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Abstract
The mechanical behaviour of bamboo is greatly influenced by its transverse proper-
ties, which are not easily measured by experiment. This study develops a framework 
and the computational tools required to evaluate the material and mechanical prop-
erties of bamboo in its full-culm form. A numerical model of bamboo as a trans-
versely isotropic material with functionally graded material properties in the radial 
direction is developed. The random field method was introduced as a means of quan-
tifying the measured uncertainty of bamboo with respect to the mechanical char-
acterisation of its full-culm state. Four increasingly complex approaches to model 
circumferential compression tests of bamboo are presented: a theoretical evaluation 
using Castigliano’s theorem; an orthotropic model neglecting the graded nature of 
the culm wall; and, two models—one discrete and one continuum-based that define 
a transversely isotropic graded material. Output from each model is compared, cali-
brated and validated with experimental results. While the models developed were 
robust, their application has drawn into question the fundamental hypothesis that the 
functionally graded behaviour of bamboo can be captured using the rule of mixtures.

Introduction

Full-culm bamboo—that is, bamboo used in its natural, round form rather than being 
processed into an engineered material—used as a structural load-bearing material is 
receiving considerable attention but has not been widely investigated in a systematic 
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manner. Van Der Lugt et al. (2003) suggested that bamboo, as a fast-growing renew-
able material with a simple production process, is a sustainable alternative to more 
traditional materials like concrete, steel and timber. Despite its availability, sustain-
ability and, in some cases, superior mechanical properties, bamboo is rarely consid-
ered by engineers as a building material. This is largely due to the significant gap 
in data availability and understanding of the material properties and behaviour of 
bamboo; this gap serves as a primary motivation for this study.

The objective of this study is to illustrate a framework and develop the computa-
tional tools required to evaluate the material and mechanical properties of bamboo 
in its full-culm form. The ability to model and extrapolate standard materials tests 
with relatively fine-grain modelling, as conducted here, will permit a better under-
standing of these tests and the application of their derived characteristic properties 
to the design and macro-scale modelling of bamboo structures. This study reports a 
numerical model of bamboo as a transversely isotropic material with functionally 
graded material properties in the radial direction.

Bamboo morphology and microstructure

Bamboo is a functionally graded hierarchical bio-composite (Amada et  al. 1996; 
Ghavami et  al. 2003) comprising three fundamental tissues: epidermis, vascular 
bundles and parenchyma ground tissue. The epidermis is a silica-rich layer compris-
ing the outer wall of the bamboo, which provides environmental protection to the 
plant. The vascular bundles are the longitudinal tissues supporting the culm, and the 
ground parenchyma occupies the rest of the culm section (Habibi and Lu 2014). The 
majority of a bamboo culm section is a composite of vascular bundles embedded in 
a matrix of parenchyma cells (Liese 1998).

The vascular bundles are composed of metaxylem vessels and sheaths of scleren-
chyma fibres. The sclerenchyma fibres are the main longitudinal load-carrying com-
ponent determining the mechanical characteristics of bamboo, and the parenchyma 
tissue takes the role of the composite matrix: providing stability to the fibres and 
transmitting load between them. In the vascular bundle, the vessels transport nutri-
ents and water in the live plant are voids in the material cross section. The macro-
mechanical behaviour of bamboo is most often described as a unidirectional fibre 
reinforced composite material. Its mechanical properties depend on the mechanical 
characteristics of its components, as well as on its microstructural characteristics, 
such as the volume fraction and distribution of sclerenchyma fibres, and the inter-
face properties of the various bamboo components (Shao et al. 2010).

Despite prior study of the effect of fibre volume fraction and gradation on the 
strength of bamboo, results are variable, not well understood, and in some cases 
contradictory (Akinbade et al. 2019). Additionally, most work has been conducted 
on a limited number of bamboo species, requiring extrapolation and judgement to 
extend results to other species or even to the same species harvested in a different 
location. The objective of this study is therefore to develop a framework and the 
computational tools required to evaluate the material and mechanical properties of 
bamboo in its full-culm form. This framework brings together work conducted in the 
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area of bamboo characterisation (Akinbade et al. 2019, 2020; Gauss et al. 2019) to 
develop a correlation with the mechanical properties.

Numeric modelling of bamboo

Bamboo is a transversely anisotropic material with differing properties in the lon-
gitudinal, radial and circumferential directions. Together, radial and circumferential 
properties are often referred to as transverse properties. This is partially because a 
number of experimental studies using small specimens to assess these properties 
have not adequately differentiated between the radial and circumferential orienta-
tions. Due to their dominance, properties in the longitudinal direction have typically 
been the focus of research studies (an extensive review is provided in Akinbade 
2020) and material test methods (ISO 2019). Nonetheless, transverse properties are 
known to be equally (or perhaps more) important to structural behaviour but more 
difficult to obtain. Occasionally, the finite element method (FEM) has been adopted 
to assess transverse mechanical properties although such studies are limited.

Much work in the area of modelling natural materials and natural fibres tends to 
focus on simplified analytical models; that is, using macro-elements that capture the 
bulk behaviour of the material (Amada et al. 1996). This approach is likely appro-
priate when considering engineering structures but may be inadequate when consid-
ering materials test methods—from which material properties are obtained—which 
use small specimens and are influenced by multiple local effects (Richard and Har-
ries 2015; Moran et al. 2017).

