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Abstract—Scalability of today’s superconducting quantum
computers is limited due to the huge costs of generating/routing
microwave control pulses per qubit from room temperature. One
active research area in both industry and academia is to push
the classical controllers to the dilution refrigerator in order to
increase the scalability of quantum computers. Superconducting
Single Flux Quantum (SFQ) is a classical logic technology
with low power consumption and ultra-high speed, and thus
is a promising candidate for in-fridge classical controllers with
maximized scalability. Prior work has demonstrated high-fidelity
SFQ-based single-qubit gates. However, little research has been
done on SFQ-based multi-qubit gates, which are necessary to
realize SFQ-based universal quantum computing.

In this paper, we present the first thorough analysis of
SFQ-based two-qubit gates. Our observations show that SFQ-
based two-qubit gates tend to have high leakage to qubit non-
computational subspace, which presents severe design challenges.
We show that despite these challenges, we can realize gates with
high fidelity by carefully designing optimal control methods and
qubit architectures. We develop optimal control methods that
suppress leakage, and also investigate various qubit architectures
that reduce the leakage. After carefully engineering our SFQ-
friendly quantum system, we show that it can achieve similar
gate fidelity and gate time to microwave-based quantum systems.
The promising results of this paper show that (1) SFQ-based
universal quantum computation is both feasible and effective; and
(2) SFQ is a promising approach in designing classical controller
for quantum machines because it can increase the scalability
while preserving gate fidelity and performance.

Index Terms—SFQ-based quantum gate, Quantum optimal
control, Scalable quantum computer, Cryogenic electronic

I. INTRODUCTION

A great milestone in quantum computing is the recent

development of quantum computer prototypes thanks to great

efforts in industry and academia. Superconducting quantum

computing is one of the most promising technologies to realize

a quantum computer, having been used to realize prototypes

with <100 qubits [1], [2], [5], [7], [12], [23]. These prototypes

rely on sending analog microwave signals per qubit from a

classical controller at room temperature to the quantum chip

inside a dilution refrigerator in order to perform quantum oper-

ations. Unfortunately, this scheme introduces severe scalability
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challenges due to high costs of electronics that are used to

generate the microwave signals at room temperature, as well

as heat dissipation inside the dilution refrigerator caused by

routing the high-bandwidth signals to the quantum chip [10],

[13], [16]. Thus, design decisions must be made to address the

scalability challenges of today’s quantum computer prototypes

and realize large-scale quantum computers, which are essential

in running many quantum algorithms and performing quantum

error correction.

One active research area in industry and academia is

designing in-fridge classical controllers, which increase the

scalability of quantum machines by generating and routing

the control signals locally. Due to maturity of CMOS logic,

Cryo-CMOS is one attractive logic technology to build in-

fridge controllers. Prior work has demonstrated Cryo-CMOS

controller prototypes that generate microwave control pulses

inside the dilution refrigerator, and can scale to hundreds of

qubits given the power budget of dilution refrigerators [24].

Meanwhile, Superconducting Single Flux Quantum (SFQ) is

proposed as an alternative logic technology in the literature.

SFQ logic is less mature than CMOS but can maximize the

scalability of in-fridge controllers due to its very low power

consumption and ultra-high speed [10], [13], [14], [16].

SFQ-based controllers can perform quantum operations by

generating a train of SFQ pulses (instead of microwave con-

trol waveforms) inside the dilution refrigerator and applying

them directly to the qubits [13], [14]. Previous work has

demonstrated high-fidelity single-qubit gates with low leakage

to the non-computational subspace using SFQ pulses [10],

[13]. Prior work also demonstrated SQF-based two-qubit gates

considering a model which takes into account only the first two

energy levels of the qubits (i.e., qubit computational subspace)

[3]. However, there is a lack of a detailed analysis in the

literature on high-fidelity SFQ-based two-qubit gates which

takes into account leakage to the non-computational subspace.

A key unanswered question is: are SFQ-based two-qubit gates

with high fidelity and low leakage feasible and effective? In

this paper, we present the first thorough study on SFQ-based

two-qubit gates, and demonstrate that we can realize them

with high fidelity and low leakage by carefully designing our

quantum optimal control method and qubit architecture.

