIG. 3. (Color online) The photoelastic imaging sequence of the LSW interaction with a cylindrical PSM-1 sample (D¼ 15mm) at different radial positions

in the focal plane of the lithotripter, together with the ray tracing analysis of the LSW-PSM-1 sample interaction assuming a plane wave incidence. RSW,

reflected shock wave.

TABLE III. Number of pulses to create the first visible crack line(s) and

produce stone fracture.

r/mm �9 �6 �3 0 3 6 9

Nvc 266 3 196 5 176 3 176 2 166 4 206 5 316 5

Nf 416 13 346 6 326 6 256 4 306 2 356 4 486 7

1018 J. Acoust. Soc. Am. 150 (2), August 2021 Xiang et al.

https://doi.org/10.1121/10.0005823

https://doi.org/10.1121/10.0005823


be caused by the different transient stress field generated

inside the stone located at off-axis positions (Fig. 4). The

stone fracture patterns produced at r¼63mm appeared to

be in transition from symmetric to asymmetric loading con-

ditions. Moreover, the stone fracture patterns produced at

r¼69mm varied from the tilted L-shaped cracks to rotated

T-shaped cracks with a horizontal crack line extending to

the anterior surface of the stone. The crack lines appeared

almost simultaneously on the stone surface, making it diffi-

cult to determine their propagation directions.

B. Numerical simulation of LSW-stone interactions at
various lateral positions

The dynamic interaction between the incident LSW and

target stone generates different stress waves and their tran-

sient interactions inside the stone, together with multiple

reflected, head or leaky pressure waves in the surrounding

fluid. To dissect this complex process responsible for pro-

ducing the evolving stress field and resultant stone fracture

pattern, we will first compare the numerical simulation

results of the stress field produced under symmetric vs

asymmetric loading conditions. Next, we will analyze the

evolution of the maximum tensile stress, stress integral (SI),

and the corresponding pressure near the stone boundary in

relation to different mode conversions and weak shock

reflection at a fluid-solid boundary with the formation of a

Mach stem.

1. Under the symmetric loading condition (r5 0mm)

Figure 5 depicts the general features in the LSW-stone

interaction and resultant evolution of the newly generated

wavefronts in both the stone and surrounding fluid under

idealized symmetric loading conditions, which promote

wave focusing inside the stone. Snapshots of the distribution

in the divergence or div(r � u) and curl (r� u) of the dis-

placement field (u), maximum tensile stress (rmax), and

maximum shear stress (smax) inside the stone, as well as the

pressure field in the surrounding fluid are presented, together

with the ray tracing plots of various wavefronts. The

retarded time t’¼ 0 is set for the moment when the incident

LSW first contacts the anterior surface at the south pole of

the stone [see Fig. 1(b)]. Several critical moments in this

transient interaction are described as follows.

(1) In the early stage of the interaction when hi < h�iðPÞ (e.g.,
t0 ¼ 0.99 ls), both P and S waves are generated instanta-

neously on the stone boundary at the contact point of the

incident LSW with the P wavefront advancing forward

faster and also at a larger refraction angle than the S
wavefront inside the stone as shown by div and curl,

respectively. The P wavefront is in a convex shape with

high compressive stress produced in its central portion,

followed by the S wavefront, which is relatively flat yet

with high shear stress produced at its peripheral near the

contact point on the boundary. Simultaneously, a

reflected shock wave (RSW) is generated in the fluid,

moving backward away from the anterior surface of the

stone, leading to a high-pressure region covering the

irradiated stone boundary.

(2) Next, when h�iðPÞ< hi <h�iðSÞ (e.g., t0 ¼ 1.30 ls), the

advancing P wavefront has detached from the contact

point while the S wavefront in the stone and the RSW in

the fluid are still in contact with the incident LSW on

the boundary. As a result, while the central portion of

the P wavefront is advancing freely, its peripheral ends

will be reflected and refracted from the lateral surface of

the stone, generating both the reflected P wave (i.e.,

P-P) and reflected S wave (i.e., P-S) back into the stone,

and a refracted head pressure wave (HP) into the fluid

FIG. 4. (Color online) Variations in the fracture pattern of the stone produced at different radial positions in the focal plane of the lithotripter (the incident

LSW propagates from right to left in the side view pictures). (a) The side view and front view are shown. (b) The schematic depiction of the crack patterns

observed in (a) are shown. The red dots indicate the intersection point of the crack line on the lateral surface of the stone, the green dots indicate the intersec-

tion of the crack line with the posterior surface of the stone, and the blue dots indicate the intersection or turning point of the crack lines inside the stone.