Torres et al. (2007) and García et al. (2012) employed transversely isotropic mod-
els to simulate bamboo. In this modelling approach, the transverse plane perpen-
dicular to the longitudinal axis of the culm is considered to be isotropic and the 
mechanical properties in the radial direction are assumed equal to those in the cir-
cumferential direction. This approach neglects the functionally graded nature of 
bamboo in the radial direction.

Santare and Lambros (2000) and Kim and Paulino (2002) developed formulations 
which automatically interpolate mechanical properties within a graded element. 
Santare and Lambros sampled the mechanical properties directly at the integration 
points of the element, while Kim and Paulino adopted a generalised isoparametric 
formulation. Both found that the solution quality was improved based on the same 
mesh density, especially for higher-order graded elements. Assigning spatially vary-
ing properties at integration points by defining properties as a function of tempera-
ture was demonstrated by Rousseau and Tippur (2000). This technique, however, is 
unable to define a nonlinear continuous variation of the elastic properties in most 
FEM codes and does not allow for differences in the gradient profile of different 
properties: Young’s modulus and Poisson’s ratio, for instance.

Silva et  al. (2006) used graded finite elements to capture the varying material 
property distribution through the bamboo culm wall, comparing results from a spa-
tially varying Young’s modulus, an averaged Young’s modulus, and orthotropic 
constitutive properties obtained from homogenisation. It was found that other than 
the homogenisation technique, which requires additional computational effort, the 
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elastic modulus resulting from the other methods provided suitable numerical accu-
racy for capturing the "global" deflection response of a bamboo structure. In addi-
tion, Silva et al. (2006) concluded that to accurately estimate local features in the 
material it is necessary to employ a numerical procedure that accurately models 
material gradients through the culm wall.

Martínez-Pañeda and Gallego (2015) reviewed different methods by which func-
tionally graded materials have being modelled and concluded that the UMAT and 
the USDFLD user subroutines in the ABAQUS (2017) software were most versatile. 
Due to the availability and versatility of the ABAQUS software, it was selected to 
conduct the numerical analysis presented in this study.

Uncertainty in bamboo materials characterisation

As a functionally graded material, bamboo evolves according to the need to resist 
external loads and internal stresses resulting from its natural environment (Amada 
and Untao 2001). Nogata and Takahashi (1995), for instance, showed a variation in 
vascular bundle arrangement and shape of bamboo grown on steep ground. Other 
studies have considered the effects of intentionally shaping bamboo culms (Ghavami 
et al. 2003; Vittouris and Richardson 2011) and the section morphology of [natu-
rally occurring] “square bamboo” (Shigematsu 1958). These studies show marked 
differences in fibre bundle distribution around the perimeter of the artificial or natu-
ral polygonal shaped bamboo, especially at corners. This suggests the importance 
of growth conditions on the volume fraction of fibres and their distribution from the 
mechanical and morphological points of view.

Prior research has shown that age at harvesting is also an important factor when 
considering the strength of bamboo. Sekhar and Bhartari (1960) noted that strength 
of bamboo increases with age as the plant lignifies, peaking at 2.5–4 years (likely 
species and growth condition dependent) and then decreases following maturity 
(reported to be greater than about 6 years). Low et  al. (2006) reported a contrary 
trend, in which modulus of elasticity, strength, and fracture toughness of N. affinis 
were all greater in a one-year-old sample as compared to a matured, five-year-old 
sample. Correal and Arbelaez (2010) found no correlation between age and modu-
lus of elasticity in bending or compression of G. angustifolia. Additionally, bamboo 
strength and modulus is known to increase with height along the culm (Liese 1998; 
Sattar et al. 1990; Correal and Arbelaez 2010; Harries et al. 2017).

Similar to wood, moisture content (MC), in addition to the combination of MC 
and ambient temperature (Gonzalez et al. 2018), affects the properties of bamboo. 
Conventionally normalised at MC = 12%, mechanical properties of bamboo degrade 
significantly with increased MC up to about MC = 30%, a value close to the fibre 
saturation point (FSP) (Janssen 1981; Xu et al. 2014). Like timber, for MC greater 
than the FSP, further degradation of mechanical properties, while apparent, is less 
significant.
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This all serves to highlight the variability of bamboo and the uncertainty associ-
ated with attributing general behaviours or trends to bamboo as a whole. No known 
studies have addressed uncertainty associated with modelling bamboo. This study 
will attempt to address this shortcoming using a random fields approach (Alder and 
Taylor 2010), which has been successfully applied to a number of engineering prob-
lems which exhibit high variability and spatial gradation, including pavement (Caro 
et al. 2014), soils (Kim 2005) and ground water modelling (El-Kadi and Williams 
2000).