We first demonstrate that it is essential to take higher energy

levels of the qubits into consideration in our optimal control

method. Similar study has been done in the literature on



SFQ-based single-qubit gates [14] where the authors show

that taking into account the first three lowest energy levels

(i.e., the qubit computational subspace and one higher energy

level) in the optimal control method is sufficient to find high-

fidelity gates with low leakage to higher energy levels. In

this paper, we show that two-qubit gates have much higher

tendency to leak to higher energy levels, thus it is challenging

to find high-fidelity gates even if we take into account up

to five energy levels in our optimal control method. Thus,

we must take further steps by developing SFQ-based optimal

control methods to suppress leakage and investigating qubit

architectures and configurations that reduce leakage.

We first study transmon qubit devices with Ωx control fields,

which are widely used in both SFQ-based and microwave-

based systems [3], [11], [13]. We show that we can realize

high-fidelity SFQ-based two-qubit gates with low leakage

to higher energy levels. We then investigate two possible

extensions of this design in order to reduce the gate time while

keeping the leakage low: (1) the addition of σz SFQ control

pulses implemented via frequency-tunable split-transmon de-

vices; and (2) the use of SFQ control pulses in combination

with high-anharmonicity fluxonium qubits.

Finally, we compare our SFQ-friendly quantum system

with microwave-based quantum systems, and show that we

can achieve similar gate fidelity and gate time using SFQ.

This shows that SFQ is a promising approach to implement

classical controllers for quantum computers because it can

maximize the scalability of quantum computers due to the

unique characteristics of SFQ logic, while delivering similar

fidelity and performance to that of state-of-the-art microwave-

based systems.

To summarize, our key contributions are as follows:

• We present the first study of SFQ-based two-qubit gates

that takes into consideration the leakage to higher energy

levels.

• We identify and discuss the main challenge in realizing

high-fidelity SFQ-based two-qubit gates, which is high

leakage to non-computational qubit subspace.

• We develop optimal control methods that suppress the

population of higher energy levels in two-qubit gates.

• We study various qubit architectures and configurations

in an attempt to engineer a quantum system with low

leakage.

• We engineer an SFQ-friendly quantum system, and

show that it can achieve similar gate fidelity as that of

microwave-based system – a promising result.

The rest of the paper is organized as follows. Sec. II presents

a background on qubit architectures and configurations, quan-

tum optimal control and SFQ-based gates, followed by a

discussion on the motivation of our paper. Sec. III presents

our methodology and the results of our detailed study on

SFQ-based two-qubit gates, followed by a comparison with

microwave-based two-qubit gates. Finally, Sec. IV concludes

the paper.

II. BACKGROUND AND MOTIVATION

Here we provide details of the physical systems we are

targeting in order to distill the basic toolbox of quantum opera-

tions available to us for implementing high-performance SFQ-

based quantum gates. We motivate our analysis by describing

the challenges of implementing high-fidelity gates on realistic

quantum systems, the existing strategies for overcoming them

on systems with analog control, and prior work on SFQ-based

gates aiming to do the same.

A. Physical system

The evolution of a quantum system is governed by its

Hamiltonian. For universal quantum computation, we require

that the system provide (1) well-defined qubits, or separable

two-level quantum subsystems which can be independently

initialized and measured; (2) a mechanism for generating

entanglement between these qubits; and (3) a method for pre-

cisely controlling the system’s evolution [4]. For the purposes

of this investigation, we consider pairs of statically-coupled

superconducting qubits, with the overall system Hamiltonian,

Ĥ =
∑

q

Ĥq +
∑

q

Ĥq,d(t) + Ĥqq, (1)

where Ĥq are the static Hamiltonian of each qubit, Ĥq,d are the

contributions of the time-dependent control signals applied to

each qubit, and Ĥqq is contributed by the inter-qubit coupling

(and therefore is responsible for entanglement generation). In

the following, we express each of these terms for various

hardware configurations in terms of the conjugate flux and

charge number quantum operators φ̂ and n̂, where [n̂, φ̂] = i.
1) Transmons: The superconducting transmon qubit com-

prises a Josephson junction (JJ) shunted to ground with a

capacitor in order to minimize its sensitivity to charge noise

[8], [20]. The transmon Hamiltonian can be written as [9],

Ĥq = 4EC n̂
2 − EJ cos φ̂, (2)

where EC = e2/2Cq indicates the capacitive energy (with

Cq including both the shunt capacitance and that of the JJ),

EJ = IcΦ0/2π is the Josephson energy of a transmon with

critical current Ic, and Φ0 is the magnetic flux quantum.

