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ABSTRACT: We study the four-point function of the lowest-lying half-BPS operators in
the N' =4 SU(N) super-Yang-Mills theory and its relation to the flat-space four-graviton
amplitude in type IIB superstring theory. We work in a large-INV expansion in which the
complexified Yang-Mills coupling 7 is fixed. In this expansion, non-perturbative instanton
contributions are present, and the SL(2,Z) duality invariance of correlation functions is
manifest. Our results are based on a detailed analysis of the sphere partition function
of the mass-deformed SYM theory, which was previously computed using supersymmetric
localization. This partition function determines a certain integrated correlator in the unde-
formed A/ = 4 SYM theory, which in turn constrains the four-point correlator at separated
points. In a normalization where the two-point functions are proportional to N2 — 1 and
are independent of 7 and 7, we find that the terms of order VN and 1 / V/N in the large N
expansion of the four-point correlator are proportional to the non-holomorphic Eisenstein
series E(2,7,7) and E(3,7,7), respectively. In the flat space limit, these terms match the
corresponding terms in the type IIB S-matrix arising from R* and D*R* contact inter-
actions, which, for the R* case, represents a check of AdS/CFT at finite string coupling.
Furthermore, we present striking evidence that these results generalize so that, at order
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N3~™ with integer m > 0, the expansion of the integrated correlator we study is a lin-
ear sum of non-holomorphic Eisenstein series with half-integer index, which are manifestly
SL(2,Z) invariant.
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1 Introduction

1.1 Overview

It has long been appreciated that string theory can be given a non-perturbative definition
through the anti-de Sitter / conformal field theory (AdS/CFT) correspondence [1-3]. In
principle, such a definition allows one to calculate properties of closed string theory or M-
theory, and hence of quantum gravity, in terms of properties of certain CFTs such as the
SU(N) N = 4 supersymmetric Yang-Mills (SYM) theory, without any explicit reference
to standard stringy methods. For instance, as originally proposed in [4-6] and further
explored in [7-9], one can obtain flat space scattering amplitudes of massless particles
by taking certain kinematic limits of CFT correlation functions. While in general it is
very difficult to determine the CFT correlation functions in the regime of interest, recent



progress combining various analytic bootstrap techniques [10-28] and supersymmetry has
allowed the determination of CFT correlators, at strong coupling, in a variety of examples
arising from top-down AdS/CFT constructions [17, 29-34]. From the CFT correlators in
these examples, one can then extract the first few terms in the low-energy expansion of
scattering amplitudes in superstring theory or M-theory. In the cases studied so far, these
scattering amplitudes had been known from other string theory arguments, and therefore
these calculations represent remarkable precision tests of AdS/CFT.

The main focus of this work is on the N' =4 SYM theory, and, in particular, on how
one can reproduce the SL(2,7Z) modular properties of superstring amplitudes from CFT
correlators. Before discussing these modular properties, however, let us briefly review the
recent work on the four-point correlators of A' = 4 SYM in the 't Hooft limit, and then
discuss how these computations should be modified in order to access SL(2,Z) invariants.
As we will explain, in order to uncover the modular properties, we should consider a strong
coupling limit that is different from the usual 't Hooft limit.

CFT correlation functions in ’t Hooft limit and type IIB graviton amplitudes

Refs. [17, 33, 34] studied the four-point function of superconformal primary operators in
the same multiplet as the stress-energy tensor of the A/ = 4 SYM theory, considered
in the large-N 't Hooft limit, where the 't Hooft coupling A = ¢3,N is fixed and in
the regime A > 1. In a normalization in which the disconnected term in the four-point
function scales as N4\° at large N and A, the leading connected contribution is of order
N2 X0 and reproduces the tree amplitude of type IIB supergravity. The next correction,
of order N? )\7%, reproduces the “stringy” correction corresponding to the eight-derivative
contact interaction of the form R* (a well-known contraction of four Riemann tensors) in
the effective IIB superstring action [35, 36]. Several other terms of higher order in 1/A
and in 1/N have been matched with terms that arise in the low energy expansion of string
perturbation theory [33, 34].

The procedure that allows the above comparisons between string perturbation theory
and N = 4 correlation functions is as follows. For the four-point function mentioned
above, the analytic bootstrap consistency conditions [11, 33, 34] determine the position
dependence of the tree-level Witten diagrams corresponding to higher derivative terms in
the string effective action, up to a number of undetermined coefficients. At low orders
in the derivative expansion, these coefficients can be fully determined, in principle, from
constraints derived using supersymmetric localization [29-34]. Indeed, as shown in [33] in
the case of the N' =4 SYM theory, one can obtain integrated constraints on the 4-point
functions of the operators in the stress-tensor multiplet by taking four derivatives of the
partition function Z of the mass-deformed ' = 4 SYM theory placed on a round S*. This
mass deformation of the N' =4 SYM theory is referred to as the N’ = 2* theory, and its
S4 partition function was computed by Pestun using supersymmetric localization [37]. As
shown in [37], this partition function takes the form of a finite-dimensional integral over
constant values of one of the vector multiplet scalars. The integrand is a product of a
classical contribution, a one-loop contribution, and contributions from instantons located
at the north and south poles of S* [38-41].



The procedure implemented in [33] for analyzing the N' = 4 integrated correlation
function made use of the constraint coming from the m = 0 limit of the mixed derivative
(where m is the mass deformation parameter)

750,0;02log Z| (1.1)

m=0
4mi
Iym
this leads to an explicit calculation of various terms in the double expansion in 1/N and

where 7 = 11 + iTy = % + is the complexified gauge coupling. As mentioned above,
1/X of the CFT correlation function [33, 34], and these terms reproduced the analogous
terms in the low energy expansion of the type IIB superstring tree amplitude that are
perturbative in gs.

SL(2,7Z) duality of CFT correlation functions and type IIB graviton amplitudes

These connections between A/ = 4 SYM and type IIB superstring perturbation theory
are part of a much richer non-perturbative story that incorporates the constraints of S-
duality. In particular, understanding how the SL(2, Z) S-duality of the type IIB superstring
theory [42] arises as the image of Montonen-Olive SL(2,7Z) duality of N' = 4 super-Yang-
Mills theory [43-45] involves understanding the holographic connection between Yang-Mills
instantons and D-instantons [46-49], which will be a crucial feature of this paper.

Before we go into more details about the SL(2,Z) invariance properties of the IIB
amplitudes and corresponding SYM correlators, we note that neither N'=4 SYM nor the
IIB theory on AdSs x S° are entirely SL(2,7Z) invariant. As explained in [50], specifying
the SYM theory requires knowing the global form of the gauge group, as well as a discrete
theta angle, and general SL(2,Z) transformations change both the global structure of the
gauge group and the discrete theta angle.! However, local correlators in A = 4 SYM
theory (and correspondingly the amplitudes in IIB string theory) are insensitive to such
subtleties, and it is in this sense that we are exploring their SL(2,Z) invariance properties
in this paper.

SL(2,Z) and the IIB superstring low energy expansion. The exact coefficients of higher-
derivative interactions in the low energy expansion of the four-graviton amplitude in
IIB superstring theory are SL(2,Z)-invariant functions of the complex string coupling
Ts = Xs + 1/gs that have been explicitly determined up to order DSR*. These interac-
tions preserve a fraction of the 32 supersymmetries (they are so-called F-terms), and their
form is severely constrained by supersymmetry combined with S-duality. For example,
the coefficient of the 1/2-BPS R* interaction is proportional to a non-holomorphic Eisen-
stein series E(%,T,’l_') [53-55], which will be defined in appendix A. When expanded at

'For the SU(N) cases, these theories are labeled as (SU(N)/Zy). where k is a positive divisor of N
and n a Zg-valued theta angle [50]. Under the S generator of SL(2,Z), the SU(N) theory (no discrete
theta angle for this case) is mapped to (SU(N)/Zyn)o and vice versa. On the bulk side, the type IIB
string theory contains a nontrivial topological sector on AdSs described by a Chern-Simons-like theory
involving the NS and RR 2-form fields [51]. The discrete data involved in specifying the boundary SYM
theory translates into a choice of boundary conditions for the bulk topological theory, and such boundary
conditions transform nontrivially under SL(2,Z) [51, 52]. These topological subtleties are important for
understanding the SL(2,Z) properties of extended objects (such as line operators) or when considering
topologically nontrivial backgrounds (such as nontrivial H?(My,Zy) on the 4d boundary manifold My).



small string coupling, this Eisenstein series has two terms that are power behaved in gs,
corresponding to genus-0 and genus-1 contributions in string perturbation theory. In addi-
tion, there is an infinite sequence of exponentially suppressed non-perturbative terms due
to D-instanton effects, where the contribution of a charge-k D-instanton is proportional

to e—27k/gs

Similar comments apply to the coefficient of the 1/4-BPS D*R* interaction,
which has a coefficient proportional to E(3, 7, 7) [56]. Whereas the Eisenstein series satisfy
Laplace eigenvalue equations, the coefficient of the 1/8-BPS interaction, DSR*, is a novel
modular function that satisfies an inhomogeneous Laplace eigenvalue equation [57] that is

also reviewed in appendix A.?

SL(2,Z) and correlation functions in N' = 4 SYM. In the usual 't Hooft limit, the 't
Hooft coupling A is kept fixed as N — oo, which requires gym to be small. However,
this is incompatible with SL(2,Z) duality, which has an action on the complex coupling

) Ami
T:ﬂ—i—

=+ given by
Ivym
, ar+b
ToT = —— |
ct+d

where a, b, c,d € Z and ad —bc = 1. In particular, this transformation mixes weak coupling

(1.2)

and strong coupling effects. Therefore, in order to consider the action of SL(2,Z) on
correlation functions in the large- N limit, it is necessary to consider the limit in which gym
is fixed as N — oco. Such a limit had been considered in [33], where it was referred to as the
“very strong coupling limit,” and it was also considered in an analogous context in [61].3

. . _ 2 2 _ 2
In particular, instanton effects of order e 87 k/9vm = =87 kN/A

, where k (the instanton
number) is a positive integer, survive this limit, whereas they are exponentially suppressed
in the usual ’t Hooft limit. In the very strong coupling limit, it is the terms of order N1/2,
N~Y2 and N~! that correspond to the R*, D*R*, and DSR* mentioned above.

Using a similar strategy to that outlined above in the 't Hooft limit, we find that the
analytic bootstrap constraints combined with the supersymmetric localization constraints
coming from (1.1) yield, in the very strong coupling limit, the same Eisenstein series that
appear in the low energy expansion of the type IIB four-graviton amplitude. Indeed,
the constraint from (1.1) is sufficient to determine the coefficient of N'/2 in the large-N
expansion of the CFT four-point function, and, as we will show, this coefficient ends up
being proportional to (%, T,T), with precisely the right proportionality factor to match the
corresponding term in the superstring amplitude.? This is a full non-perturbative precision
test of AdS/CFT!

2These results were rederived in [58] using on-shell superamplitude methods [59]. Furthermore, more
general F-terms involving higher-point interactions have also been determined [60].

3Non-'t Hooft limits have been considered before in other gauge theories. For instance, in the 3d
U(N)r x U(N)—r ABJM theory [62], the limit in which k is fixed while N — oo corresponds to M-theory
on AdSy x S7/Z. In the same theory, a different non-"t Hooft limit, namely that in which N — oo with
finite u = N/k® considered in [32] is somewhat similar to the very strong coupling limit considered here.

41t is worth noting that the fact that the four-point functions of operators in the stress tensor multiplet
of N = 4 SYM, and in particular the quantity (1.1), are SL(2,Z) modular invariants is no surprise.
Indeed, the operators belonging to the stress tensor multiplet transform with well-defined holomorphic
and anti-holomorphic modular weights (w, —w) under the action of SL(2,Z) [61, 63, 64]. The bottom
component of the multiplet we consider has the weight w = 0, therefore the corresponding correlators are
SL(2,Z) invariant.



Note that those contributions that are perturbative in 1/X in the 't Hooft limit are also
power-behaved in gyyr in the limit in which N — oo and gy is fixed. Thus, the pertur-
bative terms evaluated in earlier work reproduce the two terms that are power-behaved in
gym in E (%, 7,7). Our main challenge is to show that the exponentially suppressed terms
in the Eisenstein series can also be reproduced from the N'=4 SYM theory. Using (1.1),
we find that these exponentially suppressed terms come from considering the m = 0 limit
of the instanton contributions to the A/ = 2* partition function.®

At order N=1/2 in the large-N expansion, the constraint (1.1) is no longer enough
to fully determine the CFT correlation function, but we do find that the integrated cor-
relator (1.1) is proportional to the E(%,T,’i_') modular invariant that appears in the flat
space limit of the IIB amplitude. Combining the integrated constraint with the flat space
string theory answer, we obtain the complete CFT correlator up to order N —1/2_ While the
E(%, 7,7) modular invariant appearing at order N'/2 multiplies a single term of schematic
form R?* in the effective field theory in AdS, the E(%,T,i’) invariant multiplies a linear
combination of the D*R* interaction and R*/L*, where L is the radius of AdS.