Calibration test data

Material properties

ISO 22157 standard circumferential compression tests (ISO 2019) of samples 
of P. nigra were conducted to serve as validation cases for this study. This test 
applies diametric compression across a short (H = 0.2D) full-culm specimen 
(Fig.  1a). Quadrants are designated N–S–E–W, and the load is applied across 
the N–S diameter. The failure mechanism involves the formation of a pair of 
multi-pinned arches resulting from hinges forming at the locations of maximum 
moment around the circumference—the N–S–E–W quadrants—of the culm sec-
tion. From this, the culm wall bending properties are determined. Specifically, the 
culm wall modulus of rupture is a measure of the transverse tension capacity of 
the culm wall and therefore should be correlated with the splitting behaviour. Val-
ues of interest from the test are the apparent bending strength perpendicular to the 
fibres, fm,90, and the corresponding circumferential modulus of elasticity, Em,90. 
Calculation of these values from test parameters is given in Online Resource 1. 
Sharma et  al. (2013) and Moran et  al. (2017) provide detailed descriptions of 
this test method and the derivation of properties determined from it. Tests were 
conducted in a 45 kN-capacity precision gear-driven test frame using a load cell 

(a) Test set-up showing speckle patten used for DIC (b) vertical strain field

range shown: 0.0043 (red) to 
-0.0172 (purple)

(c) vertical displacement

range shown: 2.47 mm (red) 
to 0.38 mm (purple)
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Fig. 1   Circumferential compression test
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having 0.4  N precision. Due to the very small strains involved, tests are run in 
displacement control at a rate of 0.76  mm/min. Full-field strain measurements 
of the culm section using a VIC 3D digital image correlation (DIC) system were 
taken; example strain and vertical displacement images thus obtained are shown 
in Fig.  1b, c, respectively. A summary of the circumferential compression test 
results used in this study is given in Table 1; additional details are found in Akin-
bade (2020). In addition, a larger sample from the same P. nigra culms was tested 
for other material properties also summarised in Table 1 (Akinbade et al. 2019). 
This latter sample will be collectively referred to as PN in this paper.

Fibre volume fraction

Fibre volume fraction, Vf, of the P. nigra samples was determined by image anal-
ysis of each quadrant of the specimen as described in Akinbade et al. (2019). For 
PN, Vf was determined from at least 28 culm wall sections images. The average 
fibre volume fraction in the section and the best-fit variation through the cross 
sections are given in Table 2 in which x = 0 at the inner culm wall and x = 1 at the 
outer culm wall.

Table 1   Full-culm mechanical properties of P. nigra reported in this study (COV provided in parenthe-
ses)

a Data reported in Akinbade et al. (2019)
b Average of maximum (Dmax) and minimum (Dmin) diameters
c Average of four thickness measurements per section
d do = 2(Dmax – Dmin)/(Dmax + Dmin) (ISO 2018)

Parameter Units Sample

PN2 PN3 PN4 PN

Density at MCa = 12%, ρ12 kg/m3 907 (0.02)
MC at test % 9.1 9.3 8.2 14.8
Diameterb, D mm 91.0 90.8 90.5 93.5 (0.03)
Culm wall thicknessc, t mm 8.35 (0.05) 8.40 (0.01) 8.10 (0.04) 6.74 (0.19)
Ovalityd, do 0.09 0.10 0.10 0.08
Specimen length, H mm 17.2 18.2 19.3 –
Applied load at failure, P N 383 561 414 –
Deflection at failure, Δ mm 2.09 3.27 2.07 –
fmC,90, EW MPa − 16.8 − 23.1 − 17.1 –
fmT,90, EW MPa 12.2 11.1 12.5 –
Em,90 MPa 2623 2351 2658 –
Full-cull compression strengtha, fc,0 MPa – – – 45.2 (0.13)
Longitudinal sheara, fv MPa – – – 14.6 (0.16)
Flat ring flexural modulusa, frC MPa – – – 15.6 (0.14)
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Modelling the bamboo culm wall

A suite of finite element models of full-culm bamboo was developed and imple-
mented using ABAQUS (2017). In this work, the models have the objective of 
modelling material test specimen behaviour; specifically, that of the circumfer-
ential compression test described in the previous section. The models, which 
consider non-homogeneous test specimen geometry and capture the functionally 
graded nature of bamboo, are calibrated using full-field strain data obtained using 
DIC. The local Cartesian coordinate system, R (radial), C (circumferential) and 
L (longitudinal), shown in Fig.  2, was adopted using the “material orientation” 
function in ABAQUS.

Table 2   Fibre volume distribution and resulting property distributions through culm wall thickness

Sample Gross
section Vf

 Vf(x) ET(x) (GPa) EL(x) (GPa)

PN2 0.28 1.29x3 − 
1.28x2 + 0.57x + 0.10

21.7x3 − 
23.7x2 + 7.4x + 1.1

43.9x3 − 
43.5x2 + 19.4x + 4.2

PN3 0.27 0.81x3 − 
0.53x2 + 0.28x + 0.10

17.2x3 − 
17.6x2 + 5.3x + 1.1

27.5x3 − 18.0x2 + 9.5x + 4.4

PN4 0.27 1.09x3 − 
0.90x2 + 0.40x + 0.10

24.1x3 − 
25.9x2 + 7.7x + 1.1

37.1x3 − 
30.6x2 + 13.6x + 4.5

PN 0.26 0.94x3 − 
0.63x2 + 0.36x + 0.06

33.0x3 − 
35.7x2 + 10.6x + 0.8

32.0x3 − 
21.4x2 + 12.2x + 3.0

RF1 0.28 1.29x3 − 
1.28x2 + 0.57x + 0.10

14.6x3 − 
11.8x2 + 2.6x + 0.4

43.9x3 − 
43.5x2 + 19.4x + 4.2

RF2 21.1x3 − 
13.5x2 + 4.6x + 2.6

RF3 15.4x3 − 
15.3x2 + 3.9x + 1.7

RF4 8.6x3 − 3.0x2 + 0.1x + 1.2
RF5 2.6x3 + 1.8x2 − 0.9x + 1.5

Fig. 2   Modelling bamboo as a transversely isotropic material
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A naturally isoparametric formulation similar to the one described by Kim and 
Paulino (2002) is implemented using ABAQUS user-defined subroutine UMAT. 
UMAT assigns the material parameters directly at the integration points of each ele-
ment and allows properties to be defined with continuous spatial variation in all direc-
tions. The USDFLD subroutine can also be used to accomplish the same modelling 
objective—yielding essentially identical results—although UMAT was shown to be a 
simpler implementation (Akinbade 2020) and is reported here.