The arrows indicate the most frequently observed direction of the crack extension.
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following Snell’s law. In contrast, the S wave is gener-

ated at the contact point and continuously strengthened

on the boundary by the incident LSW through mode

conversion. Moreover, the RSW in the fluid begins to

encounter the tensile component of the incident LSW,

leading to reduced pressure near the anterior surface of

the stone. At this moment, the effects of the reflected P-
P and P-S waves on the overall stress field and refracted

HP wave on the surrounding pressure field are not

pronounced.

FIG. 5. (Color online) The numerical simulations of the LSW-stone interaction under the symmetric loading condition. The incident LSW is a planar wave-

front, line symmetric with respect to the central axis of a soft cylindrical BegoStone phantom (D¼ 10mm, H¼ 5mm) with its front surface center aligned

with z¼ 0mm and r¼ 0mm (see Fig. 1). The divergences (r � u) and curls (r� u) of the displacement field, maximum tensile stress (rmax), and maximum

shear stress (smax) inside the stone are shown together with the ray tracing analysis of various wavefronts both in the stone and surrounding fluid. P and S,
refracted P wave and S wave generated at the anterior surface of the stone; P-P and P-S, P and S waves inside the stone generated by the reflection of the

refracted P wave from the lateral and posterior surfaces of the stone; HP, head pressure wave generated by the refraction of the advancing P wave along the

stone boundary; HS, head pressure wave generated by the refraction of the advancing S wave along the stone boundary; S-P and S-S, P and S waves inside

the stone generated by the reflection of the refracted S wave from the lateral and posterior surfaces of the stone. The unit for the stress or pressure is Pa.
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(3) When h�iðSÞ < hi < 90� (e.g., t0 ¼ 3.37ls), the P-P and P-S
wavefronts grow near the stone boundary, and the HP

generated by the detached P wavefront, advancing along

the stone boundary, is visibly pronounced. Because the P
wave is reflected inside the stone from a pressure-release

boundary, the tensile and shear stresses are built up by

the P-P and P-S wavefronts in front of the advancing S
wavefront. However, the fluid region covered by the HP

wavefront in front of the incident LSW is still under

weak compression. Moreover, the S wavefront inside the

stone has also detached from the contact point, advanc-

ing to produce a reflected S wave (i.e., S-S) from the lat-

eral surface of the stone and a refracted head pressure

wave (HS) into the fluid. During this period, the LRW is

anticipated to be generated, which will be discussed in

Sec. III B 2 when such a SAW mode conversion becomes

stronger under asymmetric loading conditions.

(4) Furthermore, at t0 ¼ 4.64 ls, when the incident LSW has

passed the equator of the stone or hi > 90�, the advanc-

ing P wavefront has reached the north pole [i.e., the fur-

thest point in the stone from the incident LSW as

indicated in Fig. 1(d)], and the reflected and converging

P-P wavefronts (from the top and bottom halves) meet

and cross on the central axis, producing the first high

tensile spot near the posterior surface of the stone. In

comparison, the S-S wavefront is growing near the

boundary. Two additional high tensile stress spots are

produced off the central axis of the stone by the interac-

tion of the reflected P-S wavefront with the advancing S
wavefront. Moreover, the refraction of the advancing S
wavefront at its peripherals on the lateral stone boundary

generates the HS wave, which radiates the pressure wave

into the fluid in front of the LSW. Simultaneously, the

reflected S-S wavefront produced inside the stone grows

substantially near the lateral surface, generating tension

in a small region underneath the boundary covered by

the HS wavefront.

(5) Subsequently, at t0 ¼ 5.67 ls, the converging P-S wave-

fronts meet and cross the central axis, producing focal

spots of high shear stresses. Moreover, high shear and

tensile stresses are produced in a broad central region

posterior to the stone equator by the interaction of the

advancing S wavefront with the reflected P-P wavefront

moving in opposite directions. In comparison, the shear

stresses produced by the reflected S-S wavefronts near

the lateral boundary of the stone are relatively weak,

although the region covered by the HS wavefront in the

fluid ahead of the incident LSW continues to increase.

(6) At t0 ¼ 6.12 ls, when the advancing S wavefront on the

posterior surface of the stone reaches a position with

hi < h�iðPÞ from the solid side, a reflected P wave (i.e.,

S-P) will be generated on the boundary together with the

S-S wavefront. The posterior region under high tensile

and shear stresses continues to advance toward the north

pole while extending laterally. This high stress region

coincides with the area where the transverse crack for-

mation is observed in the stone fracture experiments

(Fig. 4, r¼ 0mm). In addition, a focal region of high

tensile and shear stresses produced by the convergence

of the P-S wavefronts crossing the central axis of the

stone is clearly visible.