At higher orders in the 1/N expansion we do not have sufficient information to de-
termine the four-point correlator in N' = 4 SYM. We will nevertheless argue, more
conjecturally, that any given order in the large-N expansion of the integrated correla-
tion function (1.1) is a finite linear sum of non-holomorphic Eisenstein series with ratio-
nal coefficients.

1.2 Outline

The rest of this paper is organized as follows. In section 2 we give a brief review of the
4-point function of the stress tensor superconformal primary operator in N/ = 4 SYM,
its relation to the string theory scattering amplitude, and the supersymmetric localization
constraint coming from the mixed derivative (1.1). Section 3 describes the main technical
achievement of this paper, which is the evaluation of the instanton contributions to the
integrated correlation function. These contributions are associated with factors of the
Nekrasov partition function [40, 41] that enter into the localization result for the mass-
deformed S* partition function and contribute to the N' = 4 integrated correlator described
by (1.1). We will determine the k-instanton contributions to this quantity at orders N 2
and N _%, and show that they match, respectively, the kth Fourier modes with respect to
0 of E(3,7,7) and E(3,7,7). The analysis of terms that are higher order in 1/N in (1.1) is
developed further in section 4. We end with a discussion of our results in section 5. Several
technical details are relegated to the appendices.

2 Four-point function in N =4 SYM

Let us start with a brief review of the setup of the four-point function of the stress tensor
superconformal primary operator in SYM, its relation to the 10d IIB flat space graviton
S-matrix and constraints from supersymmetric localization. For more details, see ref. [33].

5While the strict m = 0 limit of the A/ = 2* instanton partition function is trivial, the subleading m?2
order is not and contributes to (1.1).



This operator transforms in the 20’ of the SO(6) g R-symmetry, and it can be represented
as a traceless symmetric tensor Sy (%) with I,J =1,...,6 as SO(6) g fundamental indices.
In order to avoid a proliferation of indices, it is customary to contract them with null
polarization vectors Y7/ satisfying Y - Y = Z?:l YTy! = 0. Superconformal symmetry
implies that the four-point function of the operator S(%,Y) = S;;(Z)Y!Y” takes the
form [65, 66]

- S 1 = -1 =
(S(@1.Y1) - S(#1.Ya)) =z |Siee + T(W. V)6 - B, (2.1)
T12%34
where Z;; = ¥; — 7, and

S = U2 102 1U 1

Stree = (1 U V2 o7 v 2U> )
@)z(VUVUU(U—V—l)1—U—VV(V—U—1)), (2.2)
B=(YAYE YAV YAYE Vig¥iaYasVar YioViaYasVar YViaVigYorVau )

Here, ¢ is the conformal anomaly coefficient, which for an SU(N) gauge group equals
=2 2 =2 2

c = (N?—1)/4; the quantities U = % and V = ;;4;%3 are the usual conformal invariant
1324 13724

cross-ratios; and Yj; = Y; - Y; are SO(6)g invariants. Importantly, the only non-trivial

information in the correlator (2.1) is encoded in a single function of the conformal cross-
ratios, T7(U, V).
More generally, to describe the holographic correlators, it is simpler to work in Mellin
space [67, 68]. Let us thus define the Mellin transform M of T via
o0 dsdt

TW,V) = /m (47”,)2U§V%*21“ [2 - grr [2 - ;rr [2 - %r/\/l(s,t), (2.3)

where u = 4 — s — t. Crossing symmetry M(s,t) = M(t,s) = M(s,u), as well as the
analytic properties of the Mellin amplitude (for a detailed description see [33]), restrict
M(s,t) to have the following 1/c¢ expansion at fixed Yang-Mills coupling:

o 1 B Ml-loOP(s,t)+fyl(s2+t2+u2)+72
9

Mt = i m = e T

+o (24)

c2 cd
where the coefficients «, 3, ;, etc. are potentially non-trivial functions of (7,7). Here,
M ioop is the regularized supergravity one-loop amplitude that can be found in [34] and
will not be discussed here; in this work, we will instead focus mostly on the 1/¢7/4 and 1/¢%/4
terms, corresponding, respectively, to the R* and D*R* interaction vertices. As explained
in [33], the constant o can be found as follows. The free theory contribution in (2.1), when
expanded in conformal blocks, contains twist two operators of all spins. In the interacting
SU(N) gauge theory, however, one expects no operators of twist precisely two, except
for those operators belonging to the stress tensor multiplet. Thus, the conformal block
decomposition of the second term in (2.1) must cancel, in part, that of the first term. A
careful analysis shows that this requirement implies [33, 69]

a=S8. (2.5)



Note that this argument relies crucially on the gauge group being SU(N), and not U(N).
A U(N) gauge theory contains a free U(1) sector, and the S x S OPE contains many
operators of twist two beyond those in the stress tensor multiplet.

At each order in 1/¢, one can impose constraints on the coefficients 3, ~;, etc. by
either comparing with the (super)graviton four-point scattering amplitude in type IIB
string theory in the flat space limit or using the quantity (1.1) (or other similar quantities)
derived from supersymmetric localization. Let us first discuss the constraints from the flat
space scattering amplitude, and then those from supersymmetric localization.

2.1 Constraints from the flat space limit

The IIB four-point scattering amplitude of 10d gravitons and superpartners are restricted
by supersymmetry to be proportional to a single function f(s,t)

'A(Sv t) = ASG tree(sa t)f(S, t) s (26)

where Asq tree i the tree-level four-point supergravity amplitude,® s and t are the Man-
delstam invariants. We will also define u = —s —t. In turn, this function has an expansion
at small momentum (more correctly, the expansion is for small values of the dimensionless
product between momentum and the string length /) of the form

F(5,6) =1+ fra(s, )% + flioop(s, t)€5 + fpaga(s, )00 + - (2.7)

Here, the coefficient function that appears at each order in the expansion may be a non-
trivial function of the complexified string coupling 75 = xs + i/gs. In fact, the functions
fra and fpips can be written in terms of non-holomorphic Eisenstein series as [54-57]

stu 2
Jre = GTQSQE(%TSW_'S%

stu(s?2 +t2 +u?) s 3
Ipipt = ( 11 )gSZE(gaT&Ts)-

(2.8)

The Eisenstein series has the following expansion at small g5 (see appendix A for details)

2¢(2 (r—3
E(r,7s,Ts) = C(TT) + 2\/7?g§71MC(2r - 1)
95 I'(r) (2.9)
27" r—L1 — g '
b2 S oy () K, (2l 27

L(r)v/gs k20

where the divisor sum oy (k) is defined as o,(k) = 32450 g &, and KP% is the Bessel
function of second kind of index r — 1/2.

§'%(Q)

stu

SThis is given by in the superamplitude notation where ) denotes the 16-component super-
momentum variable. See, for instance, [58, 70]. In particular, the component corresponding to the four-

. . . . 4 . . .
graviton scattering is given by i—u, where R here denotes the linearized Riemann curvature tensor.



The relation between the function f(s,t) in (2.6) and the Mellin amplitude (2.4) is
given by the flat space limit formula [33]

K4100 2 2
Fls,6) = =S gy L14/ Y (La L t), (2.10)

21726208 170,500 ico omi® " 2a

where x > 0.7 This relation, as well as the AdS/CFT dictionary

L4
Te=T, 7T = \=gyVic+1 (2.11)
imply that
1 1
Br7) = —B(,7,7),  n(nT) = —B(577),  ete.  (212)
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2.2 Constraints from supersymmetric localization

As explained in [33], supersymmetric localization also imposes constraints on the coeffi-

cients of the expansion in (2.4). While there are several possible supersymmetric localiza-

9*log Z
= of
OTOTOM? m=0

tion constraints, the one studied in [33] came from the mixed derivative

the N' = 2* theory on a round S*.

In a large c expansion, a careful analysis of the integrated constraints that follow from
0*log Z
dToTOM? |

as well as the ansatz (2.4) gives [33]

0,;0-02,log Z

B(7,7) + C'1-100p 1671 (7, 7) + Ty2(7, T)
87—8{— log Z

" 5e3/4 c 35¢5/4 T (2.13)

m=

where Ci_jo0p is a constant that depends on the precise form of the M_j,0p amplitude that
we will not study here. We have normalized the integrated four-point correlators by

c
0-07log Z meo 3G (2.14)

In the following section, using the matrix model for the N' = 2* partition function
derived by Pestun [37], we will show that, up to an additive ambiguity that is a sum of
holomorphic and anti-holomorphic terms in the complexified coupling,

3 1
16/ (2’7)1/4

(See also eq. (4.1) in section 4.) From comparing this expression to (2.13) and (2.14),

\/i E( )01/4

O logZ| _ = —(4c+1)log ST — 7

. (2.15)

we then derive constraints on the coefficients appearing in the Mellin amplitude (2.4). In
particular, at order ¢=3/4, eqs. (2.13)-(2.15) imply that 3 should take precisely the same
value as derived in (2.12) using the flat space limit constraint! This can be viewed as a

Kk+i0 da o, —n

"When evaluating this integral, it is useful to note that f i €Tt = ﬁ



derivation of the expression for fra given in (2.8) or as a precision test of AdS/CFT at
finite gs. At order ¢%/%, we can combine (2.13)-(2.15) with the constraint (2.12) obtained
from the flat space limit to deduce that

Y2 = —=31. (2.16)

What remains to be done is to derive eq. (2.15), which we carry out in the following section.

3 Eisenstein series from the mass-deformed S* partition function

3.1 Setup

As shown in [37], up to an overall normalization constant, the mass-deformed partition
function of the N' =4 SU(N) SYM theory (preserving an N = 2 subalgebra) is

[Tic; a;H?(as5) —8a2 5 42
Z(m,7,7)= [ d""'a s e M T | Zins(mu Ta) P, (3.1
) = [ e T Ty T Zum(m. o) (3)
where a;; = a; — a;, the integration is over N real variables a;, ¢ = 1,..., N, subject to

the constraint ), a; = 0, H(z) is the product of two Barnes G-functions, and Zi, is the
contribution from instantons localized at the poles of S* that we will come to shortly. The
constrained integral over the a; can be implemented, for instance, by an integral over N
unconstrained a;’s with a 6(> , a;) insertion. Note that the normalization constant that was
dropped from (3.1) depends on the radius of the sphere, as required by the existence of a
conformal anomaly, but it is independent of the coupling (7, 7) and mass m. Consequently,
it will drop out of the ratio (2.13) that is used to related the sphere partition function to
the four-point correlator of the 20" operator at separated points.

Evaluating Z(m, 7, 7) for all m seems to be a complicated task, and we will not pursue
it here in full generality. Instead, what we need is to evaluate the second mass derivative
at zero mass, 02,Z(m, T, 7__)|m:0' Let us write the instanton partition function as

o0
Zlnst m T, CLU Ze2ﬂlkTZmSt m7aij)7 (32)
k=0
with Zl(ns)t(m a;j) representing the contribution of the k-instanton sector and normalized

such that Zl(ns)t(m, a;j) = 1. Notably, Zins(0,7,a;) = 1 [37] so the instantons do not
contribute to the sphere partition function at the conformal point. Then one can argue that

afn log Z‘m:D = 872;1 log Z‘fj:o + 8T2n log Z}irzs:to ,

92, log Z‘f::() = <

H=(a;;)
H H(a;j —m)H (ai; + m)> ‘ e (3.3)

1<j

[e'e) 2k
872,1 logZ‘,l:LS:tO = Z( ik0 Te ’Lk’g)e g%{M <a§n l(ns)t(m’ G/z])> ‘ y
k=1 m=0



where the expectation value is defined to be in the Hermitian matrix model at m = 0.8
The perturbative terms 92, log Z ‘5:‘:0 were shown in [34] to take the form?

92 log Z‘pert = 2N?log gym + VN [16“ ) + gYM] 1 [125(5) I Q%M} . (3.5)
o 3 VN | 9%y 1440
where further perturbative terms will be discussed in section 4. These perturbative terms
match those of the expected Eisenstein series in (2.15) as defined in (2.9). To similarly
match the instanton terms, we need to show that at large N we have

87r2
_ 16V N
e gYM <82 l(fs)t(m, aij)> ‘ = — 6\/7]{3 0'72(]43) K1(87T2k‘/g%/M)
m=0 gym (3.6)
+ ———k20_4(k) Ko(87%k/g3\1) +
vV N .

As a warm-up, let us start with the one-instanton case & = 1, and then continue with the
case of multiple instantons.
3.2 One-instanton sector

The one-instanton contribution Z\" is [37, 40, 41] (see also [71])

st

—a; +1)* —m?
Z{ (m, aij) = —m? (@ aJ (3.7)
st i) ;Jl;[l (a; — aj)(a; — aj + 2i)
Taking two derivatives with respect to the mass and evaluating the result at m = 0 gives
82 7z =1 I =-2 Z H (o0~ 4 0) (3.8)
mTinst] ’ = i (a1 —aj)(a; — aj +2i)

The quantity I; can be written in terms of a contour integral as

dz (z —a;)? )2
I =4 — 1| =4 = 1 -1
o | e (e ) ]
(3.9)

8We could consider the expectation values in (3.3) in either the SU(N) or the U(N) theories, whose
partition functions are

_8n? 5~ 2
I P T s E TP I PO ) R

i<j 1<j

Indeed, for any function F' that depends only on the differences a;; one can show that

222 5, al B2 5, a3
/dNa6 <Z a1> e QYM F(aij;) 7 87 /dNae 9¥m F(aij).
p \/ ymN

Thus, even in the presence of an insertion depending only on a;; (as is the case in (3.3)), the partition
functions for the SU(N) and U(N) theories differ by a multiplicative constant that is independent of
the operator being inserted. It follows that normalized expectation values are equal in the SU(N) and
U(N) theories.

