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A B S T R A C T

Acoustic wave sensors are being developed for many emerging applications such as in semiconductor fabrication,
biological diagnostics and polymer characterization. Traditional acoustic wave sensing devices such as quartz
crystal microbalance (QCM) rely on polymer thin films coated on quartz plates to detect chemical and biological
agents. It has been found that significant sensitivity enhancement of QCM devices can be achieved by simply
attaching a polymer micropillar film onto the QCM substrate (QCM-P) to enable a unique coupled resonance
between the micropillars and quartz substrate. In the present work, an equivalent circuit model integrating
mechanical vibration of micropillars and electrical load impedance of piezoelectric substrate was developed to
predict the frequency shift and Q-factor of the QCM-P devices when operating in air and liquid environments. In
the model, the vibration of micropillars was solved simultaneously with the liquid loading on the pillar surface.
The resultant hydraulic force was integrated into the circuit model to predict the load impedance on the sensor
surface. The developed model was validated by experimental results for QCM-P devices operating in air and water
with different micropillar heights. It will serve as a powerful tool to predict the performance of the QCM-P devices
for different applications.
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1. Introduction

Quartz crystal microbalance (QCM) devices, oscillating in thick-
ness shear mode (TSM), is one of the most commonly used mass
sensors for a wide range of chemical and biological applications
due to its simple, cost-effective, and high-resolution sensing advan-
tages [1]. QCM sensors operating at 10 MHz are capable of detect-
ing a mass variation of less than 10 ng/cm2 on its surface [2�6].
Traditional QCMs are made on an AT-cut quartz crystal plate with
both sides coated with a layer of chromium (adhesion layer) fol-
lowed by a gold film as the electrodes [7,8]. When an alternating
voltage is applied to the two electrodes, a transverse shear wave
forms in the substrate because of its crystal orientation and piezo-
electric properties. The resonance frequency and bandwidth of the
shear wave generated in the substrate change in response to the
polymer structure, mass loading, liquid viscosity and density, chem-
ical interaction or cells binding strength occurring on the surface of
the substrate [9].

Label-free biomolecular interaction analysis (BIA) detection is an
enabling instrument in probing interactions between biomolecules
which is being widely used in pharmaceutical discovery and
development, immunological and biochemical research, and food
analysis. Due to its high-level limit of detection (LOD) (~0.1 ng/
cm2), surface plasmon resonance (SPR) is currently the dominating
technology for BIA adopted by biopharmaceutical companies for
drug discovery and development [10]. However, SPR systems nor-
mally require well-trained personnel to operate and are expensive
(up to $750k) [11]. Traditional quartz crystal microbalance (QCM)
based systems have relatively low LODs (~10 ng/cm2) which makes
these systems less attractive for BIA applications [12]. Recently, we
discovered a new technology which can significantly improve the
sensitivity of the QCM sensors by attaching micro-sized pillar arrays
made of Polymethyl methacrylate (PMMA) onto the electrodes of
QCM (QCM-P) to form a coupled two-degree-of-freedom system
[13]. Preliminary studies showed that the unique resonance between
micropillars and QCM substrate (as shown in Fig. 1 [14]) can
improve surface mass sensitivity by eightfold in bovine serum albu-
min (BSA) detections [15].

In the two-degree-of-freedom system analysis for Fig. 1, the QCM
substrate is treated as an equivalent mass [16�18] and a spring with
force constant (k) and PMMA micropillar as the other set of mass (M)
and spring (K). As a result, the relationship between the displacements
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Fig. 1. Two-degree-of-freedom equivalent model for QCM-P sensor [14] (inset: SEM image of micropillars (diameter:12.5 μm, height: 24 μm, and spacing: 33 μm)
coated QCM substrate).
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(x1 and x2) of the QCM and micropillar can be established based on New-
ton's second law as [15]:
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Solving for the resonance frequency (f ) of the coupled system gives

f � 1
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Experimental studies have shown that the Eq. (2) is able to success-
fully predict the frequency response of the system [15]. However, the
mass-spring system model was not able to identify the energy dissipation
or Q-factor during the sensor operation [19�21]. Depending on different
geometries of the micropillars or surrounding fluids such as either liquid
or air, the Q-factor of QCM-P could vary from 102 to 105 or even lower
when the pillar height approach critical height [13,22] which usually
falls below the detection limit (~200) of common frequency counters.
In addition, it is questionable that the hydraulic force was simply treated
as an added mass to the micropillars in the model [19�21]. There is a
need to establish a comprehensive theoretical model to evaluate the
new sensor performance in terms of the frequency shift and Q-factor
responses and obtain a fundamental understanding of the working prin-
ciple of QCM-P sensors operating in air and liquid for further perfor-
mance improvement.