(7) At t0 ¼ 6.62 ls, the posterior region of the stone is cov-

ered by the reflected S-P and P-S waves, both moving

toward the anterior surface of the stone. Furthermore,

two side lobes of high tensile and shear stresses are pro-

duced by the reflected S-S waves from the lateral

surfaces.

(8) At t0 ¼ 7.42 ls, the reflected S-S wavefront converges

across the central axis of the stone, producing the maxi-

mum tensile stress inside the stone. Similarly, the con-

vergence of the earlier reflected P-P, P-S, and S-P
wavefronts creates a moving focal spot of high tensile

and shear stresses along the central axis of the stone,

which coincides with the formation of the longitudinal

crack observed in the stone fracture experiments (Fig. 4,

r¼ 0mm).

(9) At t0 ¼ 10.80ls, high tensile and shear stresses are observed
at the north pole of the stone far behind the reflected S-S
wavefront as a result of the convergence of the SAWs along

the stone boundary as shown in Sec. IIIB2.

2. Under the asymmetric loading condition
(r5 –6mm)

Figure 6 shows a representative example of the asym-

metric LSW-stone interaction (r¼ –6mm). Whereas the

geometric features of the interaction remain the same, the

peak pressure of the incident LSW is shifted off the central

axis of the stone, leading to asymmetric stress distribution

inside the stone with less internal wave focusing. Therefore,

only the upper half of the stone subjected to higher incident

pressure of the LSW will be discussed, as shown in the ray

tracing analysis, unless otherwise noted. Here, we will focus

on the prominent features observed on the stone-fluid

boundary in relation to the mode conversion, SAW genera-

tion and propagation, as well as the Mach stem formation.

(1) When hi < h�i Pð Þ (e.g., t
0 ¼ 0.99 ls), the incident pressure

increases progressively with hi in the upper half, leading

to significantly stronger compressive and shear stresses

generated inside the stone and, simultaneously, stronger

reflected pressure in the surrounding fluid compared to

the corresponding values in the lower half of the stone

where the incident pressure decreases with hi.
(2) When h�iðPÞ< hi < h�iðSÞ (e.g., t

0 ¼ 1.30 ls), strong shear is

generated at the contact point on the stone boundary

after the detachment of the P wavefront. Concomitantly,

the RSW in the fluid is intensified.

(3) When h�iðSÞ< hi < 90� (e.g., t0 ¼ 3.37 ls), the incident

LSW in the fluid has just detached from the stone sur-

face. Correspondingly, the S wavefront starts to detach

from the contact point, and the stress field in the solid is

dominated by two distinct humps, which are clearly visi-

ble in the div with one in the tension (denoted by “*”),

produced by the reflected P-P and P-S wavefronts in
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association with the HP wavefront in front of the inci-

dent LSW, followed by the other in compression

(denoted by “**”) created by the RSW. Moreover, these

two humps are jointed at the saddle point by an elon-

gated protrusion in the curl and associated strong shear

(and tensile) stress (denoted by “#”), riding in between

the two humps. Together, they form a triple-feature

structure (i.e., hump-saddle-hump). The simultaneous

appearance of div and curl on the boundary is a strong

indication for the generation and propagation of SAWs

(Cleveland and Sapozhnikov, 2005; Zhang et al.,
2019)), such as the LRW characterized by the

FIG. 6. (Color online) The numerical simulations of the LSW-stone interaction under the asymmetric loading condition. The incident LSW is a planar wave-

front with its central axis aligned off-axis at z¼ 0mm and r¼ –6mm (see Fig. 1) with respect to a soft cylindrical BegoStone phantom (D¼ 10mm,

H¼ 5mm). The divergences (r � u) and curls (r� u) of the displacement field, maximum tensile stress (rmax), and maximum shear stress (smax) inside the

stone are shown together with a ray tracing analysis of various wavefronts both in the stone and surrounding fluid. P and S, refracted P wave and S wave

generated at the anterior surface of the stone; P-P and P-S, P and S waves inside the stone generated by the reflection of the refracted P wave from the lateral

and posterior surfaces of the stone; HP, the head pressure wave generated by the refraction of the advancing P wave along the stone boundary; HS, the head

pressure wave generated by the refraction of the advancing S wave along the stone boundary; S-P and S-S, P and S waves inside the stone generated by the

reflection of the refracted S wave from the lateral and posterior surfaces of the stone. The unit for the stress or pressure is Pa.
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convergence of a leading transverse branch (represented

by the saddle) and a trailing longitudinal branch (repre-

sented by the second hump) as shown in Zhang et al.
(2019).