9These expressions were given in eq. (3.1) and (3.20) of [34] in the strong coupling expansion, which we

can simply convert to the very strong coupling expansion by replacing A — ¢g&\N.
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where the integration contour is a counter-clockwise contour surrounding the poles at
z = a; + 1. Note that the subtraction of 1 from the integrand does not contribute to the
final result, but it does make the integrand decay as 1/22 at |z| — oco. Thus, the integration
contour in (3.9) can be taken to be the real line.

We need to evaluate the expectation value of I; in the Hermitian matrix model (3.4).
In the saddle point approximation, where at leading order in 1/N correlation functions fac-
torize, we can approximately write the expectation value of the second expression in (3.9) as

© ds 2
<11>%4/ o eXp<Zlog +1> 1. (3.10)

v gYM

We can change variables from z to = where z = zv/A/(2r) = 2Y59M - and rescale the

a;’s similarly: a; = \/%bj. It is a standard result on Hermitian matrix models that, at
leading order in large N, the b; become dense and their density is described by the Wigner

p(b) = %\/1 “®, bel-1,1], (3.11)

normalized so that f_ll dbp(b) = 1. Making the replacement > ;(--+) — N [db(---), we
can then write (3.10) approximately as

(L) ~ QWQYTM /_Z Z—fr [exp <—N /_11 db p(b) log (1 + ]\%;Zj_W)) - 1] . (3.12)

The leading contribution to the integral is given by taking N — oo in the integrand. In

472
this limit, N log (1 + ooz gYMN> @by

() ~ 2\/N9YTM /OO dr [exp <—827r/1 db 1_1’2> - 1] . (3.13)

semicircle law as

SO

oo 2T IIMm

Performing the b integral:

L1 7 (—1 + 1_1:572) , if x| > 1,
/ by = v . (3.14)
1 (@) 00, if 2] < 1,
we obtain
822 roo g 82
(I) ~ 2\FgYM 9m - [e M V1 “20(|z] —1) —e “’%M] , (3.15)
oo 2T

where 0(x) is the Heaviside theta function.

The integrand is an even function of x, so we can just integrate from z =0 to x = co
and multiply the answer by a factor of 2. On this interval, we can further change variables
from z to t, where

: (3.16)

- 11 -



and obtain

872 t 87

82 _ 8n2 00 _
(I7) %2\/NQY7;\469%M [—e 9Ym +/ (dt <e v — e gYM)] . (3.17)
™ 1

2 —1)3/2

We can now use the integral representation of the Bessel K7 function,
o] e—at —e @
_ —a
/1 dt m =€ - ClKl(a) y (318)
to finally write the v/N term in the large-N expansion of (I1) as

16 5
(Bl = —VN e K (8% i) (3.19)

Combining with (3.8), this expression implies

R
m=0 gym

in agreement with the expansion of the Eisenstein series — See eq. (3.6) in the case k = 1.

Obtaining the term that scales as 1/v/N in (3.6) is not any harder, because this term

is suppressed only by a factor of 1/N relative to the term we just computed, while the

corrections to the approximations made in writing (3.10) and (3.12) are suppressed by

1/N?%. Thus, the next term in (3.19) can be obtained by simply expanding (3.12) to one
more order in 1/N so that

472 ) B 472 8t
(z b) QYM (- b)QQSQ{M (- b) gYM

Nlog <1 o (3.21)

and evaluating the effect of the second term in (3.21) in the same way as above. Plug-
ging (3.21) into (3.12), we obtain

1 327° [*d L L
0,y = 32 / = / db =" ) exp —%ﬂ/ db——" . (3.22)
VN g9y oo 20 \J1 (2= 0) gymJ-1 (@)
Performing the b integrals and the x — ¢ substitution (3.16), we find

1 1672 / Se-1) 1 S 2K (872 /gdy)
dtt\/t2 — 1e gvM = €9YM YM/
‘U\F NN VN gyM

Adding this expression to (3.19) and using the definition of I; in (3.8), we conclude that

(3.23)

-5 16K, (872 /g%,;) 1 2K5(87%/g%\)
e % (92 Z m, a; ‘ = VN M/ W L o(N Y,
< = ])> m—0 gYM VN gYM V)

(3.24)
which is again in agreement with the expectation (3.6).
Note that in order to go beyond the first two orders in the 1/N expansion, one would
have to take into account the 1/N? corrections to the saddle point evaluation of expectation
values, which we will do later in section 4.

- 12 —



3.3 The k > 1 instanton sector

We now consider the instanton sector with general k£ > 1. Recall the instanton partition
function of SU(N) N = 2* SYM on S* can be written as in eq. (3.2). The k-instanton
partition Zl(ns)t(m, a;j) may be further expressed!’ as a sum of contour integrals around

poles indicated by a vector Y = (Y1, Ya,...,Yn) of N Young diagrams,

Zl(fst (m, agj) Z Zyy (m, asj), (3.25)
¥ |=k

where the Young diagrams Y; in Y are such that the total number of boxes is k, namely

Y| = > 1Yil = k. A Young diagram Y consists of columns of non-increasing height
A1 > X9 > ..., and the transpose Young diagram YT has columns )\{ > )\2T > ... Wewil
often write them compactly as Y = [A1, Xg,...] and YT = [T AT ]

Explicitly, Z (m aij) is given by [40, 41]1!

er(m? + €2 —a;)?2 —m?2
Zky(m,aij)z ;,( Hm + e/ > ?{Hd¢l o1 J) (3.26)

6162(m2+6+/4 [—CL] +62+/4

8203, + 03, + (im — e_/2> 2[¢2, + (im + e_/2)?]

“ LG e, B, im e /2207, + (im— e /2)7)

where ¢r; = ¢5 — ¢ and ex = €1 & €2, with €12 being the squashing parameters of S,
(We have € = e = 1 for a round sphere.) The multi-dimensional integration contour
is determined by the Jeffrey-Kirwan (JK) prescription [75], which selects the poles to
encircle based on the choice of an auxiliary vector n in R*.12 As mentioned above, the
set of relevant poles are in one-to-one correspondence with the vector of Young diagrams
Y = (Y1,Ys,...,Yn). Each box in the jth Young diagram Yj is labelled by its position
(a, B) for positive integers o and [ denoting the column and the row, respectively, as
measured from the bottom left corner (see figure 1).'® The integral then consists of oriented
contours surrounding the poles at

{0111 <I <k} ={a;+ie; /24 (a—1)ier + (B — 1)iea |(a, f) € Y;, 1 <i < N}. (3.27)

!Note that the instanton partition function for A” = 2* SYM was originally obtained for U(NN) gauge
group [40, 41]. Later in [72, 73], the SU(N) instanton partition function was obtained by factorizing out
U(1) contributions Zy) motivated by the AGT correspondence [72]. Since Zy 1y is holomorphic in 7 and
independent of the a;, this is absorbed into the holomorphic (anti-holomorphic) ambiguity of (2.15), and
does not affect the physical four-point-functions. For this reason, we will simply use the results for U(N)
instanton partition functions in the following. We thank Yuji Tachikawa for pointing out the reference [73].

" Our notation here is related, for instance, to equation (3) of [74] by sending ¢r — —ids,a; — —ia; and
my — im+eq /2.

12The physics derivation of this contour choice from localization was given in [76].

13We use the French (as opposed to the English) convention for drawing Young diagrams, where the
diagrams extend up and to the right.

~13 -



For the case of the round S*, which is relevant for our consideration, we set €; = e = 1.
The k-instanton partition function then reduces to

N

1 dor 1 —a;)? —m?

Zyy(msais) = <m2+1> f{H L (r—w)+1
) (3.28)

<[] ¢1,(07, + 4)(¢%J —m?)?
1oy 07,4+ 12 ((6rs —m)? +1][(¢1s + m)? + 1]
and the contours now are surrounding

{¢1l1 T <k} ={aj+(a+f—1)i|(aB) €Y 1<i<N}. (3.29)

Note some of the simple poles in (3.27) for certain Y are degenerate when €1 = €9, giving
rise to higher order poles in (3.28). For certain purposes, (3.26) is more convenient to use
because it contains only simple poles when €1 # €2, and one can set ¢, = eo = 1 after
evaluating the residues.

In the case of k = 1, (3.28) reduces to eq. (3.7) that we studied in the previous
sections. In this section, we are interested in the cases with & > 1. For instance, for
k = 2, the relevant poles are enumerated by the Young diagrams N-tuples with a total of
two boxes:

vy={. LI .1 ?:{...,H,...,}, Y= 0y 330

and the 2-instanton partition function is then obtained by the sum (3.28) over the contri-
butions from each vector of Young diagrams shown in (3.30). In general, such a k-instanton
partition function is very complicated and difficult to analyze, especially when k is large.

However, as we will show below, at the order m?

in a small m expansion (relevant for the
four-point correlation function we consider), the k-instanton partition function simplifies

greatly even for arbitrary k.

3.3.1 Dominance of rectangular Young diagrams

In this section, we will study the instanton partition function on S* in the small-mass
expansion. It turns out to be convenient to keep €; and ey general at first and send €; — €3

at the end.!* We will argue that the k-instanton partition function at order m?, i.e.

L, = 2,20 (m, )|, (3.31)

m 1nst

only receives contributions from a vector of Young diagrams Y where all the N diagrams are
empty except for one, say Y;, which is either rectangular or related by a sequence of partial
transpositions to a rectangular diagram (we define what we mean by partial transpositions
below). In other words, Y is related by partial transpositions to the following

Y, = & if i#1,

(3.32)
Y: = Yyug for P<q€Zy, pg=k,

4 The same final result can be reached if we instead used (3.28) where €1 = €2 from the beginning.

— 14 —



where Y),», denotes the rectangular Young diagram with p rows and ¢ columns. See ap-
pendix B and Theorem B.1 for the complete proof. In the following we present a brief
summary of the proof.

Given a Young diagram Y = [A1,...,\], the partial transposition at horizontal po-
sition «, denoted by PT,, is a local operation on Y that replaces the rightmost block
(subdiagram) P = [Ag, Aa+1, - - -, A7) by its transpose, while leaving the rest of the Young
diagram unchanged, provided that the new diagram is still a Young diagram. Otherwise,
the particular partial transposition PT,, is defined to act trivially on Y (for a more detailed
discussion, see appendix B). In particular PT; generates the usual transposition of Young
diagrams. In general Y can have many different partners from partial transpositions. For
instance, for k = 4, we have two cases of vectors Y of the type (3.32):

v={. LTy v=0. 001y (3.33)

The other Young diagram vectors Y that contribute are either of the form

Y={.,1...}, (3.34)

and related by a single transposition to the first case in (3.33), or are of the form

v Ly v L EE (3.35)

The two Y’s in (3.35) are related to each other by a transposition, and the second one
is related to the second diagram in (3.33) via a single partial transposition involving the
orange block.

Note that if we set € = ez = 1 from the beginning (i.e. starting with (3.28)), the
Y’s and their partners related by transpositions and partial transpositions degenerate in
the sense that they give exactly the same poles in the integrand of the contour integral
(see Lemma B.2).

It is useful to introduce the arm-length and leg-length of a box at position («,f)
(see figure 1):

h(a, B) = /\g -, v(a, B) = Ao — 0, (3.36)

where )\g is as defined below (3.25). In other words, h(«,3) and v(«, 3) measure the
number of boxes from the given box («, 3) to the right edge and the top edge, respectively,
of the Young diagram.

As we show in appendix B, in general the contribution of a given Y to the second
mass-derivative of the instanton partition function behaves as

I,y =022, y(m.aij)|, o ~ (o) 2HEmn) (3.37)
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Figure 1. An example of Young diagram Y, the coordinates (a, 8) for box s and the corresponding
arm-length h(s) and leg-length v(s).

in the limit e_ — 0, where
u(Y) =2no(Y) —n_1(Y) —n1(Y) (3.38)

with ng representing the number of the boxes with h — v = d.
It is straightforward to see that all rectangular Young diagrams Y}, have

1, if p#gq,
1(Ypxq) = . (3.39)
2, if p=gq,

and, importantly, the operation of partial transposition does not change the value of p(Y)
(see Lemma B.4). Therefore, from (3.37), we see that each ¥ of the type (3.32) leads to a
finite contribution to the instanton partition function in the small-mass expansion.'®
Furthermore, all other types of Young diagram N-tuples either have Zf\; L u(Ys) > 2,
and therefore their contributions manifestly vanish, or Zf\i 1 1(Y;) = 2, but for such a
Y vector (where every non-empty Y; is not related to a rectangular diagram by partial
transpositions) there is always a cancellation between Y and a partner related by a certain
involution that arises from a sequence of partial positions (see appendix B).'® For instance,
consider the following two Y’s that are related by partial transposition to each another

(transposing the orange block):

V—{.., Ly, o v=¢o B (3.40)

The above diagrams in Y’s are not related to any rectangular Young diagrams by partial
transpositions, and each has y = 2 (therefore naively would lead to a finite contribution to

150One may worry about the divergence arising from Lo Ypyg) ™ (e~)~* for p # q, but the divergence
is canceled out in the sum [k,(m,Yqu,m) + Iky(quxp’m) and leads to a finite result.
16Such a cancellation does not happen for (3.32) with a square Young diagram Ypxp, which also have

1 =2 as shown in (3.39).
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the instanton partition function). But the finite contributions from these two Y’s in fact
cancel out. This is a very general phenomenon. Again, we refer a general proof of all these
statements to the appendix B.