2. Experimental methods

Experimental study was conducted to validate the models developed
for QCM-P sensors operating in air and water. PMMA micropillars with
circular cross section and diameter of 5 μm and heights from 8 μm,
8.48 μm, 8.71 μm, 9.16 μm, 9.40 μm, 10.85 μm, 13 μm to 14.5 μm, and
center-to-center spacing of 16μm were fabricated on the AT-cut quartz
surface (see inset of Fig. 1) using nanoimprint method which has been
described in previous study [13]. Fig. 2 illustrates the typical conduc-
tance curve of micropillar with height of 8 μm in air and in water. For
each micropillar height, the conductance vs. frequency curve

�
Re�1=Z�

vs: f
�
was generated by a network analyzer (HP 8573D, Hewlett-Pack-

ard). Both frequency shift and Q-factor are extracted from the conduc-
tance curves and compared with the model developed in the next
section.

3. Theoretical models

3.1. Equivalent circuit model development of QCM-P device

The Mason circuit model, Butterworth-Van Dyke (BVD) and Krim-
holtz-Leedom-Matthaei (KLM) models are commonly used four-element
or three-port (six terminals) equivalent circuit models for modeling the
performance of QCM resonators [23�29]. The key function of these
2

models is to find the load impedance (ZL) as a function of frequency shift
(Δf ) based on the equivalent circuits of QCM. Fig. 3 depicts the sche-
matic of the elements and load impedance in the KLM equivalent circuit
model [29].

In the KLM model, a mechanical transmission line represents the
wave propagation in the piezoelectric resonator with thickness d. Z1 and
Z2 represent the load impedances acting on the bottom and top surfaces
of the resonator. The impedance of crystal itself is divided into two Z0
representing the quartz characteristic impedance. The v±F;B terms repre-
sent particle velocities inside of the resonator with different traveling
waves propagating directions. The piezoelectric coupling is represented
by a transformer with frequency dependent transformer ratio of ϕ. The
transformer is connected through the electrostatic capacitance C0 and a
reactance X to the electrical terminals of the resonator. V3 and I3 are the
applied voltage and current at the electrical terminals which produce
the resulting acoustic forces F and particle velocities U at the resonator
surfaces [28].

For AT-cut QCM-P sensor, only the top surface is attached to a micro-
pillar layer, therefore, we set Z1 � 0 and Z2 � ZL. The total acoustic
impedance (Za) of the circuit is considered as the sum of two parallel
impedances on the left and right sides of the acoustic transmission line:
ZL1 and ZL2, respectively. The three impedances, Za, ZL1 and ZL2, can be
calculated as

ZL1 � Z0
Z1 � jZ0tan α
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where α is the acoustic phase shift of the QCM-P sensor. As a result, the
total impedance (Z) of the KLM model can be calculated as

Z � 1
jωC0

� jX � 1

ϕ2 Za �6�

where ω is the operating angular frequency, and 1
ϕ2 and X in KLM model

are known as
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where K is the electromechanical coupling factor and C0 is the static
capacitance arising from gold electrodes located on opposite sides of the
QCM sensor. C0 is calculated to be 4.890 pF [28] and K is 8.8% for AT-
cut quartz crystal plate [28].



Fig. 2. The conductance curve of QCM-P with pillar height of 8μm operating in
air and water.

Fig. 3. KLM equivalent circuit of the piezoelectric resonator [29].
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Substituting Eqs. (7) and (8) into (6), we can obtain the total imped-
ance (Z) of the KLM model as [28,30]

Z � 1
jωC0

1 � K2

α

2tan α
2 � j ZLZ0

1 � j ZLZ0 cotα
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where ZL represents the load impedance induced by the micropillar
layer attached on the quartz surface.