(4) When hi > 90� (e.g., t0 ¼ 4.64ls), the triple-feature struc-
ture on the stone boundary further intensifies as the inci-

dent LSW sweeps across the equator of the stone. On the

fluid side, the HS generated tensile pressure grows signifi-

cantly in front of the LSW and, together with the com-

pressive pressure footprint behind the RSW, form the

counterparts of the two humps on the solid side. At this

moment, the incident LSW front has clearly detached

from the stone boundary, cut through by the wavefronts of

the HS and, presumably, the Schmidt head wave associ-

ated with the LRW (Zhang et al., 2019). In addition, the

region covered by the protrusion rider in the curl expands

laterally, creating a region with diffused high shear and

tensile stresses. In contrast, the high tensile and shear

stress regions typically observed along the central axis of

the stone under the symmetric condition (i.e., r¼ 0mm)

have disappeared because of the asymmetric pressure dis-

tribution around the stone.

(5) At t0 ¼ 5.67 ls, the HS generated tensile pressure region

grows further while the ensuing RSW-generated hump

does not change significantly. The curl region continues

to expand with diffused high shear and tensile stresses

in the posterior region of the stone.

(6) At t0¼ 6.12 ls, the triple-feature structure continues to

grow while moving progressively along the boundary

toward the north pole of the stone. Behind the fin-

shaped region covered by the HS and intersected by the

detached LSW, a Mach stem aligned along the surface

normal direction of the stone has emerged, which could

be initiated by the incident LSW glancing through the

equator of the stone.

(7) Toward the end of the interaction from t0 ¼ 6.62ls to

t0 ¼ 7.42ls, the Mach stem in the fluid continues to grow

in strength and length while the enlarged region with dif-

fused high shear and tensile stresses inside the stone

moves closer to the north pole. Evidence of the conver-

gence of the wavefronts (by S-P and S-S) is noticeable,
albeit much weaker than for r¼ 0mm. Moreover, the

posterior surface of the stone is completely covered by

the asymmetric envelop of the HS wavefronts from both

the upper and lower halves of the stone.

(8) At t0 ¼ 10.8 ls, the Mach stem behind the fin-shaped

region covered by the HS reaches the north pole, gener-

ating a combination of shear and tensile stresses near the

boundary.

3. Variations of the stress field inside and along the
stone boundary

To recapitulate different stress wavefronts and SAWs,

we have extracted data from virtual sensors imbedded both

inside the stone and near the fluid-solid boundary from sam-

ples placed at four lateral positions (r¼ 0, �3, �6 and

�9mm). Using these data, we quantify the evolution of the

first principal stress (i.e., rmax) in the solid and pressure in

the fluid during the LSW-stone interaction. Hereafter, as

shown in Fig. 7(a), all of the sensors were located along dif-

ferent rays or near the stone boundary in the symmetric

plane of the computational domain.