3.3.2 Instanton partition function at order m?

After showing the dominance of the rectangular Young diagrams for the leading m? order
of the instanton partition function, let us now compute the residues necessary for evaluat-
ing (3.26) or (3.28). As mentioned above, while in general the contribution of any given
Young diagram to the k-instanton partition function is rather complicated, the quadratic
term in the small mass expansion will end up being quite simple.

For instance, the instanton partition function for £ = 2 can be computed either
from (3.26), in which case we have non-trivial contributions only from

?—{...,H,...}, y={.L11. .} (3.41)

Alternatively, we can also use (3.28), in which case the above two Y'’s give the same set of
poles. For the case of k = 2, for each Young diagram, there are two ways of distributing
¢5 to the boxes of the Young diagram, which lead to two contributions to the partition
function. For instance, using the formula (3.26), the two residues that we should evaluate
for the first Young diagram in (3.41) are given by

Ry = RGS¢1:aj+ie+/2 Res¢2:¢1+iq s Ry = Res¢2:aj+i6+/2 ReS¢1:¢2+Z‘€1 . (3.42)

For the second Young diagram (which is the conjugate of the first one), the residues are
computed in the same way, but with €; <+ €3. Furthermore, R; and Ry give the same
contributions since they simply exchange ¢; <> ¢2. It is thus convenient to only evaluate
the residue Resg,—¢,+ie, in [1, and Resg, —g, 44, in Ro, and leave the remaining variable
(namely ¢; in the first case, and ¢ in the second case) unintegrated. (The variable that
remains is the one corresponding to the box of the Young diagram that sits in the bottom
left corner.) Computing the residues explicitly and summing up the contributions from
both Young diagrams, we obtain

N :
dz (2 — a; + kqi)?
Lyo= ¢ — .
2 ?{ZWII:IE(Z—@]-+I€@@)2+1

(3.43)
al 3i
X 5+; (z—aj+2i)(z—aj+i)(z—a;) |’

where k, = {0, 1}, and we have set ¢; = €3 = 1 at the end of the computation and denoted
the unintegrated variable as z in (3.43). The contour for the remaining z integral is around
poles at z = a; + 4, with j = 1,2,..., N. Note the same result (3.43) can be obtained by
using (3.28) (i.e. setting €; = ez = 1 from the beginning).
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In general, for the case of k instantons, there are k! ways of assigning ¢;’s to a given
Young diagram,'” and we will integrate out all the (k — 1) ¢;’s, but again leave the one
that is assigned to the bottom left corner box unintegrated (just as the k = 2 case), and
denote it by z. The contour for the remaining z-integration is then a counter-clockwise
contour surrounding the poles at z = a; + ¢, with j =1,2,..., N.

Let us consider another example before presenting a general k-instanton formula. For
instance, the 4-instanton partition function, for which there are two types of Young dia-
grams that contribute. The first type is given by

vy={.1l., v=¢. . LLTT1 7y, (3.44)

and the second kind is

y={. L0l 3 v=¢. L. v=¢. LLL1 oy (3.45)

Computing each contribution explicitly, we again find very compact results with similar

structures as those of (3.43) from the two-instanton case. For the Young diagrams in (3.44),
we find

I jqf H ﬂ —0 k‘”) (3.46)
bxd = (z — aj + kqi)? + ’

17 451
X +) :
= 2(z —aj +4i)(z — a; + 3i)(z — aj)

with k, = {0,1,2,3}, while for (3.45) we obtain

aj + kqi)?
Iy = 4 4
2= § 5 Hjle—aﬁkan , (3.47)

with k, = {0,1,1,2}.

The above simple structures present in the examples we have studied generalize. In-
deed, we find that the contribution to the k-instanton partition function coming from
Young diagram vectors of the form (3.32) as well as its partial transpositions is given by

dz (z — a; + kqi)? 4 1 1
qu—]{ Hl;[ (2 — aj + kat)? +1 1+ g <p2+(]2>

N i if(p,q)
HE-a+ptra-1i)(z—a+(@-Di)(z—a;+ (-1 |’

(3.48)

171 we use (3.28) for the computation, one should also divide the symmetry factors due to the degeneracy
of the poles (i.e. according to (3.29), the ¢;’s corresponding to the boxes at positions (a, 3) of a Young
diagram with the same values of a + 8 surround the same poles.).
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where the integration contour of the left-over z is a counter-clockwise contour surrounding
the poles at z = a; +4 (with j = 1,2,...,N). The k,’s (k of them) are read off from the
vector of Young diagrams Y as in (3.32), and they are given by

ka={0,1,--- . p=1L1L,2,--,p;---5q¢—1,q,-+- ,p+q—2}. (3.49)

Finally, the function f(p,q) is

2g+p)(a—p)7°

f(p,q) = p

(3.50)
This function is symmetric in p <+ ¢ and vanishes at p = g. The formula (3.48), which is one
of our main results, was obtained by studying the pattern of many non-trivial examples.
We will study its large- N expansion in the next section. For the special case where the non-
trivial rectangular Young diagram in Y is Y1xk, we provide a proof in appendix C using a
recursion relation satisfied by the instanton partition function [77, 78]. However, the same
recursion relation proof for general Y),., becomes a bit cumbersome. Nevertheless, we have
verified the formula (3.48) explicitly up to k = 20 instantons. Furthermore, the result (3.48)
clearly has a structure that is consistent with (3.28): the constant part ﬁ <z% + q%)
arises only from the second line of (3.28), whereas the term depending on z and a; involves
expanding the first line of (3.28) while taking the residues around higher order poles.
Finally, we remark that given the structure of the k-instanton contribution to the non-
holomorphic Eisenstein series, especially the appearance of the divisor sum (see (2.9)), it
is not surprising that the relevant Y’s are only the rectangular ones. As we will show,
each Young diagram Y),., contributes a term in the divisor sum for a non-holomorphic

Eisenstein series (proportional to p'=%" + ¢'=%" for E(r,7,7)).!8

3.3.3 Large-IN expansion

We will now compute the expectation value of Iy, in the Hermitian matrix model (3.4),
in the large-IN expansion. The computation is similar to that in the one-instanton case
presented in section 3.2, so we will therefore be brief here. In the large- N limit, we have

VNgym [ dx 1 A2
Lyeg) o Y0 [0 N [ dbp(v)S log 1+ |
eal / or | P /_1 g )kz BT N bt 2 k)2

e VNgym @
4 2, 2 2r \3 .1 4 2, 2
146, P%q VN g(z,b) | 14+6p, p?q

with k, given in (3.49). In the above, we have approximated the sums as integrals, and
we have deformed the contour by subtracting an appropriate constant from the integrand.
Again, the density measure p(b) obeys Wigner’s semi-circle law, given by p(b) = %\/ 1— 02,

4
14+6pq

18Tn particular, the term (p% + q%), which dominates in the large N limit, gives directly the divisor

sum o_2(|k|) in E(3,7,7).
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and

g(z,b) = [a:—b—{— (p+q—1)] [az—b—f— (q—l)] [x—b—i— (p—l)} :

(3.52)
Just as the one-instanton case, we expand the integrand in 1/N, and the integration

21 21 21
VNgym VNgyum VNgym

over x can be separated into different regions: z € {—1,1}, 2 € {—o0,—1}, and z €
{1, 4+00}. We find that the leading term in the 1/N expansion is given by

VNQYM< 4 p2+q2> VNgym [ 87r2]< 4 p2+q2>
— + exp |k
™

I =
( p><(I>{\/N 272 140, P2q2 IIM 1+dp P?¢?
X/Oodx exp 8kmx ep[ k8ﬂ'2]
_ X _— — eX 5 .
2w G2y (22— 1)2 Fom
(3.53)

After a change of integration variable identical to (3.16), it is straightforward to show that

<Ipxq>} /& can be expressed in terms of a Bessel K7 function:

Upxa)| 3 = —Hk(qu <p12 + q12> 16VN {kgﬁ] K <k87T> (3.54)

gYM QYM gYM

Summing over all possible rectangular Y’s for a given k-instanton sector (namely all the
divisors of k), we have

> pxa)|yw = ko_o(k) exp [kg} K, (k2> , (3.55)
pg=Fk,0<p<q gym 9yMm 9yMm
where we have used
1 ( 1 1 >
Yo it =0k, (3.56)
2 2
pa=Fk, 0<p<q L+ 0pg \P q

The NV order term vanishes due to the fact that integrand is odd in . Then, at the
next order we have a 1/v/N term that takes the following form

Ll 1 167 ep[,ﬂ&fz}/mdx exp Sk
_ « - Xp | ——————
PXa/ll/VN T 1 4 Opq \/ﬁg%MkQ 93l N gin(a? — 1)%

clg%Mx 6271'2 3.57
-yt @op)) 550

where c¢1, ¢y are given by

ca=k(p—q)’(p+aq) (2p+2¢-3) <k+62k2> P’ +¢°)

co =8k (p —q) (p+q) Zk‘ +16 p +¢? (Zk) , (3.58)
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with k, given in (3.49). Again, by a change of integration variable, the integral of
<Ipxq>}1/\/ﬁ reduces to a standard Bessel Ky function,

1 1672 872 } c19? 3com? ( 87 )
I = exp |k YM_ Ko [ k——
( pXQ)‘l/\/N 1+ bpg VN gy k2 P [ G (k%ﬁ) (k‘iﬁf ’ Fn
Iym ey
k2 11 2 87 82
=1 s <4 + 4) o OXp [k;] Le <k;) : (3.59)
1+ 5pq p q \/NQYM 9yMm Iym

Again, taking into account all the relevant contributions from rectangular Y’s with k boxes,
the prefactor in the above formula becomes the divisor sum o_4(k), namely,

> g +15pq (2914 i q14> o) (00

pg=k,0<p<q

Combining (3.59) with the result of the leading large-N term in (3.55), we obtain

1 N 2 2 2 2 2
- 6\Fk:a_2 (k)exp [k827r] K, (k 8; > k* oy (k)exp [kSST} Ko <k 827T > :

+
gYM IvM 9ym VNgym 9ym Iym
(3.61)

Therefore we have proven (3.6). In the next section, we will study the higher order terms
in the 1/N expansion, and show that in fact they are also given by non-holomorphic

Eisenstein series.

4 Eisenstein series at higher orders in 1/N

In this section we will provide additional evidence that the coefficients in the large- N ex-
pansion of 92, log Z ‘m:O’ which was derived in the previous sections to the first couple of
orders in 1/N in terms of the Eisenstein series shown in (2.15), takes the form of Eisen-
stein series to all orders in 1/N. In particular, we propose that, through order N —7/2,
02, log Z‘mzo is

VN 3
92 los 7 =92N?%1o — E@EG 7))+ ——FE(:3, 7,7
m 108 ‘m:O g9YM 71% (2 ) 16\/N7r% (2 )
1 T 13 135
+N§ _29 §E(3777%)+211 7E(;7T77—):|
2 L T2 T2
1 T 75 _ 1575 _ 4.1
2 L T2 T2
1 [ 1533 80325 2480625
+77 3E(%’7-77_—)7 7E(%577%)+7HE(%?Ta%)
N2 21873 22173 2873

+ O(N _%) + (anti)holomorphic ambiguity .
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We can then take derivatives in 7 and 7 to obtain the SL(2,Z) invariant quantity

N? 3V/N 45
7'2287-87*-672” IOgZ}m—o =4 73E(%a T, 77—) + 75E(%, T, 77')
=4 ur: 98/ N3
1 [ 39 4725
+—5 |- §E(%,T,T’)—l— 7E(;,7',7_')}
Nz L 2B72 21572
1 [ 1125 992925
by [ BT+ g BT
N2 | 21673 21813
1 [ 4599 2811375 245581875
TNE sBGmT) - EGnn+— BT 7)
Nz [ 22272 22572 2271%
+O(N™2). (4.2)

The first piece of evidence for (4.1) comes from considering the terms that are per-

turbative in 1/A = 1/(¢g%,;IV), which as discussed above were computed in [34] and take

the form™

2 pert 2 16C(3) gyM 1 12C(5) g%/M
log Z =2N~1 N |— -
Onlog 2|, 0g gym + V [ 3 3 | TUN 1440

5
I9YMm Ivym

L [135«7) gvm _13<<3>_13gYM]
N3 | 8g%y 215040 32¢3,, 1536
L [1575«9) Fen _75c<5>_5g%M] (4.3)
NI | 16g9,, = 6881280 64g3,, 73728
1 [2480625¢(11) 25991 80325¢(7)  17g%y;
+N;[ 2048¢1%, ' 2491416576 8192¢%,, 6291456

16384¢g3,, 262144

] +O(N"2).