3.2. Load impedance of micropillars operating in air

To evaluate the load impendence of micropillar operating in air,
ZL;air, we applies the Newton’s second Law to the differential element of
the micropillar of thickness, dz [31] (see Fig. 4), and obtain

κAG
∂2u
∂z2 dz � ρAdz� � ∂

2u
∂t2 �10�

where u�z� is displacement of the micropillar in the z direction which is
parallel to the pillar height direction, κ is Timoshenko shear coefficient
of the micropillar, A is cross sectional area of the micropillar, G is com-
plex shear modulus of the micropillar material (G � G′ � jG″), G′ and G″

is the real and imaginary parts of the shear modulus of micropillars, and
ρ is the density of the micropillar material. Assuming the micropillar dis-
placement takes a periodic form as

u � u z� �exp iωt� � �11�
Substituting Eq. (11) into Eq. (10) yields

∂2u
∂z2

� λ2u � 0 �12�
Fig. 4. Force analysis of a differential element
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where

λ � ω

ffiffiffiffiffiffiffi
ρ
κG

r
�13�

The top surface of micropillar is free of constraint and the boundary
conditions of a micropillar is given by

κAG
∂u
∂z jz�H � 0 �14�

The base of the micropillar is vibrating with quartz plate, therefore,

ujz�0 � u0 �15�
where u0 is the displacement of top surface of the quartz plate.

Solving Eq. (12) for the displacement of a micropillar with the two
boundary conditions (Eqs. (14) and (15)) gives

u z� � � u0cos λ z �H� �� �
cos λH� � �16�

As a result, the load impedance ZL;air on the surface of the quartz
plate can be calculated as [31]

ZL;air � �bτ 0
v0

� �NκAG ∂u
∂z jz�0

jωu0
� �NκAGλtan λH� �

jω
�17�

where bτ 0 and v0 are shear stress and velocity of QCM’s top surface,
respectively. N is the number of micropillars per meter square (m2) of
QCM surface and H is the height of micropillar.

In addition, a thin residual layer (~2μm) is generated between
micropillars and QCM surface during the nanoimprinting process. The
load impedance induced by the residual layer with thickness of h is
added to the load impedance of micropillar as [32,33]

ZL;air � �NκAGλtan λH� �
jω

� jωρh �18�
of micropillar operating in air and water.
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3.3. Load impedance of micropillars operating in liquid

The load impendence of a micropillar operating in water, ZL;liquid can
be obtained by adding the hydrodynamic loading Fhydro to the LHS of
the Eq. (10) due to the interaction between micropillar and the fluid sur-
rounding the micropillar [20] (see Fig. 4). Therefore,

κAG
∂2u
∂z2

dz � Fhydro � ρAdz� � ∂
2u
∂t2

�19�
The hydrodynamic loading Fhydro is given by

Fhydro � π
4
ρlω

2d2Γ ω� �u z� � �20�
where
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Γ�ω� is a well-known hydrodynamic functions of beams with circular
cross section operating in liquid [20], where Re is the Reynolds number
for flow around micropillars and K0 and K1 are modified Bessel func-
tions of the third kind.

As analytical solution of Eqs. (19)�(21) is challenging, the displace-
ment of micropillar u�z� was solved in MATLAB. Young’s modulus of
PMMA pillar (~5 GPa) was based on the measurement by nanoindenta-
tion for microscale sample [34]. The Euler Bernoulli equation [35] is
used to describe the deflection of beam in water,W �z� as
EI

∂4W z� �
∂z4 � ρpA

∂2W z� �
∂t2 � Fhydro z� � �22�

The micropillar displacement, u�z� can be written as the combination
of the pillar displacement at the base u0 and beam deflectionW �z�
u z� � � u0 �W z� � �23�

Applying modal analysis of beam deflectionW �z� [36] gives
W z� � � ∑

100

n�1
DnWn z� � �24�

where Wn �z� is the modal function given by

Wn z� � � λn cos αnz� � � ch αnz� �� � � sin αnz� � � sh αnz� � �25�
and

λn � � sinαn � shαn� �= cosαn � chαn� � �26�
Fig. 5. The comparison of a) frequency shift and b) Q-factor of micropillars operatin
based model (Eq. (18)).
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and

cosαnchαn � 1 � 0; αn � 1:8751; 4:6941; 7:8548; . . . �27�
Wn �z� can be determined by solving the Euler Bernoulli beam equa-

tion in the mode of free beam oscillation at ω0n [37]