Figures 7(b) and 7(c) depict the variation of rmax

along two rays normal to the refracted S wavefront in the

sample placed at r¼ 0mm when hi increases from 0� (ray

1, which coincides with the ray at the P wavefront) to 25�

(ray 2). The sensor data first reveal a compressive (nega-

tive) peak associated with the P wave (3086m/s), followed

by the tensile (positive) peak generated by the S wave

(1852m/s), which is consistent with the features of the

stress field observed in Fig. 5. More importantly, wave-

forms of rmax near the solid boundary (i.e., ray 3 along

rS ¼ 4:95mm) reveal LRW propagation in the range of

60� < hi < 90� [Fig. 7(d)] and Scholte wave propagation

in the range of 110� < hi < 180� [Fig. 7(e)]. The LRW

propagation is accompanied by the generation of strong

tensile stress at the stone boundary, augmented beyond

h�iðSÞ by the refracted S and associated S-S waves propagat-

ing near the stone boundary [Figs. 6 and 7(f)]. Because the

simultaneous propagation of an evanescent wave (EW) in

the fluid during this period near the stone boundary

(Eisenmenger 2001), the peak in rmax is only reached

when the LRW is sufficiently separated from the EW

(Zhang et al., 2019). In addition, the progressive conver-

gence of the peak in rmax along the same radial direction

from rS ¼ 4mm to rS ¼ 4:95mm beyond h�iðSÞ (or 60
�), as

shown in Fig. 7(f), supports the notation that the maximum

tensile stress is indeed generated by the LRW. This con-

clusion is also consistent with the fact that the peak in

rmax on the stone boundary is always produced at

hi ¼ 75�, independent of the radial positions of the stone

in the lithotripter field [Fig. 7(g)]. It is worth noting that

higher peak rmax values are obtained at r¼ –3mm

(61.0MPa) and r¼ –6mm (53.6MPa) than at r¼ 0mm

(38.8MPa), indicating that the experimentally observed

“L-shaped” cracks in Fig. 4(b) may initiate from the stone

boundary under those asymmetric loading conditions.

4. Variations of the pressure and weak shock
reflection along the stone boundary

Although weak shock wave reflection from a rigid

boundary has been studied extensively (Zakharian et al.,
2000; Skews and Ashworth, 2005; Baskar et al., 2007), such
an analysis has not been performed for the LSW-stone inter-

action. In particular, the transition from regular reflection

(RR) with two-shock structure (i.e., incident and reflected

shocks) to irregular reflection (IR) with three-shock struc-

ture, characterized by the detachment of the point of inter-

section T of the incident and reflected shocks from the

boundary and the formation of a new shock front (i.e., Mach

stem) that connects T to the stone surface, has not been

reported in SWL. Because our numerical model incorporates

fluid compressibility and can be used to characterize the
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nonlinear propagation of the LSW, we further analyze the

pressure data from sensors located along various surface

normal directions (hi¼ 23 �–180 �Þ. Moreover, as shown in

Fig. 8(a), for each normal direction, sensor data are

extracted at four different radial distances (rF ¼ 5.05, 5.25,

5.50, and 5.75mm) from the stone center to dissect the

evolution of various pressure and weak shock waves in the

fluid near the stone boundary.

The reflection of a weak shock wave (Ms < 1.05) from

a rigid boundary has been shown to depend on a critical

parameter a, which is given by (Baskar et al., 2007;

Karzova et al., 2015)

FIG. 7. (Color online) The variations of the stress and pressure monitored by sensors placed inside the stone and along the stone-fluid boundary. (a) A sche-

matic diagram illustrating various stress wavefronts in the solid and pressure wavefronts in the fluid at a retarded time of 2.1ls. Ray 1 overlaps with the P
wavefront at 0� refraction angle, ray 2 corresponds to the S wavefront at 25� refraction angle, and ray 3 is along the circumferential direction of the stone

boundary at a radius rS ¼ 4.95mm. The corresponding sensors located on the fluid side have a radius rF ¼ 5:05mm. [(b),(c),(d),(e)] The time history of the

maximum principal stress rmax along ray 1, ray 2, and ray 3. (f) The time history of rmax at rS ¼ 4.00 and 4.95mm and pressure at rF ¼ 5:05mm along differ-

ent radial directions from the center of the stone, responding to different hi. The stone was placed either at r¼ 0mm or r¼ –6mm in the lithotripter field. (g)

The variations in the peak value of rmax with hi produced in stones treated at four different off-axis locations in the lithotripter field. Note that the vertical

scale of adjacent curves in (b), (c), (d), and (e) are offset by 20, 15, 50, and 50MPa, respectively. The vertical scale of the adjacent curves in (f) are offset by

80MPa. The results of (b) and (c) are produced under the condition of r¼ 0mm, and the results of (d) and (e) are produced under the condition of r¼ –6mm.
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a ¼ sin uffiffiffiffiffiffiffiffiffiffiffiffi
2bMa

p ; (9)

where u (¼90� � hiÞ is the grazing angle of the incident

shock wave, b is the coefficient of nonlinearity of the propa-

gation medium, which is equal to 5.1 for water at room tem-

perature, and Ma (¼Ms � 1) is the acoustic Mach number.