The spectrum of the single-transmon system can be found

by diagonalizing Eq. (2). For EC ≪ EJ the transmon

Hamiltonian can be expanded in the SHO Fock state basis,

Ĥq ≈ ω01â
†â+

α

2
â†â(â†â− 1), (3)

where ω01 =
√
8EJEC − EC is the qubit’s oscillation

frequency (that is, the energy gap between the ground and first

excited state), α = ω12 − ω01 = −EC is its anharmonicity,

and we have made the substitution,

n̂ = 4
√

EJ/32EC

(

â+ â†
)

, φ̂ = i 4
√

2EC/EJ

(

â− â†
)

,
(4)

using the standard creation (annihilation) operators â† (â).

Typical transmon qubits are configured with oscillation fre-

quencies ω01/2π between 3 and 6 GHz and anharmonicity



α/2π between 100 and 300 MHz [9]. The nonzero anhar-

monicity makes it possible to isolate and address the system’s

{|0〉 , |1〉} subspace, providing the required well-defined two-

level qubit.

2) Frequency-tunable transmons: The single-JJ transmon’s

oscillation frequency is fixed by its hardware components. We

can instead construct a frequency-tunable transmon by splitting

its single JJ into a pair of parallel junctions (dc-SQUID) and

driving an external magnetic flux ϕe through the enclosed

loop. In this case the junction energy EJ in Eq. (2) is replaced

with the flux-dependent effective energy [9],

E′
J =

√

(EJ1 + EJ2)2 cos2 ϕe + |EJ1 − EJ2|2 sin2 ϕe, (5)

where EJ1,2 are the Josephson energies of the respective JJs

and ϕe is the applied flux in units of Φ0/π. The applied flux

can then be used to tune the qubit’s oscillation frequency, or

equivalently implement z-axis rotations of the qubit.

For multi-qubit systems, flux control has also been em-

ployed to implement two-qubit gates by inducing resonant os-

cillations between multi-qubit states. For example, by bringing

the qubit frequencies together, coherent oscillations between

the |01〉 and |10〉 state will generate the iSWAP (or
√

iSWAP)

gate, whereas a CZ gate can be implemented using the

resonance between the |11〉 and |02〉 (or |20〉) states. The

latter case takes advantage of the higher energy levels of the

transmon system, allowing the quantum state to temporarily

leave the two-level qubit subspace during the execution of

the gate. Frequency-tunable transmons enable fast resonant

two-qubit operations while decreasing crosstalk by allowing

noninteracting qubits to be “parked” at well-separated oscil-

lation frequencies. This tunability comes at the cost of added

complexity and sensitivity to magnetic flux noise.

3) Fluxonium: Though the transmon’s nonzero anhar-

monicity makes it possible to target the two-level (qubit)

subspace for quantum computation, its weakness relative to

the oscillation frequency makes it prone to leakage to higher

level states. Alternative qubit technologies such as fluxonium

[15] have been shown to increase anharmonicity with minimal

cost in terms of noise sensitivity. The fluxonium qubit is

constructed similarly to the transmon, but with an additional

inductive shunt to ground implemented using an array of

Josephson junctions connected in series. The resulting Hamil-

tonian is written as [9],

Ĥq = 4EC n̂
2 + ELφ̂

2 − EJ cos
(

φ̂+ ϕe

)

, (6)

where EL ≪ EJ is the inductive energy of the junction array

and ϕe is an external magnetic flux through the qubit loop.

Fluxonium’s sensitivity to flux noise is minimized at ϕe = 0
and ϕe = π, where symmetry ensures that the energy

dependence on ϕe vanishes to first order. In the latter case,

the qubit’s oscillation frequency ω01 is significantly reduced

relative to that of the subsequent transition (ω12), resulting in

large, positive anharmonicity. It is less trivial to approximate

the fluxonium spectrum analytically; instead we diagonalize

Eq. (6) numerically to determine the computational basis states

and energy spectrum of our system. With typical hardware

configurations, fluxonium qubits at ϕe = π have ω01 ∼ 1
GHz, while ω12 is 2-5 times larger. For remainder of this

paper, we assume that fluxonium is operating with a ϕe = π
static bias flux.