EI
d4Wn z� �

∂z4 � ρpAω
2
0nWn z� � � 0 �28�

Finally, the beam deflection u�z� and u′�0� can be determined and the
load impedance ZL;liquid of the QCM-P operating in water is calculated as

ZL;liquid � �bτ 0
v0

� �NκAG ∂u
∂z jz�0

jωu0
� jωρh �29�

The governing equations to solve u′�0� and the expansion formula of
Eq. (29) in MATLAB are included in the Supplementary Materials.
4. Results and discussion

4.1. QCM-P oscillating in air

The QCM-P devices with micropillar heights ranging from 8 μm to
14.5 μm were operated in air. The complex shear modulus G of the
PMMA used in the equivalent circuit model was obtained from literature
[32]. The results of frequency shift were compared with those predicted
by two-degree-of-freedom model and KLM based QCM-P model as
shown in Fig. 5.

As seen in Fig. 5, the frequency shift of the QCM-P device initially
decreases linearly with increasing pillar height, which is consistent with
the Sauerbrey theory [38]. However, in contrast to a traditional QCM
sensor, a sudden “dip and jump” behavior appears at a critical height,
Hc, due to the coupled resonance of the piezoelectric substrate and the
micropillars. When the micropillar height is less than the critical height,
it acts as an inertial loading, resulting in a negative resonant frequency
shift. When the height approaches Hc, resonance takes place. If the cou-
pled vibration causes a phase shift less than 90°, the vibration of quartz
is damped by the movement of the pillars on its surface, which results in
a dip in the negative frequency shift. When the acoustic phase shift is
near 90°, micropillar�quartz resonance occurs, leading to a positive fre-
quency shift (normalized to the natural frequency) seen as a jump up in
the curve in Fig. 5 (a).

As shown in the Fig. 5, both models predicted the frequency shift of
QCM-P accurately. Results show that a low Q-factor was obtained when
the micropillar height approaches critical height and resonance occurs.
g in air with those predicted by two-degree-of-freedom model (Eq. (2) and KLM



Fig. 6. Hydrodynamic loading on the micropillars (a) real and (b) imaginary components.

Fig. 7. The comparison of a) frequency shift and b) Q-factor of micropillars operating in air and water with those predicted by two-degree-of-freedom model and KLM
based model.
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Vibration systems are known to suffer large energy dissipation near reso-
nance [39]. It is believed that the small deviation of the prediction of
KLM-based model from the measurement is due to the measurement
errors in Young’s modulus and complex shear modulus.

4.2. QCM-P oscillating in water

The same QCM-P devices were operated in water and the electrical
conductance measurement was performed. The real and imaginary com-
ponents of the complex hydrodynamic loading were calculated first and
the typical results are shown in Fig. 6. The hydrodynamic loading
increases with an increase in micropillar height, indicating significant
damping to the micropillar vibration.

Fig. 7 presents the predictions from the two-degree-of-freedom
model and KLM-based QCM-P model for the micropillar operating in
water and air alongside the experimental data.

As seen in Fig. 7, the micropillars exhibit similar trends in frequency
shift and Q-factor when operating in water. However, the critical height
of the micropillar shifts to a lower value. The reason of the decrease in
resonance frequency was that a certain amount of water adhered on the
micropillar due to the viscosity effect of water and vibrating together
with the micropillar. In the other words, there is a net mass increase of
5

micropillars when operating in the water which induces the decrease in
the resonance frequency of the system, described by the real part of
hydrodynamic loading. Another observation is that the Q-factors of the
micropillars operating in water are much lower than those for micropil-
lars operating in air. This is mainly due to the large energy dissipation
caused by the viscous friction of water on the micropillars. It is antici-
pated that the Q-factor of QCM-P could be lower when the QCM-P devi-
ces were used in more viscous body fluids such as blood and saliva.

5. Conclusions

An equivalent-circuit model was developed to predict the Q-factor of
QCM-P operating in air and in water with a combined Newton’s second
law and added mass and damping revision. The model results are in a
good agreement with experimental data. The QCM-P exhibits a much
higher Q-factor when operating in air in comparison with the low Q-fac-
tor (<200) while operating in water. It is believed that the hydrody-
namic loading on the micropillars is the main reason for the low Q-
factor values or high-energy dissipation. Future research will focus on
further improving the equivalent-circuit model by including experimen-
tal measurements of shear modulus (G) for micropillars and designing
other geometries of micropillars.
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