These terms match the perturbative part of the Eisenstein series in (4.1), as defined in (2.9).
This match motivates the conjecture that the finite gyy expression for 92, log Z ‘m:O can
be derived to any order in 1/N by computing the perturbative terms as described in [34],

and then simply replacing those by their Eisenstein completions using (2.9).

inst
m=0’
which are written as expectation values of sums and products of eigenvalues. In the previous

Further evidence for (4.1) comes from considering the instanton terms 92, log Z |

sections, these quantities were computed using the saddle-point expansion, which is valid
to leading order in 1/N? (including the subleading in 1/N term). Subleading corrections in
1/N? can be computed using topological recursion [79, 80]. This method naturally applies

to the resolvent W (yi,...,yn), which is defined as the connected expectation value
n — n—2 1 1
W™y1,...,yn) = N > ey —— : (4.4)
i Y1 — G4y i Yn — G4, conn

9The expression here includes a further order in 1/N and several more orders in 1/X = 1/(g3uN)
relative to egs. (3.1) and (3.20) of [34], which can be easily computed using the same methods explained in
that work.

- 29 —



with the 1/N? expansion
n > 1 n
W (yla---ayn>5 ZWWm(yh?yn) (45)
m=0

The coefficients W} can be computed for finite A for any n,m in a Gaussian matrix model
using a recursion formula in n,m, starting with the base case Wol, as reviewed for the
Gaussian U(N) SYM matrix model in [34]. (See Footnote 8.) Topological recursion can
then be applied to any expectation value that can be written in terms of the resolvents

W"™(y1,...,yn), for instance by taking derivatives or integrals in terms of y;. Unfortunately,
the operators that appear in the instanton terms (3.48) are written as products over a
restricted set of eigenvalues a;, which cannot be easily related to W™ (y1, ..., y,). However,

by expanding these products for small a;, which is equivalent to a small gyy expansion,
they can be expressed as an infinite sum of polynomials in a;, whose expectation values
can then be easily related to W"(y1,...,yn).

Let us begin by discussing the one-instanton case. By explicitly performing the sums
and products in I; (eq. (3.8)) for many small values of N, we find that I; can be expanded
for small a; as

I A(N+1)  3L(N-3) 3I50(N-3) 15(3—N+4N2)F(N—g)c N
YT/AT(N)  2/AD(N+2) 2T 32y /al(N+4) 2 16/ (N +4) 4
(4.6)
where we defined the invariants
Cp = Z(aj —a)?. (4.7)
7.k

The expectation values of these C), can be related to coefficients of the large y; expansion
of n-body resolvents W"(y1, ..., y,) with n < p. Since the C, are degree p polynomials in
a;, they must be proportional to A?/2 and their 1 /N? expansion truncates. For instance,
for the C), that are shown in (4.6), using the explicit expressions for W, in appendix B
of [34] we find

NZ 1 N* 1 N2 1
Co)=A| s —— 2) =2 - =52 ———|. (438
(Ca) [87r2 87r2]’ (C2)=A [64774 6474’ (Ca) =5A [128774 1287r4] (4.8)

We can then insert these expressions into the expectation value (4.6), set A = g2,,N, and

expand in 1/N to get

_ 4 399 m 1593 6
(h)=vN [\/77 ~ T6m5/2 * 20agz02 + O (9m)

1 1 159%{1\/{ 105g§1{M 6
+ 0

VN [%ﬁ 128752 | 16384792 © (%)

L1 6992, 21754y, ]

- 1.9

+N% | 327 204875/2  262144m9/2 (9%n) (4.9)
P I 28595, 2467593 ()

N3 | 256y " 1638475/2 T 209715279/2 M

L 510393, . 115888554, ) »

N O O(N~2).
+N% |8192y/m  52428875/2 671088647972 (gvar) | +O(NT2)
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This is consistent according to (3.8) with the small gyy expansion of

82 27,2 27,2
16 K41(8 2K5(8
(R 2 ma)| = | RIS ) 2y
m=0 gyM \/NQYM
1
+———— [~ 13K1(87%/g3m) +9K3(87% /gm)]
32gymN 2 41
1 2/ 2 2/ 2 (4.10)
128gYMN2
o [1s33k (B5) sk (S) 2625k (55) .
_|_ - YM _ YM + YM _I_O(N—§) ,
gyMN 2 16384 32768 32768

which generalizes (3.24) to higher orders in 1/N, and describes the one-instanton contri-
bution to the Eisenstein series in (4.3). In appendix D, we similarly match all instantons
up to k = 12 to order O(gdy;)-

We should end by pointing out that the SL(2,Z)-invariant expression (4.2) has the
property that the coefficients multiplying 7" E(r, 7, 7) are all rational numbers. It would
be interesting to understand the significance of this fact in relation to the set of modular
functions that appear in the expression for the N' = 4 SYM correlator and superstring
scattering amplitudes.

5 Conclusion

In this paper, we studied the four-point correlator (SSSS) of the superconformal pri-
mary operator S transforming in the 20’ of SO(6)g in the N' = 4 SYM theory, in the
“very strong coupling” limit in which N is sent to infinity at fixed gyy. In this limit,
the action of SL(2,Z) modular transformations on the (SSSS) correlator is manifest. In
particular, we studied the constraints on (SSSS) coming from the flat space limit of the
1IB string theory amplitudes, and those coming from the integrated four-point function
750,0:02 log Z |m:0. The latter can be computed using supersymmetric localization. Start-
ing from Pestun’s localization expression [37] for the partition function Z, we argued that
when 720,0;02 log Z ‘m:O is expanded in 1/N, the first two sub-leading terms (of orders
N3 and N _%, respectively) can be written as the Eisenstein series E(2,7,7) and E(S,7,7),
respectively. Our argument is not completely rigorous because it relies on studying the k-
instanton contribution for many values of k and deducing the general pattern, but we hope
that it should be possible to provide a more rigorous argument in future work. Using solely
the relation between the integrated (SSSS) correlator and 720,002, log Z ‘m:O from [33],
we completely determined the N 2 term in the large N expansion of (SSSS). This term
corresponds to an effective £;2R* coupling in AdSs5, which, in the flat space limit, matches
the £;2R* contribution to the Type IIB graviton S-matrix as computed at finite string
coupling g, in [53-55]. This is a precision test of AdS/CFT at finite g;! We then used the
?D*R* term in the Type IIB S-matrix, which is also known at finite g, as well as the
N™2 term in 750,0-0%, log Z ‘m:O to completely determine (SSSS) at order N ~2. In Mellin

— 24 —



space, this expression contains two polynomial terms, both proportional to E(3,7,7), one
corresponding to an £2D*R* contact term in AdSs and one to an %R‘l term. Finally,
using a small gyn expansion, we gave non-trivial evidence that each of the terms in the
1/N expansion of 720,0-02 log Z ’m:0 is a finite linear combination of non-holomorphic
FEisenstein series.

The fact that we can derive the full CFT correlator at order N2 generalizes the analysis
in [48, 81] of the k-instanton measure in the large-N limit of SU(N) N = 4 SYM theory
at lowest order in gyy. That analysis, which was based on a large- N saddle point solution
of the ADHM constraints, demonstrated a number of general features of the holographic
relationship between Yang-Mills instantons and D-instantons. In particular, in the large- N
saddle point approximation the k-instanton moduli space (where k£ < N) is dominated by
the region in which the positions of the instantons and their scale sizes coincide, so they
are represented by a single point in AdSs x S°, with all the instantons in commuting SU(2)
subgroups of SU(N). This is interpreted holographically as a single D-instanton of charge
k in the dual type IIB theory. Furthermore, the divisor sum o_o(|k|) arises as the partition
function of the D-instanton matrix model, i.e. the partition function of 10d N' =1 SU(k)
Yang-Mills theory reduced to zero space-time dimensions.

The result of this large-N ADHM analysis is reproduced in our procedure by the first
term in the small-gyn expansion of the Bessel function in the kth Fourier mode of the
Eisenstein series E(3,7,7) (the function Fj, defined in (A.7)). The fact that the dominant
contribution to the Nekrasov partition function in the m — 0 limit has a single cluster of
boxes should correspond to properties of the large-N analysis of the ADHM construction.
However, this correspondence is difficult to make precise since our analysis is based on
taking a limit of the non-conformal AN/ = 2* whereas conformal invariance is explicit in
the large-N ADHM construction. The connection of the D-instanton measure with the
SU(k) D-instanton matrix model partition function is also not obvious in our procedure.
Nevertheless, the fact that our procedure packages an infinite number of perturbative
corrections to the k-instanton contribution into a K-Bessel function is a most significant
generalization of [48, 81] and an essential requirement of SL(2,Z) covariance.

As shown in section 4 our integrated constraint 720,0-02, log Z ‘m:O has an expansion
in half-integer powers of 1/N (apart from the first term). However, it is well known that
the low energy expansion of the string amplitude does also contain even powers of £2, which
lead to integer powers of 1/N, the most relevant one being the 1/8-BPS interaction DS R*.
A more complete analysis of the holographic correspondence should therefore also include
terms with integer powers of 1/N. We expect that such terms will appear in other quan-
tities that can be computed using supersymmetric localization, such as 92 log Z |m:0 or
0,077, log Z‘m:o,b:v
of S that appear in (3.26) (recall that up to now e; = s = 1). We expect that determining

where b = € /€3 is a parameter that defines the squashing deformation

these three distinct integrated four-point correlation functions should eliminate the ambi-
guities in determining the expansion of the AdSs x S® type IIB string theory amplitudes
up to order DSR*. In other words, this procedure should uniquely determine the BPS
protected interactions without the need to input known results from flat-space type 1IB
superstring theory.

— 95—



We have so far only considered four-point correlators. It was argued in [63, 64] that all
four-point functions of short operators are invariant under both the bonus U(1) symmetry
as well as SL(2,Z). As we have seen, the four-point integrated correlators are linear com-
binations of non-holomorphic Eisenstein series, which are manifestly SL(2,Z) invariant.
Such a statement would not hold for (n > 5)-point functions, which transform as modular
forms with non-trivial modular weights.?? These correlation functions should correspond
to higher-point superstring amplitudes that violate the U(1) R-symmetry of type IIB su-
pergravity. Such U(1)-violating superstring amplitudes (especially those that violate U(1)
maximally) are identified in [60, 82], and more importantly the F-terms (terms up to the
same number of derivatives as DS R*) have also been determined using maximal supersym-
metry and SL(2,7Z) symmetry [60]. The coefficients of these U(1)-violating interactions are
modular forms with non-zero modular weights, and it would be of interest to understand
how they arise from the supersymmetric localization computation.

Lastly, it is interesting to compare the calculation presented in this paper to calcula-
tions done in the 3d ABJM theory [62] with gauge group U(N); x U(N)_; and N = 6
supersymmetry. An analogous computation that includes non-perturbative contributions
can also be performed in that case [32], in the very strong coupling limit in which N is
taken to infinity while N/k® is held fixed. In this limit, the ABJM theory is dual to type
ITA string theory on AdS, x CP? at finite string coupling g,. However, in this case, all the
non-perturbative contributions to the type IIA scattering amplitudes of the lowest closed
string states vanish. Thus, in order to obtain non-trivial non-perturbative contributions to
CF'T correlators that can be matched to string scattering amplitudes, one is led to consider
the case of the 4d N' = 4 theory that was studied in the present paper. Nevertheless, it is
worth pointing out that the closest 3d analog of the formulas presented in section 4 that
include resummed instanton contributions would be the mass-deformed partition function
of ABJM theory that can be computed [83] to all orders in the 1/N expansion using the
Fermi gas method developed in [84].
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A Non-holomorphic Eisenstein series

The first four terms in the low energy expansion of the four-graviton amplitude in the
type IIB superstring theory correspond to BPS protected effective interactions that take
the form

3
R* (1 | (8g2 R
A(S’t) :@ (Stu * 8268 E(%7Ta 7—) + =

51293
+ —;125 S+3+ErD) +... ),

where R signifies the linearised Weyl curvature tensor, which has the form R, ,, =
kiu€nkipes) (Where [---] denotes anti-symmetrization of the indices), where k, is a null
ten-dimensional momentum and € e, is a graviton polarization. The symbol R* denotes
the particular contraction of four curvature tensors that is implied by ten-dimensional
N = 2 supersymmetry.

The function E(r,7,7) is a non-holomorphic Eisenstein series, which is a modular
function of (7,7) that satisfies the Laplace eigenvalue equation

(A —r(r—1))E(r,7,7) =0, (A.2)

where the hyperbolic laplacian is defined by A, = 4730,0; = 73 (02 + 02)). Assuming
moderate growth as 7 — oo (in other words, assuming E(r, 7,7) grows no faster than 7
for any a, so it is no more singular than perturbative string theory in the gs — 0 limit) the

unique SL(2, Z)-invariant solution to this equation is?!