4) Coupling: We focus on systems with static coupling

between qubits, such that the interaction Hamiltonian Hqq

is constant and uncontrollable (as opposed to, for example,

tunable coupling systems [1] which allow the interaction to be

switched on and off on-demand but which would complicate

the implementation of an SFQ-based controller). For super-

conducting qubits coupled via a capacitance Cqq , the coupling

Hamiltonian in Eq. (1) is,

Ĥqq = gqqn̂q0 n̂q1 , (7)

where gqq = 4e2Cqq/Cq0Cq1 quantifies the coupling strength.

Expressing Eq. (9) in the energy-basis rest frame of the

undriven qubit, the dominant matrix elements of the coupling

Hamiltonian (after the rotating wave approximation) are,

Ĥrf
qq (t) = J

∑

k

c
(0)
k−1,kc

(1)
l,l−1e

i(ω
(0)
k,k−1−ω

(1)
l−1,l)t

×
(

|k, l − 1〉〈k − 1, l|+ h.c..
)

, (8)

where J is a normalized coupling constant, and ck,k−1 =
ck−1,k ≈

√
k/2 for transmons whereas for fluxonium can be

computed numerically by diagonalizing each qubit’s Hamilto-

nian (Eq. (6)). Though this interaction cannot be disabled, the

effective coupling strength between qubits is inversely propor-

tional to the separation between their oscillation frequencies

due to destructive interference caused by time-averaging the

rotating phase in Eq. (8). We can therefore preserve the

independence of the qubits by designing the system such that

the parking frequencies of coupled qubits are well separated.

5) Drive: The most common architecture for manipulat-

ing statically-coupled qubits is to apply microwave control

signals directly to the qubits via a coupling capacitor. Given

a time-dependent voltage source Vd(t), the microwave drive

Hamiltonian is,

Ĥq,d = Vd(t)
2eCd

Cd + Cq

n̂, (9)

where Cd is the capacitance of the coupling capacitor. Ex-

pressed in the rest frame of the qubit and assuming a mi-

crowave drive Vd(t) = Ωx(t)V0 cosωdt (where Ωx(t) is the

normalized pulse envelope and V0 absorbs the details of the

qubit and drive hardware),

Hrf
d (t) = Ωx(t)

∑

k

ck+1,ke
i(ωk,k+1−ωd)t |k + 1〉〈k|+ h.c..

(10)

The time-dependent phases in Eq. (10) allow us to selectively

drive a given transition while others are suppressed by the

time-dependent phase. For example, continuously driving with

ωd = ω01 will drive Rabi oscillations in the qubit subspace

while the qubit’s nonzero anharmonicity ω12 − ω01 = α will

suppress the |1〉 ↔ |2〉 transition. However, in order to have







TABLE I: The parameters used in the genetic algorithm.

Population size 70

Selection size 60

Mutation probability 0.001

Maximum number of iterations 200,000

Target fidelity 0.999

SFQ-based two-qubit gate we find with a genetic algorithm

when modeling the quantum system using n energy levels.

We then simulate the learned bitstream using a model that

allows for evolution to higher energy levels, and report the

leakage (Eq. (17)) of the resulting gate.

We can easily find SFQ-based two-qubit gates with 0.999

fidelity with n = 2 (consistent with prior work [3]). However,

we find that the learned SFQ pulse train results in a gate

with high leakage when allowed to evolve out of the two-level

subspace. This is an expected result—prior work has shown

that we need to consider n = 3 to find low-leakage single-

qubit gates [14]. What is more surprising is that, as shown

in Fig. 2, the genetic algorithm cannot find SFQ-based two-

qubit gates with low leakage even with n = 5. Instead, even

when we learn bitstreams using n = 5, if we simulate the

same bitstreams on a system with more than n energy levels,

the resulting quantum evolution will leak into the additional

levels, resulting in a gate with both poor accuracy and high

leakage. Thus, unlike the single-qubit gate case, taking the

higher energy level into consideration alone is not sufficient.