The variation of the critical parameter a with hi in the range

of pþ for the incident LSW relevant to this study is plotted

in Fig. 8(b). Based on previous studies (Karzova et al.,
2015), the weak shock reflection can be categorized into

three regions (1) RR when a > 1.05, (2) von Neumann

reflection (vNR) when 0.38< a < 1.05, and (3) weak von

Neumann reflection (WvNR) when a < 0.38. It is generally

observed that for a given pþ, the critical parameter a will

decrease with hi in the range of 0�–90�, indicating that the

LSW-stone interaction will evolve progressively from RR to

vNR and then to WvNR. Furthermore, the critical hi for the
transition from RR to vNR will decrease with pþ, varying
from 71� at pþ¼ 12MPa to 46� at pþ¼ 52MPa. Similarly,

the transition from vNR to WvNR will decrease from 83� at
pþ¼ 12MPa to 75� at pþ¼ 52MPa. For the stone treated at

r¼ –6mm, it is anticipated that RR will be transitioned to

vNR when hi is larger than 52� and then from vNR to

WvNR when hi is larger than 75�.
Figure 8(c) depicts the pressure waveform variations

along the stone boundary at various hi and rF. At the begin-
ning of the LSW-stone interaction (hi ¼ 23�–30�), RR

FIG. 8. (Color online) The variations of the pressure waveforms in the fluid near the stone boundary and associated critical parameter a for weak shock

reflection at different incident angles (hi) or surface normal directions. (a) The schematic diagram for sensor placement at different radial distances

(rFÞ and hi. (b) The variation of the critical parameter a with hi in the range of pþ for the incident LSW used in the experiment. The LSW-stone interaction
will evolve from RR to vNR and WvNR as hi increases. (c) The time history of the pressure waveform variations in the fluid along different surface normal

directions at rF ¼ 5.05, 5.25, 5.50, and 5.75mm from the stone center under the condition of r¼ –6mm. Note that the vertical scales are offset by 100MPa

for adjacent groups of hi and 20MPa for adjacent values of rF within a given hi.
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dominates. Therefore, along each surface normal direction, as

rF increases, the first peak associated with the incident LSW

will arrive earlier, and the second peak associated with the

RSW will appear with an appreciable delay. At hi ¼ 60�,
when the weak shock reflection has transitioned into the vNR

domain, the first peak starts to align closer with each other

with increasing rF, whereas the second peak becomes weaker

or disappears, indicating the detachment of the point of inter-

section T from the stone boundary. At hi ¼ 75�, the first peaks
at different rF (except rF ¼ 5:05mmÞ occur simultaneously,

signifying the formation of a Mach stem along the surface nor-

mal direction. In contrast to the weak shock reflection from a

rigid boundary, the fluid region in front of the Mach stem is

significantly disturbed by the HP, HS, and Schmidt head

wave emitted along the boundary ahead of the LSW. The

influence of these leaky pressure waves first appears closest

to the boundary ði:e:; rF ¼ 5:05mmat hi ¼ 75�Þ before

expanding outward ði:e:; rF ¼ 5:25� 5:75mmat hi ¼ 90�Þ
during the transition from vNR to WvNR.

At the equator (hi ¼ 90�), the HP and HS have clearly

separated from the glancing incident LSW, which is further

moving away from the stone boundary caused by the wave

diffraction. Near the boundary (rF ¼ 5:05–5.25mm), a

strong tensile peak is produced by the combination of the

HS and Schmidt head wave as shown in the inset of

Fig. 8(c). Moreover, across the equator, the SAW produced

by the LSW-stone interaction is transitioning from the

LRW on the anterior to the Scholte wave on the posterior

surface of the stone [see Figs. 7(d) and 7(e)]. Consequently,

an inverted “N” wave is formed with a leading tensile com-

ponent in the fin-shaped region produced by the HS and

Schmidt head wave in front of the Mach stem [see

Fig. 8(a)], driven by the trailing compressive peak origi-

nated from the second hump (see Fig. 6 at 3.73 ls). As the
Scholte wave propagates along the posterior surface, the

leading tensile component of the pressure waveform broad-

ens while the trailing compressive peak intensifies to gener-

ate higher pressure with a shortened pulse duration.

Culminating at the north pole (hi ¼ 180�), the Mach stem

produces a high-pressure region normal to the stone bound-

ary with a tail gradually tilting toward the upper half of the

stone (see Fig. 6 at 10.8 ls).
We have further calculated the SI in the stone based on

the Tuler-Butcher criterion for brittle failure under dynami-

cal loading conditions (Tuler and Butcher, 1968; Zhang

et al., 2019):

SI ¼
ðTp
0

ðrmax � rcÞ2 dt for ðrmax > rcÞ; (10)

where rc ¼ 3.1MPa is the quasi-static failure strength of

soft BegoStone (Smith and Zhong, 2013), and Tp¼ 12 ls is
the simulation time. As shown in Fig. 9(a), four sensors