A linear three-dimensional continuum eight-node brick element (C3D8) is used as 
a base element. A reduced integration element (C3D8R) was initially considered, but 
this was found to not fully capture the material strains at the extreme edges of the culm 
wall. A twenty-node quadratic brick element (C3D20) was also tried exhibiting negli-
gible differences in results from the eight-node element. A hexahedral mesh was cho-
sen due to its better convergence over tetrahedral. Mesh size of approximately 0.1t (ten 
elements through the culm wall thickness) was used. Model restraint was provided by 
applying a 0.4t wide fixed boundary condition at the outer face of the lower part of the 
ring (S in Fig. 2a). Additional details of the ABAQUS models are reported by Akin-
bade et al. (2019).

The focus of this study is on capturing material test behaviour prior to failure. No 
failure criteria are applied; rather, the analysis proceeds by assigning a displacement of 
1.5 mm to all nodes within a width of approximately 0.4t located at the outer face of the 
upper part of the culm wall ring (N). This simulates a condition occurring before the 
ultimate capacity of the modelled tests was reached (Δ in Table 1). Measured dimen-
sions of the specimens (Table 1) were used to create each model.

Constitutive equations

For the remainder of this description, the local Cartesian coordinate system, shown 
in Fig. 2a, is adopted. Bamboo is a functionally graded material assumed to be trans-
versely isotropic with varying properties in the radial direction and is assumed to be 
elastic to material failure. In this study, considering the small test specimen dimen-
sion, no variation of material properties is applied in the longitudinal or circumferential 
directions. The elasticity tensor (stiffness matrix) for an orthotropic material requires 
nine independent material constants which is reduced to five for the transversely iso-
tropic case (Bower 2009): EC = ER = ET; υRC = υCR = υT; υLR = υLC = υLT; υRL = υCL = υTL; 
and EL. The Poisson’s ratios are not symmetric but satisfy the condition, υTL/ET = υLT/
EL. The resulting elasticity tensor (Eq. 1) is in format easily adopted to the material 
definitions in the ABAQUS UMAT subroutine:

(1)

� =

⎡
⎢⎢⎢⎢⎢⎢⎣

ET

�
1 − vTLvLT

�
� ET

�
vT + vTLvLT

�
� ET

�
vLT + vTvLT

�
� 0 0 0

⋅ ET

�
1 − vTLvLT

�
� ET

�
vLT + vTvLT

�
� 0 0 0

⋅ ⋅ EL

�
1 − v2

T

�
� 0 0 0

⋅ ⋅ ⋅ GTL 0 0

⋅ symmetric ⋅ ⋅ GTL 0

⋅ ⋅ ⋅ ⋅ ⋅ GT

⎤⎥⎥⎥⎥⎥⎥⎦
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in which φ = (1 − υT
2 − 2υTLυLT − 2υTυTLυLT)−1; GTL = EL/(2 + 2υTL); and 

GT = ET/(2 + 2υT).

Parametric definition and calibration

The values of moduli ETand EL are determined from the rule of mixtures using the 
fibre volume fraction, Vf, and Em and Ef, the moduli of the parenchyma matrix and 
sclerenchyma fibres, respectively (Halpin and Kadros 1976):

where

The value of ξ is an empirical constant fitted to the elasticity solution for a fibre 
geometry and confirmed by experimental data (Halpin and Kadros 1976; Hewitt and 
de Malherbe 1970):

Longitudinal properties are given by the conventional rule of mixtures:

Reported values of both Ef and Em vary (Akinbade 2020). The values Ef = 35 GPa 
and Em = 1.8 GPa, recommended by Janssen (2000), are commonly accepted. Jans-
sen derived these based on longitudinal material properties of bamboo, which are 
dominated by the value of Ef and modelled well using Eq. 5. On the other hand, the 
transverse behaviour considered in this study is very sensitive to the value of Em. 
Using Janssen’s values, an initial modelling campaign indicated predicted behaviour 
that was stiffer than that experimentally observed by a factor of about 1.7. A calibra-
tion was undertaken in which Ef = 35 GPa and Em were calibrated such that the stiff-
ness of the models better matches the experimental data. A value of Em = 1.0 GPa 
was found to be appropriate for the P. nigra material considered and was adopted; 
this value remains in the range of reported values from the literature (Akinbade 
2020).