In this paper, we characterize the requirements of realizing

high-fidelity SFQ-based two-qubit gates. We develop quantum

optimal control methods, and also investigate various qubit

architectures and configurations in an attempt to engineer an

SFQ-friendly quantum system that can perform high-fidelity

two-qubit gates.

III. DETAILED STUDY OF SFQ-BASED TWO-QUBIT GATES

In this section we first discuss our methodology, followed

by the results of our study on SFQ-based two-qubit gates

under various qubit architectures and configurations. Then, we

compare our results with that of microwave-based quantum

systems.

A. Methodology

We model SFQ-based quantum operations by numerically

integrating the relevant system Hamiltonian (Eq. (1)) over

a single SFQ clock cycle for each possible combination of

input pulses. The learning algorithm then searches for pulse

streams corresponding to optimal sequences of these basis

operations. In order to avoid sequences which would spill into

higher levels if made available (as described in Sec. II-E),

we generate each unitary evolution using extra energy levels,

and then project out the extra levels after each pulse in the

sequence. The resulting non-unitarity of the evolution then gets

quantified by our fidelity metrics as additional leakage, forcing

the algorithm to prioritize sequences which are constrained to

the given number of energy levels.

We use a variant of the genetic algorithm used in prior work

[3] to find a train of SFQ pulses to perform quantum gates. The

parameters of the genetic algorithm is summarized in Table

I. The genetic algorithm starts with a population of random

SFQ pulse trains, and in each iteration, a number of parent

pulse trains from the population are selected for generating

new pulse trains based on a crossover function. Finally, if the

fidelity is improved in the new SFQ pulse trains, they are

replaced with the worst SFQ pulse trains in the population.

We use a variant of the GRAPE code used in [11] to find

microwave pulses to perform quantum gates. We use the cost

functions presented in [11] in order to suppress the occupation

of forbidden states. Similar to the SFQ case, we set the target

gate fidelity to 0.999.

B. Entangling SFQ-based two-qubit gates on transmon qubit

devices

In this section, we present the results of our analysis

on transmon qubit devices. Similar to [11], we use qubit

frequencies of ω
(0)
01 /2π = 3.9 and ω

(1)
01 /2π = 3.5 GHz,

anharmonicity of α/2π = −225 MHz, and n = 5 in our

study on transmons. We report the results for coupling strength

of J/2π = 50 MHz in our main results and then perform

a sensitivity analysis on the coupling strength. Note that we

show the results for transmon with Ωx control fields and

transmon with Ωz control fields separately in order to study

the effectiveness of each control field on realizing entangling

two-qubit gates.

1) CZ gate on transmon qubits with Ωx control fields:

Fig. 3(a) and 3(b) respectively show the error and leakage of

the best SFQ pulse train found using the genetic algorithm to

perform a CZ gate on transmons with Ωx control fields. The

leakage to higher energy levels is suppressed by the physical

model employed in our optimal control method (as described

in Sec. III-A). The error numbers reported in this plot take

leakage to higher energy levels into consideration, thus, low

error translates into low leakage as shown in Fig. 3. We run

the genetic algorithm with the two fidelity functions described

in Sec. II-C (denoting subspace-averaged gate fidelity as fid1

and Z-independent gate fidelity as fid2), two tip angles of 0.003

and 0.03 (similar to the numbers reported in the literature [3],

[13]), and three gate times of 10 ns, 20 ns, and 40 ns. Fig.

4 shows an example of the SFQ bitstreams that are learned

using the genetic algorithm.

Our results show that it is hard to find high-fidelity CZ gates

while suppressing the leakage to higher energy levels using the

0.03 tip angle with either fidelity function. By decreasing the

tip angle to 0.003, we are able to realize a CZ gate with 0.999

fidelity and 40 ns gate time. Decreasing the tip angle means

the amount of energy deposited into the qubit with each SFQ

pulse decreases, thus, the required gate time to perform high-

fidelity quantum operations increases.

In general, fid2 results in better SFQ-based pulse trains than

fid1, indicating that the broader target provided by fid2 is

indeed more friendly to the highly-constrained nature of SFQ-

based gate implementation.