(M1–M4) are chosen from the T-shaped fracture region with

sensors M1 located near the north pole, M2–M4 located

about D/3 from the posterior surface of the stone, and the

fifth sensor (M5) placed at the stone boundary along ray 3

where the peak rmax is detected (see Fig. 7). As an illustra-

tive example, Fig. 9(b) shows the time histories of rmax at

the five sensor locations in the stone treated at r¼ –6mm. In

comparison, the highest tensile peak is produced at M5, fol-

lowed by M1, M4, M3, and M2. It is noticed that despite

similar time profiles in rmax, significantly higher tensile

stresses are produced at M4 than at M2 because of the

higher incident pressure of the LSW in the upper half of the

stone. Furthermore, as shown in Fig. 9(c), significantly

higher SI is predicted at M5 than at other sensor locations

under asymmetric loading conditions (i.e., r¼ –3 to

�9mm). This result suggests that when the stone is located

off the lithotripter axis, there is a tendency that the crack

may initiate from the stone boundary subjected to the high

incident pressure of the LSW. In comparison, under the

symmetric loading condition (i.e., r¼ 0mm), SI is slightly

higher at M1 than at M5, whereas the comparable values are

predicted at the other three sensor locations along the trans-

verse crack inside the stone. This result is consistent with

the T-shaped crack observed in the posterior region of the

stone [Fig. 4(a)].

FIG. 9. (Color online) The variations of the stress field in the stone monitored by selected sensors imbedded near the periphery and in the posterior region of

the stone. (a) The schematic diagram illustrating the sensor locations: M1 is chosen D/150 away from the north pole of the stone, M2–M4 are chosen D/3
away from the north pole, separated by D/5 spacing in the vertical direction, and M5 is chosen at the location where the peak in the maximum principal

stress (rmax) occurs near the stone surface. (b) The time history of rmax at individual sensor locations in the solid. (c) The SI based on the Tuler-Butcher cri-

terion for the dynamic fracture for stones treated at four different off-axis radial distances in the lithotripter field.
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C. Examinations of crack initiation and development
using lCT

To confirm the general features of the stone fracture at

various lithotripter field positions observed from experi-

ments in Sec. III A 2 and predicted by numerical simulations

in Sec. III B, we further investigated the crack initiation and

development under symmetric (r¼ 0mm) and asymmetric

(r¼ –6mm) loading conditions using lCT. Figure 10(a) is a
scatterplot summarizing the spatial distribution of the

cavitation-generated damage crater location (black dot) on

the anterior surface, the junction point of the “T- or L-shape”
crack (blue dot), and the interception points of the crack

lines on the lateral (red dot) and posterior (green dot) sur-

face of the stone samples. To capture the crack initiation,

additional experiments were repeated using only 4 or 12

shocks before visible crack lines could be observed (typi-

cally after about 17 shocks at r¼ 0mm and 19 shocks at

r¼ –6mm; see Table III). Representative lCT images, cap-

tured either before or after the treatment, from the middle

plane of the samples are shown in Fig. 10(b). It can be seen

that under symmetric loading conditions (r¼ 0mm), a lon-

gitudinal hairline crack was initiated from the north pole

and a transverse hairline crack centered around the lithotrip-

ter axis at a distance about D/3 from the posterior surface of

the stone appeared after four shocks. After treatment of 12

shocks, the longitudinal crack was fully extended to the

junction point with the transverse crack, which was further

opened and extended both upward and downward to the

stone surface. In contrast, under asymmetric loading condi-

tions (r¼ –6mm), two short hairline cracks were initiated

from the upper stone boundary—one at about 80� and the

other at about 150� after four shocks—in the range of the

interception points shown in Fig. 10(a). After 12 shocks,

these 2 short cracks were seen to extend into the bulk of the

stone, forming the L-shaped crack. Overall, these crack initi-

ation positions are consistent with the locations of the high-

est SI predicted in the stone, based on the numerical model

simulations shown in Figs. 10(c) and 9(c).

IV. DISCUSSION AND SUMMARY

To understand the mechanism of stone damage in SWL

under clinically relevant treatment conditions, we have per-

formed a comprehensive series of investigations using high-

speed photoelastic imaging, phantom tests, lCT analysis,

and 3D numerical simulation of the transient stress field and

fracture potential produced in BegoStone samples located at

various lateral positions in a lithotripter field. Recently, pho-

toelastic imaging has also been applied effectively to burst

FIG. 10. (Color online) (a) The spatial distribution of the cavitation-generated damage crater location (black dot) on the anterior surface, junction point of

the “T/L-shape” crack (blue dot), and interception points of crack lines on the lateral (red dot) and posterior (green dot) surface of the stone, (b) lCT images

in the middle plane of the stone treated with a different number of shocks with red arrows indicating the hairline crack formation, and (c) damage potential

computed based on the Tuler-Butcher criterion in the middle plane of the stone. Stone diameter¼ 10mm.
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wave lithotripsy studies (Maxwell et al., 2020; Sapozhnikov
et al., 2020). In the present work, several critical and novel

observations have been made.