E(rm7)= T (A.3)

2r °
200y T T

It is straightforward to show that E(r,7,7) is invariant under a SL(2,Z) transformation,

at +b

E(r,7,7) = E(r, 7,7 ith 7717 =——,
(r,7,7) (r, 7", 7)), wi TT o d

(A4)

for a,b,c,d € Z and ad — bc = 1.

21t is often convenient to define the non-holomorphic Eisenstein series in terms of a Poincaré series

E(r,7,7) = 3n "I'(r)E(r,7,T), where

Blrr,) =n TRy Y SG),
€T o0 \SL(2,Z)

1 .
and I'ec = { (O T) ‘n € Z}. The expression E(r,7,7) is manifestly invariant under SL(2,Z) and satisfies

the important functional relation E‘(r, T, T) = E(l — 7T, T).
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A non-holomorphic Eisenstein series has an expansion in Fourier modes of the form
E(rm,7) = 3 Fylr, ) 271 (A.5)
k€EZ

where the zero mode consists of two power behaved terms,

s T — 1 T —

Fo(r,m2) = 2¢(2r) 75

and the non-zero modes are proportional to K-Bessel functions,

o (KR, (). EA0, (AD)

1
2

Fi(r,m) =

where the divisor sum is defined by

op(k)= Y (A.8)

d>0,d|k

for k> 0, and o_p,(k) = k7P op (k).
The two power-behaved terms in Fy(r, 72) in (A.6) correspond to tree-level and (r—1)-
loop contributions in string perturbation theory. Using the asymptotic behavior of the

K, (2) ~ \/Zez (1 +0 (i)) : (A.9)

we see that the non-zero mode Fj(r,m) behaves as e~ 27l¥I™ and has the form of a k

K-Bessel function

D-instanton contribution.

The terms proportional to E(2,7,7) and E(2,7,7) in (A.1) are coefficients of R* and
D*R* interactions in the type IIB low energy effective action. These are, respectively, 1/2-
BPS and 1/4-BPS interactions. The last term in (A.1) corresponds to a term proportional
to the 1/8-BPS interaction DS R*, with a coefficient £(7, 7) that satisfies the inhomogeneous
Laplace eigenvalue equation [57, 58]

(A, —12)E(1,7) = —E*(2,71,7). (A.10)

The solution to this equation [85] is qualitatively different from an Eisenstein series. The
zero mode is of the form in the large-m limit,

1 2

Foe(r) = / L dné(rT) = 2423) ™+ 4C(2;C(3) E 4%4) +0(e™™). (A1)
2

The power-behaved contributions correspond to string perturbation theory up to genus
three. The symbol O(e~*7l¥I2) denotes a specific infinite sum of D-instanton-anti D-
instanton contributions with zero total instanton number (details of which are in [85]).
Similarly, each mode of non-zero mode number k has the form of a sum of D-instanton-
anti D-instanton contributions with instanton numbers k1 and ko satisfying k1 +ko = k # 0.

We see in the main text that such a (s3 + t* +u®) R* contribution does not arise from our
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analysis of the flat-space limit of 720,0:02, log Z since its contribution to the integrated
correlation function vanishes.

The four terms in the low energy expansion of the four-graviton amplitude explicitly
shown in (A.1) correspond to local BPS interactions that are fully determined by super-
symmetry, while higher derivative terms are not expected to be protected and have not
been fully determined.

B Rectangular dominance

As discussed in the main text, the full Nekrasov partition function for the mass-deformed
N = 2% SU(N) SYM with squashing parameters €; o at instanton number k is given by a
sum over N-tuples of Young diagrams Y = (Y1, Ya,...,Yy) with & boxes in total,

k
Zi(ns)t(m7 Qij, €1,2) = Z Zy
|Y|=k
N . .
Hi,j:1 HsEYi (E(aija Yi, Yrja 5) —mmn - 6+/2) HteYj(_E(ajiv Y}a Yi, t) —m+ €+/2)

o= ,
HseYi E(‘“j? Y:, Y, s) HteYj (€4 — E<ajia Y;, Y, t))
(B.1)
where €4 = €1 £ €9 as in the main text, and
E(ai;,Y:,Y5,s) =iaji — e1hj(s) + ea(vi(s) +1). (B.2)

Here, s labels a box («, ) (a-th column and [-th row) in a given Young diagram as
figure 1, and h;(s) and v;(s) denote the arm-length and leg-length, respectively, of the
box s in the diagram Y;. (Each individual Young diagram Y consists of columns of non-
increasing heights A\; > Ao > --- > \; with A; > 1. The transpose (conjugate) diagram Y7”
has columns of heights )\r{ > )\g > > )\% with )\f1 > 1. Then the arm-length h and
leg-length v of the box s in Y are given by (see figure 1)

h(s) = )\g —a, v(s) = Ao — 0. (B.3)

Note that the definitions of h and v extend beyond boxes in Y to the entire quadrant
(o, B) € Z2 in the obvious way. In particular they can be negative (e.g. when Y is empty).)
In the rest of this appendix, we prove the following theorem:

Theorem B.1. For the second mass derivative of the instanton partition function at m =0

I.(aij) = 02, < lim Zi(fs)t(m,aij,elg)) ‘ (B.4)
61724)1 m=0
only the summands in (B.1) with Y of the following type
Y, =@ if i #1
Y; =[p,p,...,p] with pg=Fk for p,q € Zy, (B.5)
——

q

and those with Y; replaced by its partial transpositions (which we define next) contribute.
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Figure 2. Example of partial transpositions and the corresponding changes in Ny,(Y"). The subdi-
agram P is colored in orange. The numbers in the individual boxes s is the value d(s).

Given a Young diagram Y = [A1, Aa,..., ;] (with \; > 1), we define its partial trans-
position at position «a, with 1 < a <, to be

PTo(Y) = [A1, A2, Aam1, AL, - AN (B.6)

where )\,’3 are column lengths of the transpose of the subdiagram P = [Ao, Aat1,---, A,
if A\a—1 > \|. Equivalently the partial transposition at a-th column is given by the dis-
joint union
PT.(Y) = (Y\P)u PT, (B.7)

where P denotes the block (Young subdiagram) to the right of the (o — 1)-st column, and
Y\ P is the complement Young subdiagram (see examples in figure 2). In particular, the
usual transposition is a partial transposition at o = 1. For notational simplicity, we will
often suppress the subscript a when the context is clear.

We will need the following useful properties of the map PT,(:). We start with the
obvious lemma:

Lemma B.2. For a Young diagram Y, the multiset A(Y) = {a + B|(a,5) € Y} is
mwvariant under partial transpositions.

Consequently the partial transpositions preserve the set of poles (3.29) in the contour
integral for the instanton partition function. A useful corollary that follows is the following;:

Corollary B.2.1. Among all the Young diagrams related by (a sequence of ) partial trans-
positions to a rectangular diagram Y,x, with p columns of height q each, the mazimum
width (or height) is p+q — 1.

Proof. A single partial transposition at the right-most column gives a Young diagram with
width p 4+ ¢ — 1. The fact that this is the maximal value that can be achieved by any
sequence of partial transpositions follows from the previous lemma by noting that

max[A(Ypxq)] = p+ ¢ (B.8)
O

Lemma B.3. For Young diagram Y = [A1,..., N with \; > 1, the multiset
Ap(Y)={a+ |1 <a< M} (B.9)

18 invariant under partial transpositions, where M s any integer equal to or larger than
the mazxzimum width of Young diagrams related to Y by partial transpositions. Note that
Ao for a > 1 is defined to be 0.
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Figure 3. An example with Y = [8,7,7,6,4,2,2,2,1] (gray boxes) in a square of size M = 12.
The boxes at (AL + 1,a) are colored in yellow; the boxes at (a, A, + 1) are colored in red; the
boxes common to both are colored in orange. The numbers in the yellow and orange boxes are part
of Ap(Y'T) while those in the red and orange boxes are part of Ag(Y). Thus, in this example,
Ap(Y) = {9,9,10,10,9,8,9,10,10,10,11,12} and A(YT) = {10,10,8,9,9, 10, 10,9,9, 10,11, 12}.

Proof. Tt suffices to prove that Ag(Y) = Ag(YT), because for any partial transposition
with respect to a subdiagram P C Y, Ap(Y'\P) is clearly invariant. The entries in Ap(Y)
consists of a+ 3 for boxes («, #) located on the North-East boundary of the Young diagram.

We proceed by induction. If Y consists of a single box, Ag(Y) = Ag(YT) trivially
for any M > 1. Suppose Ag(Y) = Ag(YT) for some large enough M as specified in the
statement of the lemma. We show it continues to hold upon adding a box to Y. First of
all, in order to generate a Young diagram, the additional box must be added to an inward
corner of the North-East border of Y, i.e. a coordinate («, 3) that satisfies

(@, B8) = (a, da+ 1) = (\F +1,8). (B.10)

We denote the new Young diagram obtained in this fashion by Y. Then Ap(Y”) is given by
Ap(Y) with the element a+\, (an orange entry in figure 3) replaced by a+A,+1. Similarly
Ap(Y'T) is given by Ag(YT) = Ap(Y) with the element )\g—i—ﬂ replaced by )\g—i-ﬁ—i-l. Due
to (B.10), we have a+ A\, = )\g—l—ﬂ =a+pf—-1l,aswellasa+ A\, +1= )\g—l—ﬂ—i-l =a+p.
Thus, Ag(Y’) and Ag(Y'") are each obtained from Ap(Y) and Ag(YT), respectively, by
replacing an occurrence of a + 3 — 1 with a + 3. Since by assumption Ag(Y) = Ag(YT),
we conclude that Ag(Y’) = Ap(Y'T). See figure 3 for an example. O

For a box with coordinates s = («, 8) in a Young diagram Y, we define d(s) = h(s) —
v(s). Then we also define n,(Y’) to be number of coordinates s with d(s) = a.

Lemma B.4. For a Young diagram Y,
u(Y) =2no(Y) — (n1(Y) + n_1(Y)) (B.11)

is invariant under partial transpositions. In fact both no(Y) and ni(Y) + n_1(Y) are
separately invariant.
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Proof. Under a partial transposition that involves transposing the subdiagram P of Y, the
box at (a,3) € P gets mapped to the box at (3,a) € PT. Thus, focusing on boxes in
P, the boxes with d(s) = 0 are preserved, whereas the boxes with d(s) = £1 are mapped
to boxes with d(s) = F1 — See figure 2. Consequently, the contribution to (YY) from P
does not change under the transposition. Under the partial transposition, the values of
d(s) for the boxes in s € Y\ P get permuted within each column. To see this let’s consider
for example a partial transposition PT4 with respect to the sub-diagram P = [p1, pa2,...]
(namely p, = Agia_1) With Aa_1 > p? (so that it’s a nontrivial operation). Focusing on
the boxes in the a-th column with 1 < o < & — 1, their d = h — v values before the partial
transposition are given by

{ph+ B+ (@ da—a)ll <B<Aa) (B.12)
whereas after the partial transposition, we have
{pg+ B+ (6= Ao — )1 <B < Ao} (B.13)

From Lemma B.3, we see the above two multisets are the same. Hence the contribution
to ng coming from Y\ P does not change under the transposition of P (see examples in
figure 2). Therefore we conclude p(Y') is a partial transposition invariant, and clearly so

is ng(Y). O

In particular, a rectangular Young diagram Y),«, with p columns and ¢ rows has

nO(Y) = min(pv q) ) TLI(Y) = mln(p - 1) Q) ) n*l(Y) = min(pa q— 1) ) (B14)
which implies that
2 ifp=gq,
w(Y; = B.15
(Ypxq) {1 g, (B.15)

To proceed, let us make two more definitions. We define N,(Y) > 1 to be the minimal
number of rectangular blocks (in a horizontal decomposition) in a Young diagram Y (see
figure 2 for examples). Note that while N, (Y') is invariant under (full) transposition, it
typically changes under partial transpositions (see figure 2 for example). We give the set
of all Young diagram Y with given size |Y| = k a lexicographic (total) ordering as follows.
For two Young diagrams Y = [A1,Aa,...,N] and Y/ = [p1,p2,...,pm], we have Y > Y’
when A1 > p; or when A\; = p; and Ay > pg or when Ay = p1, As = po, and A3 > p3, etc.,
or when \; = p; for all 4.

Given a Young diagram Y, we consider all possible partial transpositions, and among
the ones that minimize N,(Y), we take the smallest Young diagram according to the
lexicographic ordering, and call it Yi,,. For example if Y is related by (possibly several
successive) partial transpositions to a rectangular Young diagram Y, for some p < ¢,
then clearly

Yinin = Ypxq» (B.16)

because Ny (Ypxq) = 1.
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Figure 4. Decomposition of the Young diagram Y into rectangular blocks by perpendicular lines
from the Ny = 3 corners. The individual blocks are labelled as (,7) with i + j < N, +1 = 4 here.

Lemma B.5. If Yiin has Np(Ymin) = ¢ rectangular blocks, then we must have
u(y) >c. (B.17)

In particular w(Y') =1 if and only if Y is related by partial transpositions to a diagram of
the type Y,xq, for some p and q.