FE models

FE model complexity is considered using three modelling scenarios in addition to a 
theoretical approach, all described as follows:

(2)ET =
EE

(
1 + �nVf

)
(
1 − nVf

)

(3)n =
(Ef∕Em − 1)

(Ef∕Em + �)

(4)𝜉 =

{
2 Vf ≤ 0.5

2 + 40V10
f

Vf > 0.5

(5)EL = VfEf +
(
1−Vf

)
Em
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Model 1

Model 1 is a theoretical evaluation in which Castigliano’s second theorem (Young 
et al. 2002) for a thin-walled ring subject to diametrically oriented compression 
was applied to the circumferential compression test specimens modelled. The 
equations, presented in Online Resource 1, assume homogenous transverse mate-
rial properties. Model 1 is presented since this is the same approach used to pro-
cess test data. Model 1 is also a hand-calculation validation of Model 2, which 
should yield similar results.

Model 2

Model 2 is an FE model in which cross section orthotropic mechanical properties 
are calculated using the gross section fibre volume fraction (Table 2) and Eqs. 2 
and 5. Resulting constitutive properties (Eq.  1) are given in Online Resource 2 
for the four test specimens described in Table 1. Model 2 is an improvement on 
a homogeneous material as it takes into account the expected material property 
variation of bamboo in different directions but does not capture the graded nature 
of the culm wall. Model 2 is illustrated schematically in Fig. 2b.

Model 3

Model 3 is an FE model in which the culm wall is divided into ten concentric 
annular rings and assigns these average orthotropic mechanical properties based 
on rule of mixtures refined for volume fractions determined for each concentric 
section. This results in distribution of properties through the culm wall thickness 
represented by ten discrete steps as illustrated schematically in Fig. 2c. Constitu-
tive properties (Eq. 1) are given in Online Resource 2 for the four test specimens 
described in Table 1.

Model 4

Model 4 is an FE model, which implements user-defined mechanical properties 
(UMAT) through the culm wall thickness, assigning material parameters directly 
at the integration points of the elements. The cubic representations of EL and ET, 
given in Table 2, are used and, from these, the assumed constitutive equations for 
a transversely isotropic material (Eq. 1) are calculated. The approach assigns and 
updates the stress and strain vectors, and other solution-dependent variables over 
the element volume at the integration points (ABAQUS 2017). The ABAQUS 
UMAT subroutine is used to program a 3D brick graded finite element having a 
smooth variation of elastic properties (Fig. 2d). The UMAT subroutine script is 
given by Akinbade (2020).
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Modelling the circumferential compression tests

To validate the modelling approaches, three individual P. nigra test specimens 
(PN2, PN3 and PN4) and a prototype specimen (PN) based on consolidated data 
from a group of specimens are modelled as summarised in Tables  1 and 2. A 
summary of the FE-predicted and experimentally obtained results is given in 
Table 3. The model was simulated for the deflection Δ = 1.5 mm, which is about 
70% of the maximum displacement reported (Table 1). DIC-obtained strain data 
are available for all specimens except PN.

Similar and expected behaviour was observed in all models with the location 
of the maximum tensile strain at the inner surfaces of the N and S quadrants, 
while the maximum compressive strain occurred at inner surfaces of the E and 
W quadrants. At the E (or W, the models are symmetric) quadrant, the maximum 
compressive strain ranged from − 5000 με in Model 2 and increased in Mod-
els 3 and 4, having similar values of approximately − 6100 με. These values all 
exceeded the DIC-measured values of about − 4500 με. The maximum tensile 
strain at the E quadrant ranged from about 3700 με in Model 2 and decreased to 
similar values of approximately 2700 με in Models 3 and 4—very close to the 
values measured using DIC, which averaged about 2800 με. As shown in Table 3, 
the greater compressive strain and similar tensile strain result in a greater pre-
dicted shift in the neutral axis towards the outer culm wall. Model 2 predicts a 
neutral axis location of 0.52t, Models 3 and 4 predict 0.64t, while the experimen-
tally observed behaviour ranges from 0.50t to 0.56t.

A range of maximum compressive stress at the E quadrant (inner culm wall 
surface; x = 0) is observed with a value of − 12.4  MPa in Model 2 falling to 
approximately − 8.5 MPa in Model 3 and − 7.0 MPa in Model 4. Similarly, the 
maximum tensile stress (outer culm wall surface; x = 1) was 9.1 MPa in Model 
2, increasing to 14.4 MPa in Model 3 and 17 MPa in Model 4. The models were 
calibrated such that the average circumferential moduli of the model and that 
obtained from the experiment were essentially the same. Despite the differences 
in strains and stresses, the average circumferential modulus, Em,90 determined 
from the experiment (Eq. 2) is similar to that determined from the models with 
an error ranging from approximately 2% in Model 1 to 4% in Models 3 and 4, and 
6% in Model 2.

The circumferential strain distributions at the E quadrant of all models are 
shown in Fig.  3. In terms of strain distribution, Model 2 has lower values than 
the experimental data at the inner culm wall and higher values at the outer wall 
although with only a slight shift in the resulting neutral axis location. Essentially 
Model 2 predicts similar behaviour to the experiment but with a ‘steeper’ strain 
gradient. In the present experimental study and those reported in the literature 
(Sharma et al. 2013; Moran et al. 2017), the circumferential strain profiles were 
generally found to shift towards the outer wall. This behaviour was captured in 
the FE models. Models 3 and 4 behave similarly with essentially identical values 
although all strains are shifted towards compression and, as a result, the neutral 
axis location is shifted further towards the outer culm wall. All FE models predict 
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a ‘steeper’ strain gradient than the experimental data. Such behaviour suggests 
the FE model is ‘softer’ in transverse compression and ‘stiffer’ in transverse ten-
sion than the experimental data reveal. This observation would appear to sup-
port modelling bamboo using a bimodular approach: assigning different modu-
lus for tension and compression response as very recently proposed by Lorenzo 
et al. (2020). Nonetheless, the behaviour shown in Fig. 3 is promising and shows 
a relatively good comparison with experimental data after only limited calibra-
tion. The greatest difference between experimental results and the FE models was 
about 1500 με.