International Conference on Architectural Support for Programming

Languages and Operating Systems, 2020, pp. 1031–1045.
[13] K. Li, R. McDermott, and M. G. Vavilov, “Scalable hardware-efficient

qubit control with single flux quantum pulse sequences,” arXiv preprint

arXiv:1902.02911, 2019.
[14] P. J. Liebermann and F. K. Wilhelm, “Optimal qubit control using single-

flux quantum pulses,” Physical Review Applied, vol. 6, no. 2, p. 024022,
2016.

[15] V. E. Manucharyan, J. Koch, L. I. Glazman, and M. H. Devoret,
“Fluxonium: Single cooper-pair circuit free of charge offsets,”
Science, vol. 326, no. 5949, pp. 113–116, 2009. [Online]. Available:
https://science.sciencemag.org/content/326/5949/113

[16] R. McDermott, M. Vavilov, B. Plourde, F. Wilhelm, P. Liebermann,
O. Mukhanov, and T. Ohki, “Quantum–classical interface based on
single flux quantum digital logic,” Quantum science and technology,
vol. 3, no. 2, p. 024004, 2018.

[17] F. Motzoi, J. M. Gambetta, P. Rebentrost, and F. K. Wilhelm,
“Simple pulses for elimination of leakage in weakly nonlinear qubits,”
Phys. Rev. Lett., vol. 103, p. 110501, Sep 2009. [Online]. Available:
https://link.aps.org/doi/10.1103/PhysRevLett.103.110501

[18] G. S. Paraoanu, “Microwave-induced coupling of superconducting
qubits,” Phys. Rev. B, vol. 74, p. 140504, Oct 2006. [Online]. Available:
https://link.aps.org/doi/10.1103/PhysRevB.74.140504

[19] C. Rigetti and M. Devoret, “Fully microwave-tunable universal gates
in superconducting qubits with linear couplings and fixed transition
frequencies,” Phys. Rev. B, vol. 81, p. 134507, Apr 2010. [Online].
Available: https://link.aps.org/doi/10.1103/PhysRevB.81.134507

[20] J. A. Schreier, A. A. Houck, J. Koch, D. I. Schuster, B. R.
Johnson, J. M. Chow, J. M. Gambetta, J. Majer, L. Frunzio,
M. H. Devoret, S. M. Girvin, and R. J. Schoelkopf, “Suppressing
charge noise decoherence in superconducting charge qubits,” Phys.

Rev. B, vol. 77, p. 180502, May 2008. [Online]. Available:
https://link.aps.org/doi/10.1103/PhysRevB.77.180502

[21] V. Semenov and D. Averin, “Sfq control circuits for josephson junction
qubits,” IEEE Transactions on Applied Superconductivity, vol. 13, no. 2,
pp. 960–965, 2003.

[22] D. Silver, J. Schrittwieser, K. Simonyan, I. Antonoglou, A. Huang,
A. Guez, T. Hubert, L. Baker, M. Lai, A. Bolton, Y. Chen, T. Lillicrap,
F. Hui, L. Sifre, G. van den Driessche, T. Graepel, and D. Hassabis,
“Mastering the game of Go without human knowledge,” nature, vol.
550, no. 7676, pp. 354–359, Oct. 2017.

[23] M. Steffen, D. P. DiVincenzo, J. M. Chow, T. N. Theis, and M. B.
Ketchen, “Quantum computing: An ibm perspective,” IBM Journal of

Research and Development, vol. 55, no. 5, pp. 13–1, 2011.
[24] J. P. G. Van Dijk, B. Patra, S. Subramanian, X. Xue, N. Samkharadze,

A. Corna, C. Jeon, F. Sheikh, E. Juarez-Hernandez, B. P. Esparza,
H. Rampurawala, B. R. Carlton, S. Ravikumar, C. Nieva, S. Kim, H. J.
Lee, A. Sammak, G. Scappucci, M. Veldhorst, L. M. K. Vandersypen,
E. Charbon, S. Pellerano, M. Babaie, and F. Sebastiano, “A scalable
cryo-cmos controller for the wideband frequency-multiplexed control
of spin qubits and transmons,” IEEE Journal of Solid-State Circuits,
vol. 55, no. 11, pp. 2930–2946, 2020.