Proof. Since p is invariant under partial transposition, we can take Y = Ypni,. By as-
sumption, the Young diagram Y has a minimum of ¢ rectangular blocks in a horizontal
decomposition. Correspondingly, Y has ¢ outward-pointing corners along the North-East
boundary. We obtain a finer decomposition of Y into 1+2+---+c¢c = @ smaller rect-
angular blocks by drawing perpendicular lines from the ¢ corners in an obvious fashion (see
figure 4). Each of the ¢ blocks at the corners contributes 2 or 1 to p depending on whether

it has equal or non-equal sides. Therefore, it suffices to show that the @

interior blocks
each contribute non-negatively to p(Y).

We label these rectangular blocks as (i,7) for 1 < 4,j < cand i+ j < c+ 1, and
let their sizes be p; x g;. The corner blocks are given by those with ¢ + j = ¢ + 1. Each
interior rectangular block labeled by (4, j) contributes at least —1 to u(Y"), and this happens
precisely when either p; + pj41 = gi+1, or ¢i + ¢iy1 = pj+1 (see figure 5). Let’s assume
this is the case for the interior rectangular block (i, 7). But this means N, can be reduced
by 1 after a transposition of the subdiagram involving the rectangular blocks (k,[) with
k>l > jif pj + pj4+1 = gi+1, and similarly from transposing the subdiagram involving
the rectangular blocks (k,l) with & > i,1 > j if ¢; + ¢ix1 = pj4+1. Since such operations
are all achievable by a sequence of partial transpositions, this contradicts with the fact
that Y = Y, minimizes N,. Thus each interior rectangular block can only contribute
non-negatively to u(Y). Therefore x(Y) is bounded from below by the contributions of the
Ny, = ¢ corner blocks and the lemma follows. ]

We will also need the following lemma concerning the general properties of terms that
appear in the summand of (B.1).

Lemma B.6. For a pair of Young diagrams Y1 and Yo, the following function

Gviva(@) = [ (a = (hvi(s) —ora(9))) [ (—a = (hp(8) — vy (1) (B.18)

SEY] teYso
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Figure 5. Reduction of N, (or corners) by partial transpositions. Note that the PT in the right
diagram involves a sequence of three partial transpositions.

satisfies
Gyi,y;(a) = Gy, yr(a) (B.19)
Proof. We use the following identity from appendix A.1 of [77],
Hiwperi @+ 1+ M —a=B8) [ ger,(—a+1+M—a—B)
[Talpmi(a+a—p)

M
< I (@ (a0 8)) — vra (. 5))
—B=

% 1

GY1,Y2 (a) =
(B.20)

which holds when M is any positive integer larger than the widths and heights of Y7 and
Y. Clearly, the term in the first line of (B.20) is invariant under Y — Y3, so it suffices
to show that the last factor is also invariant. This in turn follows from the simple identity
(see Lemma B.3 and figure 3)

M M
HoH—pa =Ha—i—pa (B.21)
where p, are column lengths for Y = [p1,...,pm] (and zero for « larger than the width
of Y3).
O

The strategy of the proof for the main theorem B.1 is as follows. We first focus on
the case where Y contains a single nonempty Young diagram Y; = Y. By studying the
structure of the summand Zy in (B.1) in the limit €; 5 — 1, we argue that the contribution
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to (B.4) vanishes if (YY) > 2. Furthermore, if u(Y) = 2 and Y is not related by partial
transpositions to a rectangular Young diagram, its contribution to (B.4) cancels that of its
partner from an involution with respect to a particular subdiagram which we will define.
Consequently, only the cases with Y related to a rectangular Young diagram by partial
transpositions (either with pu(Y) = 2 or u(Y) = 1, since in the latter case all Young
diagrams are related by partial transpositions to a rectangular one) matter for (B.4). Next,
we extend the analysis to general Y. Once again, the structure of the summand in (B.1)
implies that the only other relevant case corresponds to Y having two non-empty Young
diagrams. Up to a reordering of the Y;, let us consider Y = (Y1,Y2,9,...,9). Moreover,
one needs p(Y1) = pu(Yz) = 1 for a nonvanishing contribution to (B.4). We then show that
the contribution from ¥ = (Y1,Y3,2,...,9) to (B.4) (though non-vanishing) cancels with
that from ¥ = (Y1, YQT, @,...,2). This completes the proof of Theorem B.1. Below we
explain each step in the above order in more detail.

We first take Y to be such that the only nonempty Young diagram is Y; = Y. The
quantity Zg defined in (B.1) takes the form

Zs = Fi(Y)Fy(Y) (B.22)

where

17 (B0,Y,Y,s) —im — ey /2)(—E(0,Y,Y, s) — im + €;./2)
Ay =]] E(0,Y,Y, ;)(q —E(0,Y,Y,s)) ==,

seY
H H Z]’Yg S) Zm_€+/2)( ( Z_]’Y@ S)—f—lm_€+/2) (B23)
j=1,j#1 €Y ”,YQ S) E( Z],YQ 3)—e+

Our goal here is to understand properties of Zg in the limit e — 0 (and ey — 2) in
relation to the shape of the Young diagram Y.

The quantity F»(Y") is manifestly finite and nonzero (for generic a;) for all m, ex, while
F1(Y) has a subtler behavior in the limit e — 0. To understand how F;(Y) behaves in
this limit, we write it as

Fi(Y) = F(Y)F (V) F (Y)F{(Y), (B.24)

where we have decomposed the product over s € Y as Y = Yy U Y, UY_ LY, defined by

= {s € Y|h(s) —v(s) = 0},
={seY|h(s) —v(s) = £1}, (B.25)
Y, = V\(YUY; UYL),

and F?, Fli, F correspond to products over these disjoint subsets, respectively. Note that
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according to our previous definition, ny = |Yp| and ny; = |Y4|. More explicitly, we have

B (he— + S5 +m)(he— + S5 —m)
B=1 =G

1 =

SEYy
(he— + % +m)(he_ + & —m)
F+ — 2 2
! g he_(he_ +e4) ’ (B.26)
s€Yy

he_ + < —2e)(he— +F —m —2
Fl__H(€+2+m €2)(he_ + F —m — 2e)

N o (he_ —2e9)(h + 1)e_ ’

where, for notational simplicity, we suppressed the s dependence in h(s). For the quan-
tity (B.4) of interest, we need to take the limit e — 0. In this limit, F{ could potentially
vanish, Fli could potentially blow up, and F7 is finite and nonzero.

Expanding in small e_ (and taking e; = 2), we have

=] (-=m* = (h+1/2)*) (1 4+ O(¢?)),
SEYy

1 3
= 14 Zhe 2
1 EHY 2h6_ < + 2h€ +O(€_)) y (B27)
SEY+

rr=1] _2(hl+1)€_ (1—2(h+1)6_+0(e2)> .

SEY_

From lemma B.5, (YY) = 2ng — n; —n_; > 1, which implies that there can be at most a
simple pole in e_ from Fy at order m?. For the purpose of extracting the order m? term
from Zy, we can take the truncation (which we denote by ~)

F) ~ (—m? — (h+1/2)%2),

sE€EYy
1 3
F ~ 1+ —he_
! 2he_ < + 2h6 >’
seYy (B28)
1 3
F[ ~ _— (1—(h+1)e_>,
e —2(h+1)e_ 2
F{ = F{’mzo .
We recollect the relevant contributions to Fj as
F(Y) = m22FO 4 pWypr (B.29)
where
FOv) = . I1 (h + 1)2 P— (B.30)
Hselq (2h) [Tsey_ (—2v) sevo 2 seYo (h + %)2
and
1 30
FOY) = iFf I DI (B.31)
8€Y+ seY_
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In addition,

Fr=r"4c (B.32)
where " 2
r(0) vy — —v
) = 161 of 1 (B.33)

Similarly, it suffices to set m = 0 for Fb,
B(Y) ~F2Y) + e FP(v), (B.34)
where we only kept the terms up to first order in e_. Here

(ho(s) — vy (s))?
(he(s) —vy(s))? =1

N (z'a s —
FO) = 1T 11 ia —

j=lgiseY -0

(B.35)

FOv) (B.36)

N
ha(s)+vy(s)+1
=50 X 3 e G e () (1 D e T
j=1j#15€Y
We have thus spelled out which parts of (B.22) and (B.23) matter for evaluating
the limit €; 5 — 1 needed in (B.4), and how they depend on the combinatoric properties
of the Young diagram Y. We are ready to see which Young diagrams can potentially
contribute to (B.4). From Lemma B.5, any Young diagram Y that is not related by partial
transposition to a rectangular one has (YY) > 2. From (B.29), the contribution to (B.4)
from this particular Young diagram vector Y (with the single non-empty Young diagram Y")

goes as,
I o~ lim 0072 (B.37)

Thus if pu(Y) > 2, it vanishes identically. We then move onto cases of Y with u(Y) = 2,
and its contribution to (B.4) is then deduced from

RY)~m?FOY),  BY)=FEYY) (B.38)

to be
I,y =2F" (V)R (). (B.39)

It is easy to see that the corresponding Y, takes the form as in figure 6 from stacking 3
rectangular boxes of sizes p1 X q1, p2 X q1, and p1 X ¢ respectively where the sides satisfy
(see proof of Lemma B.5)

@=>pi+p2+1, q1 > p2. (B.40)

Under partial transpositions, we will show that the ps x q1 block of Y, gets mapped to a
Young subdiagram of the resulting Young diagram Y. We define WY to be this particular
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b2

P1

q1 q2

Figure 6. Y., for a Young diagram Y with u(Y) = 2 and not related to a rectangular diagram
by partial transpositions.

11
[ TT]
|
[TT1
[TT1

11
[T 1]

[ TTTT]

1]
[T1TT] [ [TTTTT] [TTTT]

Figure 7. An example with Y, = [4,4,4,2,2,2,2,2] (first diagram above). The other Y’s are
related by partial transpositions to Yy, and the subdiagram WY is marked in orange.

subdiagram in Y (see figure 7 for an example). Then we define the Young diagram Y’
(correspondingly the Young diagram vector Y’ with a single non-empty Young diagram
Yg’ =Y") to be obtained from Y by a sequence of partial transpositions that send W?Y to
its transpose while keeping the rest of the diagram fixed.(It is always possible to find such
a sequence of partial transpositions.)??> We denote this involution by ¢y .
We show below that
Ik,? +1 kY = =0. (B.41)

This is a consequence of the properties of F1( )(Y) and FQ(O) (Y') under partial transpositions:
the latter is even whereas the former is odd for the particular type of Y and involution vy
we consider here.

We first show that FQ(O)(Y) is invariant under partial transposition with respect to an
arbitrary subdiagram P. We have the decomposition

(hao(s) — vy (s))” (ia;; — (ho(s) — vy (s))’
H H P hra()—UY(S))Q—lsle_[(mA—(h@()—UY(S))2—1'

=1, sEY\P ji ji
(B.42)

Since for general s = (o, 5) € Y and Y = [A\q,..., \/]
hg(s) —vy(s) = —a— (Ao — B), (B.43)

22The existence of such a sequence of partial transpositions is guaranteed for Y of the form in figure 8

(with the orange block WY possibly replaced by its partial transpositions). In the later part of the section,
we will prove that for Y with x(Y) = 2 and not related to rectangular diagrams by partial transpositions, it
takes the form as in figure 8. Here we assume this is the case. Note that (Y") = 2 demands the bottom-left
Yixr sub-diagram (gray block) to contribute —1 to u(Y") since each of the three exterior colored blocks
along the North-East boarder (orange or gray) contribute at least 1 to u(Y). This means we have either
)\1T —7r =\ Or )\tT = A1 — t(see proof of Lemma B.5). In the former case, ty is achieved by PT,41 followed
by PTy4¢41; in the latter case, ty = PT1 - PTryeq1 - PTiqq - PT4.