Inherent simplification

There are a number of simplifications inherent in the FE models, which are likely 
to contribute to the efficacy of the specimen-specific models used in this validation. 
The specimen FE models are simplified as round hollow cylinders having constant 
wall thickness. The experimental specimens exhibit some degree of ovality (ISO 
2018) and variation in wall thickness as given in Table 1. Both will result in vari-
ation from the ideal FE culm. Similarly, the distribution of fibre volume fraction is 
assumed to be uniform around the entire culm circumference.

Nonetheless, the output from the simulations are relatively close to the values 
reported from the experiments. Model 2 results—which considers the bamboo as 

Fig. 3   Circumferential strain distribution at the E quadrant
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a homogeneous transversely isotropic material—correlate well with Model 1 cal-
culations based on Castigliano’s theorem which serves as the basis for Eq. A.1 
(Online Resource 1) in which Em,90 is equivalent to ET. Similarly, Models 3 and 4, 
which considered the effect of the fibre gradation through the culm wall yielded 
similar results. However, the graded models appear to result in a shift towards 
compression strains and, as a result, a more pronounced shift in the neutral axis 
towards the outer culm wall than was observed in the experiments.

It is also important to note the effect of specimen dimension and distribution 
of the fibre volume fraction through the culm wall. The variations of circum-
ferential stress and strain through the culm wall thickness obtained from Model 
4 are shown in Fig.  4. Since specimens from the same full culm were used for 
PN2, PN3 and PN4, it is expected that the fibre volume fraction, although slightly 
different in each specimen, would be sufficiently similar to have essentially the 
same behaviour under testing. This was confirmed in the experimental tests con-
ducted (Table 1) and is illustrated in Fig. 4. PN, however, is a prototype obtained 
from the average geometry and fibre distributions of multiple P. nigra specimens 
(Table 1). The behaviour of PN differs only marginally from the specimen-spe-
cific data: the ‘slope’ of the circumferential strain profile is shallower (Fig. 4a). A 
notable difference between the three modelled test specimens and the prototypical 
PN model is that PN has a notable thinner wall. The wall thickness ratio, D/t of 
the three PN2-4 specimens is approximately 10.9, whereas that for PN is 13.9. 
Both are ‘thin-walled’—typically defined for tubes as D/t > 10 and proposed for 
bamboo as D/t > 8 (Harries et al. 2017). However, a greater D/t ratio will lead to 
the stress distribution at the E or W quadrant being proportionally more domi-
nated by the culm wall flexural response than the compression stress also pass-
ing through the section at this location—these are the first and second terms, 
respectively, of Eq. A.5 (Online Resource 1). Figure 4b shows a similarity in the 
stress profiles of the PN2-4 specimens with the prototypical PN specimen varying 
slightly in the compressive region near the inner wall face. Using the PN speci-
men without experimental verification has shown that the procedure reported in 
this study can be used to predict full-culm bamboo test specimen behaviour with 
reasonable reliability.

Fig. 4   Circumferential behaviour at the E quadrant predicted using Model 4
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Sensitivity analysis of parameters

The reasonable predictive capacity of the closed form solutions of Model 1 per-
mits a rapid assessment of the sensitivity of results to various input parameters. 
Using the PN model, the following geometric and material properties were each 
varied ± 20% (a typical coefficient of variation observed for bamboo material 
properties) to investigate model sensitivity: diameter D, culm wall thickness t, 
specimen length H, shear modulus GT, transverse modulus ET, and longitudi-
nal modulus EL. This sensitivity analysis was carried out using the equations of 
Model 1 except for EL where Model 2 was used. The results are shown in Fig. 5 
as normalised values representing the stiffness at a displacement of 1.5 mm plot-
ted against the variation of each parameter.

Specimen stiffness is most sensitive to a change in culm wall thickness, t, vary-
ing essentially in proportion to t3 (that is, in proportion the moment of inertia of 
the wall section t x H). Specimen stiffness increases 80% with a 20% increase in 
wall thickness and decreases 50% as the thickness decreases by 20%. Similarly, 
specimen stiffness varies in an approximately inverse proportional relationship 
to 1/D3. This results in a 44% decrease in stiffness as the diameter increases by 
20% and a 105% increase in stiffness as the diameter is reduced by 20%. Both 
ET and H exhibit linearly proportional impacts on culm stiffness. The effect of 
EL was minimal with a maximum of 2% change in stiffness for a 20% increase 
or decrease in EL. GT had no effect on the stiffness of the specimen over the 20% 
variation considered. The behaviour again illustrates the importance of wall slen-
derness, D/t, to culm behaviour. All other parameters being equal, a constant 
value of D/t results in the same stiffness. It is noted that fundamental behaviour is 
expected to change as the culm dimensions transition from thin- to thick-walled at 
around D/t = 8 to 10.