First, because of the significant respiratory motion of the

patient during clinical SWL (Bohris et al., 2003;

Pishchalnikov et al., 2006; Leighton et al., 2008; Sorensen
et al., 2012), most of the LSW-stone interaction will likely

occur at off-axis locations. Under such conditions, our results

(Figs. 6, 7, and 9) suggest that the maximum tensile stress

and SI will be produced on the stone boundary subjected to

the higher incident pressure of the LSW. This finding is con-

sistent with the previous experimental observations that

stone comminution in SWL correlates closely with the aver-

age positive peak pressure (pþ(avg)) of the incident LSW on

the stone surface in the lithotripter field (Smith and Zhong,

2012; Zhang et al., 2016). This finding is also in distinct con-
trast to the generation of the maximum tensile stress and/or

SI inside the stone produced in the posterior region by wave

focusing and constructive interactions when the stone is ide-

ally treated on the lithotripter axis (see Fig. 5 and also

Cleveland and Sapozhnikov, 2005; Zhang et al., 2016; Cao
et al., 2019). With irregular geometry of the residual frag-

ments and attenuation of various elastic waves inside the

stone material, which are not yet accounted for in the model

simulations, the possibility of stone fracture from inside-out

will further diminish, whereas the chance of stone fracture

from outside-in is likely to increase during SWL (Zhong,

2013; Neisius and Zhong, 2019).

Second, tensile and shear stresses are efficiently pro-

duced by mode conversion on the stone boundary during

LSW-stone interaction (Xi and Zhong, 2001; Cleveland and

Sapozhnikov, 2005; Sapozhnikov et al., 2007; Zhong,

2013). The current study further elucidates the critical role

that LRW and its dynamic interaction with an EW simulta-

neously produced on the fluid side in the buildup of the

maximum tensile stress along the stone boundary (Fig. 7

and see also Zhang et al., 2019). The mode conversion of

the incident LSW into LRW confined to the stone surface is

much more efficient than the generation of P and S waves

that spread into the bulk of the stone material, leading to

maximum SI that drives the initiation of fractures on the

anterior surface of the stone treated at off-axis locations

(Fig. 10). In contrast, the strong tensile stress produced in

the posterior region of the stone is caused primarily by the

reflection of the S wave (i.e., S-P and S-S) and P wave (i.e.,

P-P and P-S) and their interactions (Figs. 5 and 6).

Third, we have shown shock front detachment from the

stone boundary and Mach stem formation based on the sen-

sor data analysis. Our results indicate a clear transition from

RR to vNR and then to WvNR with increasing hi, which is

in reasonable agreement with the prediction based on the

critical parameter “a” for the weak shock reflection (Baskar

et al., 2007; Karzova et al., 2015). The formation of the

Mach stem is initiated when the shock wave reflection pat-

tern is transitioning from RR to vNR. Thereafter, the Mach

stem grows progressively in strength and length as the

LSW-stone interaction induced SAWs transitioning from

the LRW on the anterior surface to the Scholte wave on the

posterior surface of the stone (Figs. 6 and 8). Unlike the

shock reflection from a rigid boundary (Zakharian et al.,
2000; Skews and Ashworth, 2005; Baskar et al., 2007), we
notice that the Mach stem formation in SWL is significantly

influenced by the HP, HS, and Schmidt head wave emitted

along the stone boundary ahead of the LSW.

Finally, cavitation erosion is observed on the anterior sur-

face of the stone either along or near the central axis of the inci-

dent LSW, separated from the fracture lines (Fig. 4). The

interaction of LSWs or SAWs produced by the incident LSW

with the pitting and microfractures generated by cavitation

damage may further facilitate the disintegration of residual frag-

ments in SWL (Zhu et al., 2002; Sapozhnikov et al., 2007;
Zhong, 2013). Yet, the mechanism of such an interaction is not

completely clear and needs to be further investigated.

In summary, we have investigated the generation of

SAWs and Mach stem in SWL and provide new insights

into the mechanisms of stone fracture under asymmetric

loading conditions during LSW-stone interaction. Future

work is warranted to examine the optimal treatment strategy

that can leverage the synergistic interaction of multiple

mechanisms to maximize stone comminution in SWL.
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