— 38 —



where )\g does not appear, the first factor in (B.42) from Y\ P does not change under
P — PT. Tt is also easy to see that the second factor is also invariant. For (a, ) € P and
(B,a) € PT with P = [p1, ..., pm],

ha(a, ) —vy (o, f) = —a— (I —m) — pa + 0,

- (B.44)
h@(ﬁva) - UPT(Y)(Bv Oé) = 75 - (l - m) - p,B +a
are mapped to each another through
a—=1l+ph—a, B—=1l4p,—5. (B.45)
Thus we’ve shown
0 0
FO) = E2PT(Y)). (B.46)

Let’s now show that Fl(o) (Y) is odd under the involution ty if u(Y) = 2. We rewrite
Fl(o) (Y) as
A (V) = ALY ) (V)

fi= 1
' ey, ) Ty (—20)

=TI <h+;>2211 (B.47)

2
s€Yy s€Yy (h + 5)

B (h —v)?
fs=11 -1

SGYT

Once again, we separate the products above as

=1 - II -~ =HOr) (B.48)

seY\WY seWY

where f! and f? only receives contributions from entries in Y\W?Y and WY respectively.
Since ¢y simply transposes WY, which exchanges h and v, we have

) ==fw®), [FX)=fHuw®), [FY)=Fu®). (B.49)

Now if Y takes the form as in figure 8 with WY a rectangular block (or type either py x 1
or its transpose as in figure 6), then clearly fz-1 are invariant under the involution ¢y since
the values of h (or v) do not change for boxes in the gray parts of the Young diagram as
in figure 8. Furthermore, if WY is replaced its partial transpositions (leaving the rest of
Y fixed), the contributions to f} still come from the same gray blocks as in figure 8, and
consequently invariance of f! under ty continues to hold thanks to corollary B.2.1 (see
also proof of Lemma B.4). Since Y is related to Y, in figure 6 by a sequence of partial
transpositions, it is sufficient to show that any partial transposition preserves the form of
Y up to partial transpositions restricted to the subdiagram WY in figure 8 (in particular
WY remains a Young subdiagram under any partial transposition of V).
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We proceed by induction. First note Yy, is of the form in figure 8 with r = 0,t = p;
and p = p2,qg = ¢1. Now suppose we start with a general Y as in figure 8, we show
that any partial transposition PT, preserves its form, namely only the gray blocks contain
boxes with h —v = 0 or +1 among all boxes in Y\W?Y. Clearly, the only nontrivial
partial transpositions are PT, with a = 1 which corresponds to the usual transposition, or
1< a<rand )\F{—a—{—l < Ag_1, Or X{ >a>r+qg+1and )\{—a—l—l < t. The first case
clearly preserves the form of Y as in figure 8. In the second case, the induction hypothesis
implies the values h — v for the boxes just below the top left gray block in figure 8 satisfy

r—a+(qg+p+t)— A <2 (B.50)

for 1 < a < r, and this is sufficient to ensure that the left white block in figure 8 does not
contain entries with h — v equal to 0 or £1. Suppose we perform a partial transposition
PT,(Y) for some 1 < x < r, then the resulting Young diagram is again of the form in
figure 8 with the change in the parameters,

(p.q,t,r) = (¢,p,r —x+1,t+2—1) (B.51)

and to ensure that the (new) left white block as in figure 8 does not contain entries with
h — v equal to 0 or +1, we need

t+z—1—-a+(q+p+t—ao+1)— A, < -2, (B.52)

which follows from (B.50). A similar argument applies to the third case, focusing on the
right bottom white block in figure 8.
We have thus proven that

FO) = -F(y (v)) (B.53)

for the special type of Young diagram Y and involution ¢y considered here.

Putting together the facts that Fl(o)(Y) and FQ(O) (Y') are respectively odd and even
under the involution ¢y, it follows that the contributions to (B.4) from Y and ¢y (Y') cancel
pairwise in the e_ — 0 limit as a consequence of (B.53) and (B.46). We have now shown
that in the case where Y contains a single non-empty Young diagram, if this Young diagram
is not related to a rectangular diagram by partial transpositions, it does not contribute
to (B.4).

We now explain why only Y with a single non-empty Young diagram contributes
to (B.4). The form of F; and the behavior (B.29) implies the only other relevant case
involves two non-empty Young-diagram in Y which we can take to be

Y ={V,Ys,2,...,0}, (B.54)

up to an Sy permutation, and we must have (Y1) = u(Y2) =1 (i.e. related to non-square
rectangular Young diagram by partial transpositions). In this case, we have pair-wise
cancellations between such Y and the partner Y’ with Y5 (or Y7) replaced by its transpose

Y ={v,Y), 2,... 2} (B.55)
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Figure 8. Young diagram Y related to Yy, in figure 6 by partial transpositions. The orange block
denotes WY. The gray blocks contain all the boxes with h —v = 0 or 1 in Y\W?Y. Note that r, ¢
are non-negative integers. If ¢ = 0, the only gray block is the one on the top left; if » = 0, the only
gray block is the one on the bottom right. In particular Y, in figure 6 corresponds to the special
case r =0,t =p; and p =p2,q¢ = q1.

To see this, recall that the summand Zy of (B.1) in this case decomposes as the follow-
ing product
Zy = Iy 2y, Zv1 Yy 5 (B.56)

where each factor only depends on the Young diagram(s) in the subscript (e.g. Zy, only
involves the product in (B.1) with ¢ = 1 and j # 2 or j = 1 and ¢ # 2). From the argument
we presented for the case Y = {Y,2,...,0}, it’s easy to see that Zy, is invariant under
Yy — Y& while Zy, is odd since pu(Y2) = 1 (see equation (B.28) and (B.30)). Thus it
suffices to prove that in the limit (B.4)

s = [ 002 (8) —o6)? s — (o) = (0

(iag1 — (hy (s) — vy, (s))? =1 23 (ia12 — (hyy(8) — oy (1))? — 1

seY] teYs

satisfies
Iy, = Zyl,YZT ) (B.58)

which indeed follows from Lemma B.6.

We have thus finished the proof of theorem B.1: the limit (B.4) of double mass deriva-
tives of the Nekrasov partition function (B.1) is dominated by Y with a single non-empty
Young diagram of rectangular shape (and its partial transpositions).

C Recursion relations

In this appendix we will give a proof of (3.48) for the special cases in which the nontrivial
Young diagram in the vector Y in (3.32) is of the form Yjj or Yixi. Recall a Young
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diagram vector Y’s contribution to the k-instanton partition function is given by

1 (m? + €2 /4) do (61 —
o7 (m: i &) = k! (6?;227;?2 +€62/4> ]{H IH . +6;n/4 (C.1)

I_a]

k

o H 0751907, + €llo7; + (im — e /2)%][6F; + (im + e /2)?] ‘
o (07, + €llo7, + éllo, + (im + ey /2)2][67; + (im — €4/2)?]

For the round S*, by setting ¢; = €3 = 1 we have

1 dor gb[*az -m
Z’fv?(m’aij):id<m2+1> j{H H b1 — a2 + 1

¢1J(¢1J +4)(¢7, —m?)?
XH (975 + D*(¢rs —m)2 +1][(¢rs +m)? + 1]

In this appendix, we will first keep €1, €y arbitrary, and set them equal to 1 at the end.

2

(C.2)

1<J

That is because with general €1, €2, the instanton partition function only has simple poles
and obeys a simple recursion relation [77, 78]. Indeed, it is straightforward to see that
Z, v(m, a;j, €;) satisfies the following recursion relation

Zk+1,}7+(mvaij7€i):Zky(mvaiij) (C.3)

L ep(m*+e2 /4) 7{ H (¢— a] —m?

k+1 erea(m?+€%/4) (p—aj)?+e2 /4
k

<11 (¢0=0.2)*[(9—0s)* +e4][(¢— )+ (im—e_/2)? ][(¢—¢J) +(im+e_/2)?]
32 (9= 0.2 +EN[(0—d0) 2+ B][(9—b) 2+ (im+er /2)2][(G— )2+ (im—ey./2)2]

where }7+ (with £+ 1 boxes) is a Young diagram vector that is obtained from Y by adding

one more box. The contour for the integration over ¢ is determined by the position of the
box that we add to Y during the recursion procedure, and ngﬁ J are the poles for evaluating
Zky(m, a;j, €;), which are determined by Y according to (3.27).

We will here consider the contributions from Young diagram vector Y as in (3.32)
where the nontrivial Young diagram is a single row Young diagram Y7« or a single column
Young diagram Yj«1. These Young diagrams can be constructed recursively by adding one
box at a time, and one can solve the recursion relation straightforwardly for the instanton

partition function at order m?.

We define
Lisk(er,€2) = 00 21 (o vy oy (M iy €)| - (C4)
The recursion relation for I7 (€1, €2) is solved by beginning with the initial data, which we
take to be the contribution from the ¥ with nontrivial Young diagram Y7 «o. For simplicity,
we will begin by setting NV = 1 since the argument for general N is more complicated, in
which case the initial data is

Lol ) fdz 3(z—a1)(z — a1 + ie) 1
€1,€6) = P —
Dx2lt1, =2 2w [4€3(z — a1 —ie1)(z — a1 + 2ier) €1 — €2

+ B + (2 —a1) (2 — a1 + i) (226 + 8(2 — a1)(z — a1 + ie1)) o

463(z — ay —i€1)%(z — ay + 2iep)?
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where the integration is around the poles at z = a1 + i€ /2, but the integrand is our focus
here. From this we find that, in general, the Y with nontrivial Young diagram Y7« gives
the following contribution

_ dz | (2k*=2) (z—a1)((z—a1)+i(k—1)er) 1
Ile(q’Q)_]éQﬂ' [6%k:2k!((z—a1)—iel)((z—al)—i—ika) €1 —€9 (C6)

+(k—1)2(k+1)6‘11+(z—a1)(z ar+i(k—1)e1) ((6k>—2)el+4k(z—a1)(z—a1+i(k—1)e1))
kkle}(z—a1—ie1)?(z—a1+iker)?

Here, we only keep the terms of order O((e; — €3)°). The contribution from the ¥ with
nontrivial Young diagram Yy is obtained by the transposition, which simply exchanges

€1 with es,
Iixi(er, €2) = Iixk(e2, €1) - (C.7)
The singular terms cancel in the sum of these two contributions, and the final result is
given by
Ly = I1xk(€1,€2) + Iixalen,e)] [ oy
]{ (2 — a1 + kqi)? 1 4 1
X —|— 1+ —
L G—ar+kai)2 417 K [1T+0 k2 (C.8)

N 2i(k +1)(k —1)? }
k(z—a1 +ki)(z—a1+ (k—1)i)(z —a1) |’

where we have set €; = €2 = 1 at the end of computation. Having determined the N =1

case, the generalization of the above integrand to arbitrary N is straightforward. This can
be seen by using (C.2) as follows.

If I« were computed from (C.2), we would take consecutive residues surrounding the
poles at d)? 7+ 1=0. Since they are higher order poles one needs to expand the integrand
when taking the residues. The constant term

1+6 (1 + k2) of Iy« clearly comes from
the second line in (C.2), which is independent of N whereas the term containing z — aq
requires expanding the first line in (C.2), and its generalization to general N is obvious.

Therefore, for general N we have

[lxk —7{
ik + 1)(k — 1)2

+Zk‘z—a]—i—k:z)(z—aj—l—(k:—l)i)(z—aj) ’

j=1

klN

(2 — aj + kqi)? L 4 <1+1>

Tt ,: (z—aj+kei)2+1 Kl |1+ 01 k2

(C.9)

and the expression (after summing over k! identical contributions) agrees with the general
formula given in (3.48).

D Instantons at higher order in 1/N

In this appendix we compute the instanton contributions to 2, log Z }mzo to O(N 7%) ina
small gy expansion to subleading order for instantons k = 2,...12. The result matches
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the conjecture in (4.1) for 92, log Z |m:0 at finite gy in terms of Eisenstein series, which
generalizes the match found for the perturbative terms and the £ = 1 instanton in the
main text. By explicitly performing the sums and products in I,x, (3.48) for many small
values of IV, we find that I,x, can be expanded for small a; as

Lyxg(Nyaij) = I (N) + I8 (N)Calai) + -, (D.1)

where recall that Co is defined in (4.7). When p = ¢, which includes the one-instanton
case (4.6), we found closed form expressions for I px)q( ) and I]()X)q( ), but for p # q we
could only find recursion relations in N. In either case, these formulae can be expanded

explicitly at large N. For instance, for kK = 2 we find the recursion relations:

(—1600N? — 7310N — 8256) I\, (N + 2) + (1440N? + 5859N + 5958) IS, (N + 3)
134 517
+ (N +2)160N +490L0 (N +1) =0, L@ =-"-,  LhB) = -1,
(D.2)
and
(—320N2 — 734N — 456) 152, (N +2) + (288N? 4 1323N + 684) I\2), (N + 3)
2 2 10 2 20  (D:3)
FNENAS)EAN ) =0, L@ =-g5.  LBAG) =,

which we can solve in a large- N expansion to get

3/2 5/2 7/2
10— 5\/§\/N+ 17\ % 325 N 2155 (77) N 1543605 (47) oY),
m N 1024\/% 8192v/2m 4194304/ 27
@ 15 255 11025 478485 13

= — + — + O(N™ 2
2x1 8vV2rN5/2  128v27NT7/2  16384v/27 N2 131072+/27 N11/2 ( )
(D.4)
The cases kK = 3,...,12 are increasingly more complicated so we put them in an attached

Mathematica file.
We can then use the expectation value (Cy) in (4.8) with A = ¢2;N to compute
(Ipxq) to O(N 7%) The result in each case is consistent with the small gyn expansion to

O(Q%M) of

8pqr? 8pgr? 8pq7‘r
e e e R G
92 7P (. q;. > =¢ —\/Nim <7+*>+ M =+
< i Zinst (110, i) —o 1t0ng gym 9 P gymVN \ @ p?

1 3 3
|0 () () o (5 (55
32gymN 2 9m q 9nm q° P
2 4 4
it |00 () (e ) oo () (545
128gvMm N 2 gYM q> gYM q p

. [1533}(1(855:[) (B q>_5355K3(8;’j:4) (ps q3>+2625K5(855:4) (p5 q5>

_|_

gyMN ¥ 16384 q'p 32768 318 32768 P

q p q p

9
+O(N 2)] : (D.5)
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which describes the p x ¢ instanton terms in (4.1). This is a very nontrivial check of the
conjectured finite gy expression for 92, log Z {m=0'
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