Fig. 5   Sensitivity of circumferential compression test stiffness to bamboo material properties
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Random field variables

As the objective of the present modelling approach is to facilitate the ability to 
model materials test results and extrapolate these, the inherent uncertainty asso-
ciated with bamboo properties must also be captured. In this study, ET, which 
is hypothesised to be a function of the fibre volume fraction, Vf, and therefore 
varies radially through the bamboo culm wall, is selected. For the random fields 
approach, the mean value, covariance and spatial dependency (i.e. correlation 
length of the random field) of ET, determined from empirical formulae and image 
analysis, are required. The covariance matrix decomposition technique adopted to 
generate the random field of ET is defined as:

where ET,rand is the vector containing the values of ET for the discretised space con-
sidered; N is a vector of normally distributed random values between 0 and 1 (i.e., 
N[0,1]); and ET,mean is the vector of mean experimentally measured ET for the dis-
cretised space. C is the autocorrelation matrix obtained from the covariance matrix 
of the random field A = CCT. The Cholesky decomposition matrix technique (Agar-
wal and Mehra 2014) can be applied to obtain C from A. The technique is used to 
decompose the matrix A, which must be symmetric and positive-definite, into an 
upper and lower triangular matrix of which C is the lower. The covariance matrix, 
A, contains information of both the standard deviation, σ, and spatial correlation, 
ρi,j, of ET and is defined as:

where ρi,j = autocorrelation function between each couple of spatial points i and j.
Based on the regression function of Vf given in Table  2, the spatial correla-

tion of ET is also assumed to be adequately characterised by the cubic correlation 
function, the isotropic form of which is (Abrahamsen 1997):

where Lr = t is the correlation distance in the radial direction, taken as the culm wall 
thickness (Akinbade 2020), and dij

r is the radial component of the distance between 
points i and j. The correlation function would include different correlation distances 
for each direction if an anisotropic random field was being generated. This is use-
ful for a material such as bamboo in which property distributions are known to be 
highly anisotropic. In this study, however, the variation of properties in the longi-
tudinal direction is not considered due to the relatively short length of the material 
test specimens being modelled (H) and the transverse distribution is assumed to be 
radially symmetric.

The foregoing technique is based on the assumption that the spatial correla-
tion can be adequately characterised by the selected correlation function and that 
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the parameter of interest follows a Gaussian distribution. In a recent study which 
included image analysis of over 3500 culm wall sections, the statistical distribu-
tion of both Vf and parameters describing its distribution through the culm wall 
thickness were confirmed (with 95% confidence) to be Gaussian (Akinbade et al. 
2020).

Implementation into FE study

To illustrate the impact of material variability, Models 2 and 4 of sample PN2 were 
re-run using five random field generated values of ET. The resulting distributions of 
ET, denoted RF1 to RF5, are shown in Fig. 6 and the corresponding cubic functions 
for ET are given in Table 2. The results of the analysis are given in Table 4; both the 
experimental and previously reported PN2 (Table  3) results are repeated for clar-
ity. Circumferential strain distributions resulting from Model 4 are shown in Fig. 7. 

Fig. 6   Random distributions of ET based on PN2

Fig. 7   Circumferential behaviour at the E quadrant predicted using Model 4 and randomly generated ET
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Similar to the results presented previously, changes in stresses, strains and circum-
ferential moduli were exhibited for each randomly generated value of ET. Each ran-
domly generated polynomial representation of ET (Fig. 6 and Table 2) is reviewed 
with its corresponding result to better explain the predicted behaviour; all data are 
compared to that obtained for PN2.

Because the model deformation is constant (Δ = 1.5 mm) and Model 2 is trans-
versely isotropic, Model 2 strains are not expected to vary from those of PN2, while 
stresses are proportional to ET; this is shown in Table 5, which summarises the dif-
ferences from the PN2 baseline for the five random cases modelled. Model 4, how-
ever, captures the effects of varying distribution of ET.

RF1 exhibits a lower value of ET at the inner culm wall extending across most 
of the culm wall and then projects to a marginally higher value towards the outer 
culm wall (Fig. 6). As a result of the lower average modulus (66% of that of PN2 as 
shown in Table 5), a lower force is required to achieve Δ = 1.5 mm. Because of the 
softer response across most of the culm wall, a shift in strains towards compression 
is observed (Fig. 6) resulting in a significant shift of the neutral axis to 0.75t. Con-
sistent observations were made for the RF2 case that has relatively higher modulus 
values across the culm wall (140% of that of PN2). In this case, a stiffer compressive 
response is predicted resulting in a shift in the strains towards tension and the neu-
tral axis shifting back towards the centre of the wall (0.57t).

RF5 is also interesting in that ET is lower at the inner culm compressive region 
and higher at the outer culm wall tensile region. This distribution results in a steeper 
gradient across the culm wall although a similar average modulus to the PN2 base-
line case. Despite the deviation in gradient, because the average strain was similar, 
the predicted strains are close to those of PN2 (Fig. 6). The local stresses are then 
proportional to the modulus. RF3 and RF4 had very little variation from PN2 in 
terms of input and model results. Table 5 summarises the ratios of results from the 
RF cases to those of PN2, all modelled using Model 4. As expected, strains are pro-
portional, and stresses are inversely proportional to modulus. As seen in Table 5, the 
effect of variation through the culm wall can significantly affect the ratios observed 
although expected proportionalities are maintained.

Conclusion

The objective of this study was to illustrate a framework and develop the compu-
tational tools required to evaluate the material and mechanical properties of bam-
boo in its full-culm form. The ability to model and extrapolate standard materials 
tests with relatively fine-grain modelling will permit a better understanding of these 
tests and the application of their derived characteristic properties to the design and 
macro-scale modelling of bamboo structures. This study reports a numerical model 
of bamboo as a transversely isotropic material with functionally graded material 
properties in the radial direction. The modelling approach demonstrated is intended 
to provide a tool to expand the understanding of bamboo behaviour by providing 
a virtual means of augmenting materials test data. Through such an approach, for 
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instance, hypotheses of damage propagation and failure criteria for bamboo can be 
tested across a range of parameters including different bamboo species.

Four increasingly complex approaches to model circumferential compression 
tests of bamboo were presented. Model 1 is a theoretical evaluation using Castigli-
ano’s theorem. Model 2 assigns orthotropic mechanical properties of bamboo in a 
FE model without capturing the graded nature of the culm wall. Model 3 captures 
the transverse distribution of properties by assigning average orthotropic mechanical 
properties to a culm wall divided into ten concentric annular ring sections. Finally, 
Model 4 uses the ABAQUS UMAT subroutine to define a transversely isotropic 
graded material with properties assigned at integration points of each element. Out-
put from each model is compared, calibrated and validated with DIC and experi-
mental results.

Despite the complexity of the models, a simple calibration with limited experi-
mental data served to establish a robust model. In this case, transverse elastic modu-
lus—calculated from the rule of mixtures (Eq. 2)—was calibrated from results of 
three circumferential compression tests of P. nigra bamboo. Fibre and matrix moduli 
were estimated to be Ef = 35 GPa and Em = 1 GPa, respectively. Using these values, 
representative fibre volume fraction (Vf) distribution established from simple image 
analysis, and average geometry, predicted behaviour of a representative prototype 
test sample (PN) was predicted. The following observations were made:

1.	 All models represented experimentally observed bamboo behaviour reasonably 
well although there was a universally observed shift towards compression strains 
at the inner regions of the culm wall thickness while tension strains were well 
predicted. This resulted in the models exhibiting a “steeper” strain gradient and 
an outward shift in the predicted location of the neutral axis compared to that 
observed in experiments. This global observation supports the adoption of a 
bimodulus approach to modelling bamboo as has recently been proposed by Lor-
enzo et al. (2020).

2.	 Models 1 and 2, based on average material properties without considering a 
gradient, captured experimental data better than the more complex FE models. 
This observation, however, needs to be understood in context. All models were 
calibrated to average values of ET. The FE models then distributed the modulus 
using the rule of mixtures maintaining the calculated average value. The fact 
that the FE models predicted gross section behaviour relatively well but failed 
to capture observed local effects calls into question the assumptions involved in 
distributing the graded material properties using the rule of mixtures based on 
measured fibre volume fraction.

3.	 Each of Models 3 and 4 performed equally well. Model 3 is a ‘brute force’ 
approach ill suited to a robust modelling campaign although useful in validating 
the numerically more complex Model 4 which is recommended for adoption for 
further numerical studies of effects of the functionally graded nature of bamboo 
culms on standard materials test results.

4.	 The sensitivity of results to the individual input parameters from the geometry 
and material properties was considered. It was found that the culm wall thickness 
impacts specimen stiffness proportionally to t3 (the moment of inertia of the culm 
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wall) and the diameter impacts stiffness proportionally to 1/D3. Thus, all other 
parameters being equal, a constant value of D/t results in the same stiffness. ET 
and H affected stiffness in a linearly proportional manner while EL and G had 
essentially no effect on the predicted test specimen stiffness.

Observations 2 and 4 indicate that simple orthotropic section models (Model 2) 
are sufficiently robust to capture the macro-scale behaviour of the bamboo culm 
and indeed could be normalised using the ratio D/t to provide even greater utility 
in modelling full-culm bamboo elements and structures. A more rigorous under-
standing of materials test data, damage propagation and failure criteria, however, 
is believed to require capturing the functionally graded behaviour of bamboo that 
is made possible using the approach of Model 4.

The random field method was introduced as a means of quantifying the meas-
ured uncertainty of bamboo with respect to the mechanical characterisation of 
its full-culm state. An example of the implementation of the covariance matrix 
decomposition technique was illustrated with radially oriented elastic modulus ET 
as the randomised parameter. The following additional observations were made:

5.	 A cubic correlation function was found to adequately characterise the spatial 
correlation function of ET and a correlation distance equal to the bamboo wall 
thickness, t, was found to be appropriate.

6.	 The modelling procedure was repeated to demonstrate the random field methodol-
ogy and to investigate the effect of uncertainty on bamboo transverse behaviour. 
As expected, it is observed that strains are proportional, and stresses are inversely 
proportional to modulus. The effect of variation through the culm wall can sig-
nificantly affect the prediction of experimental results although the same expected 
proportionalities are maintained.

The primary conclusion of this study is that the transverse mechanical behav-
iour of bamboo is greatly influenced by its transverse properties, which are not 
easily measured by experiment. The random field technique applying the rule of 
mixtures was proposed to address this deficiency. While the models developed 
were robust, their application has drawn into question the fundamental hypothesis 
that the functionally graded behaviour of bamboo can be captured using the rule 
of mixtures. The modelling approach presented provides a vehicle to explore this 
hypothesis.
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